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A set of orthogonal states is the strongest nonlocal set if it is locally stable in every bipartition, which shows
the strong quantum nonlocality proposed by Halder er al. [Phys. Rev. Lett. 122, 040403 (2019)]. The existence
of the strongest nonlocal sets with the minimum size is an open question. In this work, we partially solve this
question by constructing the strongest nonlocal sets with the minimum size in2®2®2® 2 and 2 @ d, ® ds,
where 2 < d, < d;. Moreover, we also give the strongest nonlocal sets with size dyd; +dy — 1ind; ® d, ® d;
and the strongest nonlocal sets with size d*> +d —1ind ® d ® d ® d. All the sizes of the strongest nonlocal
sets are close to the minimum size and are smaller than all previously known constructions. As an application,
our strongest nonlocal sets can be used to construct partially genuinely entangled subspaces in d; ® d, ® ds

when2 < dy <d, <dyand d, > 3.
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I. INTRODUCTION

Quantum state discrimination is a fundamental problem
in quantum information theory. If a set of orthogonal states
cannot be perfectly distinguished under local operation and
classical communication, then it is called locally indistin-
guishable. Locally indistinguishable sets have a wide range
of applications such as quantum information hiding [1-3]
and quantum secret sharing [4—6]. Locally indistinguishable
sets also exhibit quantum nonlocality, which is different from
Bell nonlocality [7]. This is because Bell nonlocality appears
on only entangled states, while the nonlocality based on lo-
cal indistinguishability can appear on product states. Bennett
et al. [8] first presented a locally indistinguishable orthogonal
product basis in 3 ® 3. Since then, the construction of locally
indistinguishable orthogonal product sets and orthogonal en-
tangled sets has received much attention [9-38].

Halder et al. proposed the concepts of local irreducibil-
ity and strong quantum nonlocality [39]. Local irreducibility
is a stronger concept than local indistinguishability. A set
of orthogonal states is called locally irreducible if it is not
possible to eliminate one or more states from the set by
orthogonality-preserving local measurements, and a set of
orthogonal states is called strongly nonlocal if it is locally
irreducible in every bipartition. Halder et al. also showed two
strongly nonlocal orthogonal product bases in 3 ® 3 ® 3 and
4 ® 4 ® 4, respectively. Strongly nonlocal orthogonal product
sets and orthogonal entangled sets have also been widely
constructed [37,40-48]. See Table I for a summary.
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The primary method of demonstrating local irreducibility
of a set of orthogonal states is by proving that the only
orthogonality-preserving measurements on each subsystem
are trivial, and any set with this property is called locally
stable [37]. Moreover, a set of orthogonal states is called
“strongest nonlocal” if it is locally stable in every biparti-
tion [44]. A lower bound on the sizes of the strongest nonlocal
sets exists; that is, for any strongest nonlocal set C in d; ®
d» Q- ®d, withd; > 2, wehave |C| > ([1i_, di/dmin) + 1,
where dni, = min{d,, dy, ..., d,} [37] (see Table I). However,
the existence of strongest nonlocal sets with the minimum size
is an open question.

In this paper, we partially solve this open question by
constructing the strongest nonlocal sets with the minimum
sizein2®d, ®d; and 2®2 Q2 ® 2. We also present the
strongest nonlocal sets with size dyds +d; — 1 ind| ® d, ®
d; for 2 < d; < dp < ds. For four-partite systems, we show
the strongest nonlocal sets with size d*> +d —1ind ®d ®
d ®d for d > 2. All of our constructions are close to the
lower bound in [37]. As an application, we can construct some
genuinely entangled mixed states from our strongest nonlocal
sets.

Constructing locally indistinguishable sets with minimal
sizes is a focal point in the exploration of local indistinguisha-
bility [25,28,29,32,34-38]. Since local indistinguishability
can be used for quantum information hiding [1-3] and quan-
tum secret sharing [4-6], locally indistinguishable sets with
small sizes are beneficial for experimental implementation.
For example, if one wants to realize quantum secret shar-
ing in a two-qubit system through a locally indistinguishable
set, then one needs to prepare only three orthogonal Bell
states [10]. Recently, quantum data hiding and quantum se-
cret sharing based on strong quantum nonlocality were also
proposed [44,47]. Thus, the strongest nonlocal sets with small
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TABLE 1. Results for the cardinality of strongly nonlocal sets. Here we assume thatd; < d, < --- < d,,.

