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Decoherence reduction via continuous dynamical decoupling:
Analytical study of the role of the noise spectrum
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We analyze the robust character against the nonstatic noise of clock transitions implemented via a method of
continuous dynamical decoupling (CDD) in a hyperfine Zeeman multiplet in 8 Rb. The emergence of features
specific to the quadratic corrections to the linear Zeeman effect is evaluated. Our analytical approach, which
combines methods of stochastic analysis with time-dependent perturbation theory, allows tracing the deco-
herence process for generic noise sources. Working first with a basic CDD scheme, it is shown that the amplitude
and frequency of the (sinusoidal driving) field of control can be appropriately chosen to force the nonstatic
random input to have a (time-dependent) perturbative character. Moreover, in the dressed-state picture, the effect
of noise is described in terms of an operative random variable whose properties, dependent on the driving field,
can be analytically characterized. In this framework, the relevance of the spectral density of the fluctuations to
the performance of the CDD technique is precisely assessed. In particular, the range of noise correlation times
where the method of decoherence reduction is still efficient is identified. The results obtained in the basic CDD
framework are extrapolated to concatenated schemes. The generality of our approach allows its applicability

beyond the specific atomic system considered.
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I. INTRODUCTION

Decoherence in a quantum system, i.e., the loss of purity
generated by the coupling to noncontrollable environments,
is a fundamental difficulty in the realization of intrinsically
quantum effects. Curbing the effect of the interactions of the
system components with the environment, and consequently,
extending the coherence times is a basic requirement for
the advances in the implementation of quantum technologies
[1-5]. Indeed, a primary objective of the research in this field
is the development of technical schemes to steer the system
evolution while protecting the relative phases. Apart from
technical importance, preserving the coherence has central
relevance to fundamental areas of research. In this sense, it
is worth pointing out its crucial role in the realization of
fundamental effects with ultracold atoms [6].

Different methods for decoherence reduction were pro-
posed and applied in the last decades. Actually, a variety
of strategies have been designed to cope with the specific
characteristics of the different sources of noise. Significant
objectives have been achieved: in some cases, the coherence
times have been enlarged by orders of magnitude. Among
the methods applied, the techniques of dynamical decoupling
stand out as particularly effective. They basically consist of
strategies to effectively disconnect the system from the envi-
ronment that generates the fluctuations. Their original design
incorporated sequences of pulses of control devised to aver-
age out the effect of noise [7-10]. In subsequent variations
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of the original proposals [11,12], the pulses were replaced
by continuous-wave driving fields, aimed at facilitating the
integration of the information protocols and at simplifying
the experimental realization. For those methods to be oper-
ative it is necessary to minimize their (unavoidable) invasive
effect on the system whose control is intended. In this sense,
concatenation schemes set up to deal with the extra noise
introduced by the auxiliary fields were developed [13-15].
The applicability of those techniques to qubits realized with
trapped ions and atoms, nitrogen vacancies (NV) centers in
diamond, or quantum dots has been extensively reported (see,
for instance, [16—-19] and references therein).

Here, we will focus on a recent application of a con-
tinuous dynamical decoupling (CDD) scheme to atoms of
Rb¥ which resulted in a significant reduction of the effect
of magnetic noise on transitions associated to a hyperfine
Zeeman multiplet [20]. Indeed, a system of clock transitions
almost immune to the presence of noise was generated. The
attained stability against fluctuations has played a key role
in subsequent research on the implementation of different
fundamental effects with Bose-Einstein condensates of Rb®’
[21]. The technique applied to build up the CDD scheme
was based on using a radio-frequency driving field orthogonal
to the original Zeeman component. The objective was to force
the magnetic-field fluctuations to play a secondary role in the
dynamics. To cope with the additional noise introduced via
stochastic variations in the driving intensity, a concatenation
scheme was incorporated: a second field of control was de-
signed to mitigate the effect of that extra noisy input. In the
analysis of the experimental realization, the noise was as-
sumed to be static: no time dependence of the fluctuations was
contemplated. Hence, the random changes in the magnetic
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field were considered to merely affect the reproducibility of
the initial conditions for the different experimental realiza-
tions. Here, it is worth stressing that it is in slow-noise setups
where the performance of the CDD techniques have been
mainly evaluated. Moreover, in the studies where nonstatic
noise has been contemplated, its effect has been frequently
analyzed via numerical simulation or through approximations
valid only in specific regimes (the limit of large observation
times or the adiabatic scenario have been usually tackled).
It is pertinent to add that the majority of those studies dealt
with the pulsed variant of the dynamical-decoupling technique
[22]. In our work, we will go beyond that scenario: the po-
tential applicability of the CDD method to deal with generic
fluctuations will be analytically evaluated. In particular, the
robustness against nonstatic noise of the clock transitions im-
plemented in [20] will be assessed. Our approach starts with a
description of the system dynamics previous to the application
of the CDD method: the dephasing effects of generic mag-
netic fluctuations on the Zeeman multiplet will be analytically
described, the emphasis being put on the differential features
associated to the spectrum and correlation time of noise. Then,
to analyze how the system dynamics is modified in the CDD
scheme, we will work with the basis of eigenstates of the
driving term (the so-called dressed-state representation). It
will be apparent that the magnetic-noise component, diago-
nal in the original Zeeman-state basis, becomes off-diagonal
in the new representation. Moreover, for a sufficiently large
driving intensity, and consequently, for a large dressed-energy
separation, the (nonstatic) noise contribution to the dynam-
ics can be regarded as a (time-dependent) perturbative term.
The use of methods of stochastic analysis combined with
the application of time-dependent perturbation theory will
allow us to characterize the efficiency of the CDD method.
In particular, the relevance of the noise spectral density to the
performance of the decoherence-reduction technique will be
studied. Some practical conclusions on extending the range
of applicability of the method will be extracted from our
results.

