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Improving the sensitivity of Kerr quantum nondemolition measurement via squeezed light
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In S. N. Balybin ez al. [Phys. Rev. A 106, 013720 (2022)] the scheme of quantum nondemolition measurement
of optical quanta that uses a resonantly enhanced Kerr nonlinearity in optical microresonators was analyzed
theoretically. It was shown that using modern high-Q microresonators, it is possible to achieve sensitivity

several times better than the standard quantum limit. Here we propose and analyze in detail a significantly
improved version of that scheme. We show that by using a squeezed quantum state of the probe beam and the
antisqueezing (parametric amplification) of this beam at the output of the microresonator, it is possible to reduce
the measurement imprecision by about one order of magnitude. The resulting sensitivity allows us to generate

and verify multiphoton non-Gaussian quantum states of light, making the scheme considered here interesting for

quantum information processing tasks.
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I. INTRODUCTION

An ideal quantum measurement described by von Neu-
mann’s reduction postulate [1] does not perturb the measured
observable N. The sufficient condition for implementation of
such a measurement is the commutativity of the operator N
with the Hamiltonian A of the combined system “measured
object + meter” [2,3]

[N,H] =0, (1)
where
H = Hs + Hy + Hy, 2

with Hg and H, the Hamiltonians of the object and the meter,
respectively, and H; the interaction Hamiltonian. In Ref. [4]
the term quantum nondemolition (QND) measurement was
coined for this type of measurement.

In many cases, a sequence of measurements of a variable
N(t) is required, instead of a single measurement. The typical
example is detection of external force acting on the object.
In this case the value of N has to be preserved between the
measurements, which leads to another (also sufficient) com-
mutativity condition

[]\A/,I-Zg] =0. 3)

The observables which satisfy both conditions (1) and (3) are
known as QND observables.

It follows from Egs. (1) and (3) that the interaction Hamil-
tonian has to commute with the measured observable:

[N, H;]=0. €]
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In the particular case of the measurement of the electro-
magnetic energy or the number of quanta, this means that
nonlinear interaction of the electromagnetic field with the
meter has to be used. A semigedanken example of such a
measurement based on the radiation pressure effect was con-
sidered in Ref. [5].

Later, a more practical scheme based on the cubic (Kerr)
optical nonlinearity [6,7] was proposed. In this scheme, the
signal optical mode interacts with another (probe) mode by
means of the optical Kerr nonlinearity. As a result, the phase
of the probe mode ¢, is changed depending on the photon
number N; in the signal mode [the cross phase modulation
(XPM)]. The subsequent interferometric measurement of this
phase allows one to retrieve the value of N, with the precision
depending on the initial uncertainty of ¢, (see Sec. IV of
Ref. [8] for details). In the ideal lossless case, the photon
numbers in both modes are preserved. However, due to the
XPM effect, the phase of the signal mode is perturbed propor-
tionally to the probe mode energy uncertainty, thus fulfilling
the Heisenberg uncertainty relation.

The natural sensitivity threshold for the QND measurement
of the number of quanta is the standard quantum limit (SQL)

ANsqL = \/N, )

where N is the mean number of the measured quanta. It corre-
sponds to the best possible sensitivity of a linear nonabsorbing
meter [3], for example, a phase-preserving linear amplifier [9].
Starting from the initial work in [10], many proof-of-principle
experiments based on the XPM idea were done (see the review
articles in [11-13]). The sensitivity exceeding the SQL was
demonstrated in these experiments, but the ultimate goal of the
single-photon accuracy was not reached due to the insufficient
values of the optical nonlinearity in highly transparent optical
media.

©2023 American Physical Society
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Recent advantages in the fabrication of high-Q monolithic
and integrated microresonators [14], which combine very low
optical losses with a high concentration of optical energy,
promise a way to overcome this problem. This possibility was
analyzed in detail in Ref. [8]. It was shown that the sensitivity
of the Kerr-nonlinearity-based QND measurement schemes is
limited by the interplay of two undesirable effects: the optical
losses and the self-phase modulation (SPM) of the probe
mode, which perturbs the probe mode phase proportionally
to the energy uncertainty of this mode.

