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A programmable quantum simulator using Rydberg-atom array provides a promising route to demystifying
quantum many-body physics in strongly correlated systems. Motivated by the recent realization of various
quantum magnetic phases on the frustrated Rydberg-atom array, we perform numerically exact quantum Monte
Carlo simulations to investigate the exotic states of matter emerging in the model describing the Rydberg atom on
a triangular lattice. Our state-of-the-art simulation unveils the /3 x /3 triangular antiferromagnetic order exists
at 1/3 or 2/3-Rydberg filling, consistent with the observation in experiments. Remarkably, +/3 x +/3 long-range
order arising from order-by-disorder mechanism emerges at 1/2 filling. At finite temperature, U(1) symmetry
is emergent at 1/2 filling and a Kosterlitz-Thouless phase transition occurs with increasing temperature. These
intriguing phenomena are potentially detected in future Rydberg-atom experiments.
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I. INTRODUCTION

Deciphering the exotic physics emerging in frustrated mag-
nets is a particularly intriguing and crucial subject in strongly
correlated physics, triggering enduring interests for many
years [1,2]. In light of recent experimental developments,
the models featuring quantum magnetism in the presence of
lattice frustration are realized in Rydberg atom arrays [3-5].
In light of the high controllability and precise measurability
in the Rydberg atom set-up [6—19], fruitful exotic phenomena
emerging in frustrated magnets, including various spin density
wave orders, and quantum spin liquid have been observed in
the platform of the Rydberg atom array [3-5,20-29]. Hence,
the Rydberg atom array provides an ideal candidate platform
for quantum simulation on quantum magnetism [26,27,30-55]
and other exotic phenomena in strongly correlated systems
[28,56-77].

The triangular Ising model with transverse field is a rep-
resentative model featuring quantum magnetism with lattice
frustration. Despite its simple form, the triangular transverse
Ising model is theoretically revealed to exhibit various in-
triguing phenomena arising from the interplay between lattice
frustration and quantum or thermal fluctuations. For exam-
ple, quantum fluctuation triggers a /3 x /3 ordered phase,
emerging from the macroscopic degenerate states induced
by the lattice frustration, which is dubbed as the order-by-
disorder (OBD) mechanism [78-88]. At finite temperature,
there exists an intermediate critical phase with emergent U(1)
symmetry, namely the Kosterlitz-Thouless (KT) phase, owing
to the interplay of quantum and thermal fluctuations in the
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presence of lattice frustration [8§9-95]. Recently, a Rydberg
atom array with up to 196 atoms and high coherence on the
triangular lattice was realized experimentally, featuring an
Ising-like model involving long-range interactions [3]. Re-
markably, the classical pattern of /3 x /3 antiferromagnetic
(AFM) order is observed. Nevertheless, the realization of
OBD phase and associated intriguing physics such as the
emergent U(1) symmetry in the Rydberg atom’s platform
remains elusive. A thorough study of the systems with nu-
merically exact theoretical approach, rigorously illustrating
the plausibility of realization of the exotic physics discussed
above in the triangular Rydberg atom array, is thus immensely
desired.

In this paper, we perform numerically exact quantum
Monte Carlo (QMC) simulation based on a stochastic series
expansion (SSE) [89,96,97] algorithm to investigate a realistic
model describing the Rydberg atom array on a triangular
lattice [3]. We implement the algorithm combining the line
update [98] and multibranch update, enabling studying the
model at low temperature and large system size with relatively
high efficiency. Our state-of-the-art QMC simulation reveals
the existence of v/3 x /3 triangular antiferromagnetic (TAF)
order at 1/3 and 2/3 filling, consistent with the observation
in experiments. More remarkably, our study demonstrates the
emergence of OBD driven v/3 x +/3 ordered phase at 1/2
filling. With increasing temperature, the TAF ordered phases
at 1/3 and 2/3 filling melt into disordered phase through a
continuous transition belonging to two-dimensional Potts uni-
versality class. Intriguingly, at 1/2 filling, the U(1) isotropy
emerges in a large temperature regime and the associated
transition from the OBD phase to high-temperature disordered
phase thus belongs to the KT universality class [99]. Our study
paves an alternative avenue to theoretically investigate the
Rydberg atom array system in a numerically exact approach.
The results provide concrete theoretical support to potentially
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realizing the exotic phenomena, for instance, the OBD phase,
emergent U(1) symmetry, and KT phase transition, in the
Rydberg atom platform.

II. MODEL AND METHOD

We consider the following Hamiltonian describing the two-
dimensional (2D) interacting Rydberg array [3]:

A= ZUl]nn,+—Z(b' +b)—h82nn (1)

i<j

where 7 is the reduced Planck’s constant, 2 is the Rabi fre-
quency, § is the detuning frequency, and 7; denotes Rybderg
occupation on site i. The model features a long-range van der
Waals interaction between Rydberg atoms U;; = Q(Ry/ri; )6,
where R, is the Rydberg blocking radius defined as U;; = Q if
rij = Rp. We investigate Eq. (1) on the triangular lattice with
the lattice basis vectors d; = a(1,0) and a, = a(%, ‘/Tg). Un-
less specified, we choose 7 = 1 and 2 = 1 in the simulation.

Upon fixing R;,, with the increase of detuning frequency
8, atoms in the ground state are gradually excited to the
Rydberg state, exhibiting various patterns in real space with
different average Rydberg fillings [3,34,35]. In particular, as
the blockade radius is comparable to the lattice constant on a
triangular lattice, namely, a < R, < /3a, the Rydberg atoms
form an incompressible TAF pattern with +/3 x +/3 periodic-
ity as revealed in Ref. [3]. In this study, we fix the blockade
radius R, = 1.2a and select the system size L, = L, = L with
periodic boundary condition. Owing to the absence of a sign
problem [98,100—104], the accurate properties of Eq. (1) for
large system size and low temperature are accessible in QMC
simulation. The details of QMC simulation and the results
of other choices of R, such as R, = 1.0a are included in
Appendixes A and C.