The outline of the paper is as follows. In Sec. II, we an-
alyze some fundamental aspects of the decohering effects of
generic noise on a hyperfine Zeeman multiplet. An approach
of complete validity will allow us to trace general dephasing
features emergent in the asymptotic regimes. Additionally,
we will describe the loss of purity in any time regime for
fluctuations potentially relevant to different experimental se-
tups. In Sec. III, the system dynamics in the CDD scheme
will be tackled. The analytical characterization of the noise-
induced transfer of population between dressed states will
be used to scrutinize the stability of the clock transitions
implemented in [20]. First, we will concentrate on the linear
Zeeman regime associated to weak magnetic fields. Then, in
Sec. IV, it will be shown that quadratic corrections to the
linear Zeeman effect do not alter the operative character of
the CDD technique. As a proof of consistency, we will re-
cover the findings of previous work on slow-noise by taking
the limit of large correlation time in our results. The con-
nection with previous predictions on the role of the noise
spectrum in the CDD-method performance will be also es-
tablished. Finally, the general conclusions are summarized in
Sec. V.

II. EFFECT OF MAGNETIC FLUCTUATIONS ON THE
COHERENT EVOLUTION IN A ZEEMAN MULTIPLET:
RELEVANCE OF SPECIFIC NOISE PROPERTIES

As in [20], we consider here the system formed by the
three my states of the F = 1 ground-state manifold of Rb®’
(electronic configuration [Kr]5S /> and nuclear spin I/ = 3/2).
The practical interest of this system is clear: the Zeeman
multiplet resulting from the application of a static magnetic
field is a basic component of arrangements used in a variety
of lines of research on Bose-Einstein condensates. The asso-
ciated achievements are numerous, from synthetic spin-orbit
coupling [6] to the emulation of non-Abelian gauge fields
[21], or the generation of nonlinear Landau-Zener transitions
[23,24]. The applicability of the system demands dealing with
the deleterious effect of magnetic-field noise on the control of
the dynamics. Actually, the fluctuations lead to the broadening
of the spectral lines of the interstate transitions and induce
decoherence in the system evolution. The study of the noisy
dynamics of that system has also general implications as it
exemplifies how the protocols proposed in quantum technolo-
gies can become inefficient due to dephasing in the evolution
of the system components.

In [20], quadratic corrections to the linear Zeeman effect
were considered. Here, as we focus on the analytical descrip-
tion of the role of generic noise in the dynamics, we will
initially concentrate on the linear scenario: the differential
effects of the noise characteristics can be already traced in
that basic version of the model. Further on, in Sec. IV, the
implications of the quadratic Zeeman effect will be analyzed.
Hence, we first deal with the Hamiltonian

H = [wy + Swy(1)]F,, (D

where wy denotes the mean value of the characteristic fre-
quency of the multiplet, dwy(r) is the shift induced by the
fluctuations, and F is the angular momentum operator. In
terms of the system parameters, the mean frequency is ex-
pressed as wo = gr(gs|upl — grun)Bo/h, where gp is the
Landé factor of the multiplet, up is the Bohr magneton, py
is the nuclear magneton, g, and gy are, respectively, the g fac-
tors of the spin and nuclear gyromagnetic ratios. The applied
magnetic field B will be expressed as B =[B, + (SBO(t)]Iz: By
denotes the mean value and §By(¢) stands for the fluctuations.
The noisy displacement in the frequency dwg(?) is given by
Sdwo(t) = gr(gslupl — griun)dBo(t)/h. As any deterministic
shift can be included in wy, dwy(t) will be considered to have
a zero mean value. In the theory developed to account for the
experimental results of [20], the fluctuations were considered
to be static. Hence, it was assumed that the different realiza-
tions of the (time-independent) stochastic variable § By simply
lead to a variation of the initial conditions for each experi-
mental run. In the present work, we tackle the case of generic
noise; no restrictions on the magnitude of the correlation time
of Swy(t) are assumed. Our general description incorporates
the static-noise setting as a particular case.

