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Superposing compass states for asymptotic isotropic sub-Planck phase-space sensitivity
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Compass states deliver a sub-Planck phase-space structure in the sense that sensitivity to phase-space dis-
placement is superior to the sensitivity of displacing the vacuum state in any direction, but this sensitivity is
anisotropic: better sensitivity for some directions of phase-space displacement versus others. Here we introduce
generalized compass states as superpositions of n compass states, with each oriented by π/2n with respect to its
predecessor. Specifically, we derive Wigner functions for these generalized compass states and approximate
closed-form expressions for overlaps between generalized compass states and their displaced counterparts.
Furthermore, we show that generalized compass states, in the limit n → ∞, display isotropic sensitivity to
phase-space displacement in any direction.
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I. INTRODUCTION

Historically, the coherent state was introduced first by
Schrödinger [1] and subsequently, in seminal work for quan-
tum optics by Glauber [2]. The coherent state, being a
displaced vacuum state, captures the essence of the position-
momentum uncertainty relation (�x�p � h̄/2) derived from
[â, â†] = 1 for â the annihilation operator with x̂ = â + â†

and i p̂ = â − â† the position and momentum operators, re-
spectively. Inspired by Schrödinger’s cat-state argument about
philosophical implications of quantum mechanics [1], a quan-
tum optics version of a cat state [3], known at first as even and
odd coherent states [4], was shown to deliver displacement
sensitivity superior to what can be achieved for the coherent
state [5–8]; this displacement sensitivity technically means
that displacing the state in phase space [9], i.e., applying
some combination of position and momentum displacements,
yields a smaller overlap than is achieved by applying the same
displacement to a coherent state.

Zurek introduced the compass state, which is a superpo-
sition of four coherent states rotated by π/2 relative to each
predecessor, which can be pictured as a superposition of
coherent states in the north, south, east, and west of phase
space relative to the origin. Then Zurek showed that dis-
placing such a state in any direction of phase space is more
sensitive in every direction than for the initial coherent state
(placed anywhere in phase space) [5], and this compass state
was later connected to physical implementations [10,11] and
Heisenberg-limited measurements [7]. Zurek’s analysis shows
that the sub-Planck phase-space sensitivity delivered by the
compass state has relevant applications in setting limits on the
sensitivity of quantum meters and in accelerated decoherence.
In a compass state, the size of the smallest perturbation that
makes the displaced state approximately orthogonal and hence
distinguishable from the original state is far beyond the “stan-
dard quantum limit.” These results also make it possible to
anticipate the mesh structure required to simulate a quantum
system’s evolution in phase space.

We note that this compass state has been generalized to
other group symmetries [12,13], but here we generalize in a
different way: we superpose compass states at various ori-
entations and show that, asymptotically for infinitely many
such compass states superposed, such a generalized compass
state has sub-Planck phase-space displacement sensitivity
that is isotropic with respect to phase-space direction. This
phase-space isotropicity delivers equal sub-Planck resolution
regardless of which linear combination of canonical position
x and position p is being measured. This isotropicity is ab-
sent for a single compass state where a perturbation in some
phase-space direction might make the displaced state approxi-
mately orthogonal and hence distinguishable from the original
state while not having the same effect when applied in some
other phase-space direction. Our superposition of compass
states could be especially useful in the context of quantum
metrology.

There have been multiple proposals and realisations of
sub-Planck phase-space structures. These include the use of
dispersive interaction between atoms and a high-quality cavity
[10,11]. Apart from this, there have been multiple actual ex-
perimental implementations [14–18] and their properties have
been studied in different contexts [6,19–30].

In Sec. II we present salient notions and the notation we
use. We introduced some compact notation, which is quite
helpful for us to keeping concepts clear. Then we present the
results in Sec. IV. We discuss our results in Sec. V and present
our conclusions and outlook in Sec. VI.

II. CONCEPTS AND NOTATION

Now we discuss the concepts and our notation for cat states
and compass states and their generalization. We begin with
the coherent state and the cat state as a superposition of two
coherent states, and then proceed to discuss and introduce no-
tation for compass states, which are superpositions of two cat
states and generalized compass states. We connect compass
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states and generalized compass states, which are superposi-
tions of compass states, to the concept of superpositions of
coherent states on a circle in phase space [31]. Finally, we
discuss Wigner functions as representations of such states and
simplified versions that capture essential features and ignore
relatively minor features.

Mathematically, the coherent state is

|α〉 := D(α)|0〉, α ∈ C, (1)

where

D(α) := exp{αâ† − H.c.} (2)

is the Glauber-Sudarshan displacement operator, |0〉 the vac-
uum state, and H.c. denotes the Hermitian conjugate [32].
For simplicity, we introduce the notation |a〉 for a ∈ R+ as
we only require a positive real-valued coherent state for our
purposes. The even and odd cat state is then

|a〉± := |a〉 ± |−a〉, (3)

and all our states are implicitly normalized so we do not write
explicitly the normalization coefficients. For convenience we
represent the even cat state by |—〉 := |a〉+, with the ampli-
tude a suppressed because the amplitude a is fixed to be the
same for all states discussed herein.

Now we show how to extend an even cat state to a compass
state and superpositions thereof. The π/2-rotated version of an
even coherent state is expressed simply as

||〉 := R(π/2)|—〉, R(θ ) := eiθ â†â. (4)

We denote the compass state by

| �〉 = ||〉 + |—〉, (5)

which is a special case of coherent states on the circle [31,33].
Furthermore, we introduce the convenient rotated-state nota-
tion

| 〉θ := R(θ )| 〉 ⇒ |α〉 = |a ≡ |α|〉arg α. (6)

Thus,

| �〉θ := R(θ )| �〉, (7)

with special cases

| �〉π/4 := |�〉, | �〉π/6 := | �〉 , | �〉π/3 := | �〉. (8)

A superposition of n compass states rotated by a fixed amount
with respect to the predecessor and equidistributed over
phases from 0 to 2π is

n−1∑
m=0

| �〉mπ/2n, (9)

which is a special case of superpositions of coherent states on
a circle in phase space, which has been studied in quite general
form but not specifically for the restricted case (9) here [31].

