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The energy shifts of hyperfine structure levels of the ground rotational level of the metastable * A, electronic
state of """HfF" ions are calculated in the presence of variable external electric and magnetic fields. The calcu-
lations are required for the analysis of systematic effects in the experiment for the search of the electron electric
dipole moment (eEDM). Different perturbations in the molecular spectra important for eEDM spectroscopy are

taken into account.
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I. INTRODUCTION

Measurement of the electron electric dipole moment
(eEDM) serves as a highly sensitive probe to test the bound-
aries of the standard model of electroweak interactions and
its extensions [1-3]. The current constrain for eEDM |d,| <
41 %1073 ¢ cm (90% confidence) was obtained using
trapped '8°Hf!°F* ions [4] with a spinless 'SCHf isotope.
The measurements were performed on the ground rotational,
J =1, level in the metastable electronic 3A; state. As a matter
of fact, the ¢eEDM measurement is a highly accurate spec-
troscopy of J =1 level in the presence of the rotating electric
and magnetic fields. It is clear that the accurate evaluation of
systematic effects becomes very important with an increase
in the statistical sensitivity. The main part of a great success
achieved in the solution of this problem in HfF " experiment
is due to the existence of close levels, the so-called 2 dou-
blets, of the opposite parities. In Ref. [5], possible systematic
shifts in the experiment were considered in detail and the
corresponding analytical formulas were obtained. In turn, in
Refs. [6,7], the theoretical method for the numerical calcu-
lation of J =1 hyperfine energy levels in rotating fields was
developed. The method demonstrated a very high accuracy in
comparison with the latest experimental data [8]. The goal of
the present work is to study numerically the selected system-
atics, taking into account different perturbations in molecular
spectra.

The ¢EDM sensitive levels of '*CHf '”F* are described in
detail in Refs. [5,9,10]. '8Hf isotope is spinless, '°F isotope
has a nonzero nuclear spin /=1/2. A hyperfine energy split-
ting between the levels with the total momentum F' = 3/2
and F =1/2, F = J + L, is several tens of megahertz. In
the absence of external fields, each hyperfine level has two
parity eigenstates known as the 2 doublets. In the external
static electric field the F = 3/2 states form two (with an
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absolute value of the projection of the total momentum on
the direction of the electric field my equal to one half and
three halves) Stark doublets levels. Below the levels of the
Stark doublet with |mg| = 3/2 will be called upper and lower
in accordance to their energies. The upper and lower levels
in the doublet are double degenerate. Namely, two Zeeman
sublevels connected by the time reversal mp — —mp have
the same energy. The levels mp = £3/2 are of interest for the
eEDM search experiment. The corresponding energy scheme
is depicted in Fig. 1 of Ref. [8].

The picture above is for the static electric field. Now let
us take into account the fact that the fields in the exper-
iment are the rotating ones. The rotation of electric field
causes the degenerate sublevels mp = +3/2 and mp = —3/2
to interact [9]. Therefore, in the case of the rotating electric
field, the eigenstates have slightly different energies (with
the difference denoted by A below) and present equal-mixed
combinations of mp = £3/2 sublevels which are insensitive
to ¢eEDM. Note that in the case of the rotating electric field
myp is a projection on the axis (coinciding with the rotat-
ing electric field) rotating in the space. In turn, the rotating
magnetic field which is parallel or antiparallel to the rotating
electric field gives the opposite energy shift for mp = +3/2
and mp = —3/2, and for a sufficiently large magnetic field
mp becomes a good quantum number (as in the static fields)
and the corresponding eigenstates again become sensitive to
the eEEDM. We see that the magnetic field, in contrast to the
experiments in static fields, is not an (not only an) auxiliary
tool but should ensure a nonzero energy shift due to the possi-
ble nonzero value of ¢eEDM [7,10]. To polarize the molecule
completely and to access the maximum ¢EDM signal, both
rotating electric and magnetic fields should be large enough,
see, e.g., Fig. 2 in Ref. [7]. For these fields, the energy splitting
f between mp = £3/2 sublevels is dominated by Zeeman
interaction, with a smaller contribution coming from the fact
that the rotating fields are used.

