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Shift of nuclear clock transition frequency in *Th ions due to hyperfine interaction
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We calculate the hyperfine structure of *Th and its ions (Th1v, Thii, Th1, Thi) to reveal the dependence of
the nuclear clock frequency on the hyperfine interaction (HFI). We calculate first- and second-order HFI shifts
and demonstrate that due to the differences in the hyperfine structure for different ions and for the ground and
isomeric nuclear states the nuclear frequencies in Th1v, Thii, Thii, and ThI are also different. The first-order
shift of frequency is large for a particular hyperfine component, but it vanishes after averaging over all hyperfine
states. The second-order shift is small but it does not vanish after averaging. It is 3 to 6 orders of magnitude
smaller than the shift of the nuclear frequencies due to the Coulomb electron-nucleus interaction considered
in our previous work (V. A. Dzuba and V. V. Flambaum, arXiv:2309.11176.). However, it is 6 to 8 orders of
magnitude larger than the projected accuracy of the nuclear clock (107?).
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I. INTRODUCTION

The ??°Th isotope is considered for building nuclear clocks
of exceptional accuracy (see, e.g., Ref. [1,2]). This is because
the 2 Th nucleus has a unique feature of having very low-
energy excitation connected to the nuclear ground state by
the magnetic dipole (M 1) transition (see, e.g., reviews [3,4]
and references therein). The relative uncertainty of the pro-
posed clock is expected to reach 107! [5]. There are strong
arguments that this nuclear clock would be very sensitive to
physics beyond the standard model including space-time vari-
ation of the fundamental constants, violation of the Lorentz
invariance and the Einstein equivalence principle, and the
search for scalar and axion dark matter fields [6—14]. There
has been good progress in recent years in measurements of
the frequency of this transition [15-19]. The latest, most
precise measurements give the value of 8.338(24) eV [20].
There are plans to use Th ions of different ionization degrees
[5,21,22] and the solid-state Th nuclear clock [23-25]. In
our previous paper [26] we demonstrated that in all these
systems the frequency of the nuclear clock will be different.
This is due to the Coulomb interaction of atomic electrons
with the nucleus, leading to the significant electronic shift of
the nuclear transition frequency. The effect is similar to the
field isotopic shifts and isomeric shifts of atomic transition
frequencies, but here electrons affect the nuclear transition.
The shift is caused by the difference in electronic structure
between Th ions and the difference in the nuclear radii for the
ground and isomeric nuclear states.

In the present paper we consider another effect which leads
to the difference in nuclear frequencies for different Th sys-
tems. It comes from the hyperfine interaction (HFI) of atomic
electrons with the nucleus. The difference in frequencies is
caused by the difference in electronic structure of Th ions and
the difference in nuclear parameters (nuclear spin /, nuclear
magnetic moment u, and nuclear electric quadrupole moment
Q) for the ground and isomeric nuclear states.
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The hyperfine structure (hfs) of Th and its ions has been
studied for many years both experimentally and theoretically
[27-29,31-33]. However, the data are still incomplete. There
are no experimental data for the hfs of the ground states of Th1
and Th 1 To the best of our knowledge, there are no calcula-
tions for Th1r and Th1 hfs. We address these shortcomings by
performing the hfs calculations for T iv, Th1ir, Th1I, and ThT.
For the purpose of the present work we need only hfs of the
ground states of all these systems. However, we calculate hfs
constants for some excited states too for the convenience of
comparing with other data either experimental or theoretical.
This gives us some understanding of the accuracy of our
calculations.

First-order HFI leads only to splitting of atomic levels. The
total shift, averaged over hfs components, is zero. In contrast,
the second-order HFI does lead to the F-dependent shifts of
the levels which do not vanish after averaging. Here F is the
value of the total atomic angular momentum, which is the sum
of the electronic angular momentum J and the nuclear spin /
(F = J +I). In the present paper we calculate both the first-
order hfs and the second-order HFI shift.

