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Tunable nonadditivity in the Casimir-Lifshitz force between graphene gratings
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We investigate the Casimir-Lifshitz force (CLF) between two identical graphene strip gratings, laid on
finite dielectric substrates by using the scattering matrix (S-matrix) approach derived from the Fourier modal
method with local basis functions (FMM-LBF). We fully take into account the high-order electromagnetic
diffractions, the multiple scattering and the exact two-dimensional feature of the graphene strips. We show
that the nonadditivity, which is one of the most interesting features of the CLF in general, is significantly
high, and can be modulated in situ, without any change in the actual material geometry and this by varying
the graphene chemical potential. We discuss the nature of the geometrical effects and show the relevance of
the geometric parameter d/D (i.e., the ratio between separation and grating period), which allows to explore
the regions of parameters where the additive result is fully acceptable or where the full calculation is needed.
This study can open to deeper experimental exploration of the nonadditive features of the CLF with micro or
nanoelectromechanical graphene-based systems.
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I. INTRODUCTION

The Casimir-Lifshitz force (CLF) exists between any cou-
ple of electrically neutral bodies, and is due to both vacuum
and thermal electromagnetic field fluctuations. It has been
widely investigated from both theoretical and experimen-
tal sides and for different geometrical configurations, e.g.,
plane-plane [1], sphere or particle-plane [2–7], sphere-sphere
[8–10], grating-grating [11–15], and sphere-grating [16–19],
to name a few. In particular, gratings lead to the excitation of
high-order diffraction modes that play a relevant role in the
CLF. Additionally, the dielectric polarizability of the interact-
ing bodies plays a crucial role in determining the magnitude
and characteristics of this force.

For a system with a complex structure (e.g., gratings),
different parts interact with each other, which results in a
complicated calculation for its Casimir interaction [13]. One
of the features that makes the CLF interesting, and hard to
compute at the same time, is that it is inherently a nonaddi-
tive phenomenon. More specifically, the force acting on an
object cannot be computed as a simple sum over the force
that would act individually on the different components of
the object itself. Due to the complex light-matter interaction,
the fluctuations of the constituent electric dipoles are affected
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by the presence of other fluctuating dipoles in the structure
and a full collective analysis needs to be done to tackle these
nonadditive CLF effects [13,16,20–22].

Recently, it was shown that planar graphene structures
exhibit novel behaviors in CLFs in and out of thermal equi-
librium [23–31], as well as in radiative heat transfer [32–38]
modulation, due to graphene’s peculiar optical properties.
Combining the richness coming from the grating geometry
and the special dielectric features of graphene, could result
in novel behaviors that cannot be obtained with ordinary ma-
terials. While substantial nonadditive effects in CLFs were
calculated and measured in gratings made of metals and
semiconductors, these effects are not tunable in situ. So far,
modifying the nonadditive effects requires changing the ge-
ometric configuration. The ability to tune the nonadditive
effects in situ could open new opportunities in the exploitation
of CLFs in nanoelectromechanical systems.

Here we explore the CLF between two parallel graphene-
based nanostructures (body 1 and body 2) separated by a
distance d . Each structure comprises a finite dielectric sub-
strate with thickness h, covered with a graphene strip grating,
as depicted in Fig. 1. The complex nature of this grating-based
system presents significant challenges, requiring considerable
calculation time and extensive computational resources when
using conventional methods, such as the classical Fourier
modal method (FMM) [39]. This leads to a practical impossi-
bility to check the effective convergence and stability of the
numerical outcomes with respect to the grating diffraction
orders and frequency or momentum integration grid steps,
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FIG. 1. Schematic of two parallel graphene-gratings coated slabs.

with consequent qualitative and quantitative inaccurate pre-
dictions.

To overcome such difficulties we use an improved ap-
proach, the Fourier modal method with local basis functions
(FMM-LBF) [40,41], allowing for an efficient and accurate
resolution of the scattering problem, fully taking into account
the high-order diffractions. This allows us to study in detail
how the CLF of the global system changes with the chemical
potential and also how it is different from the sum of the inter-
actions between the elements constituting the global system,
i.e., its nonadditivity. The main prediction of this paper is that,
in this system, the nonadditvity can be significantly modulated
in situ by adjusting the graphene chemical potential, without
altering the system geometry.

In Sec. II we describe the physical system. In Sec. III we
introduce the FMM-LBF method and show how to build the
scattering matrix. Finally, in Sec. IV we present and comment
on the numerical results.

