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Spontaneous dipolar Bose-Einstein condensation on the surface of a cylinder

Luis E. Young-S.

1" and S. K. Adhikari ®*7

'Grupo de Modelado Computacional y Programa de Matemdticas, Facultad de Ciencias Exactas y Naturales,
Universidad de Cartagena, 130015 Cartagena de Indias, Bolivar, Colombia
2Instituto de Fisica Tedrica, Universidade Estadual Paulista, 01.140-070 Séo Paulo, Sdo Paulo, Brazil

® (Received 17 August 2023; revised 11 September 2023; accepted 9 November 2023; published 27 November 2023)

We demonstrate the spontaneous formation of a Bose-Einstein condensate (BEC) of strongly bound harmoni-
cally trapped dipolar '**Dy atoms on the outer curved surface of an elliptical or a circular cylinder, with a distinct
topology, employing the numerical solution of an improved mean-field model including a Lee-Huang-Yang-type
interaction, meant to stop a collapse at high atom density, the axis of the cylindrical-shell-shaped BEC being
aligned along the polarization direction of the dipolar atoms. These states are dynamically stable and a Gaussian
initial state leads to the cylindrical-shell-shaped state in both imaginary-time and real-time propagation. The
formation of the hollow cylindrical BEC by a real-time simulation starting from a solid cylindrical state
demonstrate the possibility of the formation of such a condensate experimentally.
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I. INTRODUCTION

After the experimental observation of a Bose-Einstein con-
densate (BEC) of alkali-metal atoms, this system has been the
laboratory testing ground of different quantum phenomena,
not accessible for experimental study previously. However,
practically all of these studies were confined to a normal three-
dimensional (3D) space or a two-dimensional (2D) plane or
a one-dimensional straight line. Nevertheless, new physics
may appear in curved spaces with distinct topology. Quantum
states with distinct topology [1-4] have been the subject mat-
ter of intense investigation in recent times not only in search
of new physics, but also due to its possible application in
quantum information processing [5]. The nature of vortices
on curved surfaces is, in general, different from the same in
3D space [6]. New types of vortices may appear in spinor
condensates on a curved surface with distinct topology in
synthetic gauge field [7,8]. Fractional quantum Hall states
possess a richer structure evident through their response to
topology [9]. Unique superfluid properties have been pointed
out to exist in a BEC in a ring trap [10,11].

Consequently, in recent years there has been a great deal of
interest in the investigation and the observation of a BEC on a
curved surface with distinct topology and experimental stud-
ies have begun to investigate properties of a BEC formed on
a spherical surface in the form of a spherical bubble. This is a
difficult task in the presence of gravity, which will bring down
the atoms from the top of the bubble. To circumvent this diffi-
culty, there has been an attempt to create a single-species BEC
of 8Rb atoms on a spherical bubble in orbital microgravity
[12] in a space-based quantum gas laboratory [13—15] follow-
ing a suggestion [16,17] and elaborations in Refs. [18-21].
Optically trapped spherical-shell-shaped binary BEC of 2*Na
and ¥Rb atoms in the immiscible phase has been created
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and studied in a laboratory on earth [22], in the presence
of gravity, following a suggestion [23,24] and consideration
by others [25-27]. Hemispherical-shell-shaped BEC of 3’Rb
atoms has also been created in a laboratory on earth [28] by
a novel gravity compensation mechanism. All these experi-
ments [12,22,28] for the creation of a spherical-shell-shaped
BEC require a complex engineering of the external (confining)
parameters. The same is true for a cylindrical-shell-shaped or
aring-shaped BEC created in a laboratory [10,11]. It is highly
desirable to have a shell-shaped BEC in a harmonic trap with
angular frequencies achievable in a laboratory.