II. FIRST-ORDER HFS SHIFT

First-order hfs leads to splitting of the atomic levels.
The total shift averaged over hfs components with statistical
weight (2F + 1) is zero. However, it was suggested in Ref. [5]
to use the stretched hyperfine states (F =1+ J, F, = F, and
F, = —F) because in such states the atomic wave function is
a simple product of electronic and nuclear wave functions.
This absence of entanglement between electron and nuclear
variables leads to strong suppression of systematic effects in
the nuclear transition since external fields mainly interact with
electrons. For a stretch state, the energy shift caused by the
magnetic dipole hyperfine interaction is

AE, = AlJ, (1)
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TABLE I. Nuclear parameters of the ground and isomeric states
of **Th taken from Refs. [2,29,30].

Nucleus 1 w(uy) QO (barn)
2Th 5/2 0.360(7)* 3.11(6)*; 3.15(3)°
229mTh 3/2 —0.37(6)° 1.73(10)¢

2Reference [29].
bReference [30].
‘Reference [2].

where A is the magnetic dipole hfs constant, / is the nuclear
spin, and J is the total electron angular momentum. The dif-
ference in shifts for the ground and isomeric nuclear states
comes from different values of nuclear magnetic moments u
of the states. It is convenient to separate electronic and nu-
clear variables by writing A = Agu/I. Then the difference is
given by

S(AEy) = AoJ Ap. )

For the electric quadrupole hyperfine shift the general formula
reads

AEp = g[C(C—F 1) — gJ(J—i- DI + 1)},
C=FF+1)—-JU+1)-IUI+1). 3)

To get the result for the stretched state we should substitute
F =1+ J. This gives

AEp = glj(ZI —1H(J - 1). “4)

Separating electronic and nuclear variables by introducing
B = ByQ, where Q is nuclear electric quadrupole moment, we
see that the difference between ground and isomeric nuclear
states comes from the different values of Q and /. To calculate
frequency differences caused by HFI we need to know elec-
tronic structure factors Ay, By for the ground states of Th1v,
Thii, Thil, and Thi, as well as nuclear parameters u, I, and
Q for the ground and isomeric nuclear states of >>Th. Nuclear
parameters are known [2,29,30] (Table I), while experimental
data on the hfs of the ground states are available for Thiv
[28,29] and Th11 [27,32].

A. Hyperfine structure of Th1v

The hyperfine structure of the ground state of ThIv is
known experimentally [28]. However, it is instructive to per-
form the calculations to check the accuracy of our approach.

We start the calculations from the relativistic Hartree-Fock
(RHF) procedure for the closed-shell Rn-like core. The single-
electron basis states for valence space are calculated in the
field of frozen core using the B-spline technique [34]. These
basis states are used to calculate the single-electron corre-
lation operator ﬁ:gz) (correlation potential [35]). The same
basis is used for the configuration interaction (CI) calculations
in the next subsection. We use the second-order many-body
perturbation theory to calculate f)iz).

TABLE II. Fiitting of energy levels of Th1v with rescaling of the
correlation operator 3. Removal energies are presented in cm™".

Experimental energies are taken from Refs. [36,37].

State Expt. RHF BO, A =1 BO, A =0.77
5fsp —231065 —207308 —238421 —230861
S5fin —226740 —203991 —233670 —226452
6ds/, —221872 —211841 —224947 —221765
6ds)> —216479 —207685 —219169 —216379

The single-electron valence states of Th1v are calculated
using this correlation potential Ziz):

(AR 428 —€,)yB0 = 0. 5)

Here HRYF is the RHF Hamiltonian, index v numerates va-
lence states, and X is the rescaling coefficient, its value is
chosen to fit experimental energies (see Table II). The fitting
with X imitates the effect of higher-order correlations. The so-
lutions of Eq. (5) are usually called Brueckner orbitals (BO).

To include the interaction of atomic electrons with the
magnetic dipole and electric quadrupole fields of the nucleus
(i.e., to calculate the hfs), we use the version of the random-
phase approximation (RPA) developed in Ref. [35]. The RPA
equations have the form

(HRHF _ Ec)awc — —(F —+ 3V£re)¢c- (6)

Here F is the operator of the external field (magnetic dipole
or electric quadrupole field of the nucleus), index ¢ numerates
core states, . is the correction to core orbital 1. caused
by the external field, and 8V _ is the correction to the self-
consistent RHF potential of the core caused by the change
of all core orbitals. After the RPA equations are solved, the
energy shift for the valence state v is given by

dey = (UJO1F +8Vigre + 617 [y°). ™

Here § Efz) is the change of the correlation potential due to the
change of all basis states in the external field. The correspond-
ing term is called structure radiation. It was not included
in our previous calculations for the electric quadrupole hfs
constant B [10]. Inclusion of the structure radiation leads to
significant improvement of the results for both hfs constants
A and B.