It was shown in Ref. [15] that in the ideal lossless case,
the SPM effect can be compensated using the measurement
of the optimal quadrature of the output probe field instead of
the phase one. However, in the presence of the optical losses,
only partial compensation is possible, limiting the sensitivity
by the value

1
4nN,

(AN, = — (

= +(1— n)NpF§> (©6)
X

[see Eq. (32) of [8]]. Here AN; is the measurement error,
N, is the photon number in the probe mode, I'y and I'g
are the dimensionless factors of the cross and the self-phase
modulation, respectively [see Egs. (25) and (42)], and 7 is the
quantum efficiency of the measurement channel. The second
term here stems from the SPM. Due to this term, the optimal
value of N, exists, which provides the minimum of AN,

Ly

(AN, = —e, ©)
1—‘X
where
1 _
e=|—1 ®)
n

is the normalized loss factor. It was shown in Ref. [8] that
using the best microresonators available now, a sensitivity
AN, ~ 10?-10> could be achieved.

Equations (6) and (7) imply that the probe mode is prepared
in the coherent quantum state. At the same time, in was shown
by Caves [16] that the sensitivity of optical interferometric
measurements can be improved without increasing the optical
power by using the nonclassical squeezed states of light with
a decreased uncertainty of the phase quadrature. Currently,
this method is routinely used in the laser gravitational-wave
detectors [17,18] (see the review in [19]).

However, it is known that the squeezed states are vulnera-
ble to optical losses. In the same work [16], Caves proposed
also to use an additional degenerate optical parametric am-
plifier (antisqueezer) at the output of the interferometer to
reduce impact of the losses in the optical elements located
after this amplifier, including the photodetectors inefficiency.
Note that usually the output losses constitute the major part
of the total loss budget in optical interferometers (however,
this could be not the case in the multimode configurations,
where the imperfect mode matching between the squeezer
and antisqueezer could play a significant role). Recently, this
method was demonstrated experimentally [20].

In the present work we show that the sensitivity of the QND
measurement scheme, considered in Ref. [8], can be radically
improved using these techniques. This paper is organized
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FIG. 1. Scheme of the QND measurement of the photon number
in the signal mode via the XPM effect. Here DOPA denotes the de-
generate optical parametric amplifier and HD the homodyne detector.

as follows. In Sec. II we derive the linearized input-output
relations for the microresonator. In Sec. III we calculate the
measurement error, taking into account the SPM effect and
the losses in the probe mode. In Sec. IV we estimate the
sensitivity, which can be achieved using the best available
microresonators. In Sec. V we consider the effect of optical
losses in the signal mode both in the measurement and in the
quantum state preparation scenarios. In Sec. VI we discuss
possible applications of the considered scheme to quantum in-
formation processing. We summarize the results of this paper
in Sec. VIIL.

II. EVOLUTION OF OPTICAL FIELDS
IN THE MICRORESONATOR

The measurement scheme is shown in Fig. 1. Here the
strong coherent beam is split by the unbalanced beam split-
ter with transmissivity 7 < 1 into the probe and reference
beams. The probe beam is squeezed by the first degenerate
optical parametric amplifier (DOPA) 1 and then injected into
the microresonator. There it interacts with the signal beam and
then passes through DOPA 2 and finally is recombined with
the reference beam in the homodyne detector.