A. Decay of the coherences: General characteristics
in the asymptotic regimes

In the study of the systems proposed to implement
quantum-information protocols, a quantum description of the
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environments where decoherence originates is frequently nec-
essary. In those cases, the theoretical framework incorporates
standard techniques developed in the study of open quantum
systems. In the present case, as noise enters the system via a
classical field, it is feasible to consider the stochastic variable
as a driving element in the system evolution. Accordingly,
the approach used to characterize the dynamics includes as a
first step the analysis of the (unitary) evolution for each noisy
trajectory, i.e., for each set of values realized by the random
variable along a time sequence. Subsequently, the statistical
average over noise realizations is carried out [25].

Our procedure starts by applying the unitary trans-
formation

U(t) = e " E/N, 2)

In the associated rotating frame, the system, prepared in the
state |1 (0)), evolves, for each stochastic trajectory, as

[ @) = e RNy (0)), 3)

where ¢ (¢) is the nonstationary random variable defined by

¢(r) = /0 oo (t')dt'. “4)

Correspondingly, the density matrix in the representation of
states {|k; F, mp)} (k stands for additional quantum numbers
characterizing the ground-state configuration) is given by

me,m},- (l) = IOmF,m’F (0)€i(mF_m’F)C(l). (5)

Now, the stochastic character of the system is incorporated by
making the average over fluctuations. The resulting (reduced)
density matrix reads

Popnt, (8) = P, (0) "7 5 D), (6)

where () stands for the average over noise realizations (no
confusion with the standard quantum average will be possible
throughout the text).

From the above equation, it is apparent that the populations
do not change. It is also evident that, to obtain the precise
evolution of the coherences, the statistical characterization of
£(t) is necessary. At this point, a first general difficulty is
noticeable: since ¢(¢) is the sum of elementary increments
Swy(t)dt, which, for finite correlation time 7., are statistically
dependent, its characterization, and in turn, the description of
the coherence evolution are not trivial for a generic stochastic
variable dwy(?). Despite this fundamental limitation, it is pos-
sible to identify important properties of the dephasing, valid
for a generic random input dwy(¢), in the following regimes.

(i) In the limit of large correlation times, i.e., for t < 7,
which corresponds to the slow-noise scenario of the clock
transitions implemented in [20], the phase shift can be ap-
proximated as

c(t) = 8wy (0)t.

Consequently, the average in Eq. (6) is completely determined
by the probability distribution Wp[§wy(0)], i.e.,

romp,mjr (t) = me,m’F (0) / d(SwU)WD(awO)ei(mF7m/F)8w0t. (7)

In particular, for a Gaussian input §w(0) with variance
var[§wgy]| we obtain

1 Y
P (£) 0 € 2Vl ®)

which corresponds to Gaussian decay with characteristic time
2 —1/2
tq = [(mp — m)*var([8wy)/2]” 2.

(i) In the limit of short correlation times, i.e., for t > t.,
which is eventually reached as longer evolution times are
attained in the monitoring of the system, it is possible to write
£ (t) in the form

At 2At
L) = / Sao(t)dt +/ Swo(®)dt + - - -
0

At

t
+ / Swo(t)dt,
(n—1)Ar

with a large n, and, still with an interval Ar larger than
7., which guarantees that the different summands are un-
correlated. Hence, applying the Central Limit Theorem [26],
one concludes that, since ¢(¢) can be expressed as the sum
of a large number of statistically independent variables, it
presents an approximate normal distribution. Therefore, one
simply needs to evaluate the mean (¢(¢)) and the variance
(¢%(t)) — (¢(1))?. Accordingly, we proceed as

<c<r>>=< /O Swo(r’>dr’>= /0 (ol )di' = (swo)t = 0,
©)

where we use the notation (8w (7)) = (wy) since a stationary
input Swy(t) is being considered. Now, aiming at the practi-
cal applicability of the analysis, we will evaluate (£2(¢)) in
terms of a magnitude of operative use in the characteriza-
tion of noise, namely, the spectral density. To this end, we
first recall the Wiener-Khinchin theorem [28], which connects
the Fourier transform of the autocorrelation function G(t) =
(8wp(0)dwp(t)) with the spectrum S(w), namely,

1 [*® :
S(w) = —/ dte " G(7), (10)
27 J_ o
and the associated inverse expression
o0 .
G(t) = / dwe' " S(w). (11)
—00

Hence, we use Eq. (10) to calculate the variance as

(c%(0)) =</0 (Swo(t)drxfo Sa)o(r')dt/>

_ / dr / A7 (o (T)wo (7))
0 0

=/ dt(t—ltl)/oo dwe™* S(w)

®  Tsin(wr/2)7]?
= 2/ da)[—] S(w). (12)
0 w/2

(An appropriate change of variables has been implemented).
Furthermore, in the considered limit ¢ >> 7., the function

[Sin((uL/tz/z)]2 can be approximated in terms of the Dirac delta
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function §(w) ([%/’2/2)]2 — 2mt§(w)), and the integral can
be analytically evaluated. Specifically,