In this paper we demonstrate the formation of a cylindrical-
shell-shaped BEC of strongly dipolar '“Dy atoms, with
distinct topology in the form of a hollow cylinder, in a strong
harmonic trap using an improved mean-field model including
a Lee-Huang-Yang-type (LHY) interaction [29], appropriately
modified for dipolar atoms [30-32], the axis of the cylin-
der being aligned along the polarization direction of dipolar
atoms. Although a cylindrical shell is topologically equivalent
to a ring, it has a different geometrical shape with an extended
curved surface. This will allow study of new physics, like the
emergence of a vortex and vortex lattice on a different curved
surface. In the framework of the mean-field Gross-Pitaevskii
(GP) equation, a dipolar BEC shows collapse instability as the
dipolar interaction increases beyond a critical value [33,34]
and the inclusion of a LHY interaction [30,32] in theoret-
ical investigations stabilizes the dipolar condensate against
collapse [35]. As the number of atoms N and/or the dipole
moment of the atoms in a trapped quasi-2D dipolar BEC
increases, the condensate cannot collapse due to the repulsive
LHY interaction and, a droplet [33,34], or a spatially periodic
[36] triangular-, square- [37], or honeycomb-lattice [37] struc-
ture of droplets or a labyrinthine state [38,39] could be formed
in a strongly dipolar quasi-2D BEC. In a strong quasi-2D
trap the formation of multiple droplets on a triangular lattice
was confirmed in experiments [33,34,36] and substantiated in
theoretical studies [37,40—43]. As the angular frequencies of
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the trap are further increased, the present cylindrical-shell-
shaped BEC is formed as the number of atoms is increased
beyond a critical value, where the dipolar atoms are deposited
on the outer surface of a hollow cylinder.

The number of atoms, scattering length, and the trap
parameters for the formation of a cylindrical-shell-shaped
dipolar BEC of '%*Dy atoms are within the reach of ongoing
experiments [44]. The scattering length a is taken in the range
85ap > a > 80ay, where q is the Bohr radius. The frequency
f. of the harmonic trap in the polarization z direction is taken
in the range 250 Hz > f. > 150 Hz, whereas the frequencies
fx and f; of the harmonic trap in the transverse x-y plane are
taken as f, f, & 0.75f;. We base our study on a numerical
solution of an improved mean-field model, including the LHY
interaction, by imaginary-time propagation. The number of
atoms N is taken in the range 300000 > N > 100000; in
this study we take it to be mostly around N = 200000, as
this number can easily be achieved in experiments with '®*Dy
atoms [44,45]. For this choice of parameters, the only possible
axially symmetric state is the cylindrical-shell-shaped state.
Nevertheless, for N ~ 200000 and 150 Hz < f; é 250 Hz,
all Gaussian-type initial states lead to the cylindrical-shell-
shaped state, in both imaginary- and real-time propagation.
For N 5 100000, single or multiple droplet states are prefer-
entially formed. We find that, for f, g 120 Hz, it is difficult to
find a cylindrical-shell-shaped state numerically. As f; is in-
creased beyond 250 Hz the internal radius of the shell-shaped
cylinder gradually decreases and eventually the cylindrical
shell may become a solid cylinder and will not be discussed in
this study. Moreover, we find that for large f. (f; £ 210 Hz)
and large N (N Z 330000), one could have a cylindrical state
with few (two to four) holes aligned parallel to the polarization
direction (not studied here). If the ratio f./f, is increased
beyond 0.8, the internal radius of the cylindrical-shell-shaped
state becomes smaller. However, as the ratio f,/ f; is decreased
beyond 0.7, although the internal radius of the cylindrical-
shell-shaped state increases, it is not the ground state; droplet
and multiple-droplet states naturally appear as the ground
states as confirmed in previous experimental [33,34,36] and
theoretical [37,40—43] studies. This is why, in this study of
cylindrical-shell-shaped states, we will mostly consider N ~
200000, 150 Hz < f. < 250 Hz, f, f, = 0.75f;, and 85a¢ >
a > 80ay. If the confining harmonic trap in the x-y plane is
made slightly anisotropic (f; # f,), the cylindrical shell of the
strongly dipolar BEC becomes elliptical in nature.

For the experimental value of scattering length a = 92a
[46] of '%*Dy atoms, the atomic contact repulsion dominates
over the dipolar interaction and the dipolar BEC has the
form of a solid cylinder. As the scattering length is gradually
reduced, the cylindrical-shell-shaped states appear. Starting
from a = 92ay, we demonstrate by real-time propagation that,
as the scattering length is gradually reduced by a quasilinear
ramp, the cylindrical-shell-shaped state appears for a = 85a
and the shell-shaped structure becomes more pronounced as
the scattering length is reduced to a = 80ay. This indicates the
viability of the creation of a cylindrical-shell-shaped dipolar
BEC in a laboratory by controlling the scattering length near
a Feshbach resonance.

In Sec. II we present the improved mean-field model
including the LHY interaction [29] appropriately modified

[30,32] for dipolar atoms with repulsive atomic interac-
tion (positive scattering length). In Sec. III we present our
numerical results for the formation of stationary cylindrical-
shell-shaped dipolar BECs obtained by imaginary-time prop-
agation. We also demonstrate the formation the cylindrical-
shell-shaped states by real-time propagation starting from a
cylindrically-symmetric Gaussian initial state. In Sec. IV we
present a brief summary of our findings.