Systems Lower bound Sizes of known constructions Ref.
d®d®d(d >3) d*+1 6(d — 1) [41]
d®d®[d+1)(d>=3) > +1 6d> — 8d + 4 [41]
d®d®d(d = 3) d*+1 d® —d (disodd),d? —d — 6 (d is even) [40]
d®d®dd = 3) d*+1 d® —4d 4+ 4 (d is odd), d> — 4d + 8 (d is even) [44]
d®d®d(d >3) > +1 3 —(d—2)(disodd), d® — (d —2)* + 2 (d is even) [42]
d®d,®d; (d; 2 3) dhd; + 1 2((didy + dhds + did3) — 3(d) + dr + d3) +12) [46]
di®d,®d; (d; > 3) drd; + 1 didsdy —8(n+1), (0<n< [42)) [43]
d®d®dQdy dydzdy + 1 didydsdy — (dy — 2)(dy — 2)(d3 — 2)(dy — 2) — 2 [46]
d® (n>3,d >2) d'+1 d"—d—-1)"+1 [47]
di®dh® ---®d, (n>3,nisodd, d; > 3) drds---d, + 1 didy---d,—(dy —=2)(dr,—2)---(d, —2) [45]
d1®d2®--~®dn(n>3,niseven,di23) d2d3"'d”+1 dldzd,l—(dl—Z)(dz—Z)(d,1—2) [48]
L --®d, (n2>23,d > 2) dady -+ dy + 1 didy---dy —(dr — 1)(da—1)---(d, — 1) [37]
d®d®dd>?2) d*+1 d>+d—1 This work
dl ® dz K d3 (d, 2 2) dzdx +1 d2d3 + dl —1 This work
d®d®d®d(d >2) d*+1 d+d-1 This work

sizes are important for experiments with strong quantum
nonlocality.

The rest of this paper is organized as follows. In Sec. II,
we introduce some notations and preliminary knowledge.
In Sec. III, we construct the strongest nonlocal sets with
size dydz; +di — 1ind; @ dr ® ds for 2 < dy < dr < dz. In
Sec. IV, we present the strongest nonlocal sets with size d* +
d—1ind ®d ®d ®d ford > 2. The proofs of Propositions
2 and 3 are given in the Supplemental Material [49]. In Sec. V,
we construct some partially genuinely entangled subspaces
from our strongest nonlocal sets. Finally, we summarize in
Sec. VL.

II. PRELIMINARIES

Throughout this paper, we do not normalize states for
simplicity. We denote Z, = {0, 1, ...,d — 1}, and w,, = e
Let {|i)},cz, be the computational basis of the d-dimensional
Hilbert space H. For (i1, iz,...,in) € Zg X Lg, X -+ X
Zg,, we denote wt(iy, iz, ..., iy) as the number of nonze-
ros iy for 1 <k < N. And we define S(dy,d,,...,d,) =
dody---dy+d — 12 <d;y <dy <---<d,), which will be
the sizes of our strongest nonlocal sets.

A set of positive-semidefinite operators {E,} on H is
a positive operator-valued measure (POVM) if it satisfies
> E, = Iy, where I is the identity operator of . Each E,,
is called a POVM element. A measurement is trivial if each
POVM element is proportional to the identity operator; other-
wise, it is nontrivial. For a set of orthogonal states {|wi)}f: 1
in Ha, @ Ha, ® -+ - ® Ha,, a measurement {E,,} performed
on A; is called an orthogonality-preserving local measure-
ment (OPLM) if the postmeasurement states are mutually
orthogonal, i.e.,

(Willg, ® ---Tp, QE, ®Ip,, ®@--- @ Ipyl9hj) =0,

where 1 <i# j < N.

Definition 1. A set of orthogonal states in Ha, ® Ha, ®
-+ ® Ha, is locally irreducible if it is not possible to eliminate
one or more states from the set by OPLMs; a set of orthogonal

states in Ha, @ Ha, ® - -+ @ Ha, is strongly nonlocal if it is
locally irreducible in every bipartition [39].

Definition 2. A set of orthogonal states in Ha, @ Ha, ®
-+ ® Ha, is locally stable if for each party A; the only OPLMs
on each party A; are trivial; a set of orthogonal states in H4, ®
Ha, @ - -+ @ Ha, is strongest nonlocal if it is locally stable in
every bipartition [37,44].