The measurement of f is repeated under different condi-
tions which depend on the binary switch parameters such as
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B,D,R being switched from +1 to —1 (see Refs. [4,10] for
details). B = +1(—1) means that the rotating magnetic field
B, is parallel (antiparallel) to the rotating electric field E;q;
D = +1(—1) means that the measurement was performed
for lower (upper) Stark level; and R defines the direction
for the rotation of the fields around the laboratory z axis:
Drot = Rwrors, where @ is the angular velocity. The measured

f can be expanded as
f(D,B,R)=f"+DfP + BfS + Rf* + BDfBP
+ DRfPR + BRfER + DBRFPPR, (1)
where the notation £55>* denotes a component which is odd

under the switches S, S, ... and can be calculated by the
formula

1 L
SIS0 _
frie =2 Y S%f(D.BR). @)
B,D,R
The ¢EDM signal manifests as the contribution to the f5P
channel according to

8fBP = 2d,E.s, 3)

where E. is the effective electric field, which can be obtained
only in the precise calculations of the electronic structure. The
values E.¢s = 24 GV/cm [11,12], 22.5(0.9) GV /cm [13], and
22.7(1.4) GV /cm [14] were obtained. According to Eq. (2)
r ol Y BDf(D,B.R). 4)

BDR

Beyond the ¢EDM there are a lot of systematics which
contribute to f BD and thus mimic the eEDM signal [5]. The
point is that the measurement of other components f° (even
under all the switches), f7, f5, and others together with their
theoretical analysis can tell us about the size of systematic
effects and perhaps a way to take them into account [5,8].

II. THEORETICAL METHODS

Following Refs. [6,7,15], the energy levels and wave func-
tions of the 'S'Hf'F* jon are obtained by a numerical
diagonalization of the molecular Hamiltonian (Ao in the
external variable electric E(t) and magnetic B(t) fields over
the basis set of the electronic-rotational wave functions

Vol o, BUy, . )

Here, Vo is the electronic wave function; 6]{4’9(01, B) =

V@I +1)/4xDj, o(a, B, y = 0) is the rotational wave func-
tion; o, B, y are Euler angles; U}S[ is the F nuclear spin wave
functions; M (2) is the projection of the molecule angular
momentum J on the laboratory Z (internuclear 77) axis; and
M; = £1/2 is the projection of the nuclear angular momen-
tum on the same axis. Note that Mr = M; + M is not equal
to mp. The latter, as stated above, is the projection of the total
momentum on the rotating electric field.
The molecular Hamiltonian for "'Hf'F* reads

I’:Imol = ﬁel + I"\Irot + I:Ihfs + I:\Iexb (6)

Here, ﬁel is the electronic Hamiltonian, I:Irot is the Hamil-
tonian of the rotation of the molecule, Hyg is the hyperfine

interaction between electrons and fluorine nuclei as they are
described in Ref. [6], and I:Iext describes the interaction of
the molecule with variable magnetic and electric fields as it
is described in Ref. [7].

Depending on the particular form of the time dependence,
the interaction with the fields is taken into account within two
approaches. In the first one the transition to the rotating frame
is performed, whereas in the second approach the quantization
of the rotating electromagnetic field is performed. In this pa-
per, the static and time-dependent electric and magnetic fields
lie in the xy plane. In this case only rotating with the same
frequency electric and magnetic fields are allowed in the first
scheme, whereas the second approach is valid for the arbitrary
static, rotating, and oscillating fields with arbitrary directions
and frequencies [7].

Following Ref. [6], we considered >A;, *A,, 3TIg+, and
3Ty~ low-lying electronic basis states. H is diagonal on the
basis set (5). Its eigenvalues are transition energies of these
states. They were calculated and measured in Ref. [16]:

AT, =976.930 cm ™!,

Ay T, =2149.432 cm ™,

T, = 10212.623 cm ™',

T, = 10401.723 cm ™. (7)

3 HO*
3o+

The electronic matrix elements for the calculation of the
molecular Hamiltonian were taken from Ref. [6], except for
the hyperfine structure constant A; = —62.0 MHz measured
in Ref. [10].