(22(t)) ~ 27 S(0)t. (13)

It is then concluded that, in the regime considered, the coher-
ences present an exponential decay, namely,

P (1) o €=V ASON, (14)
the 1/e scaling time being
w0 = [mp — mp)’7SO)] "

Hence, it is the noise spectrum at zero frequency that deter-
mines the magnitude of the dephasing time. The emergence,
irrespective of the noise properties, of a universal exponential-
decay regime in the limit of long observation times was
analyzed in previous studies on dephasing in different physi-
cal contexts [19,27]. In particular, the dependence of the decay
rate on the zero-frequency spectrum was reported in systems
where 1/f noise is relevant. It is evident that to identify
the type of noise present in a particular setup, the results
extracted from the analysis of the asymptotic regimes are not
sufficient. Advances in tracking the fluctuations demand a
more complete description of the coherence decay. A detailed
modeling of the noise characteristics is needed to establish the
origin of features emergent in the decoherence process. In the
following, we will proceed along this line.

B. Tracing the dephasing process in a generic time regime

To describe the system evolution in any time regime, the
complete statistical characterization of () is required, and
consequently, the properties of wy(t) must be specified. Here,
to have a good predictive power in different contexts, a quite
general model with wide practical applicability is assumed.
Namely, we consider that dwg(?) corresponds to a zero-mean
stationary Ornstein-Uhlenbeck process [28], i.e., it is a Gaus-
sian variable whose mean value and correlation function are
respectively given by

(Sawo(2)) =0, (15)
and
Gt —1') = (Swo(t)swo(t)) = var[dwole "1, (16)

where « is a positive real coefficient which represents the
inverse of the correlation time, i.e., 7, = «~!. From Eq. (10),
the spectrum is found to be given by

a7)

This modeling of noise asw used in previous studies on re-
lated systems [14,15,29]. In particular, it was employed in
a numerical simulation of the effect of noise on clock states
implemented in NV centers in diamond [30].

The characterization of ¢ (¢) follows from the application
of techniques of stochastic analysis [26]. Specifically, for the
mean value, we have

<c<t>>=< /0 Swo(f/)dl‘/>= /0 (oo Ndl' = 0. (18)

Additionally, (¢2(¢)) is obtained as

(c%(0)) =</0 Swo(t)drx/o Sa)o(r/)dt’>

t

= var[Swo] dt(t — |t|)e "

_ 2var[;3wo] (at+e —1) (19)

= 2nS(0)<t + E) 20
o

Notice that by fixing « and taking the limits + — 0 and t —
oo in this expression, we consistently recover the results previ-
ously obtained using general arguments in the limits of large
correlation time (r < «~') and small correlation time (¢ >>
a~"). In particular, it is shown that, at large times, (£2(¢)) is
correctly expressed as a function of the zero-frequency value
of the spectrum S(0). In the crossover, a complex time de-
pendence, determined by the specific value of the correlation
time, is observed.

Now, once (¢(¢)) and (¢2(¢)) are known, the (Gaussian)
probability distribution Wp[{ ()] is completely determined,
and the evolution of the reduced density matrix is evaluated
to give

P () = P ) f dIE WL ()]l =50

= meym/_(O)e_%(mp—m}ﬁ({Z(z)), 21

A general remark on the entire system evolution is per-
tinent. The decay of the coherences, observed in any time
regime and traced when the statistical average is carried
out, reflects the loss of purity in the system evolution. If
no coherence-preservation strategies are implemented, the
system is of no use to realize protocols where specific
quantum characteristics are required in large time intervals.
We stress also that the present context corresponds to a
phase-fluctuation scenario: since noise only affects the energy
splittings of the used diagonal representation, it has a purely
dephasing effect. There is no loss of population. This is in con-
trast with setups where the entrance of noise occurs through
nondiagonal terms (i.e., via terms which do not commute
with the Hamiltonian). There, one speaks of relaxation of
the system, instead of pure dephasing. As we will see in the
next section, the present dephasing setting is converted into
a relaxation scenario when the driving field of the CDD is
connected.