III. PHASE DIAGRAM

We calculate the average Rydberg filling 7 at zero temper-
ature versus § as depicted in Fig. 1, showing that the Rydberg
filling gradually increases from 0.1 to 1 with increasing §. The
results explicitly indicate that two plateaus appear at 1/3 and
2/3 filling associated with incompressible phases. To further
reveal the spontaneous symmetry breaking (SSB) patterns of
Rydberg atoms, we calculate the order parameter m and the
static structure factor S(Q) corresponding to the V3 x /3
TAF phase, defined as the Fourier transform of the Rydberg
occupation 7; and the correlation function between #; and 7;,
respectively,

m= Z (A:)e' Q% /(N/3), @)

and
SQ) = le Zj OO ). 3)
Here, 0 = 1(2” 2[’T) and N is the total number of lattice

points. m and S(Q) at the thermodynamic limit (L — oo) are
extracted from the results of L = 3-18, the details of which
are included in Appendix B. As depicted in Figs. 2(a) and
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FIG. 1. Average Rydberg filling. The red dots connected by the
dashed line represent the Rydberg filling versus § in Eq. (1). Insets
(a) to (c) show the patterns of TAF order at 1/3, 1/2, and 2/3 filling,
respectively. The blue circle represents the distribution of TAF order
parameters at 1/2 filling, which indicates the appearance of U(1)
symmetry.

2(b), |m| and S (Q) are finite at the thermodynamic limit in a
large regime of §, indicating the existence of /3 x /3 TAF
long-range order. Both of these quantities exhibit the feature
of pronounced convexity in the regime corresponding to the
1/3 or 2/3 filling platform in Fig. 1, suggesting the ground
state of Eq. (1) possesses strong +/3 x +/3 TAF long-range
order at the commensurate 1/3 and 2/3 filling, consistent
with the observation in Rydberg atom array experiments [3].
With increasing 8, the results of |m| and S(Q) display sharp
discontinuous transitions around §, ~ 1.2 and 17.8, signaling
the nature of the first-order transition between disordered and
TAF phases.

To further corroborate the emergence of \/§ x +/3 TAF
long-range order and determine the accurate transition point,
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FIG. 2. Ground-state phase diagram and transition point. (a), (b)
represent the results of order parameter and static structure factor
versus 6 at the thermodynamic limit, respectively. (c) Binder ratio
versus § for L = 6,9, 12, 15. The inset provides a zoomed-in view of
Up in the regime close to the transition point. (d) Correlation length
ratio versus § in the regime close to the transition point.
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we perform finite-size scaling analysis by calculating the

Binder ratio [34,105-107] defined as Ug(L) = (%‘:;2. In the
long (short)-range ordered phase, the values of Ug(L) should
decrease (increase) with increasing system size L and tend
to 1 (2) in the thermodynamic limit. Figure 2(c) shows the
results of Up versus § and the nearly crossing point from
different sizes L indicates the phase transition occurring at
8/ = 1.22 £ 0.02, in agreement with the results of |m| and
S(Q). The nonmonotonic behavior of Ug(L) close to the phase
transition point manifests the nature of first-order transition.
Additionally, we calculate the correlation length ratio [35,97]

defined as C(Q, L) = 3 (gg% % where 0 + Sq is the momentum
q

closest to O on the lattice. As depicted in Fig. 2(d), the results
of C(Q,L) for different system sizes reveal the transition
from disordered to TAF phase occurs at §,; & 1.2. Similarly,
Ug(L) and C(Q, L) yield another phase boundary between the
TAF and disordered phases §., & 17.8. Taken together, our
systematic numerical simulations utilizing various approaches
unambiguously establish the ground-state phase diagram of
Rydberg atoms on a triangular lattice as presented in Figs. 1
and 2. Notice that the ground-state phase diagram does not
qualitatively change with respect to slightly varying the value
of R,, as suggested by the numerical results of R, = 1.0a
included in Appendix C.

IV. OBD AT 1/2 FILLING

The +/3 x +/3 TAF phases at 1/3 or 2/3 filling established
in our state-of-the-art numerical simulation are consistent
with recent experimental observations [3]. An intriguing ques-
tion is whether the +/3 x /3 TAF order could emerge at 1/2
filling, arising from the celebrated OBD mechanism as devel-
oped in the triangular quantum transverse-field Ising model
[78-82]. In Figs. 2(a) and 2(b), the finite order parameter and
structure factors at the thermodynamic limit demonstrate the
presence of v/3 x +/3 TAF long-range order at 1/2 filling.
Furthermore, the results of the Binder ratio in Fig. 2(c) rig-
orously confirm the conclusion. The explicit results of order
parameters, structure factors, and Binder or correlation length
ratios at 1/2 filling for different system sizes are included in
Appendix B.

V. KT PHASE WITH U(1) SYMMETRY

From the perspective of symmetry, the TAF phase at 1/3
or 2/3 filling breaks the Z3 lattice translational (or rotational)
symmetry. At 1/2 filling, the system accommodates an extra
Z, particle-hole symmetry, namely, the ground state of the
TAF phase is six-fold degenerate. Hence, the resulting Landau
free-energy characterizing TAF ordering is written as

F o galm|* + galm|*

gslm|Pcos36, for 1/3 and 2/3 filling,

g6lm|®cos60,  for 1/2 filling,

where |m| and 6 represent the modulus and phase of the order
parameter in Eq. (2), g2.3.4.¢ are the coefficients of each term,
and |m|3 cos 36 and |m|® cos 66 are known as the three- and
six-fold anisotropic terms breaking the U(1) symmetry of
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FIG. 3. Transition of TAF phase at finite temperature. (a), (c)
represent the results for Binder ratio as a function of 8 at 1/3 and 2/3
filling, respectively. (b), (d) represent the results for C; as a function
of B at 1/3 and 2/3 filling, respectively. The system sizes in the
simulation are L = 6,9, 12, 15, 18. The insets provide a zoomed-in
view in the regime close to the transition point.

