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Visualizing molecular unidirectional rotation by a rotated weak-field polarization technique
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The observation of molecular rotational dynamics induced by ultrashort laser pulses is of both fundamental and
practical importance. Here, we develop an extended weak-field polarization method that allows us to visualize
the two-dimensional spatial rotation of molecules. By manipulating the polarization direction of the pump pulse,
this method allows for characterizing the rotational dependence on the azimuth angle when a weak probe pulse
is present. To demonstrate this experimental scheme, we examine two types of pump pulses: (1) a linearly
polarized pulse and (2) temporally delayed double pulses polarized at an angle of π/4, which are respectively
applied to gas-phase molecules N2O at room temperature. The results show that this approach effectively
captures the induced impulsive alignment and unidirectional rotation. By solving the time-dependent Liouville
equation governing the molecules’ behavior under the influence of the polarization-skewed pump pulses, we
gain further insights into the mechanisms for generating unidirectional rotation. This work holds promising
potential in the detection of two- and three-dimensional rotational dynamics of molecules like enantiomers and
superrotors.
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I. INTRODUCTION

Controlling microscopic quantum systems and their prop-
erties has long been a cornerstone in atomic, molecular, and
optical physics (AMO). The emergence of laser techniques
has provided a powerful means for manipulating molecular
rotation through ultrashort laser pulses. This breakthrough has
facilitated the creation of ensembles of molecules that are
aligned and oriented, resulting in a wide range of applications
encompassing photon ionization, high harmonic generation
(HHG), and chemical reaction control [1–3]. Extensive the-
oretical and experimental endeavors have been dedicated to
enhancing the level of alignment and fixing molecules in
specific orientations [4–12]. In addition to transient align-
ment, tailored ultrashort pulses have unraveled fascinating
phenomena, including superrotor and unidirectional rotation,
sustained alignment, and rotational echo [10,13–24].

Considerable methods have been proposed to characterize
the rotational motion and map the spatial angular distribu-
tion of the rotational wave packet. Usually, the expectation
value of cos2 θ , where θ represents the angle between the
molecular axis and a specific direction, is used to quantify
the degree of alignment, providing one-dimensional spatial
information only. However, to capture rotational motion such
as three-dimensional (3D) alignment and unidirectional ro-
tation, an additional dimension beyond cos2 θ is required.
A widely adopted approach for visualizing unidirectional
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rotation, rotational echo, and 3D alignment involves detecting
the momentum of correlated molecular fragmentation fol-
lowing Coulomb explosion [25–31]. This technique directly
reveals the angular distribution of the rotational wave packet.
Another valuable tool for studying the three-dimensional
characteristics of molecular rotational dynamics is the pho-
toelectron and HHG spectra induced by rotationally excited
molecules, providing insight into the complex nature of
molecular rotation [32–36]. Furthermore, a method based on
diffracted electron beam analysis has been proposed to recon-
struct nuclear positions within the molecule [37,38]. Despite
these methods’ versatility and comprehensive applications,
they are typically destructive and require a vacuum environ-
ment and low temperatures for conducting experiments.

Based on Raman-induced polarization spectroscopy, the
weak-field polarization (WFP) method has been developed
as a nondestructive and easily implementable technique for
measuring molecular rotational motion in a less restrictive
environment [39–42]. It has effectively detected impulsive
alignment and rotational echoes in condensed environments
[43–45]. The essential advantage of this optical method lies
in its detection of the probe pulse, which is insensitive to the
surrounding environment, thereby allowing for accurate mea-
surements. However, most applications of the WFP method
were limited to obtaining only one-dimensional information
by characterizing the dependence of the polar angle θ . Recent
advancements have demonstrated the feasibility of using all-
optical techniques, such as employing a vortex plate, to image
the probe pulse’s polarization and capture the molecular ori-
entation [46,47]. This represents a significant step towards
imaging rotational motion optically. Furthermore, a more
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FIG. 1. (a) Schematic of experimental setup for detecting the rotational motion of the molecules. HW, half waveplate; QW, quarter
waveplate; WP, Wollaston prism; BD, balanced detector. (b) Different angles adopted in current paper. See details in the text. (c) A pair
of time delayed, polarization-skewed pump pulses that excite the molecule into unidirectional rotation.

straightforward approach has been proposed, which involves
varying the relative angle between the linearly polarized pump
and probe pulses to image the rotational wave packet [48]. It
is important to note that no experimental reports have utilized
this particular approach to obtain spatial-temporal information
about molecular rotational motion. Utilizing such methodolo-
gies could inspire further research and development of an
optical experimental technique that can effectively measure
the spatial angular distribution of molecules and image com-
plex rotational motion.