Wigner functions W (x, p) are representations of states that
help us to visualize quantum states as phase-space represen-
tations [9]. Wigner functions are a close quantum analog of
classical phase-space distributions [9,34]. For a pure state |ψ〉,

W (x, p; ψ ) :=
∫
R

dy eipy/h̄ψ∗(x + y/2)ψ (x − y/2), (10)

which is not explicitly normalized per our convention. As a
special case, the Wigner function for the coherent state |a〉 (1)
is

W•(x, p; a) = exp{−[p2 + (x − 2a)2]/2}, (11)

where • denotes a coherent state in our short-hand notation.
The Wigner function for the cat state |—〉 is

W—(x, p; a) =W•(x, p; a) + W•(x, p; −a)

+ 2e−(x2+p2 )/2 cos (2ap), (12)

with the subscript — denoting the even cat state. This cat-state
Wigner function (12) is the sum of Wigner functions for two
coherent states (11) along with a third “interference” term.

Now we introduce notation and expressions for the su-
perposition of four coherent states in two cases using the
north-south-east-west language explained in Sec. I: the north-
south case and the east-west case.

First, we introduce Wigner functions for the Gaussian lobes
of the cat states. Specifically, the Wigner function

W:(x, p; a) := W•(p, x; a) + W•(p, x; −a) (13)

with : our short-hand notation to denote the two coherent
states at the north and south ends of the compass, which does
not include the interference terms between them. The next
term is

W : (x, p; a) := W•(x, p; a) + W•(x, p; −a) (14)

with : our notation for two coherent states at the east and west
points of the compass and without interference terms.

Now we introduce the remaining terms required to write
the Wigner function of a compass state. First, we use the
notation

W+(x, p; a) := 2e−(p2+x2 )/2[cos(2ap) + cos(2ax)], (15)

for the interference pattern at the center. This Wigner function
is calculated according to the contribution of the interference
terms from the two cat states formed by the diagonally oppo-
site coherent states. Next, we consider interference terms for
adjacent cat states in the northwest, northeast, southwest, and
southeast directions and write

W � := 2
∑

σx,σp=±1

G(σxx, σp p), (16)

with � being our notation to represent the rhombus and

G(x, p; a) := e−1/2((x−a)2+(p−a)2 ) × cos[a(x + p − a)]. (17)

Combining all these terms yields the full Wigner function

W � = W: + W : + W � + W+ (18)

for the entire compass state. The Wigner function for rotated
compass states (8) can be found similarly by rotating the
coordinate system. Now we define sensitivity to displacement
in phase space and Planck scale.

Definition 1 (Sensitivity). For any given small real-valued
threshold, the sensitivity of the state is the smallest magnitude
of displacement over all phase-space directions such that the
overlap of the displaced state with the original state is less
than the threshold.
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FIG. 1. Heat map for the normalized Wigner function of a compass state with a = 5 (a) shown fully and (b) the center interference pattern
only.

Now we explain phase-space displacement and how it can
be used to quantify sensitivity and establish the Planck scale.

To quantify the sensitivity of phase-space displacement
on a state, we employ the overlap between a state and its
δ-displaced version, namely,

γ (δ; |ψ〉) := |〈ψ ||D(δ)||ψ〉|2 ⇒ γ (0; |ψ〉) = 1∀|ψ〉. (19)

If γ (δ; |ψ〉) = 0, the orthogonality condition

|ψ〉 ⊥ D(δ)|ψ〉 (20)

holds and thus the two states in Eq. (20) are perfectly dis-
tinguishable. Sensitivity does not require that the overlap be
zero, but rather only needs to be small enough with respect to
a small real-valued threshold ε. Thus, sensitivity is quantified
by |δ|min, which is given by |δ| satisfying

min
|δ|,argδ

γ (δ; |ψ〉) < ε, (21)

with respect to the given threshold ε. Thus, we employ |δ|min

as the sensitivity quantifier in accordance with Definition 1.
We quantify the sensitivity of the state |ψ〉 to displacement

by calculating the smallest |δ| such that the orthogonality
condition (20) holds. Smaller |δ|min such that Eq. (20) holds
indicates a more sensitive state. For the study of the sensitivity
of superpositions of compass states, the expression

θ1〈a|D(δ)|a′〉θ2
= exp{−i(a sin θ1(a′ cos θ2 + Re(δ)))}

× exp{−i(−a cos θ1(a′ sin θ2 + Im(δ)))}
× ei(Im(δ)a′ cos θ2−Re(δ)a′ sin θ2 )e−|aeiθ1 −a′eiθ2 −δ|2/2

(22)

is handy later. The simple version

θ〈a|D(δ)|a〉θ = e2i(aIm(δ) cos θ−aRe(δ) sin θ )−|δ|2/2, (23)

holds for

a = a′, θ1 = θ2 (24)

with the squared magnitude being

|〈a|D(δ)|a〉|2 = e−|δ|2 . (25)

Importantly, the right-hand side of Eq. (25) is independent
of the choice of coherent state. Now that we established the

concepts and notation for compass states, we proceed to study
the properties of compass states and its superpositions.

III. BACKGROUND ON THE COMPASS STATE

In this section, we review the properties of a compass
state | �〉 as knowledge of these properties is vital for our
contributions in subsequent sections. We begin by reporting
the Wigner function (10) for the compass state and the overlap
of a compass state with its displaced counterpart. Finally,
we report the solution for the phase-space regions where this
overlap function is approximately zero.

We present a plot of the Wigner function for the compass
state in Fig. 1(a). The full expression is discussed in Sec. II.
We choose a = 5, i.e., five times the Planck scale in phase
space, because this choice of a effectively suppresses the
overlap between coherent states (whose size is given by a)
and nearest neighbors. In this case, the observed phase-space
interference arises for distinct coherent states. Choosing small
a for the compass state would be analogous to forming kit-
ten, rather than cat, states, corresponding to superpositions of
overlapping coherent states [35]. We choose a such that the
distance between the adjacent coherent states of our state is at
least six standard deviations, i.e., six units.

The smallest interference structures arise from coherence
between pairs of coherent states maximally separated by angle
in phase space, i.e., up to π , available to them in the phase
space [5]. The linearity of interference means that we do not
need to treat interference between all coherent states but rather
between pairs; note that this approach leads to a factorially
growing number of pairwise interference terms so we also
have a strategy for reducing an n! cost to a cost of 2n with n
the number of compass states, each with four coherent states
superposed. As we are only concerned with the center part of
phase space, where sensitivity is the highest, we focus on the
interference term near the center.