Beyond those listed in Eq. (7), there are other electronic
states which can interact with 3A; (¢EDM sensitive state).
However, 2 > 2 states are not mixed in the leading order due
to the selection rule and can be safely ignored. 3TTp- and 3TTy+
states in (7) have the same configuration (~6s'5d", where 6s
and 5d are atomic orbitals of Hf) as 3 A; and therefore have the
largest contribution among © = 0F states. Moreover, as de-
scribed in Ref. [6], the matrix elements between >ITo+ and A
were modified to fit the experimental value of the Q2 doubling,
which effectively takes into account the interaction with other
Q = 0* electronic states. Among = 2 states the A, state
from Eq. (7) also has the largest matrix element with 3A; (as
they have the same configuration) and the energy difference
is only about a thousand wave numbers; other 2 = 2 states
are much further away and interact much more weakly. We
believe that the accuracy of the model is determined by the
electronic matrix elements between >A; and 3 A, rather than
the contribution from other electronic states. Finally, on the
base of the comparison of numerical calculations (using the
same model as in the present paper) and experimental data
(see Ref. [8]), we believe that the accuracy of the model is not
worse than 5% for a difference between 57 in our numerical
calculations and analytical formulas in Ref. [5], which is the
main topic of the paper.

II1. RESULTS

A. Nonreversing magnetic field

In the experiment, the rotating magnetic field B, is paral-
lel or antiparallel to the rotating electric field E;q. In an ideal
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FIG. 1. Calculated ratios fZ/fBP [dashed (red) curve] and
£°/fP [dotted (blue) curve] as functions of the component f°. Also,
the constant value (g*+ g')/(g" —g') = —473 is indicated as a
black horizontal line.

case, the absolute value of the magnetic field remains the same
after reversing. In the presence of the nonreversing component
the absolute values for two directions are different. The non-
reversing magnetic field makes an additional contribution to
£8P, which leads to the systematic effect, as well as to the f5
component. Both shifts are proportional to the nonreversing
component of B, and according to Ref. [5], the ratio is

fB gt — gl AOAD -1

B T \gitd o ) ®
Here, g and g are g-factors of the upper and lower levels of
the Stark doublet in the external static electric field. Thus, one
can remove this systematic monitoring the relatively large f%
component and applying the correction to 5P on the base
of Eq. (8). We note that in the present paper there are no
calculations in the static electric field. However, to describe
ratios fO/fP and fB/fBP in the presence of the variable
electric field, using the analytical formulas from Ref. [5],
g-factors in the static electric field are used. g-Factors in the
static electric field were calculated in Ref. [6].

For the numerical calculation of this effect we, according
to the first approach mentioned above, perform a transition to
the rotating frame. In this case, the rotating fields are replaced
by the static ones at the rotating frame:

E(O)rot = Erot[RC0S(wroit) + §5in(wrt)] = Eo X,  (9)
B0t = Brot[Rc0S(wrort) + §sin(wrort)] = BroX  (10)

and the perturbation
V = =& F = —wro/F (11)

because the rotation is added to the Hamiltonian. Here x, y, z
are the axes of the rotating frame.

The calculated ratio fZ /5P as a function of f° in Fig. 1 is
presented. Also, the calculated ratio f°/fP and the calculated
value (g“+ g')/(g" — g') = —473 are given. According to

Ref. [5], the ratio is

f_0_<gu_gl
P

In the calculation /27 =+375 kHz and & =
+58/V/cm, which correspond to the values used in the
experiment. To plot Fig. 1, the frequencies f°, 7, f&, 8P
are assumed to be functions of B,,.

For the values fO = 77 Hz, 105 Hz, and 151 Hz, used
in the experiment [4] (corresponding to B, = 6, 8, and
12 mG, respectively), we obtain fB/fBP = —481, —473,
and —469, respectively. The latter value corresponds to the
solid (black) curve in Fig. 4 of Ref. [8]. The values are not
identical to each other and to (g* + g')/(g" — g') due to the
rotation perturbation (11). According to Egs. (8) and (12), the
ratios fO/fP and fB/fBP have a limit (g* + g')/(g* — g').
According to our calculations, as Zeeman splitting f° in-
creases, the ratios f5/f5P and f°/fP also approach their
saturated value —465, which, however, is different from (g* +
g')/(g" — g') = —473 on 8. At the same values, the calculated
curves f°/fP and fB/fBP shifted relative to the ones given
by Egs. (8) and (12). We found that the shift is due to the
second-order perturbation

