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It is a long-standing debate that why quantum mechanics uses complex numbers but not real numbers only.
To address this topic, in recent years, the imaginarity theory has been developed in the way of quantum resource
theory. However, the existing imaginarity theory mainly focuses on the quantum systems with finite dimensions.
Gaussian states are widely used in many fields of quantum physics, but they are in the quantum systems with
infinite dimensions. In this paper we establish a resource theory of imaginarity for bosonic Gaussian states. To
do so, under the Fock basis, we determine the real Gaussian states and real Gaussian channels in terms of the
means and covariance matrices of Gaussian states. Also, we provide two imaginary measures for Gaussian states

based on the fidelity.
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I. INTRODUCTION

Complex numbers are widely used in both physics and
mathematics. It has been a long-standing debate since the
inception of quantum mechanics that why quantum mechanics
uses complex numbers but not real numbers only. To improve
this topic, recently, the imaginarity theory has been developed
[I-11]. We consider a quantum system associated with the
complex Hilbert space H and choose the orthonormal basis
{17) 7=1 of H, with d being the dimension of H. Imaginarity
theory is basis dependent, and when we talk about imaginarity
theory, we always preset an orthonormal basis. A quantum
state represented by a density operator p is called real with
respect to {|j)};?=1 if pjx = (jlplk) € R for all j and k; here
R denotes the set of all real numbers. A quantum operation
[12] ¢ on H is often represented by a set of Kraus operators
¢ = {K,}, satisfying Y K[K, <1, where K} is the adjoint
of K, I is the identity operator, and > u K;KM < I means
I — Zu K;Kﬂ >0, ie., [ — Zu K;KM is positive semidefi-
nite. A quantum operation ¢ = {K,}, is called a quantum
channel if ) K ;KM = I. In imaginarity theory, an operation
¢ is called real if ¢ can be expressed by a set of Kraus
operators ¢ = {K,},, and K,LpK; is real for any pn and any
real state p.

Imaginarity theory can be viewed as a quantum resource
theory. Quantum resource theories provide a powerful way
to characterize certain quantum properties of a quantum sys-
tem [13,14]. The well-known quantum resource theories are
entanglement theory [15,16] and coherence theory [17-20].
Besides, other quantum resources have been developed, such
as quantum thermodynamics [21,22], purity [23-25], non-
locality [26], quantum phase [27], and continuous-variable
quantum resource theories [28-30]. A quantum resource the-
ory for quantum states has two basic ingredients, free states
and free operations. Resource measure and state transforma-
tion are two main topics in a quantum resource theory for
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quantum states. Imaginarity theory characterizes the property
that a quantum state may be complex but not real. In imagi-
narity theory, the free states are real states and free operations
are real operations. State transformations under real opera-
tions have been extensively studied [8]. Several imaginarity
measures have been proposed [1-3,7,8]. Some results of
imaginary theory have been experimentally tested [2,4-6,9].

The imaginarity theory discussed above mainly focuses
on finite-dimensional quantum states. When we attempt to
apply the concepts and results of imaginarity theory to
infinite-dimensional quantum states, two problems occur.
First, for the quantum states and quantum operations on
infinite-dimensional systems, there may be some ‘“diver-
gence” difficulties, such as the energy of a quantum state,
then some definitions for finite-dimensional states can no
longer be well defined for infinite-dimensional states. Second,
even if a definition or result is still well defined for infinite-
dimensional states in a sense, there still may be a problem that
this definition or result is hard to evaluate. These problems
are similar to the cases of coherence theory. In coherence
theory, the /; norm of coherence C;, (p) = Z#k [(jlpolk)| is
a valid coherence measure [17] and can be easily calcu-
lated for finite-dimensional states. But Cj, (p) may diverge
for some infinite-dimensional states [31]. In coherence theory,
the relative entropy of coherence C;(0) = S(pdgiag) — S(p0) is a
valid coherence measure [17] which can be easily calculated
for finite-dimensional states, but C.(p) is hard to calculate
for some infinite-dimensional states [31-33], where S(p) =
—tr(p log, p) is the Von Neumann entropy and pgi,, is the
diagonal part of p.

Bosonic Gaussian states are a class of infinite-dimensional
states, which are widely used in quantum optics and quantum
information theory [34-40]. A Gaussian state p is completely
and conventionally described by its mean X and covariance
matrix V; then we write p as p(X, V). The Fock basis is
the orthonormal basis spanning the complex Hilbert space the
Gaussian states are in; then it is natural to choose the Fock ba-
sis as the fixed basis for imaginarity theory of Gaussian states.
So far, several imaginarity measures for finite-dimensional
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states have been proposed, such as [;;(p) based on the trace
norm [1,2], I;(p) based on the Von Neumann entropy [7], and
It(p) based on the fidelity [3,8]; they are defined as

Le(p) = llp = p*[lurs (D

I(p) = S(Rep) — S(p), 2

I(p) =1—F(p, p*), 3)

where p* is the conjugate of p, || - ||+ denotes the trace norm,

Rep is the real part of p, and F (p, o) = tr,//po \/p is the fi-
delity of states p and o [41,42]. We consider whether Eqs. (1),
(2), and (3) are applicable to Gaussian states. Till now, to
calculate p*, Rep, and ||p — p*|| for general Gaussian states
is very hard since it is hard to express general Gaussian
states in the Fock basis [31-33,43-45]. F(p, o) has a closed
expression for Gaussian states p and ¢ in terms of their means
and covariance matrices [46], but we do not know whether p*
is a Gaussian state. Moreover, we do not even know which
Gaussian states are real in terms of means and covariances.

In this paper we study the imaginarity of bosonic Gaus-
sian states. We establish a resource theory of imaginarity for
bosonic Gaussian states. This paper is structured as follows. In
Sec. II, we determine the conditions for real Gaussian states
and the conjugate of a Gaussian state under the Fock basis in
terms of means and covariances. In Sec. III, we characterize
the structure of real Gaussian channels. In Sec. IV, we provide
two imaginary measures for Gaussian states based on the
fidelity, and they all have explicit expressions. Section V is
a brief summary and outlook. For structural clarity, we focus
on stating the theoretical framework and results in the main
text, and we put most of the proofs in the appendices.