Now we explain technically how we calculate the Wigner
function for the center of phase space for a single compass
state. A compass state has four equally spaced coherent states
on the circle in the north (N), south (S), east (E), and west (W)
of phase space as introduced in Sec. I. There are ( 4

2 ) cat states
in the compass state. The interference pattern near the center
is formed by the contribution of only the pairs of coherent

043719-3



ATHARVA SHUKLA AND BARRY C. SANDERS PHYSICAL REVIEW A 108, 043719 (2023)

FIG. 2. Heat map for the overlap function of a compass state with a = 5 (a) shown fully and (b) the phase-space regions where its value is
approximately zero.

states maximally separated by angle in phase space (π ), i.e.,
from the interference of the N-S and E-W pairs of coherent
states. We ignore the contributions from the interference of
the N-E, E-S, S-W, and W-N cat states. The Wigner-function
representation is

W+(x, p) = 2e−1/2(x2+p2 )[cos(2xa) + cos(2pa)]. (26)

This is a sign-alternating pattern; the area of the tile of
this chessboard-like pattern is equal to π2

/2a2. As the area is
proportional to a−2, it is smaller than h̄2 for a  1, which
corresponds to sub-Planck structures [5].

A similar alternating chessboard pattern emerges for a mix-
ture of a horizontal and vertical cat state as well. However,
sensitivity is enhanced only for certain phase-space directions
[12], which casts some doubt over the importance of the
sub-Planck phase-space structure as a way to assess enhanced
sensitivity. Phase-space displacement sensitivity avoids this
problem [5].

To determine the phase-space displacement sensitivity of
a compass state, we need to calculate an approximation of
the overlap of a compass state with its displaced counterpart.
The full expression for the compass state is complicated, and
previous work presents the overlap function for a simplified
case that ignores cross terms, corresponding to superpositions
of some pairs of coherent states, with this neglect of cross
terms not explicitly stated [12]. Here we calculate the full
exact expression (B1) as we need to consider cross terms
carefully in superposing compass states.

We now explain the method for ignoring negligible cross
terms using the following terminology: the original compass
state as a superposition of north, south, east, and west coherent
states in phase space with the displaced compass state com-
prising a superposition of coherent states at positions north′,
south′, east′, and west′. The neglected cross terms correspond
to the following:

(1) north-south′ (NS′), north-east′ (NE′), north-west′
(NW′);

(2) south-north′ (SN′), south-east′ (SE′), south-west′
(SW′);

(3) east-north′ (EN′), east-west′ (EW′), east-south′ (ES′);
(4) west-north′ (WN′), west-east′ (WE′) and west-south′

(WS′)

cases, which contribute negligibly to phase-space displace-
ment sensitivity for sufficiently large a. As a increases, we can
see that the cross terms vanish from our derivation of the exact
expression (B1). The approximate overlap for a compass state
with its δ-displaced self is

γ (δ; �) ≈ e−|δ|2 | cos[2aIm(δ)] + cos[2aRe(δ)]|2 (27)

neglecting the cross terms.
Now we depict the approximate insensitivity of γ (27) to

the direction of displacement δ in phase space. In Fig. 2 we
present a plot of γ (27) versus δ and the regions where γ is
approximately zero (< 0.001). As seen in Fig. 2(b), the region
of phase space where γ is close to zero encloses the origin.
The origin signifies the overlap with the unperturbed state, i.e.,
perfect overlap,

γ (0; | �〉) = 1, (28)

which holds for the exact version of γ (B1) as well. Fur-
thermore, for displacement direction arg(δ) in phase space,
γ = 0 has infinitely many periodic solutions, with the period
depending on the direction of displacement.

Now we proceed to calculate the smallest |δ| for which γ

(27) vanishes to quantify the sensitivity given by Eq. (21) of
the compass state, which corresponds to solving

cos[2aIm(δ)] + cos[2aRe(δ)] = 0, (29)

whose solutions are

Im(δ) ± Re(δ) = (2m+1)π/2a, m ∈ Z. (30)

The minimum magnitude of displacement is thus

|δ|min = π/2
√

2a, arg δ = (2m+1)π/4, m ∈ {0, 1, 2, 3},
(31)

with the four solutions corresponding to the four coherent
states superposed to make a compass state. Our aim in su-
perposing compass states is to devise a state for which the
sensitivity is approximately constant over all arg(δ) ∈ [0, 2π ).

IV. RESULTS

In this section, we study the specific case of the superpo-
sition of two compass states in Sec. IV A. We calculate the
Wigner function and solutions for the phase-space regions
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FIG. 3. Heat map for the normalized Wigner function of the superposition of two compass states with a = 8 (a) shown fully and (b) the
center interference pattern only.

where γ ≈ 0. Subsequently, we generalize our results for an
arbitrary number n of compass states in Sec. IV B.

A. Superposition of two compass states

Now we consider a superposition of just two compass
states, continuing our approach of not explicitly normalizing
states in mathematical expressions, but regarding states as
implicitly normalized. We only consider superpositions of
compass states comprising superpositions of coherent states
with equal magnitudes of displacement from the origin, i.e.,
states of the type | �〉θ (7). For our purposes, only their mutual
separation matters. Furthermore, we restrict to a superpostion
of two compass states with mutual rotation π/4, namely,

| �〉 + |�〉 (32)

using the unnormalized-state convention discussed just below
Eq. (3). We present in this subsection the Wigner function for
this state and then the overlap function γ .

We present a plot of the Wigner function for the superpo-
sition of two compass states (32) in Fig. 3. These plots can be
compared to the Wigner function plots for a single compass
state in Fig. 1. The Wigner function consists of a number of
rings. The outermost ring corresponds to the coherent states
part of our compass states and the interference of the cat state
formed by the adjacent coherent states. The next inner ring
comprises the interference terms of the cat states formed by
alternating coherent states. Following the same pattern, the
inner-most ring is the superposition of interference of cat
states formed by opposite coherent states. At the center of
the Wigner function, the smallest phase-space structures are
found.

In the present case of a superposition of two compass
states, we have (

8

2

)
= 28 (33)

cat states. To calculate the center interference of the Wigner
function, we only consider the cat states formed by the pairs of
coherent states maximally separated by angle in phase space
as in Sec. III. The Wigner function, due to the interference at

the center, is

Wcent(x, p) ≈ 2e−1/2(x2+p2 )[cos(2xa) + cos(2pa)

+ cos(
√

2(pa + xa)) + cos(
√

2(pa − xa))].
(34)

For simplicity, we have only to consider the central interfer-
ence pattern shown in Fig. 3(b), as the smallest phase-space
structures are at the center, making the central interference
pattern the most relevant.