In this work, we introduce a rotated WFP method that
allows for the observation of two-dimensional spatial infor-
mation about molecules. This is achieved by incorporating a
polarization-varied pump pulse and a weak probe pulse. Our
experimental setup enables us to detect the unidirectional rota-
tion of N2O molecules induced by polarization-skewed pulses
at room temperature, which expands the capabilities of the
WFP method to gain insights into the spatial aspects of molec-
ular rotations. To further analyze and understand the rotational
dynamics, we numerically solve the time-dependent Liouville
equation to simulate the rotational dynamics of molecules
induced by such schemes. Our experimental results combined
with numerical simulations offer an alternative approach to
visualize and study intricate molecular rotational motion at
room temperature.

We organize the paper as follows. In Sec. II, we describe
the details of the experimental setup used to implement the
rotated WFP method, including the femtosecond pump pulse,
weak probe pulse, and the detection scheme. The theoretical
simulation method for the numerical solution of the time-
dependent Liouville equation is also explained. In Sec. III,
we present the experimental findings of imaging the impulsive
alignment and unidirectional rotation of N2O molecules using
the rotated WFP method, compared with the correspond-
ing theoretical simulation results, providing a comprehensive

understanding of the observed phenomena. We summarize the
essential findings and their implications in Sec. IV, highlight-
ing the significance of the rotated WFP method for visualizing
complex molecular rotational motion at room temperature.

II. METHODS FOR EXPERIMENT AND SIMULATION

The scheme of our experimental setup is illustrated in
Fig. 1(a). We utilize a femtosecond pump pulse to excite the
molecules in the cell, inducing a superposition of rotational
states known as a rotational wave packet (RWP). A weak
probe pulse, with a variable time delay, passes through the
ensemble of the RWP and experiences the anisotropic distri-
bution of molecules. As a result, the intensity of the probe
pulse varies in different polarization directions. By measuring
this intensity difference, the information about the angular
distribution of the RWP can be obtained. To measure this in-
tensity difference, we employ a heterodyne detection scheme,
which involves sending the weak probe pulse through a quar-
ter wave plate and a Wollaston prism [41]. Two orthogonal
polarization components of the probe will separate in space
and be detected by a balanced detector. In standard WFP
detection experiments, the pump pulse is polarized in a fixed
direction, while a weak probe pulse rotated by a certain angle
of π/4 is applied to the pump pulse [39]. Instead of using a
fixed angle between the polarization of the pump and probe
pulses, we here gradually change the polarization direction
of the pump pulse using a motorized half-wave plate. As
discussed below, this change in the relative angle between the
polarization of the pump and probe pulses allows us to detect
two-dimensional spatial information about the RWP and visu-
alize the unidirectional rotation induced by the double-skewed
pump pulses.

As depicted in Fig. 1(b), we take the laser propagation
direction as the z axis in the space-fixed coordinate, and
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the electric field vectors of both the pump and probe pulses
therefore lie in the x-y plane. To describe the orientation of
the molecular axis, we introduce the polar angle θ to the z
axis and the azimuth angle φ to the x axis. It is important to
note that we consider a linear molecule for this study. As we
rotate the half-wave plate, the angle by which the polarization
of the pump pulse rotates is denoted as γ . The polarization of
the probe pulse remains fixed at an angle of π/4 to the x axis.

According to the WFP detection method [39], the intensity
variation of the probe pulse after passing through the sample
is attributed to the probe-induced dipole moment, denoted as
μind = α · �Epr, where α represents the polarizability tensor of
the molecule and �Epr is the electric field of the probe pulse.
The detected intensity Isig at a specific direction �n, emitted by
this dipole, is proportional to the square magnitude of the trace
of �n · �μindρ:

Isig ∝ |Tr(�n · �μindρ)|2, (1)

where ρ corresponds to the density matrix of the RWP,
with matrix elements |J, m〉〈J ′, m′|. The rotational eigenstate
|J, m〉, where quantum numbers J, m are associated with the
angular momentum and its projection on the z axis, can be
represented by the spherical harmonic function YJm(θ, φ). By
utilizing the rotation matrix R to describe the expression men-
tioned above in the molecular body-fixed coordinate system
[2], the projection of �μind onto �n can be expressed as

�n · �μind ∝ sin2 θ cos2 φ�α, (2)

where �α denotes the difference between the parallel and
perpendicular components of the polarizability tensor α‖
and α⊥.