II. REAL GAUSSIAN STATES AND THE CONJUGATE
OF A GAUSSIAN STATE

In this section we determine the real Gaussian states and
the conjugate of a Gaussian state. We first recall some basics
and give the notation we use for Gaussian states. We denote
the one-mode Fock basis by {| j) 30:0, with j € {0,1,2,3,...};
{17)}52, is an orthonormal basis spanning the complex Hilbert
space H. H is a countable but infinite-dimensional complex
Hilbert space. The N-mode Fock basis is {| j)}?N , the N-fold

tensor product of {[/)}32y, and {|j)}$"

Hilbert space A = @\, H, with each H, = H. On each

H,, the bosonic field operators, annihilation operator a; and
creation operator ’c?l', are defined as

spans the complex

@l0) =0, alj)=+/jlj—1)forj>1; €5
ajljy=+/j+1j+1)forj>0. (5)

We arrange {a;, a, })_, as a vector as

- o~ A oA A ~ ~F\T
A=(alaa’{-aa29a27"'5al\]aa;])
~ A A~ ~ ~ T
= (A1,A2,A3, Ay, ..., Aon_1, An) (6)

with T standing for the transposition.

From the bosonic field operators {'zi;,ﬁj}f\’:l, we can define
the quadrature field operators {g;, ﬁj}?’z | as

G =a+a, p=—i@-—a), (7)

where i = /—1. We arrange {g;, ﬁ}f’zl as a vector as

X = (@1 P1»@2> Das - Qs PW)T
= (X1, X2, X3, Xa, ..., Xon_1, Xon ) ®)

Under these definitions, we obtain the canonical commuta-
tion relations

(A1, An] = Qs 9)

X1, Xl = 20, (10)

vlhere [A\l, A\m] = A\;A\m — A\mg\; is the commutator of A\l and
A,,, and €, is the element of the 2N x 2N matrix 2 with

0 1
Q=" o, w=<_1 0)' (11)

. —=®N . .
A quantum state p in H can be characterized by its
characteristic function

x(p,§) = tr[pD(§)], (12)

where D(&) is the displacement operator,
D(§) = exp(iX" Qf), (13)
§= (16, 6m) €R (14)

. —®N .
For state p in H ® , the mean of p is

X =t(pX) = X1, Xa,.... Xon)"; (15)

the covariance matrix V is defined by its elements
Vin = 3t(p{AX:, AX,.)), (16)

with AX, =X, —X;, and (AX, AX,} = AXAX,, +
AX,,AX; is the anticommutator of AX; and AX,, The
covariance matrix V = V7T is a 2N x 2N real and symmetric
matrix which must satisfy the uncertainty principle [47]

V+iQ>0. 17)

Note that V +i€2 > 0 implies V > 0, meaning that V is posi-
tive definite.
With these preparations, we turn to the definition of Gaus-

. . —®N .

sian states. A quantum state p in H~ is called an N-mode
Gaussian state if its characteristic function has the Gaussian
form

x(p,§) = exp[—3&" (QVQE —i(QX) €], (18)

where X is the mean of p and V is the covariance matrix of
p. The Gaussian state p is determined by its characteristic
function x(p, &) via the inverse relation (see, for example,
Chap. 4 in Ref. [40])

d2N
P =/ sX(,O,“E)D(—é), 19)

N
where [ = [ . X and V with Eq. (17) completely determine
the Gaussian state p [47], and thus we write p as p(X, V).
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Now we consider the question of under what con-
ditions on X and V, p is a real Gaussian state, i.e.,
(Jil{jal - .- ljnlplki)|ks) . . . |ky) € R for any Fock basis vec-
tors {l.]l)s |.]2)|9 BR) |.]N>’ |k1)1 |k2)1 BRRE) |kN)} For this ques-
tion, we have Theorem 1 below; we provide a proof for
Theorem 1 in Appendixes A and F.

Theorem 1. The N-mode Gaussian state p(X, V) is real if
and only if

Xy =0forl € {1,2,...,N}, (20)

Vz[,l’z,n:OfOI’l,mE{1,2,...,N}. (21)

If one of {X,;, V2171.2m}?,]m:1 is nonzero, then there exists
(J1l(2l - - - linlplki)lk2) - . . lkn) & R for p(X, V); p(X, V) is
called not real. When p(X, V) is not real, we further ask how
about the conjugate p* of p(X, V). Is p* still a Gaussian state?
If p* is still a Gaussian state, then how about the mean and
covariance matrix of p*? Theorem 2 below answers these
questions; we provide a proof for Theorem 2 in Appendixes B
and F.

Theorem 2. For the N-mode Gaussian state p(X, V), the
conjugate state of p(X, V) is still a Gaussian state. We denote
the conjugate state of p(X, V) by p*(X , V') with the mean X'
and covariance matrix V', and then

X, =(-D"'X,, 1 e{l,2,...,2N}, (22)
V) = (=", ,me{l,2,...,2N}.  (23)

With Theorem 1, Theorem 2, and Egs. _(15) and (16), we
see that, for the N-mode Gaussian state p(X, V'), the real part

of p, Rep = %’)*, has the mean YJFTY and the covariance
matrix V+TW, and (32X, V+TW) determines a real Gaussian
state since
V+V V+iQ)+ (V' +iQ
cig= VDTV o oy

2 2

Then one may ask the question of whether Rep is a Gaussian
state. The answer to this question is negative. That is, if p is a
Gaussian state, then Rep is not a Gaussian state in general. We
can check this fact using the Glauber coherent state in Exam-
ple 2 below. With this observation, for the N-mode Gaussian
state p(X, V), we define a real Gaussian state p having the
X+x V4V

5 and the covariance matrix = we write 0 as

ﬁ(YJrTY,, V+TV/). We call E(YJFTY,, V+TV’) the real Gaussian state
induced by the @ussian state p(X, V). Obviously, for the
Gaussian state p(X, V'), we have

p=®"=p" (25)

and p is real (i.e., p = Rep) if and only if p = p. In general,
Rep # p for the Gaussian state p(X, V).

mean

III. REAL GAUSSIAN CHANNELS

A Gaussian channel ¢ on 7" can be represented by
¢ =, T,N),hered = (dy,ds, ...,dyw)" € R¥, and T and
N = NT are 2N x 2N real matrices. ¢ = (d, T, N) maps the
Gaussian state p(X, V) to the Gaussian state with the mean

Covariant and
Completely real

completely
real

Covariant real

FIG. 1. Classification of real Gaussian channels.

and the covariance matrix given as
X >TX+d, V>TVTIT +N, (26)
and ¢ = (d, T, N) fulfills the complete positivity condition
N +iQ—iTQTT = 0. (27)

We then define that a Gaussian channel is real if it maps any
real Gaussian state to a real Gaussian state. For the structure
of real Gaussian channels, we have Theorem 3 below; we
provide a proof for Theorem 3 in Appendix C.

