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Up to now, experiments involving Mdssbauer nuclei have been restricted to the low-excitation regime (LER).
The reason for this is the narrow spectral linewidth of the nuclei. This defining feature enables Mossbauer
spectroscopy with remarkable resolution and convenient control and measurements in the time domain, but at
the same time implies that only a tiny part of the photons delivered by accelerator-based x-ray sources with
orders-of-magnitude larger pulse bandwidth are resonant with the nuclei. X-ray free-electron lasers promise
a substantial enhancement of the number of nuclear-resonant photons per pulse, such that excitations beyond
the LER come within reach. This raises the question of how the onset of nonlinear excitations could be
experimentally verified. Here, we develop and explore a method to detect an excitation of nuclear ensembles
beyond the LER for ensembles of nuclei embedded in x-ray waveguides. It relies on the comparison of the x
rays coherently and incoherently scattered off of the nuclei. As a key result, we show that the ratio of the two
observables is constant within the LER, essentially independent of the details of the nuclear system and the
characteristics of the exciting x rays. Conversely, deviations from this equivalence serve as a direct indication
of excitations beyond the LER. Building upon this observation, we develop a variety of experimental signatures
both, for near-instantaneous impulsive and for temporally extended nonimpulsive x-ray excitation. Correlating
coherently and incoherently scattered intensities further allows one to compare theoretical models of nonlinear
excitations more rigorously to corresponding experiments.
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I. INTRODUCTION

The extremely narrow linewidth of Mossbauer transitions
renders them ideal candidates for applications in precision
spectroscopy and quantum optics [1-3]. Most commonly as-
sociated with the study of hyperfine interactions in solid-state
targets, recent years have witnessed a rising interest in Moss-
bauer nuclei as an experimental platform for studying and
controlling quantum dynamics and quantum optical effects
[3-32]. This in part is facilitated by the experimental ro-
bustness and convenience of Mossbauer setups that can often
be operated at room temperature and ambient pressure in a
solid-state target environment, and due to a time separation
of the nuclear signal from the much faster electronic back-
ground processes. Further progress is anticipated, e.g., due
to advances in manufacturing specific nuclear environments
[3] and due to the availability of new coherent high-brilliance
x-ray sources [33-39], which pave the way for new experi-
ments based on coherence and tailored quantum optical and
many-body properties of the nuclear system.

However, for many applications in quantum optics and
spectroscopy, nonlinear light-matter interactions are essential.
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By contrast, experiments on Mossbauer nuclei have been re-
stricted to the low-excitation regime (LER) so far, because of
their narrow spectral linewidth, which is orders of magnitude
smaller than the bandwidth of x-ray pulses by state-of-the-art
accelerator-based x-ray sources. This situation is expected to
change with the recent availability of (seeded) x-ray free-
electron lasers [33-39], which can provide a large number
of nuclear-resonant photons per pulse. Further progress is
anticipated with x-ray free-electron laser oscillators (XFELO)
[7,40]. Theoretical studies suggest that this may allow one
to excite nuclear ensembles even up to the point of in-
version [41-44]. Potential applications include pump-probe
approaches involving significant population transfer, or non-
linear spectroscopy schemes, e.g., enabling one to reveal
internuclear couplings affecting the dynamics, or the nature
of line broadening mechanisms [45-48].

However, a first experiment on multiphoton excitation still
found data consistent with linear excitation conditions [49],
and initially, future experiments are likely to only slightly
surpass the LER. While experiments to verify high excitation
and inversion in nuclear resonant scattering have been sug-
gested [41], experimentally relevant signatures at the onset of
nonlinear excitation of the nuclear ensemble are still largely
lacking.