III. APPLICATION OF DYNAMICAL-DECOUPLING
METHODS TO NONSTATIC FLUCTUATIONS

The basis of the implementation of the CDD method of
[20] was the inclusion in the experimental setup of a driving
field orthogonal to the (static) Zeeman component. To deal
with that extra term, a dressed-state representation, which
incorporates the time dependence of the driving, was used.
(See [31] for an alternative scheme which incorporates a
continuous-observation scheme). In that scenario, the eigen-
values and eigenstates of the complete Hamiltonian can be
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exactly obtained as the fluctuations are time independent.
Here, to build up a framework where the effect of non-static
noise can be tackled, we will resort to a perturbative picture.
In passing, our approach will allow us to clearly identify the
basic mechanism responsible for the effectiveness of the CDD
method, and in particular, for its functioning in the realization
of [20]. In this sense, we point out that, in the dressed-
state picture, the term in the Hamiltonian corresponding to
magnetic noise (fluctuations in Bj) becomes off-diagonal.
Furthermore, for a sufficiently large separation of the diagonal
elements in the new basis, which can be implemented by
increasing the driving intensity, a perturbative scheme with
characteristic parameter given by the quotient between the
noise magnitude and the driving intensity can be set up. Notice
that this procedure is applicable irrespective of the time prop-
erties of the fluctuations. In the case of static noise, the random
component leads to a second-order correction to the eigen-
values. Hence, the frequencies of the dressed-state transitions
become noise immune to first order. There is a shortcoming in
the practical arrangement: since stochastic variations in the
driving intensity cannot be avoided, the scheme introduces
additional fluctuations in the system. Furthermore, since that
extra noisy term enters the diagonal elements, it is a first-order
component of the dressed-state picture. To cope with this ad-
ditional random input, a second driving field (the probe field)
orthogonal to the first one is incorporated. The procedure
can be continued: additional concatenated probe fields can
be included till the magnitude of the remnant noise, entering
the system through the last driving field, can be considered to
be negligible compared with the final splitting.

Let us address now the case of nonstatic fluctuations. We
will concentrate on a model system that incorporates the basic
components of the CDD schemes. Namely, we will consider
the Hamiltonian given by

H = [wy + dwo(t)]F; + 2824 cos(w,t ) F, (22)

where 2; and w,; are the characteristic parameters of the
control field (2, is proportional to the Landé factor of the
hyperfine multiplet and to the field intensity). Only one driv-
ing term is considered: the results obtained for this primary
scenario are straightforwardly generalized to more elabo-
rate arrangements. (See [32] for a proposal of bichromatic
dressing).

A. Setting up the perturbative scheme

Because of the nonstatic character of §wy(?), the method
used in previous work [20] to analytically characterize the
system dynamics is not applicable: it is not possible to ob-
tain exact eigenvalues of H. Still, an alternative procedure
to evaluate the performance of the CDD scheme can be de-
vised. Namely, by choosing the driving frequency as w; = wy,
and working in the rotating frame defined by the unitary
transformation

Ui(t) = e "ouF/h, (23)
the Hamiltonian in Eq. (22) is rewritten as

H = dwo(1)F; + Q24 Fr, (24)

where the rotating wave approximation (RWA) is applied (24
is assumed to be much smaller than w,;) and the same nota-
tion H is being used for the rotated Hamiltonian U ITH U, —

ihU, U;. The additional transformation
Us(t) = e 25" (25)
leads to
H = QuF, + Swo(t)F;. (26)

From the form of H, it is apparent that, if the driving-field
intensity is much stronger than the noise magnitude, i.e., for
Q4 > |Swo(t)|, the Hamiltonian can be split as the sum of a
zero-order term

Hy = QuF;

(with eigenstates |F, fiip), iip = 0, £1, and associated eigen-
values E (g ) = rmpQ4h) and a (time-dependent) perturbative
contribution

W(t) = dwo(1)F. 27)

In this approach, the effect of W (¢) for each noisy trajectory
can be characterized. From time-dependent perturbation the-
ory, it is known that, for the system prepared in one of the
states, let us say the state |1y ), the probability of transition to
other state (|/7)) is given to first order by

2
i(Egy —Eng W' /1

t
/ dt'Wiy i, (£ )e "7
0

1
Py, (1) = 7

2
|(F )i, g |*

hZ
where it is taken into account that, since Ejz and Ej, are
zero-order eigenvalues, their difference is given by Ej; —
Ej, = (mp — mp)Qh (see the form of Hy). Additionally, the
expression of the matrix element
Wi e () = 800 (t" )Y (F )iy iy

is used. The next step is dealing with the stochastic character
of the evolution. Let us see that the statistical average
2>

|(F iy g |2
(29)

(28)

t
/ dt/6w0 (t/)ei(rh’F —inp)Qqt’
0

(P i, (1)) =

t
r <’/ dt/8w0(t/)ei(n"l’p—rhp)ﬂdt’
h 0

is a useful indicator of the efficiency of the CDD method.
From a first qualitative evaluation, we can conclude that, when
the driving intensity is increased, more rapid does become
the oscillation resulting from the exponential ¢!("r =)t
Consequently, provided that dwy(¢") does not have harmonic
components in resonance with ¢/~ ap effective av-
eraging out of the integral value can be predicted. This
consideration can also be formulated from the statistical anal-
ysis of the stochastic variable defined as

t
x (@) = / dt' Sawp(t))e' ™~ (30)
0

present in Eq. (29). It is shown that, if the spectral density
of dwq(t") does not reach a significant value at the frequency
(i1}, — iip )2, the exponential factor e/~ )8t "leads to a
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reduction in the variance of y (¢) with respect to that of the
nonmodulated variable ¢ (¢) given by Eq. (4). Consequently,
in that case, the inhibition of the population transfer as 2,
grows can be conjectured. In the following, we will see that a
quantitative analysis confirms these predictions.