Taking into account that the main goal of this paper is
to show the advantages provided by the squeezing, and in
order to simplify the calculations, we, similarly to Ref. [8],
do not take into account explicitly the optical losses in the
microresonator, but assume instead that

Qload T
Q:;r N« e, ©)

where Qoo is the loaded quality factor, Qi is the intrinsic
one, T is the interaction time, and t* is the relaxation time
of the microresonator. In this case, the interaction of the sig-
nal and probe modes in the nonlinear microresonator can be
described by the Hamiltonian [8]

A A Fl)/g A A A A
H = gp:s (ﬁijj - TNJ'(NJ' - 1)> — hiyxN,N;,  (10)

where

Nps = &;,sapvs (1D
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are the photon-number operators in the probe and signal
modes, respectively, a, ; and &;J are the corresponding anni-
hilation and creation operators for these modes, respectively,
ws, p are their frequencies, and ys and yyx are the coefficients of
the SPM and XPM interactions, respectively. Evidently, both
N, and N, commute with this Hamiltonian and therefore are
preserved.

The corresponding Heisenberg equations of motion for the
operators d; and &, are

da, . ; o
? = l(_wp + VSNp + yXN&‘)apa (12a)
da, . o 5 A
dt = i(—ws + ysN;s + VXNp)as- (12b)
The solution for the signal mode can be presented as
a,(t) = expli(—ws + ysNs + yxN,)tlas, (13)

which clearly shows that its phase is perturbed by (i) the
XPM effect, which is the inevitable consequence of the un-
certainty relation, and (ii) the parasitic SPM effect. A similar
equation can be written for the probe mode. However, here
we take into account that in order to implement the high-
precision measurement, a large mean number of quanta in the
probe mode N, is required. This assumption allows us to lin-
earize the probe mode equation of motion and thus smoothly
integrate it into the general framework of the calculation of
the optical interferometer.

We explicitly single out the part o), in @, that contains the
classical oscillation amplitude (that is, the average value of
this operator):

ap — op +ap. (14)

We suppose that classical amplitude is strong enough in com-
parison with the quantum one:

N, = la,)* > 1. (15)

Without limiting the generality, we assume that «,, is real. In
addition, we present the signal mode photon number as

Ny + N, + 8N, (16)

where N; is the mean value and 8N is the a priori uncertainty,
which we assume to be small:

SNy < N, (17)

Taking this into account, the classical part of Eq. (12a) can be
presented as

da, .,
I = —iw,0p, (18)
where
@), = w, — ysa, — yx N (19)

is the dressed eigenfrequency of the probe mode. Subtracting
Eq. (18) from Eq. (12a), keeping only terms of first order in
a, and a’, and using the rotated with frequency a);, picture, we
obtain the linearized equation

da, . . ot -

o {Npyslay(t) + a,(t)] + apyx SNy} (20)

We introduce now cosine and sine quadratures of the pump
mode:

a,+a’ a,—al
P =Lt 2 1)

Y T AN,

Using this notation, Eq. (20) can be rewritten as

a a

AC
940 _ 0, (22a)
dt
das(t) . .
;t = 2N, ysd5(t) + /2N, yx SN (22b)

Integrating these equations, we obtain the input-output re-
lations for the probe mode. In matrix notation, they can be
presented as

be ac (1) a /0
ry—_|["P _ 14
()= (50) =5 (%) - (). e

where

1 0
F= <2N,,F5 1) 24

is the SPM matrix, 7 is the interaction time, and the factors
I'x s are equal to

Ixs=yxsT. (25)

III. SQUEEZING AND PARAMETRIC AMPLIFICATION

We assume that the probe field is prepared in the squeezed
coherent state. In this case, using again the matrix notation, its
initial state can be presented as

(“”) = (V 2"‘") + S 9><§i), 26)
a, 0 Z

A

where the quadratures Z“* correspond to a ground state field
and

cosh r + sinh r cos 20
sinh 7 sin 26

S(r6) = < sinh 7 sin 26 )

cosh r — sinh r cos 26
27

is the squeeze matrix.

Transformation of the probe mode at the output of the
microresonator by the second DOPA (the antisqueezer) can
be described in a similar way,

o | =SR] (28)
¢y by

where ¢, and ¢ describe the probe field at the output of
DOPA 2 and R and ¢ are the corresponding squeeze factor
and squeeze angle, respectively.