II. IMPROVED MEAN-FIELD MODEL

We consider a dipolar BEC of N atoms, polarized along
the z direction, of mass m each, and with atomic scattering
length a. The formation of a cylindrical-shell-shaped BEC
can be formulated by the following 3D GP equation with the
inclusion of the LHY interaction [47-50]:
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where w,(= 27 f;), w,(= 27 f,), w,(= 27 f;) are the angular
frequencies of the harmonic trap along the x, y, z directions,
respectively, (g is the permeability of vacuum, p is the mag-
netic dipole moment of each atom, Uyq(R) is the anisotropic
dipolar interaction between two atoms located at r = {x, y, z}
and ' = {x,y', 7'}, and 0 is the angle made by R=r —r’
with the polarization z direction, and the dipolar length agq
measuring the strength of atomic dipolar interaction in the
same way as the scattering length a measures the strength of
atomic contact interaction; the wave function is normalized as
S (x, )2 dr = 1.

The LHY interaction coefficient y; gy in Eq. (1) is given by
[30-32]

Agd
€dd = —, “)
a

where the auxiliary function Qs(e4q) includes the perturba-
tive quantum-fluctuation correction due to dipolar interaction
[30,32] and is given by
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which can be approximated as [40,48]
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where Re denotes the real part. Limiting values are to be taken
in Eq. (6) for eg9 = 0 and 1, while Qs5(0) = 1 and Qs(1) =
34/3/2 [40]. In this study we use the analytic expression
(6) for Qs(g4q). The dimensionless ratio g49 determines the
strength of the dipolar interaction relative to the contact inter-
action and is useful to study many properties of a dipolar BEC.
The perturbative result (4) is technically valid for g4 < 1,
while Qs(gqq) is real [30,32]. In the domain of the present
study of strongly dipolar atoms (€49 > 1), Qs(€4q) is complex.
However, its imaginary part is negligible in comparison with
its real part in the case of '*“Dy atoms [51] and will be
neglected in this study as in other investigations [37,40,43,44].

Equation (1) can be written in the following dimensionless
form if we scale lengths in terms of | = //i/mw,, time in units
of w;l , angular frequency in units of w,, energy in units of /iw,
and density |y |? in units of /73:
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where all variables are scaled. We are using the same symbols
to represent the scaled variables as the unscaled ones without
any risk of confusion. Equation (7) can be derived using the
variational principle
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which leads to the following energy functional corresponding
to energy per atom:
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for a stationary state.

III. NUMERICAL RESULTS

To study the spontaneous condensation of dipolar '**Dy
atoms on the surface of a cylinder, the partial differential GP
equation (7) is solved numerically using C/FORTRAN programs
[49] or their open-multiprocessing versions [52,53], using
the split-time-step Crank-Nicolson method by imaginary- and
real-time propagation [54]. The imaginary-time propagation
is employed to study the stationary states and the real-time
propagation for dynamics. It is problematic to treat numer-
ically the divergent 1/|R|? term in the dipolar potential (3)
in configuration space. To avoid this problem the nonlocal
dipolar interaction integral in the improved mean-field model

(7) is calculated in the momentum k space by a Fourier trans-
formation employing the following convolution identity [49]

’ ’ dk —ikryy ~
/ A Usa(R)n(r') = / Kk 0K, (10)
27y

where density n(r) = |y (r)|%; ﬁdd (k) and 72(K) are the Fourier
transforms of the dipolar potential and density. The Fourier
transformation of the dipolar potential Uyq(Kk) is analytically
known [49] and this enhances the accuracy of the numerical
procedure. The integrand in the right-hand side of Eq. (10) is a
smooth function and can be evaluated numerically employing
a fast Fourier transformation routine. In this way the problem
is solved in momentum space and the solution in configuration
space is obtained by taking another Fourier transformation.