As we gradually rotate the polarization of the pump pulses
by γ , we represent the matrix density induced as ργ and the
signals will turn into

Isig(t, γ ) ∝
∣∣∣∣∣
∑
Jm

ρ
γ

JmJ ′m′ (t )
∫

sin θdθdφYJm(θ, φ)

×Y ∗
J ′m′ (θ, φ) sin2 θ cos2 φ�α

∣∣∣∣∣
2

=
∣∣∣∣∣
∑
Jm

ρ0
JmJ ′m′ (t )

∫
sin θdθdφYJm(θ, φ)

×Y ∗
J ′m′ (θ, φ) sin2 θ cos2(φ − γ )�α

∣∣∣∣∣
2

. (3)

It implies that the γ -dependent signal encodes the φ de-
pendence of the rotational probability density. The rotational
operator cos2(φ − γ ) behaves as a δ function to project φ into
a specific direction γ . By changing γ , coarse information of
the angular distribution along φ can be obtained in addition
to the degree of alignment. Therefore, the current scheme
enables us to detect the unidirectional rotation, where the axial
symmetry of the molecular rotation has been destroyed. As
depicted in Fig. 1(c), temporally delayed double pump pulses
are used to induce unidirectional molecular rotation. When
the second pump pulse is polarized in a different direction
compared to the first one, it disrupts the axial symmetry of the

rotational wave packet. Particularly, when the second pump
pulse is applied around the impulsive alignment, it leads to
the generation of unidirectional rotation [13].

In our experiment, a Ti: sapphire optical parametric chirped
pulse amplification system is utilized to generate a transform-
limited (TL) laser pulse with duration of 120 fs and central
wavelength of 800 nm at a 1-kHz repetition rate. Two types
of pump pulses are employed: (1) a single TL pulse and
(2) temporally delayed double TL pulses with a tilted angle
of π/4. The peak power density of each single TL pulse is
1012 W/cm2. To acquire the signals Isig(t, γ ), a motorized
delay stage and a half-wave plate mounted on a rotational
stage are used to control the delay t and the polarization angle
γ between the pump and probe pulses. The sample used in the
experiment is N2O. It has a rotational period Trev of 39.9 ps.
The experiment is conducted at room temperature T = 295 K
and atmospheric pressure.

For numerical simulations, the time-dependent density ma-
trix ρ(t ) of the system can be obtained by solving the quantum
Liouville equation

ih̄
dρ(t )

dt
= [Ĥ0 + ĤI, ρ(t )], (4)

where the field-free Hamiltonian is Ĥ0 = BJ (J + 1) with the
rotational constant B and the interaction Hamiltonian ĤI is
given by

ĤI =− 1
2�α sin2 θ

(
cos2 φE2

x +sin2 φE2
y +2 sin φ cos φExEy

)
,

(5)

with Ex and Ey represent the electric fields of the pump pulse
along the x and y axes, respectively. The initial density matrix
of the system at the initial time t = t0 can be expressed as

ρ(t0) =
Jmax∑
J=0

J∑
m=−J

gJ

Z
e− h̄BJ (J+1)

kBT |Jm〉〈Jm|, (6)

where gJ represents the degeneracy of the nuclear spin, which
is equal to 1 for both even and odd J states of N2O [49]. The
partition function Z is defined by

Z =
∑
J,m

gJ exp

(
h̄BJ (J + 1)

kBT

)
, (7)

where kB is the Boltzmann constant. In our simulation, we
perform a weighted average of the initial states with a maxi-
mum value of Jmax = 50. This choice is sufficient by including
99.99% of the initial states.