The resulting optical topology can be viewed as a non-
linear single-arm SU(1, 1) interferometer (a more detailed
discussion of interferometer types can be found in [19,21-
23]). It is important to note that here we use an unbalanced
configuration with » # R and 6 # ¢.
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The final step is the homodyne measurement of the quadra-
ture

6(3
& = HT@)(Af), (29)
€p
defined by the homodyne angle ¢, where
cos
H() = (m §> (30)

is the homodyne vector. We take into account the output
losses, including the detection inefficiency, by using the model
of the imaginary beam splitter with the power transmissivity
n, located before the detector (see [24]). It transforms the
output signal as

gt — A8 5
dp _\/ﬁcp—‘f_ 1 —ny, (31)

where y is the corresponding quadrature amplitude of a vac-
uum field.

Combining Egs. (23), (28), and (31) and separating the
signal term proportional to N, from other (noise) terms, we
obtain the equation for the output signal

df =d§ + G 5N, (32)
where
0 = JAHT (SR, §)F (?Z) +VIZ G

is the part of c?f, which does not depend on 8N, and

G = I, Ty H (OS (R, ¢><‘f) (34)

is the gain factor.
Therefore, the measurement error for the signal mode pho-
ton number is equal to

(ad5)”

2 _
(AN = =

(35)

where (Aﬁg )? is the variance of dy. It depends on three pa-
rameters: the squeeze angles 6 and ¢ and the homodyne angle
¢, which have to be optimized. This optimization is done in
the Appendix, giving the result

N,,l"ge2
+ 2R +62€2r ' (36)

A comparison of Egs. (36) and (6) clearly shows that both
the squeezing of the input probe field and the antisqueezing of
the output one suppress the influence of the SPM, improving
the sensitivity. Consider the structure of this equation in detail.
In the lossless case (¢ = 0) it reduces to

1 —2r + 62 —2R
(ANS)rzneas = _2(6 <
'y 4N,

5 1 672r
(AN meas = 57 70> (37)

meas 1-\}2( 4Np
which is consistent with the results of Caves’ paper [16] and
shows the improvement of the sensitivity by the factor e~
beating the SQL limit. Note that, in this case, the antisqueezer
does not affect the sensitivity. Taking into account the losses,

but without the SPM, we arrive at the formula

-2r | .2,-2R
(AN Py = i (38)
X P
One can see that the part which corresponds to losses is
suppressed by a multiplier e=>® (compare again with [16]).
Finally, the last term in Eq. (36), which arises due to the SPM
effect, also is suppressed by the antisqueezer.
The best possible sensitivity corresponds to the mean num-
ber of the probe photons equal to

eR—r + 62€r—R

N, = — e (39)
In this case,
(AN o = F—j ce R (40)
FX’

[compare with Eq. (7)].

In the practical case of r ~ Rand € < 1, N, is proportional
to e®. However, as it was shown in Ref. [8], the typical values
of the pump power are modest, on the order of microwatts.
Therefore, N, can be safely increased by a few orders of
magnitude.

IV. SENSITIVITY ESTIMATES

For the numerical estimates, we use mostly the same pa-
rameters as in Ref. [8]. We consider a microresonator made
of CaF,, which has one of the highest intrinsic Q factors
Oine ~ 3 X 10'! [25]. In order to satisfy the requirement (9),
we assume that

Oload = 1010~ “4n

We assume also that the optical wavelength in vacuum is A &

1.55 um and the microresonator diameter is approximately

equal to 100 um. In this case, the factors I'y and I'g can be
estimated as

ny I’za)oc

Iy = 2FS = 2'Qload_

no Vet

~0.85 x 107, (42)

where ¢ is the speed of light, wy is the optical frequency, ng
is the refractive index of the material, n, is the cubic nonlin-
earity coefficient, Ve is the effective volume of the mode, and
QOload = woT is the loaded quality factor. For the output losses,
we use the moderately optimistic value n &~ 0.9.