II. PHYSICAL SYSTEM

The graphene gratings have a period D of 1 μm, a filling
fraction f = a/D, and a chemical potential μ. They lay on
two finite-size fused silica (SiO2) slabs of the same thickness
h. The separation between the two bodies is d and the whole
system is at temperature T = 300 K. The Casimir-Lifshitz
pressure (CLP) expression for this system can be explicitly
given in terms of the reflection operators R(1)+ and R(2)− of
the two nanostructured bodies in the (TE,TM) basis, where
TE and TM stand for the two light polarizations: transverse
electric and transverse magnetic. The pressure acting on body
1 along the positive z direction is given by [11,42]

P(d, T, μ) = kBT

4π2

+∞∑
m=0

′
∫ π

D

− π
D

dkx

∫ +∞

−∞
dkyTr(γ ′M), (1)

with

M = (U (12)R(1)+R(2)− + U (21)R(2)−R(1)+). (2)

The sum in Eq. (1) is carried out over the imaginary fre-
quencies using the Matsubara frequencies ξm = 2πmkBT/h̄

(the prime on the sum means that the m = 0 term is to be
divided by 2). kB is the Boltzmann constant, h̄ is the reduced
Planck’s constant. Here γ ′ = diag(diag(k′

zn), diag(k′
zn)), k′

zn =√
ξ 2

m/c2 + k2
n, kn = (kx,n, ky), kx,n = kx + n 2π

D , and n assum-
ing all integer values, kx is in the first Brillouin zone (− π

D , π
D ),

ky is in (−∞,∞). The multiple scattering operators are given
by

U (12) = (1 − R(1)+R(2)−)−1, U (21) = (1 − R(2)−R(1)+)−1.

(3)
To calculate the reflection operators of the two bodies that

contain periodic gratings, one can use the simplified version of
FMM suited for surface gratings where the fields are expanded
in generalized Fourier series (the so-called Rayleigh expan-
sion) in the different homogeneous media while the periodic
conductivity is expanded into its Fourier series. Incorporat-
ing all this into the boundary conditions yields an algebraic
system linking the amplitudes of the fields in the different
media. The latter can be recast into a form giving directly the
S matrix of the structure from which one can readily extract
the reflection coefficients. However, it is important to note that
this method encounters convergence issues when dealing with
TM polarization due to the singular nature of the electric field
at the edges of the graphene sheets. To address this limitation,
the FMM-LBF can be employed (more details in the next
section). It incorporates locally defined basis functions that
are specifically designed to satisfy the boundary conditions
[40,41].

Another method commonly used in CLP and heat trans-
fer calculations is the FMM with adaptive spatial resolution
(FMM-ASR). This method has been specifically developed to
address the challenging case of metallic gratings [11,17,43]. It
involves a change of coordinates according to the periodicity
direction of the grating (x axis), which improves the conver-
gence process leading to much faster computations compared
to the FMM, drastically reducing the computational time.
The counterpart of this gain is that the two-dimensional (2D)
graphene grating has to be modeled with a finite thickness.

Based on our numerical analysis, we find that the
FMM-ASR method is primarily advantageous at very low
frequencies compared to the FMM-LBF. As a result, we em-
ploy the FMM-ASR method specifically for computing only
the first term of the Matsubara sum in Eq. (1), while the
subsequent terms are much more efficiently calculated using
the FMM-LBF.

The dielectric function of fused silica for imaginary fre-
quencies, depicted in Fig. 2(a), is derived using the Kramers-
Kronig relation ε(iξm) = 1 + 2π−1

∫ ∞
0 ωε′′(ω)/(ω2 + ξ 2

m)dω

and it is based on data along the real frequency axis obtained
from [44].

The graphene enters through its conductivity explicitly
depending on temperature T and chemical potential μ. It
is the sum of an intraband and an interband contributions
σ = σintra + σinter, and on the imaginary frequency axis it
takes the form [27,45–47]

σintra(iξm) = 8σ0kBT

π (h̄ξm + h̄/τ )
ln

[
2 cosh

(
μ

2kBT

)]
,

σinter(iξm) = σ04h̄ξm

π

∫ +∞

0

G(x)

(h̄ξm)2 + 4x2
dx, (4)
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FIG. 2. (a) Relative dielectric permittivity of fused silica (SiO2)
and (b) graphene conductivity at T = 300 K and for different values
of μ for imaginary frequencies.

where, σ0 = e2/(4h̄), e is the electron charge,
G(x) = sinh(x/kBT )/[cosh(μ/kBT ) + cosh(x/kBT )], τ the
relaxation time (we use τ = 10−13 s). Figure 2(b) gives the
graphene conductivity for various values of the chemical
potential at T = 300 K.