From Definitions 1 and 2, we know that a locally sta-
ble set must be a locally irreducible set. However, a locally
irreducible set is not necessarily a locally stable set. For
example, the Bell basis {|00) £ |11),]01) & |10)} in 2® 2
is locally irreducible [39]. The Bell basis can be seen as a
set of orthogonal states in 2 ® 3, and it is still locally irre-
ducible in 2 ® 3. Since A, can perform a nontrivial OPLM
{10XO0] + [1)1], |12X2|}, the Bell basis is not locally stable in
2 ® 3. Similarly, a strongest nonlocal set must be a strongly
nonlocal set, but the converse is not necessarily true. Note
that all the previous locally irreducible sets (strongly nonlo-
cal sets) are also locally stable sets (strongest nonlocal sets)
[37,40-48]. If we do not embed the small space into a large
space, Definitions 1 and 2 could be equivalent.

A lower bound on the size of the strongest nonlocal set C in
Ha, @ Ha, ® -+ - ® Ha, exists, where H4, has dimension d;,

|C| 2 (1_[ di/dmin) + 17 dmin = min{dls d2’ ey dn}
i=1

(1

The strongest nonlocal set has the minimum size if it reaches
the above lower bound. The existence of such sets is un-
known [37], and we will focus on this open question. In order
to show that C is strongest nonlocal, we need to show only that
any OPLM performed on A; is trivial for 1 < i < N, where
A; ={A1, Ay, o AN\ (A} [43].

Next, we introduce two useful tools for showing that
an OPLM is trivial. Let {|o;)}icz, be a set of orthogonal
states; then a set of orthogonal states {|v;)};cz, is spanned by
{lo;) }iez, 1f each state |r;) is a linear combination of the states
from {|)}iez,
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Lemma 1. Block-zero lemma [43]. Let E be a d x d matrix
and {|a;)}icz, and {|B;)} ez, be two sets of orthogonal states
in ‘H with dim(#) = d. Assume that {|v;)};cz, and {|¢;)} ez,
are two sets of orthogonal states spanned by {|&;)};cz, and
{l1Bj)} ez, respectively. If (V;|E|¢p;) =0 forany i € Zs, j €
Z, then (o;|E|Bj) = Oforany i € Zy, j € Z;.

Lemma 2. Block-trivial lemma [43]. Let E be a d x d
matrix and {|o;)};ez, be a set of orthogonal states in H with
dim(#) = d. Assume that {|v/;)};cz, is a set of orthogonal
states spanned by {|a;)}iez, and (Y;|E|¥;) =0 for any i #
J € Zs. If a state |«;) exists such that (o, |E|a,) = 0 for any
r#t € Zsand (o |Y;) # 0 for any j € Zj, then (o;|Eoj) =
0 for any i # j € Zy, and (o;|E|o;) = (o;|E|et;) for any i #
Jj € Zs.

III. STRONGEST NONLOCAL SETS
IN TRIPARTITE SYSTEMS

In this section, we first give the strongest nonlocal set with
a minimum size of 5 in 2 ® 2 ® 2. Then we generalize it to
d®d®dandd; ® d, ® ds.

Example 1. In 2® 2 ® 2, the set of orthogonal states
{1¥i)}iez 1s strongest nonlocal, where

[¥0) = 1000),
Y1) = 1100) + 1010) + |001)

1
—(|011) 4 |110) + [101)),
+J§(| ) +1110) + |101))

[¥2) = [100) + w4]|010) + w3|001)

+ w4f(|011 ) 4 [110) + [101)),

[¥3) = [100) + w4|010) + w4|001)

+w4f(|011)+|110)+|101>)

[a) = [100) + w3]010) + wg[001)

+w4f(|011>+|11o>+|101>) )

Proof. Note that {|v;)};cz, has a similar structure under
the cyclic permutation of the parties {A|, A,, Az}, so we need
to show only that any OPLM performed on A,Aj is trivial.
We assume that A,As performs an OPLM {E}; then we have
(Villa, ® E|¢j) = Ofori # j € Zs.