To fill this gap, here we develop and explore a method to
verify the excitation of nuclear ensembles by intense x-ray
light beyond the LER. To this end, we propose to correlate
two observables that are readily accessible in nuclear res-
onant scattering experiments, namely the highly directional
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FIG. 1. Schematic setup and summary of the main results. The central goal of this work is to identify experimentally relevant signatures
which enable one to verify the excitation of an ensemble of Mossbauer nuclei beyond the low-excitation regime (LER) explored up to now. For
this, we consider an ensemble of two-level nuclei embedded in an x-ray waveguide, probed by near-resonant x-rays in grazing incidence. To
detect the nonlinear excitation, the coherently and the incoherently (e.g., following internal conversion) scattered intensities are recorded. Our
theoretical analysis shows that in the LER, the ratio R(t) = R, of the two intensities is constant, even though both intensities individually depend
on time. We show this by analytically calculating the relevant dynamics of the excited-state populations and the x-ray-induced coherences of
the general interacting N-body system in second order of the x-ray pulse area .A. Upon excitation beyond the LER, the ratio R changes its
properties in a characteristic way. In case of near-instantaneous impulsive excitation of an effective single-particle system or a sufficiently
weakly coupled many-body system, the ratio R remains constant, but changes its value from R, depending on the degree of excitation. For
a strongly interacting impulsively driven many-body system, the ratio becomes time-dependent upon excitation beyond the LER. In case of
nonimpulsive x-ray excitation with duration of the order of the nuclear lifetime, the ratio is also time dependent at higher excitation. Based
on these results, a variety of different experimental signatures or data analysis approaches is developed, which allow one to verify excitations

beyond the LER.

coherently scattered intensity on the one hand and incoherent
scattering products such as fluorescence emission and conver-
sion electrons that are scattered into the entire solid angle on
the other hand, see Fig. 1. Our results show that in the LER,
i.e., up to second order in the x-ray-nuclei interaction, these
two observables become essentially equivalent. In particular,
we prove that the ratio of both observables becomes constant,
aresult that is largely independent of the details of the nuclear
system and the temporal and spectral shape of the x-ray-
nuclei interaction. Conversely, we demonstrate that already in
leading nonlinear excitation order, this ratio changes with the
strength of the interaction and in a number of important cases
becomes time dependent. In particular, we study the case
of impulsive excitation of nuclear ensembles with weak and
strong nucleus-nucleus interactions corresponding to standard
pulse conditions at accelerator-based light sources. Further,
we identify clear experimental signatures of excitations be-
yond the LER for near-monochromatic pulses, e.g., from
synchrotron-Mossbauer-like sources [50-54] generalized to
operation at x-ray free-electron lasers [49]. The correlation of
coherently and incoherently scattered intensities also allows
one to rigorously benchmark theoretical models of nonlinear
excitations against experimental data and helps to characterize
deviations from effective low-excitation descriptions of nu-
clear ensembles.

The paper is structured as follows. In Sec. II the theoretical
model for the nuclear ensemble is introduced, the two relevant
observables are presented, and the cases of impulsive and
nonimpulsive x-ray excitation are defined. Section III outlines
the basic principle of the distinction between the LER and
excitations beyond that regime. Subsequently the proof of

the equivalence between coherent and incoherent dynamics
up to second order in the x-ray-nuclei coupling is given first
for effective two-level schemes and second for interacting
many-body systems. The last two sections focus on signatures
of excitation beyond the LER for different pulse structures.
Section IV compares analytical results for weakly coupled
nuclear ensembles with numerical studies of strongly coupled
nuclei upon impulsive excitations. Section V identifies differ-
ent signatures for nonlinear excitation of effective two-level
systems upon near-resonant and exponentially decaying x-ray
fields. Finally, Sec. VI discusses and summarizes the results.

II. THEORETICAL BACKGROUND

In this section, the theoretical model used to describe the
nuclear ensemble dynamics is presented. Subsequently, the
two observables relevant for the characterization of nonlinear
excitation and the different types of x-ray excitation consid-
ered in our analysis are introduced.