Theorem 3. The N-mode Gaussian channel ¢ = (d, T, N)
is real if and only if

dy =0forl e(l,2,...,N}, 28)

N21_],2m=Of0rl,me{1,2,...,N}, (29)
and one of Egs. (30) and (31) below:
Tryom—1 = Toyom =0forl,me{1,2,...,N}, (30)

Dy-1om = Dmu—1=0forl,me{l,2,...,N}. (31)

We discuss the properties of real Gaussian channels. If a
real Gaussian channel ¢ fulfills Eq. (30), we call it a com-
pletely real Gaussian channel. If a real Gaussian channel ¢
fulfills Eq. (31), we call it a covariant real Gaussian channel.
The meanings of these definitions are explained in Theorem
4 below. We give a proof for Theorem 4 in Appendix D. In
particular, if a real Gaussian channel ¢ fulfills both Egs. (30)
and (31), we call it a covariant and completely real Gaussian
channel. Such a classification of real Gaussian channels is
shown in Fig. 1.

Theorem 4. If ¢ is a completely real Gaussian channel, then
¢(p) is real for any Gaussian state p. If ¢ is a covariant real
Gaussian channel, then for any Gaussian state p, we have

[p(0)]* = p(p*), (32)
(p) = ¢(p). (33)

IV. IMAGINARITY MEASURES OF GAUSSIAN STATES

An imaginarity measure M (p) for N-mode Gaussian states
is a real-valued functional on Gaussian states. In the spirit
of quantum resource theory, we propose that any imaginarity
measure M (p) for N-mode Gaussian states should satisfy the
following two conditions.

(M1) Faithfulness: M(p) > 0 for any state p and M(p) =
0 if and only if p is real.
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(M2) Monotonicity: M(¢(p)) < M(p) for any state p and
any real Gaussian channel ¢.

We provide two imaginarity measures based on the fidelity
for Gaussian states in Theorem 5 below. We give a proof for
Theorem 5 in Appendix E.

Theorem 5. For any N-mode Gaussian state p(X, V),

M(p) =1—=F(p, p*) (34)

and

M'(p)=1—F(p.p) (35)

are all imaginarity measures; i.e., M(p) and M’(p) both satisfy
(M1) and (M2).

From the definitions of M (p) and M’'(p), we see that M (p)
and M’(p) have the property of conjugation invariance:

M(p) =M(p*), M'(p)=M'(p"). (36)

It is shown that 1 — F(p, p*) in Eq. (3) is a valid imag-
inarity measure for finite-dimensional states [3,8]. We have
shown that if p is a Gaussian state, then p* and p are all
Gaussian states. Then the calculation of M (o) and M'(p) is
about the calculation of the fidelity for two Gaussian states.
The expression of the fidelity F (p, o) for two Gaussian states
p and o has been studied for many years [46,48-53], and
in Ref. [46] an explicit expression of F(p, o) for any two
N-mode Gaussian states was provided. Consequently, M(p)
and M’'(p) have explicit expressions via the explicit expres-
sion of F(p, o) for any two N-mode Gaussian states [46].
Below we discuss some special one-mode Gaussian states to
demonstrate the calculation of M(p) and M'(p).

For any two one-mode Gaussian states o(X,V) and
o (Y, W), the fidelity F(p, o) has the following expression
[46,53]:

exp[ —1X -V (V+W)'X -7)]
e (55 + A - VA
A:4det<v—;i9)det<w—;i9). (38)

With these expressions we can directly calculate M(p) and
M’ (p) for any one-mode Gaussian state p.

Corollary 1. For the one-mode Gaussian state p(X, V), the
imaginarity measures M (p) in Eq. (34) and M'(p) in Eq. (35)
become

F(p,0)= , (37)

-2

exp (— %)

M(p)=1-— , (39)
\/vVanz TA-VA
VitVas — V2 —1)°
A:(11 22 12 ); (40)
4
VilXo
CXP[— ﬁ]
M(p)=1— 2(4vi Ve —-V3) @l
Wve — gy a -V
/ 1 2
A= Z(V11V22 — V5= 1) (Vi 1V — 1). (42)

We discuss some classes of special one-mode Gaussian
states: the thermal states, the Glauber coherent states, and the

————— - 1.0} Jp——
M(la))
\ 0.8 \\ /
\ /
\ L /
\\ /
. 06 !
\ ]
\ 1
\04 /
\ / M'(la))
V028 4
\ /
\ 4
\¥/ Ima
-2 -1 1 2

FIG. 2. M(|a)) and M'(Ja)) versus Ima in Eqgs. (45) and (46).

squeezed states. These classes of Gaussian states are widely
used in quantum optics and quantum information theory. For
the one-mode case, we also write the Fock basis as {| j) 7‘;0 =
{In)}32,, and we write the creation and annihilation operators
asa; =aanda, =a'.

Example 1. Consider the one-mode thermal state

o —n

P = 3 T ) ol (43)
n=0

with 7 = tr[@"@pg(77)] being the mean number of pg (7).
The mean of pu(7) is X = (0,0)7, and the covariance
matrix of pu(@) is V = (2i+ 1), ). Then Egs. (39)-
(42) yield M (pn(n)) = M'(pn(n)) = 0. In fact, M (pp (1)) =
M'(pn(n)) = 0 is an obvious result, since the matrix elements
of py(n) are all real in the Fock basis; i.e., py(77) is a real
Gaussian state.

Example 2. Consider the one-mode Glauber coherent state

D@ = e LS, 44
lot) ()|0) = e nzomln) (44)

with o being any complex number. The mean of |«) (x| is X =
(2Rew, 2Ima)T, and the covariance matrix of |a) (x| is V =

(5 - Then Egs. (39)~(42) yield

M(la)) = 1 — ¢~ 2me’ (45)
M (o)) =1—e "5 (46)

We see that M(|la)) > M'(Ja)) > 0 when o ¢ R; M(Ja)) =
M'(Ja)) = 0ifand only if @ € R; M(|a)) and M (|er)) increase
as |Ima| increases; and M(|a)) and M’'(|a)) are independent
of Rex. We depict Egs. (45) and (46) in Fig. 2.