Let |ao) =1000), |er;) = [100), |a2) =[010), |a3) =[001),
and |a4) = \/%(|011) 4+ |110) + |101)). This means that
{|¥o)} is spanned by {|a)}, and {W,-)}?:l is spanned by
{|a,~)}?=l. Since (Yolla, @ Ely;) =0 for 1 < i < 4, we have
(olls, ® Ele;) =0 for 1 <i<4 from Lemma 1. This
implies (00|E|01) = (00|E|10) = (00|E|11) = (O1]|E|00) =
(10]E|00) = (11|E]|00) = 0. Then we have

(O[]”IA] ®E|Ol,) = O, 2
(1) # 0, 1

Applying Lemma 2 to {|y;)}* i1» we have (]I ® E|a;) =0
for1 <i# j<4and (ol ® Eloy) = (|4, ® Elet;) for

1<i#j<4
Since (x|l ® E|az) = (3]l ® E|ay) =0, we have
(I0|E|01) = (O1|E|10) = 0. As (m|l®@FE|ay) = (|l ®

E|ay) = 0, we obtain (10|E|11) = (11|E|10) = 0. Moreover,
since (3|l @ E|oy) = (4]l @ E|laz) =0, we  have
(01|1E|11) = (11|E|01) = 0. This means that the off-diagonal
elements of E are all zeros. Next, we consider the diagonal
elements of E. Since (o|l4, ® E|a;) = (2|4, @ Elan) =
(o3|l4, ® Elez), we have (00|E|00) = (10|E|10) =
(011E|01). Furthermore, since (a4l ® E|ay) = (1|1 ®
Ela;), we have —((11|E|11) (10|E|10) + (01|E|01)) =
(00|E|00), which implies (11]E|11) = (00|E|00). Thus,
E o 1. This completes the proof. |

Next, we give the general construction of strongest nonlo-
calsetsind ® d ® d. Let

Ao :={]000)},
Ay :={[i00), |00}, |OOz)}[ 1

1
Ay = {—(|Oij) + 1j0i) + ijO)) : 1

<ij<d—1},
7 <ij<a-if

3)

where Aol =1, |A|=3d—1), |4 =(d—1)? and
[Ao|l + |A| + | A2l =d*>+d — 1 =S(d,d,d). We denote
lotg) = 1000) and {]a;)}3 D" = A;(J.A;. Then we can
construct a set of orthogonal states {|Vi) }icZg a4, Where

Vo) = leo),

W)= Y

JEZLs(d.d.a)-1

Proposition 1. Ind @ d ® d, d > 2, the set of orthogonal
states {|V;)}iezg... given by Eq. (4) is strongest nonlocal.

Proof. Since {|V:)}iezg,.. has a similar structure under
the cyclic permutation of the parties {A;, A>, A3}, we need
to show only that any OPLM performed on A,Aj is trivial.
We assume that A,Az performs an OPLM {E}; then we have
(Yilla, ® E|Yrj) = 0fori # j € Zs,a.0)-

Note that {|y/o)} is spanned by {|ag)}, and {|y;)}5 449!
is spanned by {|o; )}S(dd D=1 Since (Volla, ® E|y;) = 0 for
1<i<8Wd,d,d)—1,wehave (ap|ls, ® Ela;) =0for 1 <
i<Sd,d,d)—1 from Lemma 1. This implies that

(00IE|ij) = (iJIEI00) =0, (i, ) € Zqg x Zq \ {(0,0)}.
®)

Without loss of generality, we assume |a;) = [100). Then we
have

Wg.aar-11%j+1)s i € Ls@aa.a-1- 4)

(o1ls, ® Ele;) =0, 2<i<Sd,d,d)—1;
() #0, 1<i<8Sd,d, d)—1.

)}S(d 4D=1 " we obtain

Sd,d,d) - 1;

Applying Lemma 2 to {|1//,
(illa, ® Elaj)
(illa, ® Elai) =

I<i#j<

SI#FJS
<a]|HA, ® Elaj),
<SWd,d,d)— 1. (6)
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If |t;), |oej) € Ay, then we have
(i1j1|Eli2 o) =0,
wet(iy, j1) = wt(iz, j2) =1, (1, j1)# G2, j2) € Zax Zg.
(N

If |o;) € A; and |a;) € A, then we have

1
0 = (00i; L4, ®Eﬁ(|0izjz) + 1/20i2) + 12/20))

1
ﬁ((0i2j2| + (j20i2] + (i2j20D)]4, ® E]00i;)
= (0i1|Ei2 j2) = (i2j21E10i1),
1
0= (0i,0]I4, ® Eﬁﬂ()izjz) ~+ |j20i2) + [i2720))

(0iz o] + (j20i2] + (i2j20)I4, ® £]0i;0)

i1, 02, jo € Zg \ {0},

1
—(
V3
= (i10|Ei2 j2) = (i2j21E1i10),

This means that

i1, I2, j2 € Zg \ {0}.