For the appearance of a cylindrical-shell-shaped state,
we need a strongly dipolar atom with agq > a. The sys-
tem becomes repulsive for agg < a, and no such states can
be formed. Although, agq = 130.8a¢ for Dy atoms, we
have a certain flexibility in fixing the scattering length a
as the scattering length can be modified by the Feshbach
resonance technique by manipulating an external electro-
magnetic field. In this study we take the scattering length
a = 80ap, whereas its experimental estimate is a = (92 &+
8)ap [46]. With the reduction of contact repulsion, this
choice of scattering length (a = 80ap) has the advantage
of slightly increasing the net attraction, which will facil-
itate the formation of pronounced cylindrical-shell-shaped
BEC. For dysprosium atoms m('%*Dy) ~164 x 1.66054 x
107%" kg, h = 1.0545718 x 1073* m? kg/s. Consequently, for
f: =167 Hz, 200 Hz, and 250 Hz, the units of length are
l = /h/mw, = 0.6075 um, 0.5551 um, and 0.4965 um, re-
spectively. Incidentally, f, = 167 Hz is the z frequency of the
trap employed in the recent experiment on 2D supersolid for-
mation in %Dy [36]. It is true that the frequency f is the same
in both cases, but the quasi-2D trap shape in Ref. [36] is very
different from the trap in the present case (fi, fy = 0.75f,),
with much larger trap frequencies along the x and y directions,
resulting in different configurations. The demonstration of a
cylindrical-shell-shaped BEC is best confirmed by a hollow
in the integrated 2D density nop(x, y) defined by

nan(x, ) = / A2 (e, 3, ) (11)

o0

The scenario of the formation of a cylindrical-shell-shaped
state in a '*Dy BEC is best illustrated by a phase plot of
the number of atoms N versus trap frequency f;, as obtained
by imaginary-time propagation of Eq. (7) employing a cylin-
drically symmetric Gaussian initial state for a = 80ay and
fx = fy, =0.75f, as illustrated in Fig. 1. We find that, for
a fixed f., the cylindrical-shell-shaped states are obtained
for the number of atoms N larger than a critical value. For
smaller f, (5200 Hz) and large N (Z3 x 10°) one also has
the labyrinthine states [38] (not studied here). To obtain the
labyrinthine states, which are mostly excited states for N <
300000, special symmetry-broken initial states are needed
in imaginary-time propagation. The cylindrically symmetric
Gaussian initial states lead to the cylindrical-shell-shaped
states. For smaller N (§105), we find different states in the
form of solid cylinders without any hollow part inside. These
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FIG. 1. Phase plot of number of atoms N versus trap frequency f,
illustrating the formation of a cylindrical-shell-shaped dipolar BEC
of %Dy atoms. The region marked “solid cylinder(s)” include a
single cylinder as well as multiple cylinders in the form of droplets.

include a single solid cylinder (not shown here) or multiple
solid cylinders aligned along the z axis in the form of droplets,
viz. Fig. 2(e).

A contour plot of the integrated 2D density nyp(x, y) of
a cylindrical-shell-shaped state in a '%*Dy BEC is consid-
ered next. In Fig. 2(a), we illustrate a cylindrical-shell-shaped
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FIG. 2. Contour plot of dimensionless 2D density nyp(x,y) of
four cylindrical-shell-shaped states of %Dy atoms (aqq = 130.8ap)
for (a) N = 200000, f, =200 Hz, (b) N = 200000, f, = 200 Hz,
(c) N =200000, f, = 167 Hz, and (d) N = 300000, f, = 167 Hz;
that of a four-droplet state for () N = 100000, f, = 167 Hz, those
of two cylindrical-shell-shaped states for (f) N = 100000, f, =
200 Hz, and (g) N = 200000, f, = 250 Hz; that of a cylindrical-
shell-shaped state with elliptical section for (h) N = 200000, f, =
167 Hz, and (i) N = 300000, f; = 167 Hz. In (a)—(g) fi = f, =
0.75f., and in (h)-(i) f, = 120 Hz, and f, = 130 Hz; in (b) a = 85a,
and in (a) and (c)—(i) a = 80ay. The energies per atom in each case
appear in the E /h values in Hz displayed in respective plots.