In Fig. 3, we plot each contribution as well as the total
conductivity for μ = 0 eV [Fig 3(a)] and μ = 1 eV [Fig 3(b)]
at T = 300 K. We can clearly see that the intraband and
interband contributions prevail at low and high frequencies,
respectively. The two terms have an equivalent contribution
to the total conductivity at some frequency ξ : for ξ � ξ the
intraband prevails and for ξ � ξ the interband prevails. More
precisely, ξ=1014 rad/s for μ = 0 eV and ξ = 3 × 1015 rad/s
for μ = 1 eV.

III. METHOD : FOURIER MODAL METHOD
WITH LOCAL BASIS FUNCTIONS

In this section, we provide the calculation of the reflection
matrices for a finite slab with a thickness h and covered with

FIG. 3. Graphene conductivity for (a) μ = 0 eV and for (b) μ =
1 eV at T = 300 K for imaginary frequencies.

FIG. 4. Schematic representation of the system under study. The
object consists of a finite fused silica slab with a thickness h covered
by a graphene grating with a period D, width a (filling fraction is
defined as f = a/D), and surface conductivity σ .

a graphene strips grating characterized by a period D, a width
a and a surface conductivity σ , as shown in Fig. 4.

The calculation employs the S-matrix algorithm, where we
first compute the interface scattering matrix, denoted SLBF,
between the input medium I and medium II, using the FMM-
LBF. Subsequently, we determine the slab scattering matrix,
denoted Sslab, between medium II and medium III. Notably,
the calculation of SLBF and Sslab is applicable in general cases;
however, for the overall S matrix to be valid, we specifically
consider vacuum as both the entry and exit medium for SLBF

and vacuum as the output medium for Sslab. By performing
the star product (	) operation [see Eq. (46)] between SLBF and
Sslab, we obtain the overall scattering matrix, denoted S, as
shown in Eq. (5). It is worth mentioning that this calculation
also accommodates imaginary Matsubara frequencies by set-
ting ω = iξn,

S = SLBF 	 Sslab. (5)

Let us begin by the first interface scattering matrice SLBF.

A. Electromagnetic fields

Due to the periodicity along the x direction, new diffraction
channels open up, which can be characterized by the wave-
vector component along that direction. The z component of
the nth diffraction order wave vector is dependent on the me-
dia. kI

zn and kII
zn are the z-wave vector of nth-order diffraction

for medium I (εI incidence side) and medium II (εII, output
side), respectively, and given by

kI
zn =

√
k2

0εI − k2
xn − k2

y , kII
zn =

√
k2

0εII − k2
xn − k2

y , (6)

with k0 = ω/c.
The electric field in medium I can be expressed as

EI =
∑

n

(
Ineikin·r + Rneikrn·r), (7)

where In = (Ixn, Iyn, Izn), Rn = (Rxn, Ryn, Rzn), kin =
(kxn, ky, kI

zn), and krn = (kxn, ky,−kI
zn) and n ∈ Z. Usually,

in the numerical implementation, we will keep only 2N + 1
Fourier coefficients i.e., n ∈ [−N, N], where N is called the
truncation order.

Then the magnetic field in medium I is

HI = 1

k0Z0

∑
n

(
kin × Ineikin·r + krn × Rneikrn·r), (8)
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where Z0 =
√

μ0

ε0
.

The electric field in medium II is

EII =
∑

n

(
Tneiktn·r + I′

neiki′n·r), (9)

where Tn = (Txn, Tyn, Tzn), I′
n = (I ′

xn, I ′
yn, I ′

zn), ktn =
(kxn, ky, kII

zn), ki′n = (kxn, ky,−kII
zn). Then the magnetic field in

medium II is

HII = 1

k0Z0

∑
n

(
ktn × Tneiktn·r + ki′n × I′

neiki′n·r). (10)

In addition, using divE = k · E = 0, we have the following
relations:

Izn = − 1

kI
zn

(kxnIxn + kyIyn),

Rzn = 1

kI
zn

(kxnRxn + kyRyn),

Tzn = − 1

kII
zn

(kxnTxn + kyTyn),

I ′
zn = 1

kII
zn

(kxnI ′
xn + kyI ′

yn). (11)