J

B. Incorporating the noise characteristics

Taking into account the Ornstein-Uhlenbeck characteris-
tics of 8wy (), the average of the population transfer given by
Eq. (29) is evaluated as follows:

|(Fx)ﬁl’ ,rhp|2 ! iQ ! / / Q.1
(P, (1)) = ——F—— / dtdwy(t)e™ " x/ dt'8wo(t")e "
0 0

hZ

t 1
ocvar[&uo]/ d‘[/ dr e et pi%(@=1")
0 0

2var[dw Q2 — o2
— M[ +€—

a2+ Q2 o? + Q2

where we use the effective frequency 2, = (i, — 17p )24 and
the integral has been calculated via an adequate change of
variables.

From the above expression some preliminary conclusions
can be drawn.

(1) A crucial aspect of the applicability of the CDD method
is uncovered by the analysis of the regime « > Q.. It is
apparent from Eq. (31) that the role of the field intensity 2,
loses relevance as the noise correlation time decreases, i.e.,
for a growing «. Furthermore, for o > €2,, the dependence of
the population transfer on €2; vanishes. This finding can be
understood using arguments relative to the spectral decompo-
sition of the fluctuations. In this sense, it is convenient to work
with the Fourier transform of the stochastic variable Swq (7).
Accordingly, we write

Sawg() = / dwc(w)e™, (32)
where the harmonic components are given by
1 .
c(w) = —/dt&a)o(t)e_"“’, (33)
2

and are distributed according to the (Lorentzian) spectral den-
sity given by Eq. (17). [See Ref. [28] for a complete statistical
characterization of c(w)]. Notice that, as the correlation time
decreases, the spectrum becomes wider.

Hence, using the harmonic components, the perturbation
can be rewritten as

W) = ( / dwc(a))eiwt)Fx,

and the Hamiltonian in Eq. (26) can be regarded as repre-
senting the driving of the (dressed) triplet system by a pulse
of harmonic signals which are effective in inducing interstate
transitions only when the quasiresonance condition @ >~ €2, is
fulfilled. Equation (17) makes it evident that, for small values
of a (large correlation times), i.e., for a narrow spectrum, there
are no harmonic components of noise in resonance with the
interstate transition frequency €2.. Hence, the noise-induced
transfer of population is blocked. On the other hand, for a
sufficiently large value of @, and in turn, for a large spectral
width, the variation of €2, does not reduce the fraction of
noisy components in resonance with that frequency. In that

(1 —e ¥ cosQt) —

20Q,e7*

31
a? 4 Q2 Gl

sin Qet:| s

(

stage, the value of the energy splitting is not longer a limiting
element of the population transfer. It is then understood that in
the range defined by o > 2., the CDD method is not longer
effective for mitigating the effect of the fluctuations. These
findings are illustrated in Figs. 1 and 2, where the transition
probability is represented as a function of time for different
sets of parameters o and €2,. Notice that the CDD scheme is
highly efficient for small values of o (Fig. 1): the transition
probability is significantly reduced as the driving intensity
is increased. In contrast, the differential effect of the CDD
scheme for growing driving intensity is hardly noticeable for
a wide spectral density, i.e., for a large « (Fig. 2). (To focus on

the combined role of the noise spectral width and the driving

. . [F)ar i I
intensity, we use the scale factor A = h—gf

representation of the transition probability).

(i1) Additional arguments in the same line are extracted
by expressing the population transfer, given by Eq. (31), as
a function of the spectrum, i.e.,

var[dwy] in the

(P, (1)) x S(Re)|t + ! —Qg _az(l - Q1)
o [0’ e - —e COS dé,
s oo’ + Q2

2Q.e™ ™

ke 34
a? 4 Q2 G4

sin Qet:| .

P(t)/ A
O B N W b U1 O

t (arb. units)

FIG. 1. Noise-induced transition probability P between two
dressed states as a function of time (in arbitrary units). The
used parameters are o« = 0.1 and 2, =1 (continuous line) and

o =0.1 and 2, = 2 (dashed line). (We use the scale factor A =
[For e 12
ity i

po var[8wy] in the representation of the probability).
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P(t)/A

0 5 10 15 20
t (arb. units)

FIG. 2. Same caption as that of Fig. 1, with = 10 and 2, =1
(continuous line) and = 10 and 2, = 2 (dashed line).

We stress that no divergence emerges from the term that incor-
porates the factor é: as can be seen in Eq. (17), the spectral
density S(€2,) includes a factor «.

The central role played by the spectral component cor-
responding to the effective frequency S(€2.) is evident in
Eq. (34). For a narrow spectrum, it is possible, by increasing
the driving intensity to force €2, out of the spectral range,
i.e., to make S(€2,) ~ 0. In contrast, for a flat spectrum, no
significant variations in S(2,) take place as €2, grows.