III. RESULTS AND DISCUSSION

Using the scheme discussed above, we first measure and
analyze the experimental results of the RWP induced by a
single TL pump pulse, which creates a rotational wave packet
in the N2O molecule and thereby leads to time-dependent
alignment and anti-alignment. Figure 2(a) shows the normal-
ized experimental signals for γ = 0 and γ = π/2, which are
symmetric to the baseline. The probe delay is extended to
41.5 ps, covering one rotational revival period of N2O. The
signals of full revival and half revival are clearly observed, in
accordance with previous study [50]. Figure 2(b) displays the
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FIG. 2. Experimental and corresponding theoretical results of the RWP induced by single TL pump pulse. Normalized experimental results
with the angle (a) γ = 0 and π/2 and from (b) 0 to π . Theoretical results of cos2(φ − γ ) with (c) γ = 0 and π/2 and (d) from 0 to π .
Theoretical calculation of the angular distribution with (e) φ = 0 and π/2 and from (f) 0 to π .

detected signals as a function of the continuously changing γ

from 0 to π . We can see that the signals tend to peak at γ = 0
and then at γ = π/2 around the half-revival period, indicating
alignment and antialignment, respectively. The symmetrical
structure about γ = π/2 suggests that the RWP transitions
from alignment to antialignment without changing the direc-
tion of its symmetry axis.

The expectation value of cos2(φ − γ ), which is propor-
tional to the detected signal according to Eq. (3), is calculated
to analyze further the experimental results. The results are
shown in Figs. 2(c) and 2(d). Additionally, the corresponding
angular distribution with respect to φ integrated over θ is
also calculated to capture the actual motion of the RWP, as
shown in Figs. 2(e) and 2(f). It can be observed that both the
simulated signal and the angular distribution accurately re-
construct the experimental results under the given conditions.
The detected signal provides information about the spatial
distribution along φ and reveals the symmetry distribution as
the RWP evolves.

As discussed in Ref. [48], the detailed information in the
exact angular distribution cannot be reflected from the optical
detection method. This is mainly because the measurement
operator cos2(φ − γ ) is less sharply peaked than a δ function.
As depicted in the current work, the difference between the
detected signal and the angular distribution is minor. This
is due to that the number of the initial rotational states in-
volved in our experiment is much bigger than the previous
theoretical work [48]. During the third quarter revival period
in Fig. 2(e), certain subtle features are present but are not
detectable from the experimental signals. However, the most

important features at the half and full revival time show no
visible difference between the detected signal and the angular
distribution. This suggests that our scheme is well suited for
detecting the motion of molecular ensembles at high temper-
atures, where a greater number of initial rotational states are
involved.

We also employ double skewed pump pulses polarized at
an angle of π/4 and with a delay time of 40 ps to excite N2O
molecules. The second pump pulse is utilized to induce the
aligned RWP at full revival to rotate in a specific direction,
generating unidirectional rotation [26]. The detected signal
of N2O and the theoretical simulations are shown in Fig. 3,
which follows the same layout as Fig. 2. The top plots rep-
resent the experimental results, while the middle and bottom
plots depict the theoretical results of 〈cos2(φ − γ )〉 and the
angular distribution, respectively. The zero delay corresponds
to the arrival time of the second pump pulse.

From Fig. 3(a) for γ = 0, we can observe that the struc-
ture of the signal is similar to that of the Fig. 2, indicating
the transition of the molecular ensemble from alignment to
antialignment around the half revival period and vice versa
around the full revival period. However, the overall signals in
Fig. 3(b) no longer exhibit symmetry about γ = π/2. Instead,
the signal becomes tilted as the time progresses, indicating
that the angular distribution of the RWP rotates in a preferred
direction, different from the previous observation in Fig. 2(b).
Thus, the second pump pulse induces unidirectional rotation
of the RWP, leading to the observed tilt in the signal. This
result is consistent with previous experiments utilizing the
Coulomb explosion method to detect unidirectional rotation
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FIG. 3. Experimental and corresponding theoretical results of the RWP induced by a pair of time delayed, polarization-skewed TL pump
pulses. Normalized experimental results with the angle (a) γ = 0 and π/2 and from (b) 0 to π . Theoretical results of cos2(φ − γ ) with the
angle (c) γ = 0 and π/2 and from (d) 0 to π . Theoretical calculation of the angular distribution with (e) φ = 0 and π/2 and from (f) 0 to π .

[15,26]. The simulation results in Fig. 3 match the experi-
mental results very well. The angular distribution of the RWP
along φ in Fig. 3(f) also exhibits the same tilted pattern,
confirming the capability of the current scheme to visualize
unidirectional rotation. The slight difference between the de-
tected signal and the angular distribution can be observed in
the first and third quarter revival periods.