m down to Z3 and Zg [107,108], respectively. For the TAF
ordered to disorder transition in a two-dimensional system
at finite temperature, the Z; anisotropic term is relevant, re-
sulting in the phase transition belonging to the three-state
Potts universality class [106]. However, Zs anisotropy is
presumably irrelevant in the presence of strong thermal fluc-
tuation, yielding an intermediate phase with the emergent
U(1) isotropy of the TAF order parameter, namely, a KT
phase [82]. The phase transition between the quasi-long-range
KT phase and the disordered phase at higher temperature
belongs to the celebrated KT universality class [109,110].
Thus, to further elaborate on the nature of TAF ordered
phases at 1/3 or 2/3 and 1/2 filling, we embark on inves-
tigating the SSB and associated phase transitions at finite
temperature.
To explicitly characterize the anisotropy in the /3 x /3
TAF phases, we calculate the following quantity:
q
quw, g=23,6, (5)
(Im|?)
which is finite in the phase featuring three- or six-fold
anisotropy [106,107]. If the Z, anisotropic term is irrelevant,
namely, the ground-state manifold is a U(1) group, such a
quantity is expected to vanish at the thermodynamic limit.
In addition, we also calculate the Binder ratio to identify
transition points at finite temperature, which are presented
together with C; in Fig. 3. The crossing feature of the Binder
ratio with varying system sizes in Figs. 3(a) and 3(c) clearly
demonstrate a finite-temperature transition from TAF phase
to disordered phase, where the critical temperature at 1/3 and
2/3 filling are .2 = 1.28 £0.02 and 1.22 £+ 0.02, respec-
tively. In the TAF phase at 8 > S, shown in Figs. 3(b) and
3(d), |G5| increases with system size, revealing the nature of
the anisotropy breaking U(1) symmetry at 1/3 and 2/3 filling.
The transition points identified from the crossing point of

053314-3



GUO, HUANG, HU, AND LI

PHYSICAL REVIEW A 108, 053314 (2023)

@, (6=9.50Ro=1.2) ®, (6=9.50,Ro=1.23)
L=6 .
-~ L=9
25 e EE 01
o 2.7 e
=] Sae O olunsassangdep ..
e it i R P
1.5 XX ° % 50868 ge8: 00
aga o
1 THao. 0560058005850 -0.1
05
i 7 8 0 1 2 3 4 5 6 7 8

2 3 4 5 6
B (unitsof 1/Q)

B (units of 1/Q)

FIG. 4. Irrelevance of sixfold anisotropy. (a), (b) represent
Binder ratio and Cg for parameters § = 9.5Q corresponding to the
1/2 filling of Rydberg occupancy. The system sizes in the simulation
are L =6,9, 12, 15, 18.

C; for different systems sizes are nearly consistent with the
value determined by the Binder ratio. Moreover, we perform
a systematic finite-size scaling analysis in Appendix B yield-
ing the accurate critical exponents of the transition, which
convincingly verifies the transition in Fig. 3 belongs to the
Potts universality class. In contrast, at 1/2 filling, six-fold
anisotropy Cg vanishes with increasing system size in a large
temperature regime indicated in Fig. 4(b), which implies the
emergence of U(1) symmetry. In the results of the Binder
ratio in Fig. 4(a), the crossing point is not explicitly detected,
consistent with the absence of a long-range-order breaking
continuous phase transition at finite temperature in two di-
mensions. The irrelevance of Zg anisotropy persists down
to the lowest temperature accessible in our simulation g =
150/€2.

To further confirm the emergence of U(1) symmetry in the
TAF phase arising from the OBD mechanism at 1/2 filling,
we plot the distribution histograms of TAF order parameters
in Figs. 5(a) and 5(b). Figure 5(a) is the histogram of m
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FIG. 5. Histogram of the order parameter and data collapse of
the susceptibility. (a,b) represent the distribution histograms of TAF
order parameters at 1/3 and 1/2 filling of Rydberg occupancy, re-
spectively. (c) The scaled TAF structure factor as a function of S,
where the crossing point for different L indicates the KT transition
point. (d) shows the finite-size scaling analysis of TAF susceptibility,
where the inset in (d) shows the fitting results when & /L € [0, 50].

at 1/3 filling exhibiting pronounced three-fold anisotropy.
It should be noted that the three-fold anisotropy shown in
Fig. 5(a) is significantly better than the results in Ref. [3],
which is possibly due to the fact that the actual temperature
in the experiment is not so exactly the same as that in the
numerical simulation. Moreover, the nonequilibrium effect is
also a possible factor for this difference. In contrast, as de-
picted in Fig. 5(b), the distribution histogram of the TAF order
parameter at 1/2 filling is isotropic in the complex plane,
providing the unequivocal evidence of the emergent U(1)
symmetry. Remarkably, even at 8 = 150/2 corresponding to
temperature 7 = 70nK in the Rydberg atom array experi-
ment [3], our calculation in Appendix B reveals that the U(1)
symmetry remains present in the histogram of m at 1/2 fill-
ing, manifesting the irrelevance of Zg anisotropy at such low
temperature.

Furthermore, we decipher the nature of U(1) symmet-
ric TAF phase by investigating the finite-temperature phase
transition to the high-temperature disordered phase, belong-
ing to the celebrated KT-transition universality class owing
to the emergent continuous U(1) symmetry. Close to the
KT-transition point, the susceptibilities of the U(1) order pa-
rameters at various system sizes obey the scaling function
[99,106,107]

xL =L*"xo(§/L), (6)

where xo is an unknown scaling function, & oc e?/vF/B=1
represents the correlation length of the order parameters, dis-
playing divergence at the KT-transition inverse temperature
B¢, and a is a nonuniversal constant. The anomalous dimen-
sion of order parameter n = 0.25 exactly holds in the KT
transition [82,106,109,110]. We present the results of rescaled
susceptibility (|m|?)L%?° as a function of inverse temperature
B in Fig. 5(c), which can be deduced from the order parameter
in our simulation through the relation x = L?(|m/|?)B, clearly
indicating the KT transition occurs at 8, = 6.25/22 by virtue
of the crossing point of rescaled susceptibilities for different
system sizes.

Next, we adopt the data collapse analysis of the TAF
susceptibility using the scaling function Eq. (6). As-
suming KT transition universality class, the data points
(L™'e¥/~Pe/B=1 y; L=175) should collapse into a single curve
with appropriate choice of parameters [106,107]. Employ-
ing the approach of the data collapse analysis [111,112], we
determine the phase transition temperature 8.2 = 6.2513 &+
0.9082 and a = 6.5842 £ 0.9975, and all data points of each
group collapse into a single smooth curve as shown in
Fig. 5(d). The estimated value of . from data collapse is
consistent with the result obtained in Fig. 5(c) within error bar.
More crucially, the results of the data collapse provide con-
vincing evidence that the phase transition between the critical
KT phase and disordered phases belongs to the KT transition,
further verifying the irrelevance of six-fold anisotropy at 1/2
filling with increasing thermal fluctuation.