AOAP\
g + ) (12)

(mp = £3/2| — wyolbolmp = £1/2)?
E(mp =3/2) — E(mp = 1/2)

(13)

for the energies of the mp = +3/2 states. In this subsection,
according to Eq. (9), mp is the projection of the total mo-
mentum on the x axis. If perturbation by the excited J = 2
level is taken into account, the numerator in Eq. (13) has a
contribution proportional to 2B, (independent of the sign of
mp = £3/2). Next, the denominator in Eq. (13) is different
by sign and the absolute value for the upper and lower levels
of the Stark doublet, which finally leads to the contribution to
fP/fPP and 0/ fP.

For a given fZ, our calculation gives about a 2% larger
fBP value as compared to that given by Eq. (8) from Ref. [5].

B. The second and higher harmonics of &,

According to the theory of Ref. [5], the additional electric
field, oscillating in the xy plane at the double frequency 2w
together with the static magnetic field in the same plane,
makes additional contributions to fZ but no contribution to
fBP, which formally does not lead to a systematic effect.
However, applying the correction (8) on the base of the ob-
served fZ does affect the measurement of 537 component
[5].

To calculate this effect, we use variable fields which in
addition to the components rotating in the xy plane with the
frequency wyy [see Egs. (9) and (10)] consist of the static
component of the magnetic field along the laboratory x axis
and the electric field with the components along x and y axes
which oscillate with frequency 2w;¢ and have additional (to
rotating component) phase ¢:

E(t) = &o[Xcos(wport) + gsin(wp )] +
ERCOSLwrart + @) + EJc0s Lyt + @), (14)
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FIG. 2. Calculated 10* f BD [solid (black) curve] and f B [dashed
(red) curve] as functions of the phase ¢.

B(t) = B, %+ (15)

Brot[Xcos(wroit ) + Jsin(wyoi? )] (16)

Below we put wyo /2w = +375 kHz, & = +58 V/cm,
Bt = £6 mG (corresponds to f° =77 MHz), which are
the values used in the experiment [4], and B, = 14 mG and
E =&y, Ec/Eot = 1072, Note that wyo and &y are always
positive. In this and following subsections the time depen-
dence of external fields is accounted for by the interaction
with the corresponding quantized electromagnetic fields that
corresponds to the second approach described in Ref. [7].

In Fig. 2, the calculated values of 5P and f% as functions
of the phase ¢ are given. The calculated 3 is in agreement
with Fig. 3(b) of Ref. [4]. The general behavior with the
presence of the static magnetic field along the y axis is given
by Eq. (37) of Ref. [5]. Our calculation also indicates the
nonzero value fBP with the ratio f8/f57 = —1.6 x 10*.

According to the theory of Ref. [5], the nonzero value
of fBP can appear if Ag/E depends on the external static
electric field E. Here, Ag = g* — g'. Figure 3 presents the
calculated values of Ag/E. We present results for the cases
when the magnetic interaction with both 3ITp= and 3A, is
taken into account and for the case when the interaction with
314« is omitted. One can see that if the interaction with 3ITo=
states is taken into account, the value Ag/E depends on the
external electric fields. Within a small area of the value of the
static electric field, the g-factor difference can be presented as

Ag = Agy+ AgiE. (17)

If the interaction with 3TTp+ is omitted, Agy = O for a very
high accuracy. In Table I, the calculated Agy and Ag; for
the case when the interaction with 3ITy+ is taken into account
are given. The interaction with [Ty« states ensures nonzero
Ag value for the Q-doublet levels already at the zero external
electric field [6]. Note that one of the 2-doublet states has an
admixture of only the 311+ state, whereas another one has
an admixture of only *ITy-. As the electric field increases,
Q-doublet levels become the Stark-doublet ones with a good
Q quantum number and with an equal admixture of 3TTy+

2.5

10’ Ag/E (cm/V)
[\ 8)
N

N
W

L1 Ll Ll T
22 60
E (V/cm)

FIG. 3. Calculated Ag/E as a function of the external szatic elec-
tric field E. Solid (black) curve: magnetic interaction with both 3Ty«
and A, is taken into account. Dashed (red) curve: the interaction
with 3ITyx is omitted.

and 3T1y-. Therefore, as the electric field increases, the Ag
decreases, but is nonzero for any finite electric field. As is
stated above, the nonzero Ag, leads to nonzero f BD As the
effect is proportional to Agy, according to Table I, for & =
20 V/cm used in the first stage of the experiment [10] we have
fB/fBP = —5.5 x 10%.