We conduct precise measurements around the half and full
revival periods to gain a clearer view of the unidirectional
rotation, employing a minor probe step of 13 fs. The exper-
imental results are shown in the first row of Fig. 4 and the
corresponding simulated angular distribution along the probe
delay is displayed below. Figure 4(a) depicts the detected
signal from 19 to 21 ps, revealing the unidirectional rotation
around the half revival period. The corresponding angular
distribution of the RWP is shown in Fig. 4(e). We extract
experimental data at three different delays around 19.7 ps and
plot them in polar graph in Fig. 4(b). As can be seen, the
rotational wave packet aligns at approximately γ = π/5 with
the delay of 19.6 ps and then rotates clockwise. The polar
graph for the simulated angular distribution of φ in Fig. 4(f)
also exhibits the same rotation. Based on the observed angle of
rotation of the RWP around 19.7 ps, the experimental data in-
dicate a transient angular velocity of about 1012 rad/s, which
is consistent with the theoretical prediction (see details in the
Appendix). The experimental results at the full revival also
agree well with the theoretical simulations. The polar graphs
in Figs. 4(d) and 4(h) indicate the clockwise rotation of the
antialignment state around 39.7 ps. The experimental signals
around the full revival become noisier due to decoherence of
the RWP after 40 ps of free evolution. The signal asymmetry

is closely related to the delay between the two pump pulses,
which significantly affects the unidirectional rotation, transi-
tioning it from clockwise to counterclockwise rotation [26].

We examine the population distribution of different J and
m in Fig. 5 to understand the excitation process underlying
the unidirectional rotation. Figure 5(a) illustrates the overall
population distribution of different J and the average 〈m〉(t ) =∑J

m=−J mρJmJm(t ) for each J , in the beginning, after the first
pump pulse, and after the second pump pulse. The populations
of different J resemble a Boltzmann-like distribution, with
little change after the excitation with the first and second
pump pulses, as the pump intensity is moderate in the current
work. The plot of 〈m〉 in Fig. 5(a) demonstrates an asymme-
try that is responsible for the unidirectional rotation. Before
applying the second pump pulse 〈m〉 remains zero for all J ,
indicating that the probabilities of exciting positive and neg-
ative m values are identical under a single linearly polarized
pulse. However, 〈m〉 deviates from zero after interacting with
the second pump pulse. For J < 20, 〈m〉 becomes negative,
while for J > 20, 〈m〉 becomes positive, with a smooth change
among different J values.

To further analyze the population changes of different m
during the interaction with the pump pulses, we plot the pop-
ulation of different m ranging from −4 to 4 for J = 16, which
dominates the initial distribution, as a function of time around
the first and second pump pulses. These results, along with
the corresponding pulse envelopes, are shown in Figs. 5(b)
and 5(c). In Fig. 5(b), the population of different m values
starts equal at the beginning. During the interaction with the
first pump pulse, we observe a decrease in the populations
of various |m| states, making them distinguishable from each
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FIG. 4. The experimental signal and simulated angular distribution of unidirectional rotation around half and full revival. (a) Experimental
and (e) simulated results around half revival. Polar plots of (b) the detected signal and (f) simulated angular distribution at 19.6, 19.7 and
19.8 ps. (c) Experimental and (g) simulated results around full revival. Polar plots of the (d) detected signal and (h) simulated angular
distribution at 39.6, 39.7, and 39.8 ps.

other. However, the populations of ±m states with the same
m remain equal by the interaction with the pump pulse. The
final populations after the interaction with the first pump

pulse shown in Fig. 5(b) belong to |m| = 0, 1, 2, 3, and 4
in a descending order. When the system interacts with the
second pump pulse, the populations of ±m start to diverge,

FIG. 5. Numerical results for the change of the population of the overall rotational states. (a) The population distribution of J and the
average 〈m〉 for each J at different times. The population propagation of the initial state J = 16 with m = 0, ±1, ±2, ±3, ±4 under (b) the
first pump pulse and (c) under the second pump pulse. The population distribution of different rotational states |J, m〉 (d) at the beginning,
(e) after the first pump pulse, and (f) after the second pump pulse.
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as shown in the inset of Fig. 5(c). However, as time elapses,
all of these states experience a decrease in population. Ul-
timately, the populations of the opposite m values become
well separated. Although the population evolution of different
rotational states may have more complexity than depicted in
Fig. 5(c), they all exhibit the same trend. The populations of
±m states diverge during the rising edge of the second pump
pulse and become fully separated by the end of the pulse. This
asymmetric distribution of ±m states plays a crucial role in
generating the molecular unidirectional rotation.