VI. CONCLUSION AND DISCUSSIONS

Employing numerically the exact QMC simulation, we
systematically investigate a realistic interacting model de-
scribing the triangular Rydberg atom array. Upon fixing the
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Rydberg radius R;, the ground-state phase diagram with vary-
ing Rydberg filling is achieved. At 1/3 and 2/3 filling, the
/3 x /3 TAF long-range order is unambiguously unveiled,
consistent with the observation in recent Rydberg atom array
experiments on a triangular lattice [3]. More appealingly, our
calculation reveals the +/3 x /3 ordering is present at 1/2
filling, arising from the OBD mechanism. Owing to the inter-
play between quantum and thermal fluctuations, an enlarged
U(1) isotropy of the TAF order parameter emerges in a large
temperature regime, resulting in a KT transition between the
TAF and disordered phases. Since the classical patterns of
TAF order at 1/3 and 2/3 filling have been successfully im-
aged in a recent experiment [3], our state-of-the-art numerical
simulation paves the route for subsequent observations of
quantum fluctuation triggered OBD /3 x +/3 TAF phase and
the intriguing physics including the emergent KT phase and
phase transition in the Rydberg atom platform.

We remark that the nonequilibrium effect is a factor that we
ignore in the present calculations. To maintain the adiabaticity
and reduce the decoherence effect of spontaneous radiation
from the intermediate state, a suitable sweep and measurement
time are required. In general, the system is considered to be in
equilibrium during this time and can be numerically simulated
using Eq. (1). The nonequilibrium effect in the Rydberg-atom
array is an issue left for our future studies. In addition, it
is fascinating to investigate Eq. (1) with further increasing
Rydberg blocking radius R,. As discussed in previous studies,
various magnetic ordered phases [34,35], more intriguingly,
the quantum spin liquid phase featuring topological order
could possibly emerge by using a varying Rydberg blocking
radius [5,35]. Moreover, it is straightforward to generalize
our study to Rydberg systems in other lattices or modified
interactions. Hence, we believe that our study opens an av-
enue to investigating exotic physics emerging in the Rydberg
atom array on a frustrated lattice by using unbiased numerical
simulation.
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APPENDIX A: INTRODUCTION TO SSE QMC

A general introduction to the numerical simulation method
(SSE QMC) used in this work is given in this section.
In Appendix A1, we show the basic idea of the SSE
method at finite temperature applied to the Rydberg sys-
tem. Then the updated strategy used in the sampling of the
simulation cell is shown in Appendix A 2, which includes
two schemes: the multibranch and line cluster update. Fi-
nally, we give the calculation method at zero temperature in
Appendix A 3.

1. Algorithm of at finite temperature

The SSE QMC is based on Taylor expansion of the phys-
ical statistical quantity in the partition function. We consider
the Hamiltonian describing the Rydberg atom array, and write
the associated partition function in the basis of Rydberg state
occupancy as

+00 ,p
Z="Trfe ) = (ol ) %(—HW@

Yo n=0

(AL)

—ZZ i’]_[wp (=) [Y).

{yp} n=0

In the second equal sign in Eq. (Al), we insert a set of
Rydberg basis in every term of the expansion, where p =
1,...,n labeling the index related to the imaginary time in
path-integral representation. To formulate the SSE QMC more
explicitly, we decompose the Hamiltonian as

H=- Zﬁl,u’
ta

where the index ¢ represents the diagonal or off-diagonal
term in the Rydberg basis, and a represents the index of the
lattice site and bond. Substituting Eq. (A2) into Eq. (A1), we
arrive at

(A2)

(A3)

Z= ZZZ .Hw,, Ay, 1),

{¥p} n=0 S,

where S, = (t1, ay), (t, a2), . .., (1, a,) denotes a sequence
of decomposed terms in the Hamiltonian at index n. Practi-
cally, we truncate the value of n to a sufficiently large number
M. The value of M is determined by the standard procedure
as introduced in Refs. [89,98]. Upon the given M, we insert
M — n unit operators so that the number of imaginary-time
points in each term is fixed to M. Consequently, the partition
function Eq. (A3) is expressed as a summation of nonzero
weights as

z= Zzﬁ M i )

¥} S p=1

=) W{P,) Sw).

{v/h} SM

(A4)

In QMC simulation, we perform the summation in Eq. (A4)
stochastically, more explicitly, we sample the configuration
space ({y,}, Si) randomly with the probability W({v,}, Si)
defined in Eq. (A4). Then some physical observables can be
evaluated straightforwardly. For example, the energy could be
calculated as following:

7) = —Tr{He pHy — Z'B——T (—H") = %)

(AS)
So the energy in the thermal equilibrium corresponds to the
average value of n divided by inverse temperature 8. In the
SSE QMC simulation, the diagonal update is adopted to insert
or delete the site or bond diagonal operator, which keeps the
configuration of states {1,} at each imaginary time invariant.

E=(H
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The off-diagonal update inserts or deletes the off-diagonal site
operator, hence updating the configuration {v,}. The cluster
algorithm is utilized to achieve it efficiently.

To guarantee the absence of the sign problem in the proce-
dure of SSE QMC simulation, the matrix elements in Eq. (A4)
should be nonnegative. Under a unitary transformation U =
®f.\[=1 7y, the Hamiltonian is transformed as

A =" Ujin; — %Z(éj +b)—8) A (A6)

i<j

Then we decompose the above Hamiltonian into the fol-
lowing components:

Hoo =1, How= 20, A1y = 26
=1, a = ~ 1, —l,a = 70;,
0,0 0, > 1, 5 i (A7)
Hip = —Ujiunj + 8p(; + ij) + G,
where §, = 1% and the constant C;; = |min(0, 6,, 25, —

U;;)| is added to eliminate the sign problem. The first indexes
0, 1, and —1 represent the unit, diagonal, and off-diagonal
operators, respectively, while the second indexes a and b cor-
respond to operators on the lattice site and bond. Here, we list
the nonzero matrix elements of each component in Eq. (A7)
as follows:

- A Q
(11H-1.410) = (OIH_1.4[1) = =,

N N Q
(11H)4|1) = (0]H1,0]0) = 3

G\;) = (00H, ;]00) = C;j. (A8)

G\ = (01|H,,4/01) = 8, + C;j.
G = (101H,,]10) = 8, + Cy;.
G\ = (11|H, ,|11) = —Uj; + 26, + Cij,

where G;; represents the matrix element on the bond ij. The
key procedure in the QMC simulation updates the configura-
tions efficiently. Hence, we introduce the update strategy in
the SSE QMC simulation on the Rydberg atom array system
in the next section.