Example 3. Consider the one-mode squeezed state

| R -
) = exp [E@*az - ;a”)] |0) 47)
1 ad . 2m)!
- WZ(—W tanh |¢ )" 2(“:') 2n), (48)
n=0 '

with ¢ being any complex number and ¢ = |¢|e” its polar
form. exp[(¢*a® — ¢a')] is the squeezing operator. The
mean of |¢){(z| is X = (0, 0)”, and the covariance matrix V
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06 |/
M(1£))0.4F/
0.2

0.0

FIG. 3. M(|¢)) in Eq. (50).

of [£)(¢]is
Vi1 = cosh(2[¢]) + cos 8 sinh(2[¢ ),
Via = Vo1 = sin 6 sinh(2(¢]), (49)
Vas = cosh(2]¢|) — cos 6 sinh(2]Z]).

Then Egs. (39)—(42) yield

M(¢)) =1-—

1
J1+ sin? 0 sinh22[¢ )’
1
Mch=1- - 6D
JU+ 3 sin? 6 sinh?2lc )
We see that if ¢ ¢ R then M(|¢)) > M'(|¢)) > 0; M(|¢)) and
M'(|¢)) increase as |¢| increases; and M(|¢)) = M'(]¢)) =0

if and only if ¢ € R. We depict Eq. (50) in Fig. 3, and compare
Egs. (50) and (51) in Fig. 4.

(50)

V. SUMMARY AND OUTLOOK

We established a resource theory of imaginarity for Gaus-
sian states. To this aim, under the Fock basis, we determined
the real Gaussian states and real Gaussian channels via the
means and covariances of Gaussian states. We provided two
imaginarity measures based on the fidelity which all have
closed expressions. As a by-product, we proved that the con-
jugate of a Gaussian state is still a Gaussian state. We also
discussed the imaginarity of some one-mode Gaussian states.

There remained many open questions for future explo-
rations. First, for the two imaginarity measures M(p) and
M'(p) provided in this work, are there some physically
operational interpretations linked to them? Second, does

06 M)

0.5 -~

-
-
-
-

w7 M (1))

| 2 i 2
10 20 30 40 5o SN0 Sinh“(2Ich

FIG. 4. M(|¢)) and M'(|¢)) versus sin? 6 sinh?(2|¢|) in Egs. (50)
and (51).

M(p) > M'(p) hold for all Gaussian states? Third, are there
some other imaginarity measures for Gaussian states satis-
fying the conditions (M1) and (M2) in this work? Last, the
properties of state conversions under real Gaussian channels
are worthy of further investigations.
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APPENDIX A: PROOF OF THEOREM 1

We set three steps to prove Theorem 1.

Step (A.i). We first prove that if the Gaussian state p(X, V)
is real then {Xo = O}, and {Vy_ 2, = O} _,; this step is
comparatively straightforward. ’

Expand the Gaussian state p(X,V) in the Fock basis
(1ing as

o0

pPE VY=

Juki,..., Jn k=0
X [ji) k| ® 1) kol ® ... ® |jn)knl, (A1)

where )ik, ko ivky = (11Ul -+ Giwlolki) ko) ... Tky) € R
for any {ji, ki, jo, k2, ..., jn. kn} C {0, 1,2,...}. We also
use the symbols p;r, = (jilpVlki), with p" being the
reduced state of p to the first mode, and ;¢ ;jk, =
(112l p M2 1ky) | ka), with p('?) being the two-mode reduced
state of p to the first and second modes.

Without loss of generality, we only need to prove that if
,0()_(, V) is real then X, = 0 and Vi, = Vi4 = Va3 = 0. Note
that X, is not on an equal footing with X, by the definition
of Egs. (7), (8), and (15); any X,,_; (Xo) is on an equal
footing with X | (X»). Similarly, V},, V14, and V»3 have distinct
meanings by the definition of Egs. (7), (8), and (16); any
Vai—1,2m has the similar situation with one of {Vi2, V14, Va3}.

From Egs. (A1), (4), (5), (7), (8), and (15), direct calcula-
tions show that

o0
wpa) = Y pj Vi + 1, (A2)

Ljiky, joka, ... jnky

J1=0
o0
w(pa) =y pji /it + 1, (A3)
Jj1=0
X = tr(pay) + tr(,Oz’\I), (A4)
X, = —ilte(p@,) — tr(pal)]. (AS5)

We see that if p(X, V) is real, then X» = 0.
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To express Vi, Vi4, and Vo3, from Egs. (A1), (4), (5), (7),
(8), and (16) we derive that

r(par) Z VG DG+, (A6
)Oal Z Pju, ]1+2\/m’ (A7)
j=0
—i[tr(pa}) — tr(pa}’)] — X1 X2 (A8)
o0
tr(palaZ) = Z p711j1+1;j2aj2+1\/m’
J1=0,j2=0
(A9)
[0¢]
tr(pa;ay) = Z Pivir i1y Gt + DG + 1),
J1=0,j>=0
(A10)
oo
w(p@i@) = Y, P s/ Gt Di (ALD
J1=0,j2=1
o0
tr(pd|ar) = Z Pji i+l o—1V U1 + Djas  (Al2)
j1=0, j2=1
V14 = —itr[p(?il?iz —Zﬂiiz —71\1?1\; +/a\1|71\2)] - )_(1)749 (A13)
Vo = —itt[p(@ay — @ a) + @a, — aja)] — X2X3.  (Al4)

It follows that if p(X, V) is real, then Vi, = Vi4 = Va3 = 0.
Step (A.i). Next, we prove that, for the Gaussian
state p(X, V), if {Xo = O}, and {Vo_12m = 0}),,_, then
o(X, V) must be real. This step is comparatively difficult. Our
proof is inspired by Ref. [32] (see Appendix A therein).
For a quantum state p in E®N, its characteristic function
x (p, &) determines p via the relation [40]

ZN%-
p=/ X (9, ED(=E). (A15)