For the superposition of two compass states, we can label
coherent states on the circle in phase space by the compass
coordinates

N, NE, E, SE, S, SW, W, NW, (35)

with NE denoting northeast and so on. Similarly, we write
N′ and so on for coordinates of the eight coherent states of
the displaced superposition of two compass states. The cross
terms are denoted by NE-SW′ and so on. As we have eight
coherent states, and the cross terms do not include self-terms
such as N-N′, 7 × 8 = 56 cross terms exist. We do not con-
sider any of these 56 terms; only the eight self-terms

N-N′, S-S′, E-E′, W-W′, NE-NE′, SW-SW′,

NW-NW′, SE-SE′ (36)

are nonnegligible. Calculating the overlap as in Sec. III, we
obtain

γ (δ; | �〉 + |�〉) ≈ e−|δ|2
∣∣∣∣∣

1∑
m=0

{cos[2a|δ| cos(argδ + mπ/4)]

+ cos[2a|δ| sin(argδ + mπ/4)]}
∣∣∣∣∣
2

, (37)

which has a period π/4 over arg δ.
We plot γ (37) versus δ and the regions where γ ≈ 0 by

setting a numerical cutoff of

γ < 0.001 (38)

in Fig. 4. This cutoff is not the threshold ε (39), but rather a
round-off that ensures sufficiently sharp lines in Fig. 4. The
region of phase space where γ ≈ 0 encloses the origin. The
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FIG. 4. Heat map for the overlap function of the superposition of two compass states with a = 8 (a) shown fully and (b) the phase-space
regions where its value is approximately zero.

overlap between the superposition of two compass states and
their displaced version goes to zero for any arbitrary direction
of displacement. Now we determine the regions in phase
space such that the overlap γ is less than the threshold

ε ← 10−15, (39)

i.e., assigned the value 10−15. We solve for the roots of
Eq. (37), namely,

1∑
m=0

{cos[2a|δ| cos(argδ + mπ/4)]

+ cos[2a|δ| sin(argδ + mπ/4)]} ≡ 0, (40)

which is an exact equality but leads only to an approximation
of γ as shown in Eq. (37). This expression identifies all δ such
that γ (δ; | �〉 + |�〉) vanishes.

To obtain approximate solutions, we assign the direction
of phase-space displacement as argδ and assign the size a per-
taining to both compass states in the superposition. We then
calculate the Taylor series for Eq. (40) around some y ∈ R.
Truncating the Taylor series to quadratic order introduces a
change of the order of 10−9 in the values of |δ| for which
γ < ε. This truncation is valid because the error due to Taylor
series truncation is orders of magnitude smaller than ε.

Now that we know this truncation is valid, we can neglect
cubic and higher-order terms in the expansion, which yields
a quadratic expression. Thus, a good approximation for γ is
given by the quadratic equation characterized by the coeffi-
cients A2 (D1), B2 (D2), and C2 (D3) in the quadratic equation

A2|δ|2 + B2|δ| + C2 = 0, (41)

as elaborated in Sec. D. The 2 in the coefficients’ subscripts
(41) indicates the number of compass states n in our su-
perposition. These coefficients can be simplified using the
Jacobi-Anger expansion (D4) to obtain the ultimate expres-
sions for coefficients A2, B2, and C2 of in Eq. (41).

The coefficients (41) are valid for the region

||δ| − y| � 1, (42)

i.e., satisfying the Taylor series truncation approximation, and
the direction of phase-space displacement argδ. For Jn(z) the

nth Bessel function of the first kind, these coefficients are

A2(y; a, arg δ) = 4a2[J2(2ay) − J0(2ay)]

+ 2a2 cos(8argδ)[2J6(2ay)

+ 2J10(2ay) − 4J8(2ay)] (43)

for the quadratic term

B2(y; a, arg δ) = − 2A2y − 8aJ1(2ay)

+ 8a cos(8argδ)[J7(2ay) − J9(2ay)] (44)

for the linear term, and

C2(y; a, arg δ) = − A2y − B2 + 4J0(2ay)

+ 8 cos(8argδ)[J8(2ay)] (45)

for the constant. All three coefficients have small oscillations
with period π/4 over arg δ. The roots of Eq. (41) are

|δ| =
−B2 ±

√
B2

2 − 4A2C2

2A2
. (46)

The roots are the magnitude of displacement |δ| for which γ

vanishes in a specific direction of phase-space displacement
argδ.

We now quantify the sensitivity of this state, given by
Definition 1, for the arbitrary case. We solve for the roots of
Eq. (41), and the resultant coefficients are given by Eqs. (43)
to (45).

In the neighborhood of y = 6/5a, the roots oscillate in the
region

1

a
[1.20223545, 1.20259051], (47)

with period π/4 over the direction of displacement arg δ. The
sensitivity of the state is quantified by

|δ|min = 1.20223545/a, (48)

which is obtained for

arg δ = (2m+1)π/8. (49)

As |δ|min greatly exceeds the Planck scale for a  1, this
superposition of two compass states delivers substantial sub-
Planck resolution in phase space.
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Next, we generalize these results for the case of the super-
position of n compass states.

B. Generalized superposition

We are now in a position to generalize the results to a
superposition of n compass states, each of size a and each
rotated by an angle

mπ/2n, m ∈ {0, 1, 2, . . . , n − 1}. (50)

Our superposition is thus
n−1∑
m=0

| �〉mπ/2n. (51)

As before, we calculate the center interference part of the
Wigner function. Then we calculate the overlap function for
this general case. Finally, we solve the roots for this overlap to
determine the sensitivity of this superposition of an arbitrary
number of compass states.

In the present case of a superposition of n compass states,
we have (

4n

2

)
= 4n(4n − 1)

2
(52)

cat states. To calculate the center interference of the Wigner
function, we only consider the cat states formed by the pairs
of coherent states maximally separated by angle, i.e., by π

radians, in phase space, as done in the previous sections.
The Wigner function, due to the interference at the center,

is

Wcen(x, p) ≈ 2e−1/2(x2+p2 )
n−1∑
m=0

{
cos

[
2xa sin

(
mπ

2n

)

− 2ap cos

(
mπ

2n

)]
+ cos

[
2ax sin

(
mπ

2n

)

+ 2ap cos

(
mπ

2n

)]}
. (53)

We see a Gaussian envelope as the coefficient for this expres-
sion. This envelope modulates a sum of functions, and these
functions are cosines of a sum of cosine and sine functions

For special values of n, Eq. (53) reduces to our previous
Eqs. (26) and (34). The general expression for the Wigner
function of the center interference pattern is given by Eq. (53).