2. Update strategy

The update of configurations in the imaginary-time di-
rection is divided into two steps: diagonal and off-diagonal
update, discussed in Appendixes A 2 a and A 2 b, respectively.

a. Diagonal update

The first class of update scheme in SSE QMC simulation
is the diagonal update. In the diagonal update, the diagonal
terms in the Hamiltonian are inserted or replaced by the unit
operator. The configurations of states at each imaginary time,
namely, {v,}, thus keep invariant in the procedure of the
diagonal update. The procedure of the diagonal update in our
simulation is similar to the algorithm utilized in the long-range
Ising model.

FIG. 6. (a), (b) show the simulation cells before and after the off-
diagonal update. The hollow and solid circles represent the ground-
state and Rydberg atoms on the lattice point, respectively, and the
blue and green paths represent the cluster used for multibranch and
line update, respectively.

b. Off-diagonal update

For the off-diagonal operator update, the multibranch
cluster algorithm is proposed to efficiently update the con-
figurations in the long-range Ising model. For the Rydberg
system, Melko et al. [98] proposed a line update algorithm.
The line update is a cluster update algorithm local in space and
nonlocal in imaginary time. Unlike the multibranch update
in which all the four legs in the bond operator are added in
the cluster, in the line cluster, only the neighbored leg in the
imaginary-time direction is added to the cluster when the bond
operator is encountered. The advantage of the line update in
Rydberg systems over the multibranch update is that the first
can sample more configurations than the second, which can
better meet the ergodic requirements. However, the multi-
branch update process enables updating the configurations
in a cluster containing different sites. Thus, we perform the
off-diagonal update combining two schemes of the line update
and multibranch update.

Here, to further understand this update strategy, we take the
concrete example shown in Fig. 6, where the x and y directions
represent the imaginary-time direction and the arrangement
of lattice points in real space, respectively. The clusters cor-
responding to the blue and green paths in Fig. 6(b) are the
updated configurations of the clusters with the corresponding
colors in Fig. 6(a), where the blue and green correspond to
the multibranch and line update strategies, respectively. As we
can see, in the multibranch update, all four legs of the bond
operator encountered by the blue path are added to the cluster,
while only the two adjacent legs of the green path in the line
update are taken into account.

3. Method of accessing zero-temperature information

In the two subsections above, we introduced the numerical
methods used for the simulation at finite temperature. To
access the ground-state properties of the Rydberg-atom sys-
tems, we perform the finite-temperature simulation and scale
the inverse temperature linearly with system size as § = 2L.
Then the results at zero temperature are extrapolated from the
data for different system sizes L and inverse temperatures 8
through the second polynomial function

- 12+b1+
y=ar L)

where y is the extrapolated result for zero temperature and
a, b, ¢ are nonuniversal parameters in the fitting. Employing

(A9)
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(a) (6=4.0Q,Rp=1.23) (b) (6=14.0Q,Rp=1.23)
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1} e~ L=9 029 g .
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FIG. 7. (a), (b) represent the results of C¢ for parameters § =
4.0€2 and 14.0€2 corresponding to the Rydberg 1/3 and 2/3 filling,
respectively. Here, five different system sizes are used for finite-size
scaling analysis, marked by different colors in the legend. The insets
in (a) and (b) also show the trend near the phase transition and give
the specific position of the transition points.

this procedure, we achieve the results of different physical
quantities at the thermodynamic limit and zero-temperature
limit, namely, L — oo and T — 0.

APPENDIX B: ADDITIONAL NUMERICAL
RESULTS FOR R, = 1.2a

In this section, we provide more numerical results with
Ry, = 1.2a, further confirming the conclusions in the main
text. In Appendix B 1, we present the results of finite-size
scaling analysis for the TAF disordered phase transition at 1/3
and 2/3 filling. In Appendix B 2, we present the distribution
histograms of order parameters at varying temperatures. Re-
markably, the KT phase emerging at 1/2 filling exists in a
large temperature regime, persisting down to the temperature
close to zero temperature. In Appendix B 3, we present the
results for the filling of Rydberg occupancy slightly away
from 1/2, demonstrating that the KT phase only exists at 1/2

filling. Finally, in Appendix B4, we determine the critical
temperature of the KT transition by data collapse with the
data adding L = 6a, which renders the results qualitatively
consistent with the ones in the main text. Moreover, we per-
form double logarithmic fitting of TAF susceptibility, giving
rise to the KT-transition temperature consistent with the result
obtained by data collapse.

1. Finite-temperature Potts transition at 1/3 and 2/3 filling

In this subsection, by further calculating Cg, which repre-
sents the six-fold anisotropy, we give the transition points in
Fig. 3 in the main text again. Then a finite-size scaling analysis
is carried out to demonstrate that the phase transition in Fig. 3
belongs to the Potts universality class.

First, for Fig. 3 in the main text, Cs is calculated to charac-
terize the three-fold anisotropy at 1/3 and 2/3 filling and give
the transition points, which is consistent with the results from
the Binder ratio. In fact, similar results can also be obtained by
Cs. Figure 7 shows the results of Cg with parameters § = 4.0€2
and 14.0€2, from which we can see that the critical tempera-
tures between the 1/3- and 2/3-filling phase and disordered
phase are 8,2 = 1.22 +0.02 and 1.16 % 0.02, respectively.
By comparing Figs. 3 and 7, it can be seen that C; is in-
deed more accurate than Cg in characterizing the three-fold
anisotropy of TAF order at 1/3 and 2/3 filling.

Then, at 1/3 and 2/3 filling, here we also perform a
finite-size scaling analysis for the susceptibility x; at finite
temperature, where y;, of different sizes follows

xL =L xo(L/§), (BI)

Eq. (B1) has a similar form to Eq. (6) in the main text, and
the correlation length & o< 1/(8 — B.)", where the theoretical

ai bi i
( 00) (5=408, B.=1.26/Q) (3 ) (S =0.0120) (c3|) (S=0.0092)
=01 T + o 2 P o2
A e | & n &
02 ~ < 2 /
—_ ‘\\\ 1 & . L= 6 ’\,jf,”
¥ 03 k. o A - -1
- + © | = H e X eH
-04 0 0 -
1.8 20 ZZI 2|._4' 26 28 -5 23 10 1 3 7 5 3 101 3
n L'"™VB = WNR_
(aii) (b ii) (B-F) (cii) (BB
00 (6=14.0Q, =1.20/Q) (5=0.1075) 3 (5=0.1340)
A—o.1+ ~~~~~~~ e
@ T | v 2 R
A . - # — e
= -0.2 \\\\+\ >ZI o $° >2'1 cAD
v o~ T 1 L=6 & o1
€03 4 e / T
L - o I O - i
0478 20 22 24 26 28 T e wr T T I B VI B S
InL L'™(B-BR) L'™(B~B)