(i1j11Eli2 j2) = (22| Eli1j1) = 0,
wit(iy, j1) = 1, wt(iz, j2) =2,
(i1, j1) # (2, j2) € Zq X Zgq. 8

If |o;), |otj) € Ay, then we have

1
0= ﬁ((Oiljﬂ + (100 + (i110DIs, ® E

1
X —3(|0i212) + 1j20i2) + 1i2j20))

7
1
= §(<i1j1 |Eizj2) + (j11j2)(0i1|E]Oi2)

+ (Jili2) (061 |[E | j20) + (i1] j2) (j101E|0iy)
+ (i11i2) (j101E] j20))
1
= 3((i1j1 |Elizj2) + (j11j2)(0i1|E]Oir)
+ (i1]i2) (j10lE| j20))

5((11]1|E|12]2)), i, Ji,12, jo € Zq \ {0},
(i1, 1) # (2, j2)-
That is,

(i1j11Eli2j2) = 0,
wi(iy, j1) = wt(iz, j2) =2,
(i1, j1) # (2, j2) € Zq X Zq. 9

From Egs. (5), (7), (8), and (9), we find that the off-diagonal
elements of E are all zeros.

Next, we consider the diagonal elements of E. If |«;) € Ay,
then we have

(00|EN00) = {a1|l4, ® Elar) = {(o]l4, ® Ela;)
= (it 1lElij1),
wt(iy, j1) =1, (1, j1) € Za x Zy. (10

If |o;) € Ay, then we have
(00|E100) = (0114, ® Elar) = («illa, ® Elo;)
= 3((iL1Elivj1) + (0it|[E|0i) + (j101E|j10)),
wt(iy, j1) =2, (i1, 1) € Zg X ZLg.
That is,
(00IE100) = (i1 j1lEli1j1),
wt(iy, j1) =2, (i1, 1) € La X Lq. (1D

From Egs. (10) and (11), we find that the diagonal elements
of E are all equal. Thus, E o I. This completes the proof. W

We can also generalize the strongest nonlocal sets in d ®
d ® d to the system d; ® dy ® d3, where 2 < d; < dr < ds.
Let

Ao 1= {1000)},
Ap = {li00) : 1 <i<df — 1}U{|0i0) 1<i<d,—1}
Jtooi - 1 <i <ds - 1,

A = {%uom + 100 + 1ij0) : 1 < iy j < dy — 1}

1
U {TZUOm +150i)) :

d1<i<d2—1,1§j<d1—1}

—_—

/2

Si<d -1, d1<j<d2_1}

\®)

U {—<|0ij> +1ij0)) :

—_

U{|0ij>:d1<i,j<dz—1}

U

—_—

(10ij) + 1i0/)) :

Si

I<i<di—1, d2<j<d3—l}

U{|0ij)1d1<i<dz—1, d2<j<d3—1}, (12)

where |Agl =1, |Ail=di+dr+ds—3, |A]=(d—
)(d3s—1), and [Ao|+ Al + A =dads +d) — 1 =
S(d,, dy, d3). We denote |ap) = [000) and {Ja;)}3 4441 =
A |JAz. Then we can construct a set of orthogonal states
{1Vi)}ieZs, 4y.a5)» Where

[¥0) = o),

Vi)=Y

JE€Lsdy dy d3)-1

ij . 13
Wy do ds)—11%j+1) (13)

where i € Zs(dl,dz,dg)*l'

Proposition 2. Indy ® d, @ d3, 2 < dy < dy < d3, the set
of orthogonal states {|Vi)}iczy, 4, &iVen by Eq. (13) is
strongest nonlocal.
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The proof of Proposition 2 is given in the Supplemen-
tal Material [49]. Our strongest nonlocal set in d; ® d) ® d3
2 < dy < dy, € d3)hassize S(d;, d», d3), and it is close to the
minimum size d,d3 4 1 given in Eq. (1), which is smaller than
all known constructions. When d; = 2, our strongest nonlocal
set has the minimum size. Note that |y) = |OOO) is a prod-
uct state, while other states {|1ﬁ,)}s<d' d2d) =1 e genuinely
entangled states.