0.75f.. The inner radius of the cylindrical shell in Fig. 2(a)
is quite sharp and pronounced. As the scattering length a
is increased, the contact repulsion increases relative to the
dipolar interaction and consequently, the inner radius of the
cylindrical shell reduces as can be found in the contour plot
of the cylindrical-shell-shaped state in Fig. 2(b) for N =
200000, a = 85ay, f, = 200 Hz, by comparing with the con-
tour plot in Fig. 2(a) for a = 80ay, with the other parameters
unchanged. With the further increase of a, for a % 88ayg, the
cylindrical-shell-shaped state loses the shell-shaped structure
and a Gaussian-type extended BEC in the shape of a normal
solid cylinder is obtained in imaginary-time propagation (not
explicitly shown here). On the other hand, as f; is decreased,
the inner radius of the cylindrical shell increases as can be
found in the contour plot of the cylindrical-shell-shaped state
in Fig. 2(c) for N = 200 000, a = 80ay, f, = 167 Hz, by com-
paring with the contour plot in Fig. 2(a) for f, =200 Hz
with other parameters unchanged. If the number of atoms N
is increased, the inner radius of the cylindrical-shell-shaped
state slightly increases as illustrated in the contour plot in
Fig. 2(d) for N = 300000, a = 80ay, f, = 167 Hz, by com-
paring with the contour plot in Fig. 2(c) for N = 200 000 with
the other parameters unchanged. However, if N is decreased
below a critical value, the cylindrical-shell-shaped states are
not possible and only droplet states appear. For f, = 167 Hz
this happens for N & 100 000 as illustrated in the contour plot
of the four-droplet state in Fig. 2(e). For f, = 200 Hz, this
critical number is smaller and for N = 100 000 a cylindrical-
shell-shaped state appears, viz. Fig. 2(f). For f, = 200 Hz,
droplet states appear for N < 75000 (not displayed here).
The inner radius of the cylindrical shell reduces further at an
increased frequency f, = 250 Hz as shown in plot in Fig. 2(g)
for N = 200000, compare with plots in Figs. 2(a) and 2(c)
for f. =200 Hz and f. = 167 Hz, respectively. The circular
section of the cylindrical-shell-shaped states becomes ellip-
tical for an asymmetric trap in the x — y plane (f; # f,) as
demonstrated through the contour plot of n,p (x, y) in Fig. 2(h)
for N = 200000 and (i) for N = 300 000, and a = 80ay, f; =
167 Hz, f, = 120 Hz, f, = 130 Hz.

The extended hollow region of the cylindrical-shell-shaped
state is best illustrated through the isodensity plot of the
same. In Figs. 3(a) and 3(b) the side view and front view
of the density N|v(x,y,z)> are presented for the state
with N = 200000, a = 80ay, f; = 200 Hz, viz. Fig. 2(a). In
Figs. 3(c) and 3(d) the side view and front view of the
density N|¥(x,y, z)|* are presented for the state with N =
200000, a = 80ay, f; = 167 Hz, viz. Fig. 2(c). Finally, in
Figs. 3(e) and 3(f) the side view and front view of the density
N|¥(x,y,7)|* are presented for the cylindrical-shell-shaped
state with elliptic section for N = 300000, a = 80ay, f, =
167 Hz, viz. Fig. 2(i). Because of dipolar interaction the
cylindrical-shell-shaped state is elongated in the polarization
z direction. The length of the cylindrical shells is about 8 um.
However, in Figs. 3(a), 3(c), and 3(e) we show a section at
z = —4 pum and —3 pm, so that the inner hollow region can be
easily seen. The long inner hollow region of the cylinder, ex-
plicit in Figs. 3(b), 3(d), and 3(f) is also visible in the side view
of Figs. 3(a), 3(c), and 3(f). The area of the internal hollow
region has increased from Figs. 3(a) and 3(b) to Figs. 3(c) and

state with N = 200000, a = 80ay, f. = 200 Hz, f, = f, =
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FIG. 3. (a) Side view and (b) front view of isodensity plot of
N|¥(x,, 2)|* of the cylindrical-shell-shaped state, viz. Fig. 2(a), of
N = 200000 '**Dy atoms in a trap with frequency f. = 200 Hz.
(c) Side view and (d) front view of the same, viz. Fig. 2(c), for
f. =167 Hz and N = 200000. (e) Side view and (f) front view of
the cylindrical-shell-shaped state with elliptic section, viz. Fig. 2(i),
for f, = 167 Hz and N = 300 000. The unit of lengths x, y and z is
pm. In plots (a)—(d) fy = f, = 0.75f; and a = 80a, and in plots (e),
(f) fr = 120 Hz, f, = 130 Hz, and a = 80ay.

3(d) due to a reduction of the trap frequency from f, = 200 Hz
to f; = 167 Hz.