Then

(il Ginlplky) -« - Tky)

d®™ )
=/ N x(o, EYJ1ID(=Ap)|ky) - - -

(INID(=An)lkn),

where Ay = & +i&, Ay =& +i&4, ..., Ay = Eov—1 + iy,
D(r1) = D[(&1, &)1 = exp(n@; — Ajar), (Al7)
D) = D(A)D(X3) - --D(Ay), (A18)

D(%2) = D[(&3,84)"1, ..., D(Ay) = D[(E2v—1, E28)"].  We
further let (Sla%_Z» $3ﬂg4ﬂ "'7;;:2N71552N) = (x}qu)\[v-x)»gv
Yags oo o0 Xano y)»N)’ dz)»l = dx)\ldy)\l, and dZN)» = dZN%' =
dxy,dy;, dx,,dyy, - - - dx;,dy,, . In Eq. (A16),
(J1ID(=X1)]k1)
d2a1 dzﬂl

= T—(hlm)(alll)( ADIB1)(Brlkr) (A19)
d’a; d*By of B
= exp by, A20
/ z w ./—J,!k,. P (A20)
1
by =— E(xoz]syapxﬂl,yt}pxkl,yll)Ql
T
X (Xars Yaus X815 YB1s Xos V) s (A21)
2 0o -1 —i 1 i
0 2 i -1 —i 1
0 — i 2 0 -1 i
Tl -1 0 2 - -
1 —i - —i 0
i 1 i -1 0 1
(A22)
In Eq (A19), o] = Xy, + iya], ,31 = Xg, + i)’ﬁw
{Xays Yoy » Xg,, ¥g,} C R, d*oy = dxg,dyy,, and d*g, =
dxg dys,. Below we use oy, fa,...,ay, By and d*Na =
AXq,dYg, - - - dxgydyy, and dNg = dxg dyg, ---dxg,dyg,
similarly. In Eq. (A19),
1) = Do) = % (A23)

J1=0

is the Glauber coherent state, |8;) similarly, and we have
used the relations f%kxl)(aﬂ :f@wl)(ﬂﬂ =1.
In Eq. (A20), we have wused (o(|D(—X)|B1)=
(O|D(—a1)D(—A1)D(B1)]0) and the relation

a1 B —aipi
— S

Now we consider the case where p is a Gaussian state
p = p(X,V). Taking Eq. (A20) and the characteristic func-

D(a1)D(B1) = D(a; + B1) exp (A24)

(A16) tion x (p, &) in Eq. (18) into Eq. (A16), we find
|

ANy d?N o dZN,B a]llg*kl_. N *kN
il Civlolkr) - - lky) = N exp by, A25
Gl Clolk) - L) / L (A25)

1
b, = —EFTQI‘ +B'T, (A26)
T

Fz(x(xlvyalvxﬂl’yﬂla-xazsyazv-xﬂ27yﬂ27~~-7xaNsyanxﬂN7yﬁNsx)\lvyk]sx)\zvy)uz»-"1-x)LN’y)LN) ) (A27)
B =(0,0,...,0,0, —iX,, iX, —iX4,iX3, ..., —iXon, iXon_1)", (A28)
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~
—_

We introduce the Gaussian integral

0 0

0 0

0 0

0 0

-1 =i
i —1

0

-1 —i
i -1

N
J = / AN rd®N ad® B exp (bz + Y (o + v} )>,
=1

where {u;, v;}}_; C R, and thus

(il Gnlplka) - - - ky)

(afl 9% N kN
duy! Bvll{l dupY 31),’;/\/

) | (g =v; =0}V 1

7T3N«/j1!k1!~-~jN!kN!

To calculate J, we write
N

1
by+ ) Guan +uipf) = —5T"Qr +B'T,

=1
with
B = (uy, iug, vy, —ivy, ..

—iX,,iX,, —iX4,iX3, ...

., Uy, iUy, Uy, —ivy,
~ ~ T
) _lXZNs lX2N71) . (A33)

Employing the Gaussian integral formula one gets

S (27.[ )3N

1
J&eto exp (EBTQIB>.

(A30)

(A31)

(A32)

(A34)

Now we prove that if a Gaussian state p(X, V) satisfies
{Xo = O}, and {V3_; 2n = O}},,_,, then J € R, and hence,
Eq. (A31) implies that p(X, V') must be real. Observe that if
{YQ[ = 0}?]:1 and {V217172m = O}ymzl’ then in Eq. (A29)

N

{OQ2-12m-1, Q21.2m}) =y C R,
N .

{Q2-1.2m» Q212m—1}7 =y C IR,

X1}, CR, {Xu}l, CiR,

iR = {ix|x € R}.

(A35)
(A36)
(A37)

(A38)

1 1 0 0
—1 1 0 0
—1 i 0 O
—i —1 0 0
0 0 1 i
0 0 —i 1
0 0 -1 i
(A29)
0 0 —i -1
1+Vy =V Vaa —Vo3
Vi 14+Vi —Vu Vi
Vi —Va 14+ Vi —Vi3
_V32 V31 —V34 1+ V33
[
Let
0=E"QE, (A39)
with
E =diag{i, 1., 1,...,i,1}, (A40)
and hence,
E*=E!, (A41)
Oy 1om1 = Qu-12m-1, (A42)
Q51om = Q21.2m (A43)
Q511 2m = 1Q21-1.2m, (A44)
Q5o = —iQ22m-1- (A45)
BTQ*lBZBTE*QlflEB. (A46)

We see that Q' is a real matrix, {(EB);}?’:1 C iR, and
{(BTE*)}Y_, CiR. It follows that B Q~'B in Eq. (A46) is

real and

exp (%BTQ_IB) > 0.

Let {ji, k1, j2, k2, ... jn, ky} all be zero, then

[0, 1] > (0[{0] - - - (0] 0]0}]0) - - - |0)
1
= v u=u=0)y,

23N

L7 -1
= exp <—B 0 B> .
/det QO 2 =, =0}

As aresult,

detQ > 0.

(A47)

(A48)

(A49)

Equations (A34) and (A31) imply that J € R and p(X,V)

must be real.
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Step (A.iii). From the viewpoint of mathematical rigor, we
need to prove that the Gaussian integral in Egs. (A30), (A32),
(A33), (A29), and (A27) is convergent, then Eq. (A34) is
valid. To this aim, we prove ReQ is positive definite (the con-
vergence condition of the Gaussian integral, see, for example,
Ref. [54]).