We follow the process outlined in the previous sections to
neglect cross terms in the overlap. As we have 4n coherent
states, and the cross terms do not include self-terms such as
N-N′, only 4n(4n − 1) cross terms remain. We neglect these
terms so only the self-terms are nonnegligible. Calculating the
overlap, we obtain

γ

(
δ;

n−1∑
m=0

| �〉 mπ
2n

)

≈ e−|δ|2
∣∣∣∣∣

n−1∑
m=0

{
cos

[
2a|δ| cos

(
argδ + mπ

2n

)]

+ cos

[
2a|δ| sin

(
argδ + mπ

2n

)]}∣∣∣∣∣
2

, (54)

with a Gaussian coefficient in terms of |δ|2 and a sum of cosine
functions of sinusoidal functions. Furthermore, γ exhibits a
period of π/2n over arg δ for n compass states. We can see
that Eq. (54) reduces to the special cases of Eqs. (27) and
(37) when n ∈ {1, 2}, respectively. We solve for the roots of
Eq. (54), namely,

n−1∑
m=0

{cos[2a|δ| cos(argδ + mπ/2n)]

+ cos[2a|δ| sin(argδ + mπ/2n)]} ≡ 0, (55)

which is an exact equality but leads only to an approximation
of γ as shown in Eq. (54). Similar to our previous cases,
we truncate the Taylor series to quadratic order to calculate
Eqs. (F1) to (F3). As shown in Appendix F these equations can
be further simplified using Eq. (D4) to obtain the coefficients
An, Bn, and Cn. The expressions for these coefficients are

An(y; a, arg δ) = 2a2n[J2(2ay) − J0(2ay)]

+ na2 cos(4n arg δ)[2J4n−2(2ay)

+ 2J4n+2(2ay) − 4J4n(2ay)] (56)

for the quadratic term

Bn(y; a, arg δ) = −2Any − 4anJ1(2ay) + 4an cos (4n arg δ)

× [J4n−1(2ay) − J4n+1(2ay)] (57)

for the linear term, and

Cn(y; a, arg δ) = − Any2 − Bny + 2nJ0(2ay)

+ 4n cos(4n arg δ)[J4n(2ay)] (58)

for the constant. For the special case of superposition of two
compass states (n = 2), Eqs. (56) to (58) reduce to Eqs. (43)
to (45).

Upon increasing the number n of compass states, the
isotropic nature of the superposition of compass state in-
creases because, as n → ∞, the Bessel function of the first
kind

Jn(y) =
∞∑

l=0

(−1)l y2l+n

22l+nl!(n + l )!
(59)

tends to zero. Hence, the oscillatory part for all three coeffi-
cients in Eqs. (56) to (58) vanishes. Due to this, the quadratic
equation remains the same for all directions of phase-space
displacements. The state thus has uniform sensitivity.

V. DISCUSSION

Now we give a high-level summary of our results. To recap,
we solved for cases of superpositions of a few compass states:
the trivial yet enlightening case of one compass state (to clar-
ify the issues in the previous literature), and superpositions
of two compass states. Then we generalize to the case of a
superposition of any finite number of compass states.

In each case, we plot the exact Wigner function and a
blown-up version of the center of the exact Wigner function.
We see these plots for one compass state in Fig. 1, for the
superposition of two compass states in Fig. 3.

043719-7



ATHARVA SHUKLA AND BARRY C. SANDERS PHYSICAL REVIEW A 108, 043719 (2023)

In all the cases, we approximate the analytical expres-
sion for the center interference. We recognize that only the
cat states formed by opposite coherent states significantly
contribute to our center interference pattern. The analytical
expressions only consider these terms. This approximation
reduces the number of terms significantly as the total terms
grow combinatorially with the number of compass states in
our superposition. The plots of center interference are blown-
up versions of our plots of the whole Wigner function.

In all the cases, we calculate the approximate analytical
expressions for the overlap functions. We neglect all cross
terms that vanish exponentially for increasing a, which pre-
viously was implied but not stated explicitly [12]. We plot
these approximate overlap functions and the regions where the
overlap function is approximately equal to 0 for one compass
state in Fig. 2 and for the superposition of two compass states
in Fig. 4. The overlap functions are periodic in all cases.

The innermost rings in Figs. 2 and 4 define the sensitivity.
The magnitude of the smallest displacement from the origin
to a point on this ring is the sensitivity of our state. As
the number of compass states increases, the innermost ring
becomes more isotropic in nature; i.e., the magnitude of the
oscillations of the ring decreases. This increasing isotropicity
can be seen by comparing the case of two compass states
and the superposition of three compass states. The range of
oscillation for the periodic inner ring in the case of the su-
perposition of two compass states for an arbitrary value of
a is [1.20223545/a, 1.20259051/a]. For the superposition of three
compass states this range reduces to [1.202412739/a, 1.202412805/a].
The minimum of this range determines the sensitivity of our
superposition. For any superposition, the sensitivity increases
as a increases.

VI. CONCLUSION

In conclusion, we studied extensively the superpositions
of compass states, motivated by extending Zurek’s concept
of sub-Planck phase-space displacement sensitivity in all
directions of phase space [5] to delivering near-isotropic sub-
Planck sensitivity to displacement. The study of sub-Planck
phase-space sensitivity is important in setting the limits of
quantum meters and anticipating the mesh structure required
to simulate a quantum system’s evolution. This near-isotropic
feature delivers a robustness to “sub-Planckness” by not be-
ing subject to changes of the phase (weighting of the linear
combination of canonical position and momentum). We attain
the ideal case of near-isotropic sensitivity in all phase-space
displacement directions as the number of compass states
in the superposition becomes infinite. This ensures that a
perturbation does not favor any phase-space direction. A per-
turbation on such a state will either make the displaced state
approximately orthogonal to the original, irrespective of the
phase-space direction or will not do so in any direction.

We note that the superposition of infinitely many com-
pass states is also a superposition of infinitely many coherent
states on a circle in phase space, which was studied as a
basis for representations of any oscillator state [31]. However,
our superpositions of an arbitrarily large number of compass
states is not a special case of any cases or considerations in
that seminal work as their focus on constructing an overcom-

plete basis focused on designing the phases of coherent states
in the superposition. By analyzing superpositions of com-
pass states rather than this more general case, near-isotropic
sub-Planckness in phase space is clearer and even intuitive
although, as we have shown, the mathematics is somewhat
complicated.