Energy shifts (7) are used to calculate hfs constants A and
B. The results are presented in Table III. Comparison with
experimental data from Ref. [28] and earlier calculations of
Refs. [29,31] shows good agreement in all cases except the A
constant for the 6ds,, state. Here the value of A is small and
dominated by the many-body corrections which change the
sign of A.

For the purpose of the present work we need only hfs
constants A and B for the ground state. We can use experi-
mental values for Th1l. However, the calculations are useful
since they serve as a starting point for more complicated
calculations for Thil, Thil, and ThI (see next subsection)
where experimental data are incomplete.
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TABLE III. Experimental and theoretical values of the magnetic dipole and electric quadrupole hfs constants A and B (in MHz) for four low
states of 22 Th 1v. It is assumed in the calculations that i = 0.360uy [y is nuclear magneton, iy = ehi/(2myc)],I =5/2[2],and Q =3.11b

[29].

Acxpt Alheor chpt Btheor
State Ref. [28] Ref. [29] Ref. [31] This work Ref. [28] Ref. [29] Ref. [31] This work
S5f5 82.2(6) 82.5 91.9 81.0 2269(6) 2254 2258 2264
S5f 31.4(7) 31.0 36.6 31.0 2550(12) 2515 2630 2569
6d3/, 155.3(12) 155.3 160 2265(9) 2295 2276
6ds,, —12.6(7) —13.2 =27 2694(7) 2716 2724

B. Hyperfine structure of Th1, Thii, and Th

To calculate the hfs of atoms with two, three, and
four valence electrons we use the all-orders SD + CI [38]
(single-double coupled-cluster method combined with the
configuration interaction technique). The SD method pro-
duces the all-orders single-electron correlation operator X°,
similar to the second-order operator 252) used in the pre-
vious section. It also produces the all-orders two-electron
correlation operator X5°. The use of the all-orders correlation
operators usually leads to more accurate results. The effective
CI Hamiltonian has the form

Ny
AN LX)+ ( + 22,j> (8)
Tij

i=1 i<j

[_?CI

Here summation goes over valence electrons, and N, is the
number of valence electrons (2, 3, or 4). The same RPA
technique as in the previous section is used to include the
external field. The energy shift for the valence state v is given
by

U|Z (F +8VE.).Iv). )

The results of calculations are presented in Table IV and
compared with available experimental data and previous cal-
culations. Comparison shows that the uncertainty of the
present calculations for the magnetic hfs constant A is prob-
ably within 10%. The uncertainty for B is larger; it is about

30% for large B constants and even higher for small constants.
There are no experimental data for the hfs of the ground states
of Th1it and Th1. There are also no other calculations for Th1.

C. Frequency shifts

To calculate the first-order hfs shift between ground and
excited nuclear states in the stretched atomic state we use
formulas (2) and (4), nuclear parameters from Table I, and the
hyperfine structure constants A and B for the ground states of
Thiv,Thi, Thi, and Thi1 from Tables III and IV. For Th1v
and ThT ions we use experimental values. For Th1II ions we
use weighted theoretical values from Table IV. We assume a
theoretical uncertainty of 10% for the hfs constant A and 30%
for B in our results to use in this weighting procedure. The
results for the first-order energy shifts in the stretched states
are presented in Table V.

III. SECOND-ORDER HFS SHIFT

The second-order hfs shift is given by

(v|Haln)>
AR =3 [ﬁ

(v|Haln) (n|Hp|v)
E,-E,

(v|Hg|n)

+2
E,-E,

2
} (10)

= AE, + AE, + AE,. (11)

TABLE IV. Experimental and theoretical values of the magnetic dipole and electric quadrupole hfs constants A and B (in MHz) for some
states of 2 Thiii, 2’ Thii, and ?*Thi. It is assumed in calculations that ;& = 0.360uy, I = 5/2 [2], and Q = 3.11 b [29].