B. Boundary conditions

The boundary conditions for the electric field at z = 0 are

EIx(x, y, 0) = EIIx(x, y, 0),

EIy(x, y, 0) = EIIy(x, y, 0). (12)

By inserting Eqs. (7) and (9) into Eq. (12), for arbitrary n, we
have

Ixn + Rxn = I ′
xn + Txn,

Iyn + Ryn = I ′
yn + Tyn, (13)

which can be written in compact form

I + R = I ′ + T, (14)

where

I =
(

Ix

Iy

)
, R =

(
Rx

Ry

)
, I ′ =

(
I ′
x

I ′
y

)
, T =

(
Tx

Ty

)
, (15)

as depicted in Fig. 4.
Due to the zero thickness approximation of the graphene

grating, the boundary condition for the magnetic fields at the
interface between media I and II are

HIIx(x, y, 0) − HIx(x, y, 0) = σ (x)EIIy(x, y, 0), (16)

where the function σ (x) is periodic and can be expanded into
Fourier series as follows:

σ (x) =
{
σ if 0 � x < a
0 if a � x < D

=
∑

n′
σn′ei 2π

D n′x, (17)

where σ comes from Eq. (4).
It is worth noting that both EIy(x, y, 0) and EIIy(x, y, 0)

can be used to obtain the scattering matrices [because
E(I/II)y(x, y, 0) is continuous], here, we use EIIy(x, y, 0). Then

by inserting Eqs. (8), (10), and (9) into Eq. (16), and using the
Laurent factorization rule, the following relation is obtained:{(

kyTzn − kII
znTyn

) + (
kyI ′

zn + kII
znI ′

yn

)
− (

kyIzn − kI
znIyn

) − (
kyRzn + kI

znRyn
)}

= k0Z0

∑
n′

{
σn′−n(Tyn′ + I ′

yn′ )
}
. (18)

That can be expressed in a compact matrix form as

(kyTz − γIITy) + (kyI ′
z + γIII

′
y) − (kyIz − γIIy)

− (kyRz + γIRy) = k0Z0[[σ ]](Ty + I ′
y), (19)

where γII = diag(kII
zn), γI = diag(kI

zn), and [[σ ]] denotes the
Toeplitz matrix whose (n′, n) element is σn′−n, more specifi-
cally,

[[σ ]] =

⎛
⎜⎜⎜⎜⎜⎝

σ0 σ−1 σ−2N

σ1 σ0 σ−1
. . .

. . .
. . .

. . .
. . . σ−1

σ2N σ1 σ0

⎞
⎟⎟⎟⎟⎟⎠. (20)

Using Eq. (11), we eliminate the z components in Eq. (19)
to obtain

− (
αkyγ

−1
II Tx + (

γII + k2
y γ

−1
II

)
Ty

)
+ (

αkyγ
−1
II I ′

x + (
γII + k2

y γII
−1

)
I ′
y

)
+ (

αkyγI
−1Ix + (

γI + k2
y γI

−1
)
Iy

)
+ (

αkyγI
−1Rx + (

γI + k2
y γI

−1
)
Ry

)
= k0Z0[[σ ]](Ty + I ′

y), (21)

where α = diag(kxn).
On the other hand, and according to [40], the electric field

(Ex) on the graphene grating surface (z = 0) can be expressed
in terms of the local basis functions [gm(x) and sm(x) given in
Eq. (23)] as

Ex(x, y) = eikyy

{∑Ng

m=1 pmgm(x) for x ∈ graphene,∑Ns−1
m=0 qmsm(x) for x ∈ slit,

(22)
where

gm(x) = sin(mπx/a),

sm(x) = cos(mπ (x − a)/c′)√
(c′/2)2 − (x − xc)2

, (23)

with c′ = D − a, xc = (a + D)/2, Ng = round[ N×a
D ], and

Ns = N − Ng, where round stands for the nearest integer
number.