Similarly to the second harmonic, the electric field oscil-
lating in the xy plane at the frequency 3wy together with
the gradient of the magnetic field in the same plane makes
additional contributions to both % and f57 with the same
(as for the second harmonic) ratio 3/ 5P = (g" + g')/ Ago.
The absolute value for f2 is given by Eq. (39) of Ref. [5].

C. Ellipticity of &4

According to the theory of Ref. [5], the ellipticity of o
together with the first-order magnetic field gradient makes
additional contributions to 57 and fZ components with the
ratio

/B 3g+¢
fﬁzzg“—gl. (18)
TABLE I. The calculated Agy and Ag; (cm/V).

E (V/cm) 107 Agg 10" Ag,
10 19.6 1.27
20 10.1 1.95
30 6.8 2.09
40 5.1 2.14
50 4.1 2.16
60 3.4 2.17
70 29 2.18
80 2.6 2.18
90 2.3 2.19
100 2.0 2.19
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To calculate this effect we use variable fields

E(t) = (&t + E)Xcos(wgt) +
(grot - 56 )9Sin(wrott)v (19)

Erot + &
Mﬁcos(a)mtt) +
5r0t

Eot — & . .
Brotbysln(wrott) +
Erot

Eot + &
B, == 2cos(wport ) —
Tot

gro - ge .
Be‘g—yslnwmtr). (20)
Tot

In the calculation we put & = +1 V/cm, B, = +0.1 mG.
Equation (19) is a rotating electric field, having an ellipticity
with a major axis along the x axis. The first two lines of
Eq. (20) are a modification of the rotating magnetic field from
Eq. (10) caused by the perturbation of the ion micromotion
due to the acquired ellipticity of &,. This modification actu-
ally does not affect the result. The last two lines of Eq. (20) are
additional magnetic field feeling by the ion in the first-order
magnetic field gradient [5].

The calculation gives f57 = —0.913 x 107* Hz, 5 =
0.332 x 10~! Hz. The ratio is

fB

75 = —364 = 0.757 x (—481), 21

where —481 (see Sec. III A) is the ratio fZ/f5P for system-
atic related to the nonreversing magnetic field for B, = £6
mG (f° = 77 Hz). Note the difference of the coefficient 0.757
in Eq. (21) from the coefficient 3/4 = 0.750 in Eq. (18).
This difference can be explained as follows. Looking at the
derivation of Eq. (18) (see Egs. (43) and (44) in Ref. [5]),
one notes that the coefficient 3/4 originates from the fact that
g" + ¢’ is assumed to be independent of the electric field,
whereas Ag = g* — g’ linearly depends on electric field. If
Ag = g" — g! were independent of the electric field, the coef-
ficient in Eq. (18) would be equal to one. We know, however,
from the calculation above that Ag has a small fraction (2.7%
for & =58 V/cm as it follows from Table 1) which is in-
dependent of the electric field. Then, one can calculate that
1 x 0.027 4+ 0.750(1 — 0.027) = 0.757 in accordance to the
coefficient in Eq. (21). For the electric field &, =20 V/cm
one similarly obtains that the coefficient on the right-hand side
of Eq. (21) would be 0.801.

For the given f5, our numerical calculations give about
a 1% and 6% smaller 5P value for the electric fields &
=58 V/cm and & =20 V /cm, respectively, compared to that
given by Eq. (18) from Ref. [5].

IV. CONCLUSION

The accurate numerical calculation of some systematic ef-
fects in the experiment for ¢(EDM search on a '8'HfF ™ cation
is performed. A small deviation from analytical formulas de-
rived in Ref. [5] is discussed. The results can be used for
testing experimental methods and in the next generation of
experiments on the HfFt cation and on similar systems like
ThF™.
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