A (MHz) B (MHz)
Ton/ State Energy ~CI+MBPT  MCDF  This Expt. CI+MBPT  MCDF This Expt.
atom Conf. J? Ref. [39] Ref. [33] Ref. [33] work Ref. [2] Ref. [33] Ref. [33] work Ref. [2]
Thm  5f6d 4~ 0 64(17) 81(4) 76.3 3287(630)  3008(260) 3828
6d> 2+ 63 143(47) 162(8) 146 151(8) 68(23) 71(7) —35  7327)
5f2 4+ 15148 38(3) 72(3) 60.2 1221(390)  1910(200) 2469
5f6d - 20711 109(36) 90(4) 111 88(5) 839(220)  689(110) 672 901(18)
5f2 4+ 21784 8(36) 26(2) 4.9 65(21) 39(45) —600
Thn  6d’s  3/2F 0 —472 —444.2(3.4) 507 308(13)°
—444.2(1.9) 303(6)°
Th1  6d%7s* 2+ 0 41 320

2Reference [32].
bReference [27].
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TABLE V. Frequency shifts in the stretched states caused by the and
first-order HFI. The numbers in square brackets stand for powers of

ten. - O |QI+ 1)U+ 1)Q2I+3)
(o, F|HglJy, F) = (=1) 0=
2 121 —-1)
Ton/ S(AEy) S(AEp)
atom Jo (MHz) (MHz) Awy/wy " { I J, F}(J VA1) (13)
v BllYn)-
Thiy  5/2  —1.049[+3]  —4.667[+1]  —5436(—7] o T2
Thin 4 —1.558[+3] —1.307[+2] —8.377[-7] We include only a limited number of low-energy electron
Th1i 3/2 3.399[+3] —1.400[+1] 1.679[-6] states in the summation over n in Eq. (10). They dominate
Thi 2 —4.145[+2] —2.800[+1] —2.195[-7]

over the rest of the sum due to small energy denominators.
Saturation of the summation has been observed on the level of
a few percent.

Nuclear excited states |n) also give a contribution to the

Here Hy and Hy are the magnetic dipole and electric sum in the expression for AE, in Eq. (10). However, a min-

quadrupole HFI operators. Corresponding reduced matrix el- ~ imal energy denominator E, — E, in this case is the interval
ements are given by (see, e.g., Ref. [40]) between the ground and isomeric nuclear states equal to

8.3 eV. This interval is 1-2 orders of magnitude bigger than
the interval between electron states (fine-structure intervals

R QI+ DI+ 1) in this case). As a result, the nuclear excitations contribution

(Jo. F|Ha|Jy Fy = (1) 4y f — 7 may be neglected in comparison with the electron excitations
contribution.

< L J, F Wl Oe 1) (12) As in the case of the first-order hfs shifts, the second-order

Jo 1 1 vitA s shift (10) is different for the ground and isomeric nuclear

TABLE VI. Second-order hfs shift (MHz). See Eq. (11) for definitions of AE,, AE,;,, and AE},. (AE) is the total shift averaged over all
hfs components. The numbers in square brackets stand for powers of ten.