Decompose Q as

0 =0+ 0s,

where Q, is obtained by deleting all {Wm}ilxq:l in Q. Since
V >0,

(AS0)

0;=Qval - o. (A51)
There exists a permutation matrix Py such that
0> = Py(d)_,01)P] (A52)

where Q) is defined in Eq. (A22), Py permutes the rows of
(@), 0,) while P{ permutes the columns of (&), Q) in the
same way. Taking the real part of Eqs. (A50) and (A52) gives

ReQ = ReQ + 0, (A53)

ReQ, = Py(®)_ReQ))P; . (A54)

ReQ; is symmetric and direct calculation shows that ReQ;
has the eigenvalues {2 + V3,24 4/3,2-4/3,2—-43,1, 1};
thus, ReQ; > 0and ReQ, > 0. Together with Q3 = QV QT >
0, we get ReQ > 0.

This completes the proof of Theorem 1.

APPENDIX B: PROOF OF THEOREM 2

We set three steps to prove Theorem 2. .
Step (B.i). For the N-mode Gaussian state p(X,V), we

define the real column vector X = (X;, X, ..., X,y)" and
the 2N x 2N real, symmetric matrix V' = (V;, )},_, as

X, =(*X,, le{1,2,...,2N}, (B1)

V), = (=D, Ibme{1,2,...,2N}.  (B2)

We first show that (Y/, V') determines a Gaussian state p’
with X' being the mean and V' the covariance matrix. To do
so, we need to prove that V' satisfies the uncertainty relation

V' +iQ > 0. (B3)

Since V is the covariance matrix of Gaussian state ,o()_( , V),
the uncertainty relation

V4+iQ>0 (B4)

holds. Taking the conjugate of the left-hand side of Eq. (B4)
gives

V—-iQ>0. (BS)

Thatis, V +i2 > 0 and V — iQ2 > 0 are essentially equiva-
lent.
Now we introduce the matrix

1 0
0= @7:1<0 _1).

(B6)

O is a real orthogonal matrix and O = O. We can check
that OVO™ =V’ and OQ0" = —Q. Hence, O(V — iQ)O0" >
0 and Eq. (B3) follows.

Step (B.ii). We prove that the conjugate of p(X, V), p*, has
the mean X and the covariance matrix V'

Similar to Egs. (A6)-(A14), we have

[o.¢]
tr(paja) = Zjlpjljl,

(B7)
j=0

Vi = t[p@ +al? +2afa +1)] - X5, (B8)

Vo = —te[p(@ + a2 — 2aja — 1)] - X, (BY)

Vis = tilp(@a, +@la, + aa, +aa) — X1Xs, (B10)
Vo = —trlp(@ @ + @@, — aay — a,ax)] — X, X4, (B11)

We see that if replace p by its conjugate p*, then (X, V)
become ()_(/, V’). This says that the mean and the covariance
matrix of p* are (X , V).

Step (B.iii). Last, we prove that the Gaussian state
o’'X "V s just p*. To this aim, we calculate the matrix
elements (ji|--- (jnlo'|k1) - - lkn) of o'(X', V') in the Fock
basis {| j)}f?N. Since

(il Unlp™ k) - - lkn) = (kil - -~ Ckwlpljr) - - - L),
(B12)

we need to show

(il Gnlp'tky) <« k) = (il - Gk lpljn) <+ Liw)
(B13)

for any {j, ki, ..., jn. ky} C {0, 1,2,...}.

We now show that when replacing (X,V) and
(i, vi5...;uy,vy) by (X, V') and (vi, ui5...50n, uy),
respectively, in Eq. (A34), the integral J in Eq. (A34) remains
invariant. Together with Eq. (A31), we obtain Eq. (B13). With
such replacements, in Eq. (A34), we consider what det Q and
BT 07'B become.

0O becomes
0>+ QV'Ql = 0, + QovoQ! (B14)
=0, +0QvQlo (B15)
= 0,0 + Qva')o, (B16)
= 0,00, (B17)

det Q then becomes det Q*. In Eq. (B14) we use Egs. (A50)
and (A51). In Eq. (B14) we use the matrix O defined in
Eq. (B6), and the fact that V' = OV O. In Eq. (B15) we use the
fact that OQ2 = —QO. In Eq. (B16) we extend the 2N x 2N
matrix O defined in Eq. (B6) to a larger 6N x 6N real sym-
metric orthogonal matrix O; as

1 0
01=@;:10=@?£1(0 _1), (B18)
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and we use the following facts:

01050, = Q», (B19)

oQvVQTo = 0,9vQT 0. (B20)

Equations (B19) and (B20) can be directly checked. In
Eq. (B17) we again used Egs. (A50) and (AS51) and the fact
that QV QT is real.

B becomes O,B with O, being a 6N x 6N real symmetric
orthogonal matrix as

0 0 1 0
o=let|! ¢ o o |lelen(d 1))
0 -1 0 0
(B21)
BT Q~'B becomes
B"0,0,(0")7'0,0,B8
= B"[(0,0100,0,)'1"'B=B"Q"'B, (B22)
where we have used the fact that
0,0,00,0, = Q" (B23)

which can be directly checked. Further, Eq. (B23) implies
det O = det Q*. (B24)

With Egs. (B22), (B24), and (A34), we obtain Eq. (B13),
and p'(X, V') = p* then follows.

APPENDIX C: PROOF OF THEOREM 3

Step (C.1): One-mode case. .
Consider the real Gaussian state p(X, V') with

(Vll O ) X <)_(1>
V= , X = . ChH
0 Vn 0

Suppose ¢ = (d, T, N) is a real Gaussian channel,

r_ T T N= N Nz = d @
Iy, T»n Ni2 Ny dy
Equation (26) yields
Tll)_(l-i-dl)

(C3)

TX +d = _
X+ d>

Varying X, € R, T X +d, =0 implies T =d, =0.
Further,
TVT" + N
_ (T121V11 + T3V + N1t TiaTaVar + le)‘ ()
T2 T Vo + Nio TAVa + Ny

Varying Vo € R, T12T% V2 4+ Nip = 0 yields T2 Ty = Njp =
0. Then Theorem 3 holds for the one-mode case.

Step (C.ii): N-mode case.