IV. STRONGEST NONLOCAL SETS
IN FOUR-PARTITE SYSTEMS

In this section, we construct the strongest nonlocal orthog-
onal statesind @ d ® d ® d. Let

Ao = {]0000)},
Aj := {]i000), |0i00), |00i0), |000i)}¢",

1
Ay = {_(|00ij)+|ij00)):1gi,jgd—l}
V2
U{ (10ij0) + 1j00i)) : 1 < i, j <d—1
U{7<|0z01 +i0j0)) : i,j<d—1},
1
{§(|0Uk + |kOij) + | jkOi) + |i jk0))

1<i,j,k< d—l}

where |Ag| = 1, |Aj| =4(d — 1), | Azl =3(d — 1), |A3] =
@d -1y, and |Aol +|Ail + [ Aol + | A3l =d’ +d - 1 =
S(d,d,d,d).

We denote |og) = |0000) and
AU Az U As. Then we can construct a set of orthogonal
states {|Vi) }icZgg.a.q)» Where

Sd.,d,d,d)—1
{la gDt =

[Yo) = |ao),

W)= Y

J€ZLsa.d.d.a)-1

o 14
Wsid.d.d.dy-11%+1)s (14)

where i € ZS(d,d,d,d)—l-

Proposition 3. In d®d ®d ®d, d > 2, the set of or-
thogonal states {|v/)}icz;, ... given by Eq. (14) is strongest
nonlocal.

The proof of Proposition 3 is given in the Supplemental
Material [49]. Note that we construct a strongest nonlocal set
with size S(d,d,d,d)ind ® d ® d ® d, which is also close
to the minimum size d3 + 1 given in Eq. (1), which is smaller
than all known constructions. When d = 2, our construction
has the minimum size of 9. Note that |{) = |0000) is a prod-
uct state, while other states {Iw,)}s (dddd)=1 gre genuinely
entangled states.

Example 2.In2 Q@2 ®2 ® 2, let
Ao := {|0000)} = {|ao)},
A; = {]0001), |0010), |0100), |1000)}

= {lo), |az), |az), |aa)},

1 1
A = {—(|0011> +11100)), —(|0110) + [1001)),

V2 V2
1
ﬁ(ll()l()) + |0101))} = {las), la). la7)},

Az = {%(|0111> +11011) + |1101) + |1110>)} = {lag)}.
Then the set of orthogonal states {|;)}icz, is strongest non-
local with the minimum size, where

[¥0) = lao),
[¥1) = lar) + loo) + los) + |og)
+ las) + lae) + log) + o),
[¥2) = lay) + wslaa) + wglos) + wilo)
+ wilas) + wylae) + welar) + wglas),
[3) = lon) + wglon) + wilos) + wlas)
+ wilas) + wg’log) + wg’lag) + wg'las),
[¥a) = lay) + wilon) + wilos) + wglay)
+ wg’las) + wg’lae) + wg'lag) + wg' o),
[rs) = lo) + wilon) + wilas) + wg*|os)
+ wgllas) + wg'lae) + wg' o) + wg®las),
[W6) = lo) + w3 o) + wg’las) + wg |ova)
+ wi’las) + wy’lae) + wyllog) 4wy o),
[7) = lo) + wilon) + wg’las) + wg®los)
+ witlas) + willae) + willog) 4+ wy o),
[¥rs) = lo) + wilon) + wg'las) + wg' o)
+ wlas) + wilas) + wgller) + wgag).
V. APPLICATION: PARTIALLY GENUINELY ENTANGLED
SUBSPACES FROM THE STRONGEST NONLOCAL SETS

In this section, we construct some genuinely entangled
mixed states from our strongest nonlocal sets. First, let us
recall some concepts. A bipartite pure state |{) € Ha, ® Ha,
with dimension m ® n can be written as

W)=Y ailij).

i€y, jE€Ln

where {|i);cz,} and {| j) jez,} are computational bases of Hy, .
Then ) corresponds to anm x nmatrix M = (a; j)icz,,, jcZ,
and |y) is a product state if and only if rank(M) = 1. For a
pure state [) € Ha, @ Ha, @ -+ ® Ha,, |¥) is biproduct if
a bipartition S|S (where SU S = {A}, A,, ..., A,}) exists such
that [/) = |¢)s @ |¢)5. The state |) is genuinely entangled
if it is not a biproduct state. A mixed state p is biseparable if
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it can be written as

p =Y plvidvil, pi=0,) pi=1,

where |Y;) is a biproduct state for each i. A mixed state is
a genuinely entangled state if it is not a biseperable state.
Now, we give the definition of a partially genuinely entangled
subspace.