Now, the boundary condition for the y component of the
magnetic field can be expressed as

HIIy(x, y, 0) − HIy(x, y, 0) = −σ (x)Ex(x, y). (24)
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By substituting Eqs. (8), (10), and (22) in Eq. (24) and pro-
jecting on e−ikxnx we get(

kII
znTxn − kxnTzn − kII

znI ′
xn − kxnI ′

zn

)
− (

kI
znIxn − kxnIzn − kI

znRxn − kxnRzn
)

= −σk0Z0

Ng∑
m=1

pmGnm, (25)

where

Gnm = 1

D

∫ a

0
gm(x) e−ikxnxdx

= −ia

2D
e−ikxna/2 [eimπ/2sinc(α−

nma/2)

− e−imπ/2sinc(α+
nma/2) ], (26)

and α±
nm = mπ/a ± kxn.

Equation (25) can now be recast in a more compact form

γIITx − αTz − γIII
′
x − αI ′

z − γIIx + αIz + γIRx + αRz

= −σk0Z0Gp, (27)

where G = {Gnm} is a matrix with size [(2N + 1) × Ng], p
is the column vector formed by the Ng coefficients pm, i.e.,
p = (p1, p2, p3, . . . , pNg )T and q is the column vector formed
by the Ns coefficients qm, i.e., q = (q0, q1, q2, . . . , qNs−1)T.

We can write the above equation in a more suitable form

γIITx − αTz − γIII
′
x − αI ′

z − γ1Ix + αIz + γ1Rx + αRz

= −σk0Z0[G 0]

(
p
q

)
, (28)

where [G 0] is the horizontal concatenation of matrices G and
the matrix 0 denoting the zero matrix of size [(2N + 1) × Ns].

To obtain Gp, we need to take advantage of the
x-component electric field boundary condition in the

following way:

EIIx(x, y, 0) = Ex(x, y). (29)

By substituting Eqs. (9) and (22) into Eq. (29), we get the
following condition:

∑
n

(Txn + I ′
xn)eikxnx =

{∑Ng

m=1 pmgm(x),∑Ns−1
m=0 qmsm(x).

(30)

By following the same procedure as before, we obtain

Txn + I ′
xn =

Ng∑
m=1

pmGnm +
Ns−1∑
m=0

qmSnm, (31)

where

Snm = 1

D

∫ D

a
sm(x)e−ikxnxdx

= π

2D
e−ikxnxc [eimπ/2J0(β−

nmc′/2)

+ e−imπ/2J0(β+
nmc′/2) ], (32)

β±
nm = mπ/c′ ± kxn and J0 is the zero-order Bessel function of

the first kind.
In compact matrix form Eq. (31) becomes

Tx + I ′
x = Gp + Sq, (33)

where S = {Snm} is a matrix with size [(2N + 1) × Ns].
We can write the above equation as follows:(

p
q

)
= [G S]−1(Tx + I ′

x ), (34)

where [G S] is the horizontal concatenation of matrices G and
S.

By replacing Eq. (34) into Eq. (28), we have

γIITx − αTz − γIII
′
x − αI ′

z − γIIx + αIz + γIRx + αRz

= −k0Z0[G 0][G S]−1(Tx + I ′
x ), (35)

which, by using Eqs. (11) and (21), becomes

(
γII + α2γII

−1 + σk0Z0[G 0][G S]−1 αkyγ
−1
II

αkyγII
−1 γII + k2

y γII
−1 + [[σ ]]k0Z0

)(
Tx

Ty

)

−
(

γII + α2γII
−1 − σk0Z0[G 0][G S]−1 αkyγII

−1

αkyγII
−1 γII + k2

y γII
−1 − [[σ ]]k0Z0

)(
I ′
x

I ′
y

)

=
(

γI + α2γI
−1 αkyγI

−1

αkyγI
−1 γI + k2

y γI
−1

)(
Ix

Iy

)
−

(
γI + α2γI

−1 αkyγI
−1

αkyγI
−1 γI + k2

y γI
−1

)(
Rx

Ry

)
. (36)

Equation (36) can be written in a more compact form

(A + �)T + (� − A)I ′ = B(I − R), (37)

where � = diag(σk0Z0[G 0][G S]−1, [[σ ]]k0Z0) and A and B are defined as follows:

A =
(

γII + α2γII
−1 αkyγII

−1

αkyγII
−1 γII + k2

y γII
−1

)
, B =

(
γI + α2γI

−1 αkyγI
−1

αkyγI
−1 γI + k2

y γI
−1

)
. (38)
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Combining Eqs. (14) and (37), we obtain(
1 −1
B A + �

)(
R
T

)
=

(−1 1
B A − �

)(
I
I ′

)
, (39)

where 1 is the identity matrix of size [2(2N + 1) × 2(2N +
1)].