FIG. 8. The first and second rows correspond to the fitting results of 1/3 and 2/3 filling, respectively. The first column shows the double
logarithm fitting in Eq. (B4) at the transition temperature .. The second and third columns give the results of data collapse analysis for system
sizes L/a = 6,9, 12, 15, 18 and 9,12,15,18, respectively, where different colors in the legend represent different sizes.
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(ag (56=14.0Q, p=0.25/)

(b? (5=14.0Q, p=1.18/Q)
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FIG. 9. (a)—(c) show the distribution histograms of order parameters with 14.02 at three representative temperatures, which reflects the

phase transition from disordered phase to TAF phase at 2/3 filling.

value of the Potts universality class is

c=2%

3
15’ 6

(B2)

YV =

At the transition temperature f., the susceptibility can be
reduced to

XL X LS. (B3)

Taking the logarithm of both sides of Eq. (B3), we can obtain

ln((|m|2),3) =Ina — (2 —c)lnL, (B4)

where « is a constant coefficient. Equatin (B4) is used to fit
anomalous dimension c at different temperatures. As shown
in Fig. 8(a), it can be seen that for 1/3 and 2/3 filling,
the anomalous dimension at §.€2 = 1.26 and 1.20 and ¢ =

1.7337 £ 0.00029 and 1.7573 £ 0.0248, respectively, which
are in good agreement with the theoretical values in Eq. (B2).
Further, according to Eq. (B1), we perform a data collapse
analysis, that is, [L'(8 — B.), x.L~] should collapse into
a common curve, which is similar to the result Fig. 5(d)
in the main text. From the fitting results of Figs. 8(b i) to
8(b ii) corresponding to 1/3 and 2/3 filling, respectively,
where the system size is selected as L/a = 6,9, 12, 15, 18,
we obtain that the fitting parameters are (c, v, B.) =
(1.7305 £ 0.1622, 0.8706 £ 0.0124, 1.2597 £ 0.0502) and
(1.7267 £ 0.1508, 0.8672 £ 0.0244, 1.1993 £ 0.0157).
Compared with Fig. 8(b), we also give the fitting of
system size L/a=9,12,15,18 in Fig. 8(c), and the
obtained results are (c, v, B.) = (1.7263 + 0.1462, 0.8632 +
0.0102, 1.2596 £ 0.0184) and (1.7125+0.1092,0.8536 £

(@) (3-950, 27510 (@ “)1 (5=9.50Q, B=3.0/Q)
1

(a ii:) (5=9.5Q, B=3.25/Q)

— 0.5 — 05
3 E
g 0 § 0
-05 -0.5
o5 0 o5 1 "4 05 0 05 1 41 -05 0 05 1
Re[m] Re[m] Re[m]
(a i‘? (5=9.5Q, p=4.0/Q) (@ ")1 (5=95Q, p=30/0) (@ "iz (5=9.5Q, B=150/Q)
— 0.5
E,
€ 0
-05
o5 0 05 7 -1 -05 0 05 1 1 -05 0 05 1
Re[m] Re[m] Re[m]

FIG. 10. The six figures are the distribution histograms of TAF order parameters with § = 9.5Q at different temperatures, where the
corresponding temperatures in Rydberg-atom array experiment of (a v) and (a vi) are 350 nK and 70 nK, respectively. With the decrease of
temperature, the feature of emergent U(1) isotropy in distribution histogram is more pronounced.
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FIG. 11. Each dot represents an atom. Using the black atom
labeled O as a reference, this figure shows the distribution of atoms
around it from the first nearest neighbor to the seventh nearest neigh-
bor, where the corresponding color of the number i represents the ith
nearest-neighbor atom and gray represents the more distant atoms
beyond the seventh nearest-neighbor position.

(a) 1 (b)
0.9 o 0.8 o
= ©
Eos e 7 %7
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0 1/12 0.5 1/12
0 1/151/9 1/6 1/3 0 1/151/9 1/6 1/3
(<) 1/L (d) 1/L
1.2 500
160l [ L=6
400; * 120] b
o1 T30 B L=t/
S o @ %0
1 O 200 58 (unisof Q)
b\ ,«"/
09 1/12 100 N2
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FIG. 12. (a)-(d) show the order parameter m, static structure
factor S(Q), Binder ratio Ug(L), and correlation length ratio C 0, L)
corresponding to § = 9.50%2 at 1/2 filling, respectively, in which the
red dotted line in each figure represents the quadratic fitting curve in
Eq. (A9) obtained with different data points. The inset in (d) gives
the overall trend of C(Q, L) when §/< € [0, 20], where C(0, L) at
1/2 filling is also a local minimum, and five sizes are selected for
finite-size scaling analysis and marked with different colors in the
legend.

0.0107, 1.1975 £ 0.0124), respectively. These numerical
results in Fig. 8 are consistent with the theoretical values of
the Potts transitions in Eq. (B2).

Here we use the fitting method given in Ref. [111], which is
a refinement on the method previously proposed in Ref. [112].
In this method, a function S is defined to evaluate the qual-
ity of the fitting, where the minimum value is close to 1.0
if the collapse effect is good, otherwise it is a large value.
In the fitting of the four data collapses in Fig. 8, the func-
tions obtained are S = 0.0120, 0.1075, 0.0092, and 0.1340,
corresponding to Figs. 8(b 1), 8(b ii), 8(c i), and 8(c ii), re-
spectively, and these data points of different sizes do collapse
onto a common smooth curve. Therefore, from the results of
Fig. 8, we can conclude that the TAF disorder transitions for
1/3 and 2/3 filling at finite temperature belong to the Potts
universality class.

In addition, the distribution histogram of order parameters
at 1/3 filling is given in Fig. 5(a) in the main text. Here we
also show the histograms with § = 14.02 corresponding to
2/3 filling in Fig. 9, and it can be seen that the distribution of
order parameters still has a three-fold symmetry. The differ-
ence between these two filling phases is that the peaks of the
phases in Fig. 9(c) are concentrated in 7 /3, 7, 57 /3, rather
than 0, 27 /3, 47t /3 shown in Fig. 5(a) in the main text, which
was measured in the experiment [3].