Definition 3. Given a subspace S of Hy, @ Ha, @ -+ ®
Ha,, we call S partially genuinely entangled if all the biprod-
uct states in S cannot span S.

By the range criterion [50], if the range of a mixed state
p is contained in a partially genuinely entangled subspace S
and rank(p) = dim(S), then p is genuinely entangled. For
example, the normalized projector on a partially genuinely
entangled subspace must be a genuinely entangled state.

For a subspace By of Ha, @ Ha, @ --- @ Ha,, We can
write @) = |¢1) + |¢2), where |§1) € By and |¢») € By
Then |¢;) is called the projection of |¢) on By. Assume
B is another subspace of H,, ® Ha, ® - -+ ® Ha,; then the
projection of B on By is a subspace of By which consists of
the projections of all states in 3 on By. Note that if By C B,
then the projection of B on By is By.

Proposition 4. In di ® dy ® d3, 2 < dy < dy < d3, and
dy, > 3, let S be the subspace spanned by {|1//i)},-ezs(dlvd}d3)
given in Eq. (13); the complementary subspace S+ of S
is partially genuinely entangled with dim(St) = didbds —
S(dy, da, d3).

Proof. Note that S is also spanned by the states in Ay U
A1 U A, given in Eq. (12). There are two cases.

Case 1. d; = 2. Suppose all the biproduct states in S+
span a subspace B. Our aim is to prove B C S*. Obviously,
|021) — |102) € S*. If |021) — |102) ¢ B, then B C S*. We
need to show only |021) — |102) ¢ B.

If |021) — |102) € B, then a set of biproduct states {|¢;)}
of B exists such that [021) —[102) = >, a;|¢;). Then a
biproduct state |¢) of {|¢;)} must exist such that |¢) =
Zijk Aijklijk), where Aoy # 0. Since |¢) is orthogonal to
|021) + |102) € A,, we have Agp; = —Ai02. Note that |¢) is
orthogonal to any state in .A;, which implies A;x =0 for
wt(i, j, k) = 1.

If |¢) is a biproduct across the bipartition A;|AzAz,
then [$)4, 14,4, corresponds to a dy x drdsz matrix M; with
rank(M;) = 1. Consider the submatrix of M,

21 02
0 (21 O
I\ 22 Ao )
Since this submatrix has rank 2, |¢) is not a biproduct across
the bipartition A;]|A2As3.
If |¢) is a biproduct state across the bipartition A,|A;As,

then |@)a, 14,4, corresponds to a dr x didsz matrix M, with
rank(M>,) = 1. Consider the submatrix of M,,

01 12
2 \ oot A2 )
Since this submatrix has rank 2, |¢) is not a biproduct state
across the bipartition A;|A;As.

If |¢) is a biproduct state across the bipartition A3|A;A,
then |@)a,1a,4, corresponds to a d; x did, matrix M3 with
rank(M3) = 1. Consider the submatrix of M3,

01 02 10 11 12

0 0 0 0  Xio Ao
Il Aot Ao2t Aot Auir Az
2 \ Aoz Aoz Az Az A

Since Agz; = —XAi02 Z 0, we have Ajg; # 0, Aoz # 0, and
A120 = A110 = 0. Since |¢) is orthogonal to |101) + [110) +
|011), we have Xg1; # 0 and Ag12 # 0. Since |¢) is orthogonal
to |012) 4 |120), we have X159 = —Ag12 # 0, which is impos-
sible. Thus, |¢) is not a biproduct state across the bipartition
A3z|A1A;.

Above all, |021) — |102) ¢ B.

Case 2. d» > 3. Suppose all the biproduct states in S+
span a subspace B. Our aim is to prove B C S*. Since
|012) + |201) + [120), |021) + |102) + |210) € A,, we have
the four states |012) — |201), |201) — |120), |021) — |102),
and |102) — [210) € S+, which span a subspace By. If By ¢
B, then B C S*. We need to show only By ¢ B.