Finally, the interface scattering matrix SLBF is given by(
R
T

)
= SLBF

(
I
I ′

)
, (40)

where

SLBF =
(
1 −1
B A + �

)−1(−1 1
B A − �

)
. (41)

C. Scattering matrix of the finite slab covered
with a graphene grating

Now let us move on to the second scattering matrix Sslab. It
is given by

Sslab

(
T
I ′′

)
=

(
I ′
T ′

)
, (42)

where

Sslab =
(

 0
0 1

)(
1 −1
M1 M2

)−1(−1 1
M1 M2

)(
 0
0 1

)
,

(43)
with  = diag[diag(eiγIIh), diag(eiγIIh)], 0 is the null matrix of
size [2(2N + 1) × 2(2N + 1)] and

M1 =
(

αkyγII
−1 γII + k2

y γII
−1

−(γII + α2γII
−1) −αkyγII

−1

)
,

M2 =
(

αkyγIII
−1 γIII + k2

y γIII
−1

−(γIII + α2γIII
−1) −αkyγIII

−1

)
, (44)

where γIII = diag(kIII
zn ) and kIII

zn is the z-wave vector of
nth-order diffraction for medium III and given by kIII

zn =√
k2

0εIII − k2
xn − k2

y .

Finally, we obtain the total S matrix [cf. Eq. (5)] that
connects the amplitudes of medium I to those of medium III
as follows: (

R
T ′

)
= (SLBF 	 Sslab)

(
I
I ′′

)
= S

(
I
I ′′

)
. (45)

The operation A = B 	 C is defined as [43]

A11 = B11 + B12(1 − C11B22)−1C11B21,

A12 = B12(1 − C11B22)−1C12,

A21 = C21(1 − B22C11)−1B21,

A22 = C22 + C21(1 − B22C11)−1B22C12. (46)

The scattering matrix in Eq. (45) with a size of [4(2N +
1) × 4(2N + 1)] defines the reflection and transmission ma-
trices as follows:

S =
(
R−

xyz T −
xyz

T +
xyz R+

xyz

)
. (47)

For completeness, the T −
xyz and T +

xyz transmission coeffi-
cients must be multiplied by a phase factor e−iγIIIh.

D. Transformation matrices

In the expression of the CLP of Eq. (1), the scattering
matrices are expressed in the standard surface optics TE and
TM basis. In the following, we provide the details on how to
change basis and how to explicitly derive the R(1)+ and R(2)−
entering in this equation.

To manipulate the transformation of reflection operators
from the (x, y, z) Cartesian basis to the (TE, TM) basis, we
first need to define the unit vectors in (TE, TM) basis

êφ

TE(kn, ω) = 1

kn
(−kyêx + kxnêy),

êφ

TM(kn, ω) = c

ω
(−knêz + φkznk̂n), (48)

where êx, êy, and êz are unit vectors in the (x, y, z) Cartesian
basis, kn = (kxn, ky ), k̂n = kn/kn, kzn = √

ω2/c2 − k2
n, and φ

is the direction of propagation of the waves (+,−) along the
z axis for the incident and the reflected fields, respectively.

In the (x, y, z) Cartesian basis, the field of order n is
expressed as En = Ex,nêx + Ey,nêy + Ez,nêz. In the (TE, TM)
basis we can write En = ETE,nêTE + ETM,nêTM, which can be
rearranged by applying Eq. (48) as follows:

En =
(

− ky

kn
ETE,n + φ

c

ω

kznkx

kn
ETM,n

)
êx

+
(

kx

kn
ETE,n + φ

c

ω

kznky

kn
ETM,n

)
êy

− kn
c

ω
ETM,nêz. (49)

By comparing the above Eq. (49) and En = Ex,nêx +
Ey,nêy + Ez,nêz, we obtain the following relation:(

Ex,n

Ey,n

)
=

(
− ky

kn
φ c

ω

kznkxn

kn

kxn
kn

φ c
ω

kznky

kn

)(
ETE,n

ETM,n

)
. (50)

The above relationship can be expressed in a more concise
form (

Ex

Ey

)
= Bφ

(
ETE

ETM

)
, (51)

where the transformation matrix is

Bφ =
⎛
⎝−diag

( ky

kn

)
diag

( cφkznkxn

ωkn

)
diag

( kxn
kn

)
diag

( cφkznky

ωkn

)
⎞
⎠. (52)

By applying this transformation matrix to the reflection
operator R−

xyz, the reflection operator in the (TE, TM) basis
becomes

R− = (B−)−1 R−
xyz B+. (53)

We stress here that, due to the change of basis, the matrix
R− as defined in Eq. (53) is now ordered in this specific basis
as follows:

R− =
(
R−

TE/TE R−
TE/TM

R−
TM/TE R−

TM/TM

)
. (54)
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The size of matrix R− is 2(2N + 1) × 2(2N + 1) while the
size of the submatrices is (2N + 1) × (2N + 1).