Define the 2N x 2N permutation matrix P as

Pry1 =Pyyu=1forle{l,2,..., N}, (C5)

and other elements are all zero. P reorders the indices
(1,2,3,...,2N)T to (1,3,5,...,2N — 1,2,4,...,2N)T.
Consider the real Gaussian state p(X, V), we find

PY = (Yl b Y3’ AR ] Y2N_l 9 07 MR O)T’ (C6)
Vi Vis ... 0 0
Vsi Vi3 ... 0 0
T _ P PR
PVEE=1"0 0 ... vy Vu
0 0 oo Vo Vi
vioo
_ ( A v4)’ 7

with V; =V, and V, =V, all being N x N real matrices.

Suppose ¢ = (d, T, N) is a real Gaussian channel. PT PT
and PN PT have reordered structures similar to those of PV P .
We write

T1 T2 Nl NZ
PTPT = , PNPT = . (C8)
T NI N
Pd:(d11d31"'7d2N711d21d4s'--1d2N)T» (C9)

with Ty, T, T3, Ty, Ny, N,, and Ny all being N x N real
matrices. Equation (26) yields

TX +d = PT[(PTPT)(PX) + (Pd)]. (C10)

Varying {X»_1}\., CR, we get Ty =0 and dyy = 0 for [ €
{1,2,...,N}. Equation (26) further yields
TVTT +N
= PT[(PTP"YPVPTYPTTPT) + (PNPT)IP
g T + VW + N DVIT + N,
=P
TV,T, + NJ TVLT] + Ny

xTLV4T,] + N, = 0. (C11)

Varying (Va1 om}),—; C R in Eq. (C11), we get Ny =0, T =
0, or T; = 0. Then Theorem 3 follows for the N-mode case.

APPENDIX D: PROOF OF THEOREM 4

Suppose ¢ = (d, T, N) is an N-mode real Gaussian chan-
nel and p(X, V) is any N-mode Gaussian state. P, PX, PTPT
PNPT, and Pd are defined similarly to Eqgs. (C5), (C6), (C8),
and (C9). We also denote

)_((72()_(la)_(?)a)_(j’"")_(ZN—l)T’ (Dl)
}_(e:(Y27)_(47)_(67"'1Y2N)T7 (D2)
Vi W
PVPT = , (D3)
VZT Vy
d, = (di,ds,ds, ..., doy_1)", (D4)

where {V,,V, =V,, V4 =V,}are all N x N matrices.
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Step (D.1). If ¢ = (d, T, N) is a completely real Gaussian
channel, then

PTPT = <T1 Tz), PNPT = (Nl O).

0 0 0 N (D5)

We calculate the mean and the covariance of ¢[p(X,V)].
Equation (26) yields
TX +d = PT[(PTPT)(PX) + (Pd)]
_ PT TIYU + T2)_(e + da
0 ,
TVT" + N = PT[(PTP")(PVP")(PT"P") + (PNP")|P

_pr v, 0 ,

0 NgJ
V| =TT + T + BV, T + BV, T + N,
(D7)

(Do)

Consequently, o[p(X, V)] is a real Gaussian state.
Step (D.i). If ¢ = (d, T, N) is a covariant real Gaussian

channel, then
0 (D8)
Ny

prer— (10 et = (M
0o T 0

We calculate the mean and the covariance of ¢[p(X, V).
Equation (26) yields

TX +d = P'[(PTP")(PX) + (Pd)]

_ pr[TXotdo
X, )

TVT" + N = P'[(PTP")PVP")(PT"P") + (PNPT)|P

_pr T + N, LT »
TVITI TV 4+ Ny)

(D9)

(D10)

Applying Theorem 2, {¢[p(X,V)]}* is still a Gaussian
state with the mean and the covariance matrix

T\ X,+d
pr ™), (D11)

—TuX,

ATV +N =TT
P P. (D12)
-V TV + N,
|
> (aik)jlallcl .

.. (a;‘:] )JN a/’i’N

We see that Egs. (D11) and (D12) are just the mean and the
covariance matrix of ¢[p*(V’, X )], that is, X, — —X, and
V, — —V,. Thus, Eq. (32) holds.

The proof of Eq. (33) is similar to the proof of Eq. (32).

APPENDIX E: PROOF OF THEOREM 5

We prove that Eq. (34) fulfills conditions (M1) and (M2).
Equation (34) fulfilling condition (M1) is apparent since for
any two quantum states p and o, the fidelity F(p,0) >0
and F(p,0) =0 if and only if p = o [12]. Now we prove
Eq. (34) fulfills condition (M2).

For a real Gaussian channel ¢, if ¢ is a completely real
Gaussian channel, then ¢(p) is a real Gaussian state and
M(¢p(p)) =0 < M(p) for any Gaussian state p.

For a real Gaussian channel ¢, if ¢ is a covariant real Gaus-
sian channel, then from Theorem 4 we have [¢(0)]* = ¢(0*)
and

M(@(p)) =1 = Flg(p), (9(p))]
=1-Fl¢(p), d(p")]

<1 —=F(p, p*) =M(p). (ED)
In the inequality we have used the monotonicity of the fidelity
under a quantum channel ¢, F[¢(p), dp(0)] = F(p, o) for
any two quantum states p and o [12].

The proof of Eq. (35) fulfilling conditions (M1) and (M2)
is similar to Eq. (34). Theorem 5 then follows.

APPENDIX F: ALTERNATIVE PROOFS FOR STEPS (A.ii)
AND (B.iii)

In this section we provide alternative proofs for Steps (A.ii)
and (B.iii) based on the Husimi function. For the N-mode
Gaussian state p(X, V), the Husimi function of p is defined
as [55]

1
Qa) = —glaa]- -~ {awlple) -~ - few), (F1)

where {Ioz_,-)}l}l=1 are Glauber coherent states defined in
Eq. (A23). Note that Q() >0 and [ Q(a)d*a = 1. In-

serting Eq. (A23) into Eq. (F1), we have (see, for example,
chapter 3 in Ref. [56])

Oa) = Le"”“2
N

2

Jikis.e. jn,ky=0

(il Gnlplk) - - - Tkn), (F2)

Nl vtk ky!

where |o|? = Zy:l o> = YN afa;. We regard {a;, a7}, as formally independent variables, and we regard Q(a), el

j
and e/*” as functions of {aj, af 1;’:1.
From Eq. (F2), we can calculate (j{|--- {(jx|plki) - - |ky) by

j k j k,
N Gar) " Gan) ™ )" )™

[Q(@)el" ]|

(il Gnlplka) - - - Tky) =

(F3)

Nl vtk k!

a :af:n-:aN:a;,:O'
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—|af? l|? i A
Expand e and e'*"" as power series (of {c;, o] }j:I)

X (g J1 o0 — ¥ JN
—|e® _ ( O51051) . ( 05N05N)
€ - Z ji! Z ! ’ (F4)
J1=0 Jn=
e * Ji 0 * JN
a2 _ (0510‘1) o (“NaN)
=3 — > — (F5)
j1:0 jN:O

Evidently, all coefficients of the power series of e~lor (e""‘z) are real. Consequently, all coefficients of the power series of Q(«)
are real if and only if all coefficients of the power series of Q(oz)e'"“2 (Q(oc)e"""z) are real.