Future work could consider experimental realizations of
superpositions of compass states. Experimental realizations
of a compass state have been explored [14–16], and an
experimental realization could follow in that vein. These
superpositions of compass states could have an impact on
ultra-sensitive quantum metrology and efficient storage of
quantum information, similar to the suggested impact of one
compass state alone.
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APPENDIX A: SUPERPOSITION OF THREE
COMPASS STATES

Now we consider a superposition of just three compass
states, continuing our approach of not explicitly normalizing
states in mathematical expressions but regarding states as
implicitly normalized. Similar to the case of the superposition
of two compass states, we consider coherent states with equal
magnitudes a of displacement from the origin in our superpo-
sition. We restrict to a superposition of three compass states
with mutual rotation π/6, namely,

|�〉 + | � 〉 + | � 〉,
| � 〉 := |�〉30◦ , | � 〉 := |�〉60◦ . (A1)

We present in this subsection the Wigner function for this state
and then the overlap function γ .

Now we calculate and plot the Wigner function for the
superposition of three compass states (A1) using approxima-
tions similar to those in Sec. IV A. Specifically, we plot the
entire and exact Wigner function. Then we explain how we
approximate the center interference pattern for the Wigner
function.

The Wigner function is similar to the previous case of the
superposition of two compass states and consists of multiple
rings. These rings correspond to different interference terms
of the cat states formed by the constituent coherent states of
our compasses as we explained before.

Now we focus on the center interference pattern Fig. (5(b).
In the present case of a superposition of three compass states,
we have (

12

2

)
= 66 (A2)

cat states. To calculate the center interference of the Wigner
function, we only consider the cat states formed by the pairs of
coherent states maximally separated by angle, i.e., π radians,
in phase space as in Sec. III. The Wigner function at the center
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FIG. 5. Heat map for the normalized Wigner function of the superposition of three compass states with a = 12 (a) shown fully and (b) the
center interference pattern only.

is

Wcen(x, p) ≈ 2e−1/2(x2+p2 )[cos(2xa) + cos(2pa)

+ cos(
√

3xa + pa) + cos(
√

3pa − xa)

+ cos(
√

3pa + xa) + cos(
√

3xa − pa)] (A3)

from six maximally separated pairs of coherent states (cats).
Next, we focus on the overlap function. We follow the process
outlined in Sec. IV A to neglect the cross terms in the overlap.
As we have 12 coherent states, i.e., four coherent states per
compass state and three compass states, and, as the cross terms
do not include self-terms such as N-N′, precisely 11 × 12 =
132 cross terms exist. We do not consider any of these 132
terms; only the 12 self-terms are nonnegligible. Calculating
the overlap as in Sec. III, we obtain

γ (δ; |�〉 + | � 〉 + | � 〉)

≈ e−|δ|2
∣∣∣∣∣

2∑
m=0

{cos[2a|δ| cos(argδ + mπ/6)]

+ cos[2a|δ| sin(argδ + mπ/6)]}
∣∣∣∣∣
2

, (A4)

which has a period of π/6 over arg δ.

We plot γ (A4) vesus δ and the regions where γ ≈ 0 by
setting a numerical cutoff of γ < 0.001 in Fig. 6. This cutoff
is not the threshold ε. The overlap between the superposition
of three compass states and its displaced version goes to zero
for any arbitrary direction of displacement.

Now we determine the regions in phase space such that the
overlap γ is less than the threshold ε, which we set as 10−15

(39). We solve for the roots of Eq. (A4), namely,

2∑
m=0

{cos[2a|δ| cos(argδ + mπ/6)]

+ cos[2a|δ| sin(argδ + mπ/6)]} ≡ 0, (A5)

which is an exact equality but leads only to an approximation
of γ as shown in Eq. (A4). Equation (A5) identifies all δ such
that

γ (δ; |�〉 + | � 〉 + | � 〉) (A6)

vanishes.
We follow the process outlined in Sec. IV A and truncate

the Taylor series to quadratic order. This introduces a change
of the order of 10−9 in the values of |δ| for which γ < ε.

FIG. 6. Heat map for the overlap function of the superposition of three compass states with a = 12 (a) shown fully and (b) the phase-space
regions where its value is approximately zero.
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The final expressions for the coefficients of the quadratic
equation

A3(|δ|)2 + B3(|δ|) + C3 = 0 (A7)

for a fixed arg δ and a for the region (42) are

A3(y; a, arg δ)

= 6a2[J2(2ay) − J0(2ay)] + 3a2 cos(12 arg δ)

× [2J10(2ay) + 2J14(2ay) − 4J12(2ay)] (A8)

for the quadratic term,

B3(y; a, arg δ) = − 2A3y − 12aJ1(2ay) + 12a cos(12 arg δ)

× [J11(2ay) − J13(2ay)] (A9)

for the linear term, and

C3(y; a, arg δ) = − A3y − B3 + 6J0(2ay)

+ 12 cos(12 arg δ)[J12(2ay)] (A10)

for the constant. Each coefficient comprises a constant and an
oscillatory term similar to the case of the superposition of two
compass states. The oscillations are periodic with period π/6

over arg δ. The roots of Eq. (A7) are

|δ| =
−B3 ±

√
B2

3 − 4A3C3

2A3
, (A11)

with an angular period of π/6 evident in Fig. 6(b)
We now quantify the sensitivity of this state, given by

Definition 1 for the arbitrary case when the size pertaining
to the three compass states of our superposition is a. We solve
the roots of Eq. (A7) characterized by Eqs. (A8) to (A10) for
different values of arg δ.

In the neighborhood of y = 6/5a, the roots oscillate in the
region

1

a
[1.202412739, 1.202412805], (A12)

with period π/6 over the direction of displacement arg δ. The
sensitivity of the state is quantified by

|δ|min = 1.202412739

a
, (A13)

which is obtained for

arg δ = (2m + 1)π

12
. (A14)

The amplitude of oscillation has reduced when compared with
the case of the superposition of two compass states; i.e., the
isotropicity has increased with respect to the superposition of
two compass states.