A. Theoretical model for the nuclear ensemble

In the following, for definiteness, we focus our discussion
on the case of nuclei embedded in planar thin-film waveg-
uides, probed by the x rays in grazing incidence on the
waveguide structure [3,15,55]. Such photonic environments
allow one to tailor the nuclear dynamics, and the possibility
to enhance the nuclear excitation for a given x-ray pulse
using a suitable design of the nuclear environment has been
suggested [41,42,56,57]. Interestingly, the lossy nature of the
x-ray waveguides leads to an interplay of multiple cavity
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modes [58], which may affect the nuclear dynamics favor-
ably. Furthermore, one may expect that waveguides probed
in reflection can be more stable under the action of intense
x-ray light, as compared to thicker sample foils probed in for-
ward direction. Finally, a detailed quantum optical description
has been developed for the waveguide setting [59-62], which
serves as the starting point for our present analysis.

In general, the interaction of x-rays with nuclei gives
rise to a large variety of processes, e.g., based on recoil-
less interaction or interaction with recoil, or on radiative or
nonradiative deexcitation channels. A detailed discussion of
these contributions in the LER regime can be found, e.g., in
Refs. [15,17]. In the following, we aim at a description of
the nuclear dynamics beyond the LER, focusing on coherent
scattering in propagation direction of the driving x-ray pulse
and incoherent emission following internal conversion as the
main observables. To this end, we start by modeling the nuclei
as a generic ensemble of N identical interacting two-level
systems using the Hamiltonian [61-69]

N N
N .. h X
H=h)Y w66, — 3 > IQ(r,. )6, + Hell
n=1 n=1
N
—h Yy w68, (M)
n,n'=1

Here, n and n’ label the individual two-level systems and 6"*
are the raising and lowering operators of nucleus # in its two-
level Hilbert space. Further, w( denotes the nuclear transition
frequency and
dE(r,, 1)
Qr,,t)= ——— 2)
h

the semiclassical light-matter coupling in the form of the time-
dependent Rabi frequency with E(r,,, t) describing the electric
field amplitude at the position r, of nucleus n, and d the
transition dipole moment. Note that for notational simplicity,
in Eq. (2) we have assumed a dipole coupling. Depending on
the Mossbauer isotope, a different multipole transition may
dominate, in which case the expression for the Rabi frequency
should be modified accordingly. Finally, possible interactions
between the nuclei are included via the dipole-dipole cou-
pling parameters J,,, which satisfy the symmetry property
Jn"’ = J:’n'

The nuclear many-body dynamics is then characterized
by a density operator pNB governed by the master equa-
tion [61-69]

Lo~ i, o)+ 15 3)
dt il
where “NB” stands for N body, and the Lindblad term is
given by

N
LpNP = > T2, 26,7 — (6,76, ")
n,n'=1
N
+ Y Tic26, pN6F — 18,6, 0™). @)

n=1

It incorporates both, single-particle decay as diagonal ele-
ments with n = n’, and incoherent dipole-dipole couplings
between the nuclei with n # n’. Note that the total nat-
ural linewidth y of the nuclei comprises radiative decay
contributions (o I',;;), and nonradiative internal conversion
contributions (x I'ic),

The coupling constants entering the master equa-
tion Eq. (3) can conveniently be calculated ab initio using the
classical Green’s function [69-74] characterizing the nuclear
environment [61], which is analytically known [69,74,75]. In
turn, a suitable optimization of the environment can be used
to reverse engineer desired couplings [56,57,76].

The many-body problem Eq. (3) in general is challenging
to solve. However, in the LER, enforced in the equations of
motion by neglecting possible populations of the nuclear
excited states by setting (6,76, ) = 0, the problem allows
for a substantial reduction of the relevant Hilbert space. In
this case, by rewriting the system in Fourier space in terms
of a spin-wave basis, the problem of many interacting nu-
clei embedded in the cavity environment can equivalently
be rewritten in terms of an effective single-particle level
scheme [3,5,18,19,56,57,59-62]. Interestingly, the effective
level scheme may differ from the original level scheme
of the individual nuclei. The number of relevant energy
eigenstates can be engineered, and it may also comprise
additional couplings between levels induced by the cavity
environment, which can simulate otherwise unavailable con-
trol laser fields. As a result, level schemes can be realized,
which otherwise are not available with Mdossbauer nuclei.
This feature forms the basis of most experiments on nu-
clear quantum optics with nuclei in waveguides reported so
far [3,5,18-20,22-24,27,32]