From Eq. (F2) we see that if p is real, then all coefficients of the power series of Q(oz)e")(|2 are real. While Eq. (F3) implies
that if all coefficients of the power series of Q(« )e""‘2 are real, then p is real. As a result, p is real if and only if all coefficients
of the power series of Q(«) are real.

Taking Eqgs. (18) and (19) into Eq. (F1), we calculate Q(«) as

d2N%-
Q(ot)=/WX(/L%)(OMI~-~(0tN|D(—E)Ia1)-~-IOtN)
g

d2N§;
= / N x (o, E)ar|D(—r1)lay) - - - {oan [D(—An)aw) (F6)
d*Ng A1l IAn I .
= / v X(p.§)exp <—Tl +air] — oci‘)u) ---exp (— g +ayky — aN)»N> (F7)
d*Ng L 7 T - 7\ T 1 7 . T
= exp| —=&" (QVQ)E —i(QX) & |exp| —=&" & — 2i” Q& (F8)
72N 2 2
d*Ve 1 7 T v T
= / —n ©XP [——5 (QVQ +Ly)E+i(X —2a) Qé} (F9)
T 2
2\" 1 l — T T -16T v
=|- exp|—=(X —2a) QQVRQ +Ly) Q'(X —2x) (F10)
) Jdet(QVQT + Ly) 2
(2>N ! [ 1(2 X'V + bLy) (2 )_()] (F11)
=|—) ———exp| —=Qu — o — .
7)) Jew thy P2 e
[
In Eq. (F6), weuse Ay = & +i&, ..., Ay = &Epn_1 +iby. In Now we prove the result of Step (A.ii) that if an N-mode
Eq. (F7), we have used Gaussian state ,o_(X, V) satisfies {Xy; = 0}7:1 and (Vo1 0m =
O}Q’mzl, then p(X, V') must be real. We only need to prove that
(1| D(=A1)|er) = (0|D(—a1)D(—21)D(a1)[0) if p(X, V) satisfies {Xyy = 0})"_ and {Va1_1 2m = O}),,_,, then
_ * * 11 coefficients of the power series of Q(«) are real.
= AF — afA)(0|D(—211)]0 a p
exp (@ih] 205, DOID(=20I0) Suppose {Xy =0}, and {Vy_12s =0}, _,. With
A — i '
— exp <_| 21| Fannt — (XTM)- Egs. (D1)—(D3), then_q(a) in Eq. (F12) reads -
g() = [PQa —X)]"[(V, ® Vo) + L] ' [PQa — X)]
w17 -1 —1
In Eq. (F8), we define the real vector o= =[PRa—-X)]' [(V,+Iv) @ (V. +1Iv)"']
(-xal ) yal? xOJQv yaz, ey xaNa yaN)T’ Wlth o] = xal + iyal , O = X [P(Za — )_()]

Xay F Ways oo ON = Xoyy + Yoy - In Eq. (F9), Ly is the identity

_ T -1 ¥
matrix of size 2N. In Eq. (F10), we use the Gaussian integral = (20 = Xo) (Vo + Iy)™ Qe — Xo)

formula. In Eq. (F11), we use the facts Q7 = —Q and + 2aET(Ve + V) ' Qay), (F13)
Q> = —bLy. . o . .

Using the matrix P defined in Eq. (C5), in the exponent of where Iy is the identity matrix of size N, a;l d we
E . . define the real vectors o, = (X4 ,Xers--->Xay)  and

q- (F11), we define the function g(«) and calculate it as T ) e N
e = Vays Yars - s Yay ) - Notice  that 20, = (a1 +

* * *\T . *

=7 O _ af,ar+a5, ...,y +oay) and 2e, = —i(o —of, @y —
ga) = Qa —X) (V+5Ly) Qa—X) o, ..., ay — i)’ Hence, Eqs. (F13) and (F11) imply that
=[Qa = X)'PTI[P(V + Ly)"'PT[PQa — X)) all coefficients of the power series of g(«) and Q(«) are real

. ST T—1 - and the result of Step (A.ii) follows.
=[PQ2a — f)] [PV + Dby)P ] [PQa __X)] Next we prove the result of Step (B.iii) that, for
=[PQua —X)]"(PVPT +12N)’1[P(201 —X)]. (F12) the N-mode Gaussian state p(X,V), the Gaussian state
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o' (X', V") with (X, V') defined in Eqs. (22) and (23) is
just p*. We use Eq. (F3) to show (ji|... (jnlplk1) ... lkn) =
(kil ... {kn1p'|j1) - .- |jn). In Eq. (F11), if we replace «;, a;‘,
V,and X by a;’-‘, o;, V', and )_(/, respectively, then o, V, and X
become Oc, V' = OVO, and X = OX, respectively, with O
defined in Eq. (B6). Further, det(V + I,5) becomes

det(V' + Ly) = det[O(V + Ly)O] = det(V + Ly); (F14)
(V + Ly)~! becomes

(V' +Ly) ' =[0(V +Ly)01 ™' = O(V + Ly) ' 0; (F15)

and Qo — X)"(V + Ly)~'(2e — X) becomes

200 — OX)T OV + Ly)'0Q20a — 0X)
= Qo —X)'(V 4+ by)' Qo — X). (F16)

Equations (F11), (F14), and (F16) show that if we replace
aj, a;‘, V,and X by aj, a;, V', and )_(/, respectively, then Q(«)
remains invariant. ¢/*” remains invariant obviously under such
replacements. From Eq. (F3), we then conclude that the Gaus-
sian state p'(X , V') is just p*.
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