Considering the squeezing, it should be taken into account
that during the past decade, significant progress in this area
has been achieved, stimulated in part by the requirements
of laser gravitational-wave detectors. Values of squeezing
exceeding 10 dB (e=*" = 0.1) were demonstrated (see, e.g.,
Refs. [26,27]). Therefore, we use 10 dB for our estimates here.

It is worth noting that these values are limited mostly by the
optical losses in the DOPAs. In the case of the antisqueezing,
the results are affected by the losses to a much lesser degree.
Therefore, here we explore higher values of the antisqueezing
factor, up to 40 dB (e*® = 10*). Note that the values of the
optical parametric gain exceeding 40 dB were already demon-
strated experimentally (see, e.g., [28]).

In Fig. 2 the measurement error AN is plotted as a function
of the photon number in the probe mode N, for four scenarios:
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FIG. 2. Plot of the measurement error AN; [see Eq. (36)] as a
function of the photon number in the probe mode N, for the four
characteristic combinations of the squeezing and parametric ampli-
fication factors: (i) r = R =0, (ii) e™* = 0.1 and R = 0, (iii) r = 0
and e 2X = 0.01, and (iv) e = 0.1 and ¢~2% = 0.01. In all cases,
n=09and 'y =2Is = 0.85 x 1073,

(i) without squeezing and parametric amplification, (ii) with
squeezing and without parametric amplification, (iii) without
squeezing and with amplification, and (iv) with squeezing and
amplification. It can be seen from these plots that combining
both these techniques, it is possible to reduce the measurement
error by almost one order of magnitude, down to a few tens of
photons.

The minima of these plots correspond to the optimal pho-
ton numbers in the probe mode, given by Eq. (39). In Fig. 3
the corresponding optimal values of the measurement error
AN; are plotted as functions of the parametric amplification
factor ek, expressed for convenience in decibels. It can be
seen from these plots that the sensitivity, corresponding to the
preparation of the signal mode in a non-Gaussian state (see

100}

(&)
o

QND sensitivity AN
S

1k
0.5
0 10 20 30 40 50

DOPA amplification 27 (dB)

FIG. 3. Plot of the optimized measurement error AN, [see
Eq. (40)] as a function of the parametric amplification factor €%,
In all cases, e = 0.1 (10 dB), = 0.9, and I'y = 2I's = 0.85 x
1073, The black solid line corresponds to the single-photon sensitiv-
ity, the black dashed line corresponds to the five-photon sensitivity,
and the black dotted line AN; = 30 approximately corresponds to the
non-Gaussianity limit for & ~ 0.01 and N, ~ 10°~10* (see Sec. VI).

(@ probe
A7 signal Ed
LS signa z,

FIG. 4. Accounting for losses in the signal mode: (a) measure-
ment of the incident number of quanta and (b) preparation of the
output quantum state. In both cases, p is the power transmissivity
factor for the signal mode.

Sec. VI), could be achieved for reasonably optimistic values
of the parametric amplification of the probe mode.

V. LOSSES IN THE SIGNAL MODE

In the previous sections we have taken into account the
optical losses inside the microresonator (by mean of limiting
the interaction time t) and the output losses in the probe
mode. Two other mechanisms of degrading the sensitivity
are the input and output losses in the signal mode. The first
one is relevant for the task of measuring the incident number
of quanta and the second one for preparation of the output
quantum state.

These two scenarios are shown in Fig. 4. In both cases, we
model the losses by means of an imaginary beam splitter with
power transmissivity u, located either in the input or in the
output path of the signal beam, respectively.