It is expected that this equivalent description in terms
of a single few-level system breaks down towards higher
excitation of the nuclear ensemble [61,67,68]. Nevertheless,
the single-particle description provides a good starting point
for the following analysis of experimental signatures at the
onset of effects beyond the LER. Afterwards, in Sec. IIIC,
we will also consider the full many-body dynamics in lead-
ing and next-to-leading order of the interaction between x
rays and nuclei accompanied by numerical simulations of
higher excitation orders to explore possible deviations from
the single-particle results in the excitation beyond the linear
regime.

Note that a similar treatment in principle can also be ap-
plied to nuclear forward scattering (for an introduction, see,
e.g., Refs. [15,55]), by employing the corresponding free-
space Green’s function to calculate the parameters entering
the master equation. However, in this geometry, the incident
x rays typically excite multiple eigenmodes of the many-body
Hamiltonian, and propagational effects arising due to multiple
interactions in the thicker samples lead to further modifica-
tions of the scattered light signatures [15,77]. Therefore, for
simplicity, we focus on reflection geometries in the following
analysis.
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B. Observables

In the following discussion, we will consider two standard
observables in nuclear resonant scattering, see Fig. 1. First, the
time-dependent intensity I.on(¢) of the coherently scattered x
rays. This quantity is highly directional: In forward scattering
geometry, this signature is emitted in forward direction, due
to interference between the scattering contributions of the
different nuclei [15,55,78]. In reflection geometry, it is emitted
in a direction essentially given by Bragg’s law. Second, the
time-dependent intensity Ii,.(¢) of the incoherent signatures,
e.g., fluorescence photons or conversion electrons of the non-
radiative deexcitation of the nuclei via internal conversion
[17,79-82]. The relative contribution of the nonradiative to
the radiative channel to the total nuclear decay is described
by the internal conversion coefficient o [15,55]. Note that the
two observables can be measured concurrently [17]. In the
following, we will show that the comparison of these two
observables allows one to identify excitations of the nuclei
beyond the LER.

In incoherent scattering, the nuclei decay independently,
such that the observed signal intensity is proportional to the
sum of excited-state populations of the nuclei [63,64],

N
Lne()) o< ) (6,56,). 6)
n=1

Note that the prefactors will not be of relevance in the
following analysis. This has the additional advantage that
experimental details such as the detection geometry, or atten-
uation within the sample or between sample and detector do
not have to be characterized quantitatively for our analysis.

In contrast, the radiatively emitted scattered light can be
evaluated by relating the positive- and negative-frequency
components of the electric field operators £® to the tran-
sition operators 6,7 [63,64], which act as source operators for
the emitted radiation. The total emitted intensity in direction
K.ut can then be written as [63,64],

N
Laa(t. Kow) 0¢ Y (6,76,) Mot (7)
n,m=1

where Kk, is the wave vector of the emitted radiation, and
we again have omitted the prefactors. Using a decomposition
of the transition operators into their expectation values and
a fluctuation part 6 = (6F) + 8§6F [83], we can extract the
coherently scattered contribution as

N
A A iKout (T, —T
Teon(t, Kou) 0 Y (8,7) (8, eontrnrn)

n,m=1

N
Kouln / A+
Z e'out x<o-n >

n=1

2

®)

The last expression clearly exhibits the interference between
the contributions scattered by the individual two-level nuclei.
If the incident x rays with wave vector k;, imprint a position-
dependent phase pattern on the two-level nuclei, the additional
phase accumulated due to Kk, together with the sum over all
two-level atoms leads to the directional emission described at
the beginning of this section.