2. KT phase at low temperature

The results of Fig. 4 in the main text illustrate that at 1/2
filling, with decreasing temperature, the system undergoes a
KT transition from the disordered phase to a KT phase with
the emergent U(1) isotropy of the TAF order parameter. In the
main text, we present the distribution histogram of the TAF
order parameter at 1/2 filling for inverse temperature g =
5.0/€2, corresponding to the temperature in the Rydberg atom
array experiment 7 = 2.1 uK [3]. In this section, we plot the
distribution histograms of the TAF order parameters with the
size L = 15a at different temperatures, as shown in Fig. 10.
With the decrease of temperature, the distribution of order pa-
rameters gradually evolves to an isotropic circle. In particular,
in Fig. 10(a vi) with the inverse temperature 8§ = 150/ cor-
responding to 70 nK[3] in the experiment, which is extremely
close to zero temperature, the result clearly shows that the
distribution peaks in a circle with U(1) isotropy. Therefore,
U(1) isotropy of the TAF order parameter is emergent in
a large-temperature regime, corroborating the feasibility of
observing the emergent KT phase in realistic Rydberg atom
array experiments. More appealingly, our numerical results

(@), (5=9.3Q Ry=1.20) (b) (6=9.30 Ro=122) (© (5=9.3Q Rp=1.22)
= = L=6
-8~ IC:S 1 o t:g 1 -e-L=9
25 --0-- Lf12 o L=12 --6-- I[jg oo 0 ©----8|
77777 E}g 0.8 tjg 0.8 B 5o ameerere o
& o
0 06 s-o--0--9 00 06 2o
O o )
04 i P 0.4 g
- | s 3
1 T et ) 02 e 02 P
05 Py Ol
012345678910 0123456 7 8910 0123456782910
B (unitsof 1/Q) B (unitsof 1/Q) B (units of 1/Q)

FIG. 13. The results of finite-temperature phase transition for § = 9.3Q. (a) Binder ratio Up. (b) Six-fold anisotropy Cs. (c) Three-fold
anisotropy C;. The system sizes in the simulation are L/a = 6, 9, 12, 15, 18.
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FIG. 14. (a)—(c) show the distribution histograms of order parameters with § = 9.30<2 at three representative temperatures, respectively,

which reflects the phase transition from disordered phase to TAF phase.

imply the KT phase with emergent U(1) isotropy persists even
to the zero temperature, which is fundamentally different from
the transverse-field Ising model with the nearest-neighbor
interaction, where the KT phase only emerges in an interme-
diate temperature regime. The thorough investigation of the
possible emergent KT phase at zero temperature is left for
future study.

3. Results for the slight deviation from 1/2 filling

In this subsection, we explicitly show that the parame-
ter 6 = 9.5Q2 indeed corresponds to 1/2 filling, consistent
with the numerical results presented in the main text. Then
we present the numerical results for the Rydberg occupancy
slightly away from 1/2 filling, specifically, § = 9.3€2, which
demonstrates the KT phase with emergent U(1) symmetry
only exists at 1/2 filling.

To reveal the mapping from Rydberg atom model to the
long-range Ising model, we rewrite Eq. (1) in the main text in
terms of spin operators. More precisely, by substituting #1; =
S‘f + %IA into Eq. (1) in the main text we arrive at the following
Hamiltonian:

ﬁ=Z(J,-J-S§S§+Zh,-§§+%ZSHZ%JFNTS,

i<j i<j
(BS)
5
@) o
4 °
§2° 25—
3§ 2
(&) 7;“? 5
, g 15
— o .
< s S
A ; ~e-- L=9
118 05)s --e-- L=12
o ol L=15
o 0102030 --=-- L=18
0 500 5000

2500
L-'exp(a/\/B./B - 1)

FIG. 15. The data collapse of TAF susceptibility from five sets of
data L/a = 6,9, 12, 15, 18, where the inset shows the fitting results

in the range L™'e TR € [0, 38].

where h; = 3 eiohbor % — & and N is the total number of

lattice points. Here #; is isotropic and when

azz%,

Jjeneighbor

(B6)

Eq. (B5) remains invariant under the transformation S’f —
—S‘f, which is the particle-hole symmetry mentioned in the
main text, that is, the system is Rydberg 1/2 filling in this
case. As shown in Fig. 11, we consider the interaction be-
tween atoms to the seventh nearest neighbor and according to
Eq. (B6), we can have

= L [(22) o (12 o (12) 6
+ (%)6X 12+<1T'2)6x6+<%)6><6
() -]

~ 9.5006, (B7)

which is consistent with the numerical result of Fig. 1 in the
main text.

Next, we provide more evidence for the ﬁ X \/§ TAF
phase mentioned in the main text that arises from an OBD
mechanism at 1/2 filling, as shown in Fig. 12. In Figs. 12(a)
and 12(b), order parameter m and static structure factor S (Q)
gradually decrease from a large value to a nonzero finite
value with increasing size, which is consistent with the local
minimum point at § = 9.50%2 in Figs. 2(a) and 2(b) in the main
text. Similarly, from the inset in Fig. 12(d), we can see that
the correlation length ratio C (0, L) is also a local minimum
at 1/2 filling, and it’s clear that C(Q, L) increases as the size
increases. In addition, for the Binder ratio given in Fig. 12(c),
the results of different system sizes are close to 1, which also
reflects the long-range order of the system. Therefore, com-
bined with the results of Figs. 12(a) to 12(d), there is indeed
a weak /3 x /3 TAF order at 1/2 filling. When ¢ has a
proper deviation near 9.50€2, the particle-hole symmetry will
be broken so that the system will no longer have a KT phase
transition. In the remainder of this subsection, we perform a
finite-size scaling analysis to give a numerical verification for
this point.
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FIG. 16. The double logarithmic fitting of TAF susceptibility versus /nL at different temperatures, ranging from 82 = 0.5 to 40.0.