Let us start with the first case [see Fig. 4(a)]. In this case,
the imaginary beam splitter transforms the input field as

as = /Rasin + /1 — pis, (43)

where the annihilation operator di, describes the incident
field before the losses and Z; corresponds to a ground-state
field. Using this equation, it is easy to obtain the following
relations for the mean numbers and the variances of the in-

cident photon number N = &I in@sin and the intracavity one
Nv = &;rav

Ns = H‘Nsin’ (44’3)

(AN, = u* (AN, + (1 — wNgin.  (44b)

The factor u in Eq. (44a) decreases the gain factor (34):
Gioss = 1G. The second term in Eq. (44b) creates an ad-
ditional uncertainty in the intracavity photon number and
therefore has to be added to the measurement error (36). As
a result, we obtain the following equation for the modified
measurement error:

(AN,);

meas loss

1 2
= E[M(l — ON;s + (AN o] (45)

It is instructive to normalize it by the initial mean number of
photons:

(ANS)ﬁwasloss — l—p (ANS)Izneas (46)
Ny 1% WAN; '

It is easy to see that the necessary condition for overcoming
the SQL (5) is the inequality p > %, which corresponds to
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the well-known limitation on losses in optical schemes using
nonclassical states of light [29].

Consider now the second task, namely, the quantum state
preparation [see Fig. 4(b)]. In this case, the mean value and
the variance of the output photon number are equal to

N prep = WUNs, (472)
(AN ey = 1P (AN s + (1 = )N, (47b)

[compare with Egs. (44)]. We assumed here that the uncer-
tainty of the intracavity number of quanta is equal to the
measurement error (AN, )meas- Normalizing this value by the
mean number of the output photons (47a), we obtain

(ANpep _ L <1 _ (ANDE e ) 48)

N prep N

It is easy to see that in the case of the sub-SQL intracavity
sensitivity, (ANy)meas < ~/Ns, the prepared quantum state also
will be a sub-Poissonian one, (ANg)prep < 4/Nyout, fOr any
value of u.

VI. APPLICATIONS TO QUANTUM COMPUTING

We have shown that modern optical microresonators al-
low us to overcome the SQL (5). Another more demanding
threshold is important for the continuous-variable quantum
information processing applications [30]. It corresponds to
the performance allowing us to generate and verify quantum
states characterized by non-Gaussian negative-value Wigner
quasiprobability distributions (non-Gaussian quantum states).
Note that the Gaussian states cannot be orthogonal to each
other [31], while orthogonality is necessary for many quantum
phenomena. In particular, non-Gaussian states are required
for quantum computation protocols that cannot be efficiently
simulated by classical computers [32].

It is known [33,34] that the pure quantum states with the
photon-number uncertainty satisfying the inequality (in this
section we omit for brevity all numerical factors of order of
unity)

AN <N'7Z, (49)

where N is the mean photon number, are non-Gaussian
ones. Taking into account the losses in the signal mode [see
Eqs. (44b) and (47b)] and assuming that 1 — u < 1, this
inequality leads to the requirement

(AN s SN2 — (1 — N, (50)

meas ~v

The maximum of the right-hand side of this condition is
achieved at

1
Ny~ ———,
(1=

giving the requirement

(S

1
(ANs)meas S PR (52)
I—u
For the reasonably optimistic values of 1 — p ~ 0.01, this
corresponds to the measurement imprecision of tens of pho-
tons. According to our estimates in Sec. IV (see Fig. 3), this
value can be considered as a feasible one.

The next important threshold is the single-photon QND
sensitivity, which will allow us to prepare and detect without
absorption Fock states with an arbitrary number of quanta.
It follows from Egs. (44b) and (47b) that in the case of
(ANp)meas <1 it can be reached with values of N; ~ 10.
The characteristics of modern microcavities, together with the
experimentally achievable parameters of single-mode squeez-
ing and antisqueezing, already make it possible to achieve a
sensitivity of several photons (see the black dashed line in
Fig. 4). Therefore, taking into account the contemporary rapid
progress in both the fabrication of high-Q microresonators and
the optical squeezing, it is possible to hope that the single-
photon sensitivity will be implemented in a predictable future.