Note that the incoherently and coherently scattered inten-
sities Egs. (6), (8) can be expressed in terms of single-particle
reduced density matrix elements,

(6,767) =Tr[pNB6.76,71 = poye, » 9)
(6,7) =Tr[p"?6,71 = e, - (10)

Here, |g,) [|e,)] denote the ground [excited] state of nucleus
n, pB is the N-body density matrix the dynamics of which is
governed by the master equation Eq. (3), and Tr[-] denotes the
trace over the many-body Hilbert space. Analogous relations
hold for effective single-particle level schemes as introduced
below in Sec. I A.

C. Impulsive and nonimpulsive x-ray excitation

Throughout this work, we consider two qualitatively dif-
ferent x-ray excitation approaches for the nuclei. Accelerator-
based x-ray sources typically deliver x-ray pulses with
durations on the ~ps (synchrotron) or ~fs (x-ray free-electron
laser) scale. In contrast, typical lifetimes of standard Moss-
bauer isotopes are orders of magnitude longer (for example,
the natural lifetime of the most commonly used Mossbauer
resonance in °'Fe is 141 ns [55]). As a result, the x-ray
excitation is impulsive in the sense that it is near instantaneous
as compared to all natural timescales of decay and coupling
dynamics of the nuclei. Therefore, collective effects such as
couplings between the nuclei or their decay processes can
be completely neglected throughout the x-ray excitation, and
the nuclear excitation dynamics can be evaluated simply by
considering the x-ray-induced dynamics on the single-nucleus
level. After initial excitation, the nuclei then evolve on their
natural timescales in the absence of the exciting x-ray pulse.
This temporal separation of excitation and subsequent nuclear
ensemble dynamics considerably simplifies the analysis [44].

Next to this impulsive excitation, we further consider the
case in which the duration of the incident x-ray field is not
restricted to very short times. We denote this more general
case as nonimpulsive excitation, and will in particular con-
sider the case in which the duration of the driving x-ray
field is comparable to the other evolution timescales of the
nuclei. This situation becomes of relevance if x-ray pulses
are used, which are monochromatic on the nuclear energy
scales, e.g., delivered by a synchrotron (or analogously ex-
tended free-electron laser) Mossbauer source [49-54], or in
setups employing additional reference absorbers to shape the
incoming x-ray pulse like the recently demonstrated coherent
control schemes for nuclear dynamics [29]. In the nonimpul-
sive case, the complete dynamics involving x-ray excitation,
couplings and decay processes must be considered at the same
time.

In Sections IV and V, the two cases will be analyzed
separately.

III. CHARACTERIZATION AND DETECTION OF
DYNAMICS BEYOND THE LOW-EXCITATION REGIME

In this section, we present and analyze the main idea of
our approach to detect and characterize nuclear dynamics
beyond the low-excitation regime. We start with the simplest
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possible example involving the coherent dynamics of a
two-level system, to illustrate the main idea of identifying
dynamics beyond the LER based on a comparison of the
coherently scattered intensity and the incoherently scattered
intensity. Next, we generalize the idea to the full dissipative
dynamics of a single effective two-level system, which is of
relevance, e.g., in the context of a nuclear ensemble in a cavity
environment. Finally, we establish our approach in the general
case of an interacting nuclear many-body system. The main
purpose of this section is to prove the equivalence of coher-
ently and incoherently scattered intensity in the LER, largely
independent of the specific details of the nuclear ensemble
and the x-ray driving fields, and establish deviations from
this equivalence as a means to characterize excitation beyond
that regime.

A. Example illustrating the approach to detect excitation
beyond the low-excitation regime

As discussed in Sec. IT A, effective single-particle models
for nuclei in waveguides provide a good starting point for the
analysis of experimental signatures at the onset of effects be-
yond the LER. Here, we start with the simplest possible case,
and consider the excitation dynamics of a single two-level
system resonantly driven by an impulsive x-ray pulse. We
denote the ground and excited states of the two-level system
as |g) and |e), respectively, and characterize its state via a
density operator with matrix elements p;;(¢) (i, j € {e, g}; see
Appendix A for the equations of motion).