The cylindrical-shell-shaped states are very high density
states, like the droplet states [33,34], the maximum density
in the interior of the states in Fig. 2 is %1015 atoms/cm3,
whereas the average density inside the state is about 3 x 10'*
cm™3. In this theoretical study we neglect the effect of three-
body recombination loss of atoms. A matter of concern for the
experimental observation [34,55] of a cylindrical-shell-shaped
state is the large atom number (N ~ 10°) required, where the
effect of three-body recombination loss of atoms might not be
negligible [42]. Nevertheless, a reasonably small value of the
loss parameter (=1.25 x 10~*! m%/s) is estimated for '**Dy
atoms [34,56] from measurements on a thermal cloud and is
assumed to be a constant over the small range of scattering
lengths near a = 80—90q close to the experimental estimate
a =92ay [46] and the value a = 80ay used in this study.
The typical atomic density of 3 x 10'* cm~ is within the
acceptable limit for the formation of cylindrical-shell-shaped
states in an experiment as established in previous experi-
mental [34,56] and theoretical [42,55] investigations. A way
to optimize the production of dipolar BECs with more than
2 x 10° atoms for the study of large-atom-number dipolar
gases in the droplet and supersolid regimes has recently ap-
peared in the literature [45].

The cylindrical shell-shaped states can possibly be easily
realized in a laboratory. It is quite possible that, for the correct
set of parameters, these high-density states would be naturally
formed as in the case of the seven-droplet state on a triangular
lattice [36]. Only an experiment can test this conjecture. Oth-
erwise, they can be formed starting from a solid cylindrical
state, naturally formed for the experimental value of scat-
tering length a (= 92ap) [46] for N = 200000 '**Dy atoms
in a trap with frequency f; = 167 Hz and f, = f, = 0.75f.,
as we demonstrate here by real-time propagation starting
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FIG. 4. Dynamical generation of a cylindrical-shell-shaped state
of N = 200000 Dy atoms of scattering length a = 80q in a trap
with frequencies f, = 167 Hz, f; = f, = 0.75f. by real-time propa-
gation initiating from a converged cylindrical state of N = 200 000
164Dy atoms of scattering length a = 924, obtained by imaginary-
time propagation in the same trap. (a) Scattering length versus time
plot, the scattering length is changed once at an interval of 1 ms
shown by the “plus” sign. Contour plot of 2D density n,p(x, y) in
dimensionless units at (b) = 0(a = 89ay), (¢)t = 2 ms (a = 88ay),
(d) t =4 ms (a=287ay), () t =6 ms (a = 85a;), (f) t =8 ms
(a =83ap), (g) t =10 ms (a = 80ayp), (h) t = 16 ms (a = 80ay),
(i)t =20 ms (a = 80ay).

with the converged initial state obtained by imaginary-time
propagation with a = 92ay. During real-time propagation the
scattering length a is changed at intervals of 2 ms to reach
a = 80ag at 10 ms, viaa = 89ag att =0, a = 88ag att =2
ms, a = 87ap att =4 ms, a = 85ap at t = 6 ms, a = 83qy at
t = 8 ms, and a = 80qy at t = 10 ms. This time variation of
the scattering length is displayed in Fig. 4(a). The contour plot
of 2D density np(x, ¥) as obtained in real-time propagation is
illustrated in Figs. 4(b) to 4(i) at times t = 0,¢f =2 ms, t =4
ms,t=6ms,t=8ms,t=10ms, t = 16 ms, and r = 20
ms. We find that the hollow region has been created at t = 6
ms starting from a solid cylinder at # = 0. This hollow region
keeps on oscillating radially for + > 10 ms and eventually
settles to its equilibrium value at large times.

IV. SUMMARY

The importance of the study of quantum states with dis-
tinct topology cannot be overemphasized [1-3]. However,
the generation of such states requires an engineering of dif-
ferent control parameters as in the recent experiments with
a spherical-shell-shaped [12,22,28] and ring-shaped [10,11]
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BEC. In this paper, we demonstrated the possibility of the
formation of high-density dynamically stable cylindrical-
shell-shaped quantum states with distinct topology in a
harmonically trapped dipolar BEC of '%*Dy atoms for param-
eters (number of atoms, trap frequencies) employed in the
recent experiments [44], using an improved mean-field GP
model including the LHY interaction [29] appropriately modi-
fied for dipolar atoms [30-32]. We demonstrated by real-time
simulation that, starting from an initial state with the shape
of a solid cylinder at a = 92ap, and by ramping down the
scattering length in a few steps to the desired value (a = 80ag)
in a short interval of time (~10 ms), it is possible to generate

the cylindrical-shell-shaped state quickly. This ensures the
possibility of observing a cylindrical-shell-shaped state in a
laboratory in a harmonically trapped dipolar BEC of '®*Dy
atoms in the near future.
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