VII. CONCLUSION

We analyzed theoretically the application of squeezed
states of light to the scheme considered in Ref. [8] of quan-
tum nondemolition measurement of optical energy, based on
the effect of cross-phase modulation in a microresonator. We
showed that the sensitivity of this scheme can be radically
improved using the squeezed quantum state of the probe beam
and the antisqueezing (parametric amplification) of this beam
at the output of the microresonator.

We considered the sensitivity limitations imposed by op-
tical losses in both probe and signal modes and found the
optimal values of the both squeeze angles minimizing the
interfering effect of self-phase modulation. We showed that
for reasonably optimistic values of the optical losses in the
scheme, the squeezing allows us to improve the sensitivity of
the QND measurement by about one order of magnitude, from
a few hundreds of photons to a few tens.

Our estimates showed that this sensitivity allows us to
generate and verify non-Gaussian quantum states, character-
ized by negative-value Wigner quasiprobability distributions.
Therefore, the QND measurement scheme considered here
could be interesting for quantum information processing
tasks.
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APPENDIX: OPTIMIZATION OF THE SQUEEZE

AND HOMODYNE ANGLES
Note that
H'S(R, ¢) = (CS), (A1)
where
C = eRcos(¢ —p)cosp — e Rsin(c — p)sing, (A2a)
S = efcos(z — ¢)sing + e Rsin(c — p)cosp.  (A2b)
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Therefore, it follows from Egs. (34) and (33) that

G = /2nN,I'x S, (A3)
d§ = n(Bas, + Aa}) + /1 — 9, (A4)

where
A=S, B=C+2N,IsS. (AS)

The variances of the ground field quadratures z°*, y, are
equal to % Therefore, taking into account Eq. (26), the vari-
ances of the quadratures a;;* and their covariance are equal

to

((A&;)z) = 1(cosh2r + sinh 2r cos 26), (A6a)
((A&;f) = %(cosh 2r — sinh 27 cos 26), (A6b)
(B¢, 0 b7) = 3 sinh 2r sin 26, (A6c)

where o denotes the symmetrized product and the variance of
d; is equal to

((Aﬁé)2> = g{(A2 + B*)cosh 2r + [(—A? + B*) cos 26

+ 2ABsin 20] sinh 2r + €2}. (A7)
The minimum of this equation in 6 is provided by
cos260 = u, sin 260 = —2A—B. (A8)
A? + B? A? + B?

Taking into account that G does not depend on 6, it corre-

sponds also to the minimum of (35), equal to

(A2 + B)e ™ + €?
4N,I'%5?

The next step is the optimization of this equation in ¢. In or-

der to simplify the equations, we use the following approach.
We assume first that the second squeezing is strong enough to

(ANy)* = (A9)

allow the following approximation:
R

cosh 2R ~ sinh 2R ~ % (A10)

Note that this approximation holds very well even for moder-

ate values of R. In this case,

C =~ efcos(c —p)cosp, S~ efcos(c —¢p)sing,

(A11)
and
ANy = —————( (1 + 2N, I'ssin2
(AN:) 4N,I2 sin? ¢ (( pLs sin2¢
22 2 2 e’k
+4N:Tgsin“¢)e ™ + —— ). (Al2
PRS- ¢>> a1
Evidently, the minimum of this equation is provided by
¢ =9. (A13)

Note that for this value of ¢, C and S are given by the follow-
ing exact equations:

C=eRcos¢p, S=elsing. (Al14)

Therefore, the following equation corresponds to also exact,
albeit possibly not strictly minimal, value of the measurement
error:

(ANy)* =

Wl [(1 + cot®  + 4N,T's cot g + 4N T5)e "

+ €2(1 + cot® ¢)e ).

The final step is the optimization in ¢, which is straightfor-
ward:

(A15)

2N,Ts
1+ €2e2r—2R"

As a result, we obtain Eq. (36).

cotp = — (A16)
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