(iii) Although it is already patent in the above arguments,
it is worth stressing that, except in the regime o > ., the
CDD method can be considered to be efficient. Indeed, as
the driving intensity, proportional to €2,, and consequently, to
., is increased, the effect of the stochastic input is reduced:
the averaged probability of transition diminishes as €2, grows,
and therefore, the zero-order eigenstates (the dressed states
|F, mp), mp = 0, £1) better approximate the eigenstates of
the complete noisy Hamiltonian.

(iv) Another proof of consistency of the entire approach is
obtained by checking that the results corresponding to static
fluctuations are recovered in the limit of large correlation
times. For t. — oo (o — 0), the transfer of population is
given by

|(F i, g | 2var[Sewo]

(P i, (1)) = P o

(1 —cos2.t), (35)

which matches the average over noise realizations of the prob-
ability of transition between two dressed states induced by a
static random perturbation W = §wgF,. Note that the order of
magnitude of this first perturbative correction is determined
by the quotient var[dw]/ Qg, in agreement with the precision
reached in the application of CDD methods to static noise
[20]. Therefore, the zero-order eigenstates (the dressed states
of the used representation) are approximate eigenstates of
the complete (noisy) Hamiltonian, with precision given by
var[Swy]/ Qg Using the terminology introduced in [20], we
recover the conclusion that the clock states are noise immune
to first order in the quotient Swq/<2,.

(v) The above conclusions, extracted from the study of
the basic CDD method, i.e., for the scheme incorporating
one driving field, are straightforwardly extrapolated to more
elaborate setups. As, in any stage in the CDD scheme, the
last noisy component entering the system is transferred to an

off-diagonal term through an appropriate change of represen-
tation, its effect on the dynamics can always be characterized
in terms of a population transfer between effective zero-order
eigenstates similar to that given by Eqs. (29). Therefore, the
effectiveness of the decoherence-reduction method is guaran-
teed provided that the final interstate transition frequencies
are out of the dominant part of the spectral range of the
residual noise. Note that controlling the frequencies of tran-
sition, in particular, the effective frequency 2., to avoid the
occurrence of resonances with the noise spectral components
has the limitations associated to the application of the RWA
and to the system reduction employed in the description of the
model system. A careful analysis of each experimental setup
is needed: since the consecutive application of the RWA as
different drivings are incorporated implies a reduction in the
magnitude of the splittings, keeping the last €2, outside the
spectral range of the corresponding final noise is not trivial.

(vi) It is worth pointing out that, since the application
of time-dependent perturbation theory to first-order requires
only up to the second moment of noise, the used framework
embodies in fact a Gaussian approximation.

IV. ROLE OF THE QUADRATIC ZEEMAN EFFECT
IN THE DYNAMICAL-DECOUPLING SCHEME

Given the high precision required for the characterization
of noise effects, the system description must go beyond the
strictly linear regime corresponding to the Zeeman effect in
the weak magnetic-field limit. The next-order contribution
to the Zeeman shift accounts for the field-induced coupling
between hyperfine multiplets. For alkali gases, that correc-
tion can be analytically evaluated (the simultaneous matrix
representation of both hyperfine and Zeeman terms can be
decomposed into blocks characterized by the value of the
quantum number mp which can be analytically solved). In-
deed, using the Breit-Rabi formula [33,34], the net quadratic
Zeeman shift can be approximated as

F2
he(ﬁ—zz — ) (36)

where the parameter € is given by

_ (gsi — gipn)*B?
4Ath

’

with AW, being the hyperfine energy splitting between the
F =2 and F =1 terms. (We stress that a more accurate
approximation to the quadratic corrections does not alter the
conclusions of this section.) Accordingly, the Hamiltonian
that describes the original Zeeman multiplet is rewritten as

2
H = [wo + Swo()]F. + Tie (% - 1). (37)

Important for the evaluation of the efficiency of the decou-
pling scheme is to keep in mind that the dominant noisy
contribution comes from the linear dependence of wg on the
random magnetic field. Given its second-order character, the
stochastic variation of € will not be included in the model.
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The system evolution for each stochastic trajectory is
given by

[y (1)) = e LEORM+e(E/F=D] 1y, 0y), (38)

which, in terms of the density matrix, and incorporating the
statistical average, reads

P, () = Pong ., (0) ol mF—mE=2)et ( olmr —m/p)é'(t))’ (39)

where ¢ (¢) is still given by Eq. (4). As the considerations made
in Sec. II on the statistical average are still applicable, it is
concluded that the quadratic corrections to the linear Zeeman
effect merely leads to an oscillation of the coherences as their
decay proceeds. The possibility of observing that oscillation
in the experiments depends on the relative magnitude of the
parameter € and the dephasing rate evaluated in Sec. II.
When the CDD scheme is applied and the field of control is
connected, the Hamiltonian that governs the dynamics reads

FZ
H = [wo + Swo(t)]F, + he (h—zz — 1) + 29, cos(wyt)F,

(40)
which, through the sequential application of the unitary trans-
formations given by Egs. (23) and (25), is cast into the form

F2
H=QuF. + he(h—’; — 1) + Swo(t)F,.