The contour plots in the second row of Fig. 5 depict the
overall population for all m and J at three different times
same as Fig. 5(a). At the beginning, shown in Fig. 5(d), the
population distribution of different m is initially symmetric
around m = 0. The population is then transferred to higher J
and m levels after the first pump pulse, as can be observed
by comparing Fig. 5(d) with Fig. 5(e). The first pump pulse,
located along the x axis in our simulation, can induce the
�m = ±2 transition. However, it affects both the ±m states
in the same way, preserving the symmetry of population dis-
tribution around m = 0. After the second pump pulse, shown
in Fig. 5(f), the population distribution of m becomes asym-
metric. The population flows from +m to −m for J < 20, and
from −m to +m for J > 20. This asymmetry is also evident
in the 〈m〉 plot in Fig. 5(a).

The above results demonstrate the validity of the present
method for obtaining two-dimensional information about
rotational motion, providing an approach to observe uni-
directional rotation. Furthermore, the underlying excitation
processes are elucidated when combined with theoretical sim-
ulations. This method is particularly suitable for detecting the
motion of complex systems where multiple initial rotational
states are involved. For obtaining additional information about
the spatial distribution of the RWP, a second weak probe with
a different polarization direction can be employed, which can
be accomplished by introducing the second probe at a signifi-
cant incident angle in relation to the first one. For instance, if
we use a second probe with a polarization component on the
z axis, the distribution information about θ can be obtained.
The utilization of a low intensity probe pulse is crucial, as it
enables multiple detections of the sample at the same time,
with minor changes in its rotational state.

IV. CONCLUSION AND OUTLOOK

We demonstrated an experimental method for visualizing
two-dimensional rotational dynamics of molecules at room
temperature by employing a rotated WFP detection technique.
By adjusting the polarization direction of the pump pulse
to match that of the weak probe pulse, we could observe
both molecule alignment information and the unidirectional
rotation of N2O at room temperature. The combination of
experimental results and theoretical calculations strongly sup-
ports the effectiveness of this method, showcasing one of its
advantages: its simplicity and ease of implementation. This
work makes a contribution to help understanding of molecular
dynamics and opens promising applications such as detect-
ing the chiral molecules and superrotors [51]. Furthermore,
this method holds the potential for further development, as
it can be extended to visualize three-dimensional rotations,
which can be achieved by introducing an additional probe
pulse with a distinct polarization direction to the pump pulse,
specifically applied to asymmetric top molecules at room
temperature. Given the ongoing advancements in the field
and the increasing interest in understanding and controlling
rotational motion [52–54], the current scheme could be useful
for visualizing the multi-dimensional rotational dynamics of
molecules.
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APPENDIX: ANGULAR VELOCITY
OF THE UNIDIRECTIONAL ROTATION

To determine the transient angular velocity of the unidi-
rectional rotation at 19.7 ps, we perform a fitting analysis on
the angular distribution at different time delays depicted in
Fig. 4(a). The analysis involved obtaining the rotated angle
dφ, around 19.7 ps, along with the corresponding elapsed time
dt . Initially, we fit the experimental data using a sinusoidal

FIG. 6. The rotated angle dφ of the rotational wave packet at different probe delays around 19.7 ps. (a) Experimental fitted results with
95% confidence interval. (b) Theoretical results.
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function to determine the angle φ at which the rotational
wave packet aligns with different probe delays, resulting in the
estimation of the rotated angle dφ around the delay of 19.7 ps.
The fitting results, along with a 95% confidence interval, are
presented in Fig. 6. Next, we calculate the transient angular

velocity as ω = dφ/dt . For the delay of 19.7 ps, the calcu-
lated angular velocity is 1.57 × 1012 rad/s. Furthermore, we
apply the same approach to the theoretical data from Fig. 4(e)
to determine the theoretical angular velocity, which is
1.98 × 1012 rad/s.
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