For any biproduct state |¢) = Zijk Aijklijk) € B, we have
Aijk = 0 for we(i, j, k) = 1. If |¢) is a biproduct state across
the bipartition A;|A2A3, then |¢)4, 14,4, corresponds to a d; X
d>rd; matrix M with rank(M) = 1. Consider the submatrix of
M,

01 02 10 11 12 20 21 22
0/ 0 0 0 Xt Aoz 0 Apr Aoz

Ll Ato1 Aoz Ao Air Atz Ao A A
2 \ 01 A2 Az2i0 A2 A2z Ao Axi A

Note that |¢) is orthogonal to |011) 4 [101) + |110), |022) +
|202) + |220), |012) 4 |201) 4 [120), and |021) + |102) +
[201). If Xo11 # O, then Ajo; # O or Aq19 7% 0, which contra-
dicts rank(M) = 1. Then Ag;; = 0. Similarly, we also have
Aotz = Ag21 = Aoz = 0. Then Aj91 = —A110, A202 = —A220,
Aol = —A120, and Ajg2 = —Az1. Now we will consider the
projection of |¢)) in Bo. If )»201 = )\,210 = )\,1()2 = )\,120 = 0,
then the projection of |¢) on By is zero. Assume there is at
least one nonzero coefficient of {A1, X210, A102, A120}; With-
out loss of generality, A»9; # O (other cases are the same).

Since )\201 75 0, we have )Lz()l = —)»120 75 O, which im-
plies Xio1, Ao # 0. Then we have Ajjg, Az #0 and
A210, A102 7 0. Consider the following submatrix of M:

01 10
1 (A1 Ao
2 \ A1 A210 )"
Then we have Ayg = —A,19. Therefore, we can conclude

)\.201 = _)\.210 = )\.102 = —)leo. So the projection of |¢> on B()
is Apo1(|201) — |210) + [102) — |120)). Similarly, if |¢) is a
biproduct state across bipartition A;|A A3, then the projection
of |¢) on By is A1 (|021) — [120) 4 |012) — |210)). If |p) isa
biproduct state across bipartition A,|A;As, then the projection
of |¢) on By is Ag12(|012) — |102) + |021) — |201)). For any
[Y) =) ;ail¢;) € B, each |¢;) is a biproduct state. Note that
the nonzero projection of each |¢;) on By can have only three
forms; then the projection of |¢) on By belongs to a three-
dimensional space. This means that the projection of 5 on
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By has dimension 3. Since B, has dimension 4, 5 SZ B. This
completes this proof. |

In 2 ® 2 ® ds, the subspace S* is not partially genuinely
entangled since the biproduct states {|111) — |[110) 4 |101),
[111) — |101) + |011), |111) —|O11) + |110), |012)— |102),
|013) — |103), ..., 101d3 — 1) —|10d5 — 1), |112), ...,
[11d3 — 1)} = {|¢)};% in S* span S*.

Now we have constructed some genuinely entangled mixed
states from our strongest nonlocal sets. For example, let

|J,»><{/7i|>,

1
P didydy — S(dy. dy. ) (H .EZZ
LELis(dy dy .d3)
where |J[) is the normalized state of |y;) for i € Zsa, dy,d5)-
Then p is genuinely entangled when d, > 3. For d, = 2, p is
biseparable, but one can check that p is genuinely entangled
across every bipartition.

VI. CONCLUSION AND DISCUSSION

In this paper, we constructed the strongest nonlocal sets
in three-partite and four-partite systems. The sizes of our
strongest nonlocal sets are close to the minimum size.
Especially, our strongest nonlocal sets have the minimum size

nN2®d, ®dy;and2 ® 2 ® 2 ® 2. All of our strongest nonlo-
cal sets consist of genuinely entangled states except one pro-
duct state. Moreover, in the same systems, our strongest non-
local sets have smaller sizes than those of all the strongest
nonlocal sets in [37,40-48] (see Table I). We also con-
structed some partially genuinely entangled subspaces from
our strongest nonlocal sets.

There are some questions left. For example, how do we
construct the strongest nonlocal sets with the minimum size in
general d; ® d» ® - - - ® d,? Can we improve the lower bound
on the sizes of the strongest nonlocal sets in [37].
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