In Eqs. (1) and (2) appear the reflection operators R(1)+
and R(2)− of the two bodies of the same material, which can
be directly obtained from the matrix R− we just derived in
Eq. (54). In particular, due to the different z-axis orientation,
R(1)+ is identical to R− on the two diagonal blocks (TE/TE)
and (TM/TM), while it has a sign difference for the two off-
diagonal blocks (TE/TM) and (TM/TE) as described in [43]

R(1)+ =
{
R−

p,p, p = p′,

−R−
p,p′ , p �= p′.

(55)

When body 2 is positioned at a distance d from the origin, it
results in a phase shift in the reflection operator R(2)−, similar
to what was described in [42]

〈p, k, n|R(2)−(ω)|p′, k′, n′〉
= ei(kzn+k′

zn′ )d〈p, k, n|R−(ω)|p′, k′, n′〉. (56)

We finally are able to compute the Casimir-Lifshitz pres-
sure in Eq. (1) with these two reflection operators.

IV. RESULTS

A. Modulation of CLP by the chemical potential

We first study how the CLP can be tuned by changing the
chemical potential μ of the graphene grating in our system.
We considered graphene gratings with two different filling
fractions, f = 0.5 and 0.9, chemical potentials μ = 0, 0.2,
0.4, 0.6, 0.8, and 1.0 eV, coating on an h = 20-nm fused silica
substrate. The separation distance between the two graphene
gratings varies from 60 nm to 10 μm. The dependences of the
modulation ratio P(μ)/P(μ = 0) on the separation distances
d are shown in Figs. 5(a) and 5(b) for f = 0.5 and 0.9,
respectively.

The impact of the chemical potential on the CLP of
graphene gratings is found to be significant at separations
less than 1 μm. The modulation ratio attains peak values of
1.23 and 1.30 for f = 0.5 and f = 0.9, respectively, and
then diminishes as separation increases beyond 1 μm. This
trend is analogous to that observed for graphene multilayers,
where the chemical potential effect was negligible at large
separations [27]. The modulation ratio for f = 0.9 exceeds
that for f = 0.5 over the entire range of distance in our
calculations.

B. Nonadditive effects

Next, we investigate nonadditive effects in the CLP. Specif-
ically, in Fig. 6 we compare the full calculation coming from
Eq. (1), which uses the complete scattering of the structured
system, with the approximation of purely additive and much
simpler calculation Padd=P( f = 1)× f + P( f = 0)×(1 − f ).
The latter considers the pressure as a weighed sum of
the CLP occurring between planar, nonnanostructured sys-
tems, namely, fully graphene-coated substrates P( f = 1) and
graphene-free substrates P( f = 0). This study has been done
for two main separation distances of experimental relevance
(d = 60 nm and d = 200 nm) and also for two extreme

FIG. 5. Normalized CLP P(μ)/P(μ = 0) at T = 300 K, for dif-
ferent chemical potentials μ and for a filling fraction (a) f = 0.5 and
(b) f = 0.9.

values of the chemical potential (μ = 0 eV and μ = 1 eV).
In Fig. 6, we show the ratio P/Padd for different filling frac-
tions f . We see that the nonadditivity is quite weak (of the
order of 5%) at d = 60 nm, with little dependence on the
chemical potential. This means that, at such short separations,

FIG. 6. Dependence of the P/Padd (main figure) and of P (inset)
on the filling fraction f of the graphene grating.
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the nonadditive complexity and the particular surface-mode
structure of the given graphene grating have a weak effect and
that one can safely use the approximate additive expression
Padd for experiments with an accuracy of few percent. It is
worth stressing that the calculation of the full exact CLP is
103–104 slower and much less straightforward to be coded
than the simple additive calculation Padd, even when the faster
numerical FMM-LBF method is used. Exact calculations of
the CLP for graphene gratings requires considerable compu-
tational resources and time.