We choose § = 9.3%2, corresponding to the filling slightly
deviating from 1/2 filling, and investigate the nature of the
TAF order parameter anisotropy. We calculate the Binder
ratio Up, Cg, and C; with varying temperature as shown in
Fig. 13. From the results of the Binder ratio in Fig. 13(a), as
the inverse temperature is larger than 8, = 3.0/€2, the Binder
ratio is close to 1, suggesting the TAF order is long range. The
results of C; as shown in Fig. 13(c) demonstrate the TAF order
is three-fold anisotropic as 8 > 2.5/K2. Hence, as the filling
number slightly deviates from 1/2 filling, the U(1) isotropy
of TAF order is not emergent at low temperature. We present
the distribution histogram of the TAF order parameter upon
fixing § = 9.3Q2 with varying temperature in Figs. 14(a) to
14(c). With increasing temperature, the histogram of the TAF
order evolves from the pattern with three-fold rotational sym-
metry to the single peak at zero associated with the disordered
phase. Close to the transition temperature § = 2.5/, the

distribution histogram exhibits approximately U(1) symme-
try with tiny three-fold anisotropy. Because of the numerical
uncertainty and finite-size effect, we cannot exclude the
existence of an intermediate KT phase in a tiny tempera-
ture regime between low-temperature +/3 x +/3 TAF ordered
phase and high-temperature disordered phase.

4. Additional results of KT transition

Figure 5(d) in the main text provides the results of data
collapse analysis, giving rise to the critical temperature of
the KT transition. In this subsection, we employ the same
procedure of data collapse analysis using the data for L/a =
6,9,12,15, 18 as shown in Fig. 15. The result of the KT
transition is 8.2 = 6.2507 £ 0.4052, consistent with the re-
sults obtained in the main text. In our analysis, the function
S =1.7334 in Fig. 5(d) of the main text and S = 2.6589
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(a)1 Rydberg excitation (Ry/a=1.0)

(b)1 Order Parameter(Ry/a=1.0)

(c)1 Structure Factor(R,/a=1.0)
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FIG. 17. (a) describes the Rydberg filling number as a function of 4. (b), (c) show the TAF order parameters and static structure factors,

respectively. The Rydberg blockade radium is fixed at R, = 1.0a.

in Fig. 15, indicating the excellent quality of data collapse.
Hence, our simulation unambiguously reveals the TAF sus-
ceptibility obeys the scaling behavior of KT transition and
the finite-temperature TAF transition occurring at 1/2 filling
belongs to the KT universality class.

Next, according to Eq. (B4), we perform a double log-
arithmic fitting for the TAF susceptibility and present the
fitting results at 29 temperatures with § = 9.50€2, as shown in
Fig. 16. At the KT-transition point, the accurate value of n =
0.25 is available. With increasing temperature, the fitted value
of n gradually increases as clearly indicated in Fig. 16. In
Fig. 16(xx), the critical exponent = 0.25 when 8 = 6.25/€2,
suggesting that the KT transition occurs at 8 = 6.25/Q2 con-
sistent with results obtained by data collapse. However, as the
temperature further decreases, n = 0.1341 when g = 30/%2
as shown in Fig. 16(xxviii), which is greater than the lower
critical exponent (n = 1/9) of the KT phase. To minimize the
influence of finite size, we further increase the system size
to L = 30a and yield n = 0.1456, as shown in Fig. 16(xxix),
indicating the lower-temperature bound of the KT phase is
lower than T = €2/30. Therefore, compared with the previous
results [82,88,94,107], we reach the conclusion that the long-
range interaction substantially extends the temperature range
of the KT phase.

APPENDIX C: QMC RESULTS FOR R, = 1.0a

In this section, we present the numerical results for R, =
1.0a, demonstrating that the main conclusions unveiled in the
simulation of R, = 1.2a still hold. This section is organized
as follows. In Appendix C 1, by calculating the order param-
eter m, the static structure factor S(Q), Binder ratio U, and
correlation length ratio C (Q, L), we access the ground-state
phase diagram and confirm the existence of TAF order at 1/2
filling.

In Appendix C2 we plot the distribution histogram of the
order parameters and the KT phase emerges at 1/2 filling.

1. TAF phase and transition points

Figures 17(b) and 17(c) show the order parameter m
and static structure factor S(Q) with fixed R, = 1.0a. Sim-
ilarly, m and S(Q) display two convexities at 1/3 and 2/3
filling, demonstrating the existence of /3 x v/3 TAF long-
range ordering. To further determine two transition points in
Figs. 17(b) and 17(c), a finite-size scaling analysis is per-
formed as shown in Fig. 18. From Fig. 18(a), the crossing
points of the Binder ratio for different system sizes indicate
the phase transition points 6/ = 0.657 £ 0.02 and 5.712 +

(a)
3
25}
& 3 3 Q
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FIG. 18. (a) The overall trend of Binder ratio, where the insets are the zoomed-in view of the results in the vicinity of the transition
points. (b), (c) indicate two transition points between disordered and TAF ordered phases at 1/3 and 2/3 fillings, respectively. Here, b, /L and
b,/L denote two minimal lattice vectors in two directions on a two-dimensional lattice. Here, the linear system sizes in the simulation are

L/a=6,9,12,15.
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FIG. 19. The distribution histogram of TAF order parameter at
half filling. The Rydberg blockade radium R, = 1.0a and linear
system size L = 15a. The inverse temperature is (a) 8 = 10/2$2 and
(b) B = 300/2€2, corresponding to the temperature in Rydberg-atom
array experiment [3] 7 = 2100 nK and 70 nK, respectively.

0.02. In addition, the correlation length ratios close to the
two transition points are given in Figs. 18(b) and 18(c).
The phase transition points given by correlation length ratios

are approximately consistent with the ones from the Binder
ratios.

Moreover, Fig. 17(a) indicates the detuning frequency cor-
responding to 1/2 filling is approximate § = 3.20 x 2. The
order parameter and static structure factor in Figs. 17(b) and
17(c) reach a nonzero local minimum at this point. Therefore,
for R, = 1.0a, the ground state also possesses v/3 x +/3 TAF
long-range order at 1/2 filling, arising from the OBD mecha-
nism. Thus, the ground-state phase diagram for R, = 1.0a is
qualitatively the same as the one for R, = 1.2a as shown in
the main text.

2. KT phase at low temperature

To verify the existence of KT phase at 1/2 filling, the
distribution histogram of order parameters is directly given in
this subsection, as shown in Fig. 19. We can see that the order
parameters are distributed on an isotropic circle in a large
temperature regime, which is a manifestation of the emergent
U(1) symmetry. Therefore, the system with R, = 1.0a has KT
phase, especially the distribution of 70 nK near zero tempera-
ture in Fig. 19(b), which leads us to believe that the KT phase
can also exist at zero temperature.
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