APPENDIX B: EXACT OVERLAP FUNCTION OF ONE COMPASS STATE

In this Appendix, we provide the exact overlap for the case of one compass state. In the following expression, we also consider
the cross terms. These cross terms correspond to the following:

(1) north-south′ (NS′), north-east′ (NE′), north-west′ (NW′);
(2) south-north′ (SN′), south-east′ (SE′), south-west′ (SW′);
(3) east-north′ (EN′), east-west′ (EW′), east-south′ (ES′);
(4) west-north′ (WN′), west-east′ (WE′) and west-south′ (WS′)

cases. The exact expression is given by

|〈 �|D(δ)| �〉|2 = |2e−|δ|2/2 cos[2aIm(δ)] + 2e−|δ|2/2 cos[2aRe(δ)] + e−|2a−δ|2/2 + ei[aIm(δ)−aRe(δ)+a2]−|a−ia−δ|2/2

+ ei[aIm(δ)+aRe(δ)−a2]−|a+ia−δ|2/2 + ei[−aIm(δ)−aRe(δ)−a2]−|−a−ia−δ|2/2 + ei[−aIm(δ)+aRe(δ)+a2]−|−a+ia−δ|2/2

+ ei[aIm(δ)−aRe(δ)−a2]−|a+ia−δ|2/2 + ei[−aIm(δ)−aRe(δ)+a2]−|a+ia−δ|2/2 + ei[aIm(δ)+aRe(δ)+a2]−|−a−ia−δ|2/2

+ ei[−aIm(δ)+aRe(δ)−a2]−|a−ia−δ|2/2 + e−|−2a−δ|2/2 + e−|−2ia−δ|2/2 + e−|−2ia−δ|2/2|2. (B1)

Making the radius of the circle, on which the coherent states are placed, significantly larger than Planck scale a = 1 makes the
cross terms vanish exponentially.

APPENDIX C: DETAILS OF TAYLOR SERIES EXPANSION FOR THE SUPERPOSITON OF TWO COMPASS STATES

For the specific case of the superposition of two compass states, the overlap (37) vanishes when

1∑
m=0

{cos[2a|δ| cos(argδ + mπ/4)] + cos[2a|δ| sin(argδ + mπ/4)]} ≡ 0. (C1)

To obtain approximate solutions, we assign the direction of phase-space displacement as argδ and assign the size a pertaining to
both compass states in the superposition. We then calculate the Taylor series for Eq. (C1) around some y ∈ R. We truncate the
Taylor series to quadratic order. The Taylor series of the first term in Eq. (C1) is

cos[2a|δ| cos(arg δ + mπ/4)] = cos[2ay cos(arg δ + mπ/4)] − sin[2ay cos(arg δ + mπ/4)]2a cos(arg δ + mπ/4)(|δ| − y)

− cos[2ay cos(arg δ + mπ/4)]2a2 cos2(arg δ + mπ/4)(|δ| − y)2 (C2)
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and the Taylor series of the second term in Eq. (C1) is

cos[2a|δ| sin(arg δ + mπ/4)] = cos[2ay sin(arg δ + mπ/4)] − sin[2ay sin(arg δ + mπ/4)]2a sin(arg δ + mπ/4)(|δ| − y)

− cos[2ay sin(arg δ + mπ/4)]2a2 sin2(arg δ + mπ/4)(|δ| − y)2. (C3)

The Taylor series of Eq. (C1) is the sum of both these series.

APPENDIX D: FORM OF QUADRATIC COEFFICIENTS FOR THE SUPERPOSITION OF TWO COMPASS STATES

The coefficients of the quadratic equation [A2(|δ|)2 + B2(|δ|) + C2] for a fixed arg δ and a for the region ||δ| − y| � 1 are

A2(y; a, arg δ) =
1∑

m=0

{−2a2 sin2(arg δ + mπ/4) cos[2ay sin(arg δ + mπ/4)]

− 2a2 cos2(arg δ + mπ/4) cos[2ay cos(arg δ + mπ/4)]} (D1)

for the quadratic term,

B2(y; a, arg δ) =
1∑

m=0

{4a2y sin2 (arg δ + mπ/4) cos[2ay sin (arg δ + mπ/4)] − 2a sin (arg δ + mπ/4) sin[2ay sin (arg δ + mπ/4)]

+ 4a2y cos2 (arg δ + mπ/4) cos[2ay cos (arg δ + mπ/4)] − 2a cos (arg δ + mπ/4) sin[2ay cos (arg δ + mπ/4)]}
(D2)

for the linear term, and

C2(y; a, arg δ) =
1∑

m=0

{2ay sin (arg δ + mπ/4) sin[2ay sin (arg δ + mπ/4)] − 2a2y2 sin2 (arg δ + mπ/4) cos[2ay sin (arg δ + mπ/4)]

+ cos[2ay sin (arg δ + mπ/4)] + cos[2ay cos (arg δ + mπ/4)] + 2ay cos (arg δ + mπ/4) sin[2ay cos (arg δ + mπ/4)]

− 2a2y2 cos2 (arg δ + mπ/4) cos[2ay cos (arg δ + mπ/4)]}. (D3)

for the constant. We can simplify these to obtain Eqs. (43) to (45) using the Jacobi-Anger expansions of cos(z cos θ ), cos(z sin θ ),
sin(z sin θ ), and sin(z cos θ ) given by

cos(z cos θ ) = J0(z) + 2
∞∑

n=1

(−1)nJ2n(z) cos(2nθ ),

cos(z sin θ ) = J0(z) + 2
∞∑

n=1

J2n(z) cos(2nθ ),

sin(z sin θ ) = 2
∞∑

n=1

J2n−1(z) sin[(2n − 1)θ ],

sin(z cos θ ) = −2
∞∑

n=1

(−1)nJ2n−1(z) cos[(2n − 1)θ ]. (D4)

We further simplify Eq. (D1) to

A2(y; a, arg δ) =
1∑

m=0

{−2a2 sin2 (arg δ + mπ/4) cos[2ay sin (arg δ + mπ/4)]

− 2a2 cos2 (arg δ + mπ/4) cos[2ay cos (arg δ + mπ/4)]}

=
1∑

m=0

{−a2[1 − cos 2(arg δ + mπ/4)] cos[2ay sin(arg δ + mπ/4)]

− a2[1 + cos 2(arg δ + mπ/4)] cos [2ay cos(arg δ + mπ/4)]}

=
1∑

m=0

−[a2{cos[2ay sin (arg δ + mπ/4)] + cos[2ay cos (arg δ + mπ/4)]}

+ a2 cos 2(arg δ + mπ/4)(cos[2ay sin (arg δ + mπ/4)] − cos(2ay cos[arg δ + mπ/4)])}. (D5)
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Further simplifying with the help of Eq. (D4), we obtain

cos[2ay sin (arg δ + mπ/4)] + cos[2ay cos (arg δ + mπ/4)] = 2J0(2ay) + 4
∞∑

s=1

J4s(2ay) cos[4s(arg δ + mπ/4)] (D6)

and

cos[2ay sin (arg δ + mπ/4)] − cos[2ay cos (arg δ + mπ/4)] = 4
∞∑

s=1

J4s−2(2ay) cos[(4s − 2)(arg δ + mπ/4)]. (D7)

Inserting these back in Eq. (D5) in yields

A2(y; a, arg δ) = 4a2J2(2ay) − 4a2J0(2ay) +
1∑

m=0

∞∑
s=1

[(2J4s−2(2ay) + 2J4s+2(2ay) − 4J4s(2ay))a2 cos(4s(arg δ + 2πms/2))]

= 4a2J2(2ay) − 4a2J0(2ay) + 2a2[2J6(2ay) + 2J10(2ay) − 4J8(2ay)] cos (8 arg δ). (D8)

Similarly, we can find B2 and C2 by substituting the relevant Jacobi-Anger expressions in Eqs. (D2), (D3), and simplifying as
shown for A2.