Hence, the previous perturbative scheme must be redefined.
Whereas the zero-order Hamiltonian is now given by

F2
Hy = QqF; +Fl€<h—)‘2 —1>,

the perturbation still corresponds to Eq. (27). The zero-order
eigenvalues E, where & = x, y, z, are straightforwardly ob-
tained

E

Ex:a)xzo’

E, —€+ /€2 +4Q2

_:a))v— .

h 2

E €+ ,/€> +4Q7
== (4D
h 2

Moreover, the associated eigenstates |x), |y), and, |z) (the
notation refers to the analogy existent with the states of the
Cartesian basis [20]) can be written as

1€) = ce1l1, 1) + ¢ 01, 0) + ¢ 1|1, —1), (42)
with
4o ~172
4w
e = |:2+ —(O)g +6)2 25 (C()g/2+€):| s
2

V2w
£t (43)
d

Ceo —

2(1)5
CE,—] =—|1-— —2((1)5 + 6) CE,1~ (44)
Qd

Now, time-dependent perturbation theory can be directly
applied and the probability of the noise-induced transition
between two of the dressed states (let us say |£) and |£7)) is

given by
2
(PEE ([)> M<‘/ dt'Sw o(t )ez(ws —we)t’ > (45)

From the analogy of this expression with Eq. (29), it fol-
lows that the considerations of the previous section on the
reduction of the noise effects achieved in the linear-Zeeman
regime by using the CDD method are still applicable. The
quadratic corrections modify the zero-order eigenvalues of
the perturbative scheme, and consequently, the resonance
condition between the transition frequencies and the noisy
harmonic components which determines the effectiveness of
the method. However, they do not affect the functioning of
the dynamical-decoupling mechanism. Note that, as now the
zero-order energy levels are not equally spaced, the efficiency
of the fluctuations to induce transitions can be dependent
on the specific two states involved: the values of the noise
spectrum at the different transition frequencies can present a
nonnegligible variation.

V. CONCLUDING REMARKS

Given the variety of sources of noise that can be relevant
to the experimental setups, a realistic consideration of the ap-
plicability of CDD methods should contemplate the potential
role of finite correlation times. Indeed, it is sensible to go
beyond a scenario where all the fluctuations (the original input
and those resulting from random variations of the different
auxiliary fields) are considered to be static. The present study
provides some clues to deal with that issue: we rigorously
showed that the use of simplified static-noise models is appro-
priate as far as the interstate transition frequencies are outside
the dominant spectral ranges of the fluctuations. Whereas,
previous to the application of the CDD method, it is the zero-
frequency value of the noise spectrum that determines the
asymptotic dephasing rate; in the CDD setup, the decoherence
time is basically determined by the noise spectrum at the final
effective frequency €2.. Decoherence is significantly reduced
if 2, does not enter the relevant part of the spectrum. This is
the case of the arrangement of [20]. However, in general, the
feasibility of extending the coherence times by controlling €2,
is not guaranteed. Since the application of the RWA at the
different stages of the CDD method implies a reduction in
orders of magnitude of €2, reaching a negligible value of the
noise spectrum at €2, can be problematic as the concatenation
scheme proceeds.

The applicability of the study beyond the considered
atomic context can be envisaged. Indeed, the developed ap-
proach is appropriate to any system that can be effectively
described in terms of a zero-order Hamiltonian and a generic
noisy off-diagonal perturbation. Particularly interesting can be
the inclusion of 1/f noise in this framework. We recall that
decoherence in qubits implemented with solid-state devices
is frequently studied via a description of the fluctuations as
1/f noise. The compact modeling of the associated corre-
lation function [26], which accounts for the spectrum form
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and introduces cutoff frequencies in the spectral range, can
facilitate the application of our approach. Actually, tracing
noise-induced transitions at any time would imply a signifi-
cant advance in the description of the decoherence processes
in that environment. Another significant objective is the com-
parison to the experimental findings to check the validity of
the assumed Gaussian approximation or the mere stationary
character of noise. One can conjecture that the relative mag-
nitude of the effective transition frequency and the spectral
cutoffs must be central in the performance of the CDD meth-
ods with 1/f noise.

Finally, it is worth depicting some lines of potential ap-
plicability of the study in noise spectroscopy [35-38]. A
first general consideration refers to the practical use of the
analytical descriptions of the decoherence processes in the
design of proposals for identifying the fluctuation character-
istics. Some specific objectives can be outlined: the prospect
of obtaining the noise spectrum by varying the effective

transition frequency and measuring the asymptotic value of
the decoherence rate seems plausible; indeed, the combination
of that strategy with the information extracted from the analy-
sis of different time regimes can serve to improve the scrutiny
of the noise properties. The analyticity of the approach allows
also the use of designed random signals to check the precision
of the proposals. The high level of control achieved in the
considered experimental setup, and in fact, in more general
contexts, makes it advisable to employ the techniques pro-
posed for the realization of quantum information protocols as
elements of noise identification methods.
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