On the contrary, at larger but still experimentally relevant
separations, the situation changes. We see in Fig. 6 that, for
d = 200 nm, the CLP is strongly not additive. The scattering
details of the gratings are crucial, and the additive expression
Padd is violated up to 30%. In this case a comparison with
experiments needs a full theory with a complete consideration
of the complexity of the nanostructure. Another crucial point
emerging from this study is that, remarkably, in this struc-
ture the nonadditive effect is not only high, but can also be
modulated in situ by simply changing the chemical potential.
The possibility of tuning nonadditive effects without any geo-
metric modification is highly relevant to experimental studies.
Specifically, for d = 200 nm there are clear changes in the
nonadditivity P/Padd as the chemical potential is increased
from 0 to 1 eV. Substantial changes in the nonadditivity occur
over a wide region of filling fraction values. Collective non-
additive contributions affect the system as soon as a grating
structuration is introduced, even if the strips cover only a
relatively minor or major part of the substrate, and the way
this nonadditive effects contributes can also be easily tuned.
Similar to the case for separation of 60 nm, the ratio P/Padd

attains a peak and then gradually decreases as the filling frac-
tion f increases. The peak position of the P/Padd curve shifts
towards lower values of the filling fraction as the separation is
increased from 60 nm to 200 nm.

To highlight the origin of these features, we introduce a
natural dimensionless parameter d/D, i.e., the ratio between
the separation d and the grating period D. While the differ-
ent curves in Fig. 6 correspond to the same grating period
(D = 1μm), they have d/D = 0.06 for d = 60 nm, while
d/D = 0.2 for d = 200 nm. To investigate the relevance of the
geometric factor d/D we calculated P/Padd for d = 200 nm
with a larger value of D = 3.3μm, such that the ratio becomes
now d/D = 0.06. The results are shown in Fig. 6 with two
black stars, corresponding to filling fractions f = 0.2 and 0.5.
We see that they both move close to the d = 60-nm curve,
confirming the relevance of the geometric factor d/D and
hence of the geometric nature of the effect. The black star
for f = 0.5 is quite exactly on the curve corresponding to
d = 60 nm, while for f = 0.2 it is not exactly on that curve
since edge effects due to the presence of graphene strips also
play a role here.

On the experimental side, the chemical potential of
graphene can be controlled by chemical doping [48] that

involves charge transfer from adsorbed dopants to graphene.
Alternatively, the chemical potential can also be tuned by fab-
ricating gates underneath the graphene. The gates need to be
positioned so that electric fields do not leak through the oxide
regions to generate unwanted electrostatic forces. According
to Fig. 6, the CLP deviates from Padd by 6% and 14% for
μ = 0 eV and μ = 1 eV, respectively, at d = 200 nm, f =
0.5, and T = 300 K. The corresponding Casimir pressures
are 0.023 Nm−2 and 0.027 Nm−2, respectively. Assuming
an effective interaction area of 10μm by 10μm, the force
is well within the detection sensitivity of most experiments
measuring CLP. However, detecting the deviation from Padd

and, furthermore, distinguishing the difference in deviation
for different μ would require the highest sensitivity achieved
in experiments so far [49].

V. CONCLUSION

In summary, we studied the Casimir interactions in
graphene nanostructures made of graphene gratings coating
on dielectric slabs. To fully take into consideration the high-
order diffractions in the CLP acting on the gratings of the
two-dimensional materials, we applied an exact method using
the FMM-LBF. We first found a significant variation of the
CLP with the chemical potential. We then studied the nonad-
ditivity and found that at small separation (d = 60 nm) the
nonadditivity is weak. As a result the much direct and fast
approximate additive method can be safely used to calculate
the force at few percent precision. We show that the geometric
parameter d/D is pertinent, and if one keeps it relatively small
(d/D < 0.06) the exact pressure differs from the very simple
Padd by only a few percent (which is typically enough for
experimental comparison purposes) when f � 0.5. On the
contrary, a significant nonadditive effect is present at larger
values of d/D, as we see for d = 200 nm with D = 1μm,
where a deviation from the additive prediction goes up to
30%. Remarkably, this nonadditivity can be modulated in situ
by changing the graphene chemical potential, without any
need for geometrical or mechanical variations in the system.
The presence of this nonadditivity modulability can motivate
experimental investigations of the nonadditivity on CLP and
open new opportunities of utilizing nonadditive effects in
graphene nanoelctromechanical systems.
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