APPENDIX E: DETAILS OF TAYLOR SERIES EXPANSION FOR THE SUPERPOSITION OF n COMPASS STATES

For the superposition of an arbitrary number n of compass states, the overlap (54) vanishes when

n−1∑
m=0

{cos[2a|δ| cos (argδ + mπ/2n)] + cos[2a|δ| sin (argδ + mπ/2n)]} ≡ 0. (E1)

To obtain approximate solutions, we assign the direction of phase-space displacement as argδ and assign the size a pertaining to
both compass states in the superposition. We then calculate the Taylor series for Eq. (E1) around some y ∈ R. We truncate the
Taylor series to quadratic order. The Taylor series of the first term in Eq. (E1) is

cos[2a|δ| cos (arg δ + mπ/2n)] = cos[2ay cos (arg δ + mπ/2n)] − sin[2ay cos (arg δ + mπ/2n)]2a cos (arg δ + mπ/2n)(|δ| − y)

− cos[2ay cos (arg δ + mπ/2n)]2a2 cos2 (arg δ + mπ/2n)(|δ| − y)2 (E2)

and the Taylor series of the second term in Eq. (E1) is

cos[2a|δ| sin (arg δ + mπ/2n)] = cos[2ay sin (arg δ + mπ/2n)] − sin[2ay sin (arg δ + mπ/2n)]2a sin(arg δ + mπ/2n)(|δ| − y)

− cos[2ay sin (arg δ + mπ/2n)]2a2 sin2(arg δ + mπ/2n)(|δ| − y)2. (E3)

The Taylor series of Eq. (E1) is the sum of both these series.

APPENDIX F: FORM OF QUADRATIC COEFFICIENTS FOR SUPERPOSITION OF n COMPASS STATES

The coefficients of the quadratic equation [An(|δ|)2 + Bn(|δ|) + Cn] for a fixed arg δ and a for the region ||δ| − y| � 1 are

An(y; a, arg δ) =
n−1∑
m=0

{−2a2 sin2 (arg δ + mπ/2n) cos[2ay sin (arg δ + mπ/2n)]

− 2a2 cos2 (arg δ + mπ/2n) cos[2ay cos (arg δ + mπ/2n)]} (F1)

for the quadratic term,

Bn(y; a, arg δ) =
n−1∑
m=0

{4a2y sin2 (arg δ + mπ/2n) cos[2ay sin (arg δ + mπ/2n)] − 2a sin (arg δ + mπ/2n) sin[2ay sin (arg δ + mπ/2n)]

+ 4a2y cos2 (arg δ + mπ/2n) cos[2ay cos (arg δ + mπ/2n)] − 2a cos (arg δ + mπ/2n) sin[2ay cos (arg δ + mπ/2n)]}
(F2)

for the linear term, and

Cn(y; a, arg δ) =
n−1∑
m=0

{2ay sin (arg δ + mπ/2n) sin[2ay sin (arg δ + mπ/2n)] − 2a2y2 sin2 (arg δ + mπ/2n) cos[2ay sin (arg δ + mπ/2n)]

+ cos[2ay sin (arg δ + mπ/2n)] + cos[2ay cos (arg δ + mπ/2n)] + 2ay cos (arg δ + mπ/2n)

× sin[2ay cos (arg δ + mπ/2n)] − 2a2y2 cos2 (arg δ + mπ/2n) cos[2ay cos (arg δ + mπ/2n)]}. (F3)
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for the constant. We further simplify Eq. (F1) to

An(y; a, arg δ) =
n−1∑
m=0

{−2a2 sin2(arg δ + mπ/2n) cos[2ay sin (arg δ + mπ/2n)]

− 2a2 cos2(arg δ + mπ/2n) cos[2ay cos (arg δ + mπ/2n)]}

=
n−1∑
m=0

{−a2[1 − cos 2(arg δ + mπ/2n)] cos[2ay sin (arg δ + mπ/2n)]

− a2[1 + cos 2(arg δ + mπ/2n)] cos[2ay cos (arg δ + mπ/2n)]}

=
n−1∑
m=0

−[a2(cos[2ay sin (arg δ + mπ/2n)] + cos[2ay cos (arg δ + mπ/2n)])

+ a2 cos 2(arg δ + mπ/2n)(cos[2ay sin (arg δ + mπ/2n)] − cos(2ay cos [arg δ + mπ/2n)])]. (F4)

Further simplifying with the help of Eq. (D4) we obtain

cos[2ay sin (arg δ + mπ/2n)] + cos[2ay cos (arg δ + mπ/2n)] = 2J0(2ay) + 4
∞∑

s=1

J4s(2ay) cos[4s(arg δ + mπ/2n)] (F5)

and

cos[2ay sin (arg δ + mπ/2n)] − cos[2ay cos (arg δ + mπ/2n)] = 4
∞∑

s=1

J4s−2(2ay) cos[(4s − 2)(arg δ + mπ/2n)]. (F6)

Inserting these back in Eq. (F4) yields

An(y; a, arg δ = 2a2nJ2(2ay) − 2a2nJ0(2ay) +
n−1∑
m=0

∞∑
s=1

[(2J4s−2(2ay) + 2J4s+2(2ay) − 4J4s(2ay))a2 cos(4s(arg δ + 2πms/n))]

= 2a2nJ2(2ay) − 2a2nJ0(2ay) + na2(2J4n−2(2ay) + 2J4n+2(2ay) − 4J4n(2ay)) cos(4n(arg δ)). (F7)

Similarly, we can find Bn and Cc by substituting the relevant Jacobi-Anger expressions in Eqs. (F2), (F3), and simplifying as
shown for An.
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