Ground nuclear state, I = 5/2 Isomeric nuclear state, [ = 3/2
F AE, AE,, AE, Sum AE, AE,, AE, Sum
Thiv,5f Jo=5/2
1.0 2.87[-5] —2.84[—4] 7.01[—4] 4.46[—4]
2.0 7.76[-5] —5.96[—4] 1.15[-3] 6.27[—4] 1.04[—4] 5.49[—-4] 7.24[—4] 1.38[-3]
3.0 1.29[—4] —5.68[—4] 6.24[—4] 1.85[—4] 1.95[—4] 3.43[—4] 1.51[—4] 6.88[—4]
4.0 1.58[—4] 1.58[—4] 1.95[—4] —5.71[—4] 4.19[—-4] 4.23[-5]
5.0 1.29[—4] 7.10[—4] 9.74[—4] 1.81[-3]
(AE) 7.54[—4] (AE) 5.03[—4]
Thi, 5f6d Jy, = 4
1.5 1.24[-3] 1.03[—3] 9.77[—4] 3.25[-3]
2.5 1.76[-3] 9.25[—4] 2.90[-3] 5.58[-3] 1.68[—3] —6.00[—4] 2.15[-3] 3.23[-3]
3.5 2.33[-3] 7.67[—4] 5.55[-3] 8.64[-3] 2.96[-3] —6.74[—4] 3.90[-3] 6.18[-3]
4.5 2.76[-3] 4.88[—4] 5.52[-3] 8.77[-3] 3.71[-3] —3.66[—4] 1.21[—4] 3.47[-3]
55 2.84[-3] —1.04[—4] 1.42[—4] 2.88[—-3] 3.30[-3] 1.05[-3] 1.08[—4] 4.46[-3]
6.5 2.31[-3] —1.39[-3] 2.70[—4] 1.19[-3]
(AE) 4.72[-3] (AE) 4.36[—-3]
Thii, 6d7s* Jp = 3/2
0.0 5.26[-2] —1.11[-2] 8.12[—4] 4.23[-2]
1.0 8.41[-2] 1.03[-2] 9.51[—4] 9.53[-2] 1.25[—1] —3.31[-3] 4.29[—4] 1.22[—1]
2.0 1.41[—1] 1.56[—3] 6.40[—4] 1.44[—1] 2.28[—1] —1.32[—4] 4.30[—4] 2.28[—1]
3.0 1.93[-1] 3.74[—4] 7.84[—4] 1.94[—1] 2.76[—1] 3.10[-3] 1.58[—4] 2.80[—1]
4.0 1.95[—-1] —4.59[-3] 3.33[—4] 1.91[—1]
(AE) 1.70[—1] (AE) 2.19[—1]
Thi, 6d%7s* Jo = 2
0.5 4.42[—4] 3.27[—4] 1.52[—4] 9.21[—4] 491[—-4] —2.42[—-4] 2.11[—4] 4.59[—4]
1.5 6.25[—4] 4.23[—4] 3.87[—4] 1.44[-3] 8.61[—4] —3.42[—4] 1.24[-3] 1.75[-3]
2.5 8.50[—4] 3.40[—4] 2.11[-3] 3.30[-3] 1.24[-3] —9.87[-5] 1.11[—4] 1.25[-3]
35 9.97[—4] —4.45[-5] 2.22[—4] 1.17[-3] 1.26[-3] 3.06[—4] 2.42[-5] 1.59[-3]
4.5 8.97[—4] —4.03[—4] 6.03[—5] 5.54[—4]
(AE) 1.41[-3] (AE) 1.41[-3]
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TABLE VII. The difference in nuclear frequencies between Th
ions due to the second-order hfs shifts. The average shifts (AE) from
Table VI are used to obtain the numbers. The numbers in square
brackets stand for powers of ten.

AC{)N
Tons (MHz) eV) Awy /oy
Tht - Thuo  —4916[—-2] —2.033[—10] —2.438[—11]
Thr - Thin 3.495[—4] 1.446[—12] 1.734[—13]
Tht - Thiv 2.459[—4] 1.017[—12] 1.220[—13]
Tho - Thim 4.951[-2] 2.048[—10] 2.456[—11]
Thon - Thiv 4.940[-2] 2.043[—10] 2.450[—11]
Thm - Thiv —1.037[—4] —4.287[—13] —5.142[—14]

states due to different nuclear parameters u, I, and Q. It is
also different for different ions leading to different nuclear
clock frequencies. The results of calculations are presented
in Tables VI and VII. The second-order HFI shift is much
smaller than the first-order shift. However, the first-order

shift vanishes after averaging over hfs components while the
second-order shift does not. Note that the second-order HFI
shift is 3 to 6 orders of magnitude smaller than the shift due to
the electrostatic interaction between atomic electrons and the
nucleus considered in our previous work [26].

IV. SUMMARY

We have calculated the first- and second-order hfs-induced
shift of nuclear clock frequencies in Th ions. The first-order
shift is large (~1077 of nuclear frequency) but it vanishes
after averaging over hfs components. The second-order shift
is much smaller (~10~''-=10~'* of nuclear frequency). How-
ever, it is 5 to 8 orders of magnitude larger than the projected
relative uncertainty of the nuclear clock (10719).
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