We assume the system to be initially in its ground
state, i.e.,

pee(t =0)=0, pge(t =0)=0,
peg(t =0)=0, :Ogg(t =0)=1,

and that spontaneous decay can be neglected during the impul-
sive excitation, as well as that the excitation is resonant. In this
case, the time-dependent density matrix elements describing
the excited-state population and the x-ray-induced coherence
in a suitable interaction picture can be evaluated analytically,
with the solution known as the area theorem [84,85]

Pee(t) = sin? [A(1)],

pee(t) = =3¢ sin [2A(1)].

(11a)
(11b)

Here, ¢ denotes the time after the impulsive x-ray pulse has
passed the system, which is much shorter than the lifetime of
the resonance such that the decay can be neglected. The x-ray
pulse area A is given by

t
A() = l/ || dt’, (12)
2 /4
where Q(r) = |2(t)| exp(—i¢) is the Rabi frequency in the
interaction picture proportional to the time-dependent x-ray
field amplitude, with constant phase ¢, which accounts, e.g.,
for the spatial dependence of the incident x-ray field. Equa-
tions (11) can easily be verified by inserting them into the
Bloch equations Egs. (Al) in a suitable interaction picture
under the assumption of negligible decay and zero detuning.
The pulse area A(r) has the advantage that it encompasses

not only the relevant properties of the exciting x-ray field, but
also of the coupling to the nuclei, the cavity environment, and
other details of the setup. Hence, it allows one to conveniently
define the transition between the LER and beyond. Note that
the pulse area enters the off-diagonal density matrix element
corresponding to the x-ray-induced coherence with a prefactor
of 2. As a result, the two quantities p,.(¢) and | ,oge(t)l2 related
to the incoherent and coherent x-ray emission from the nuclei
are not equivalent in general.

To explore the relation of the two observables in more
detail, we expand Eqgs. (11) for the case of low pulse area,

4 6

pee(n:A(r)z—A(;) +2“1(5’) e
4 4 2 6

w2 = A — “43(’) 43 fs(” b (13b)

We find that, in leading order, the coherently and incoher-
ently scattered light proportional to the coherence squared and
the population are equivalent,

_ _ 2
P =AW = | POl

(14)

where the superscript (0-2) indicates the Taylor expansion
including all contribution up to second order of the indexed
quantities.

In contrast, if the nuclei are excited beyond the leading
low-excitation order, we find that the two observables differ,

5 (1) # (10ge ()P = 2Relpi ()p )], (15)

where the superscript (i) denotes the ith-order contribution
of the series expansion only. As a result, we conclude that
suitably analyzed deviations in the two observables provide
a direct signature for the excitation of the nuclear ensemble
beyond the LER.

Equation (15) also shows how the expansion of the off-
diagonal density matrix element itself enters the expansion
of its magnitude squared. As expected, the leading order
violating the equivalence of the coherent and incoherent scat-
tering comprises contributions from the third order of the
off-diagonal density matrix elements, which illustrates the
significance of the x-ray-nuclei interaction beyond the linear
regime for this contribution.

In analyzing experimental data, it may be favorable to
consider ratios of coherently and incoherently scattered light,
corresponding to suitable ratios of squared coherences and
populations such as |pge|2/,oee as experimentally accessible
quantities to characterize excitation beyond the leading low-
excitation order. The reason is that then, experimental aspects
such as prefactors related to the detection geometry or effi-
ciency become largely irrelevant in analyzing the data. The
ratio expands in orders of the pulse area as

A)* A)®
|pge(t)|2:A(l‘)2—%+%+“’

Pee(t) A@)? — AW 2400
4
— 11— A2+ A;I) ¥ (16)

Thus, it deviates from unity already in second order of the
pulse area. However, it is important to note that this is due
to cancellations in the expansion order of the numerator and
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the denominator of the ratio. Corrections of order A2(¢) in
the ratio may only occur if the off-diagonal density matrix
elements p., and pg have contributions of order A3(t) or
higher, and/or the populations p,. of order A*(¢) or higher.
Therefore, we can attribute deviations in the ratio from unity
to excitations of the system beyond the LER.

In the following sections, we will extend the characteri-
zation of excitation beyond the LER based on the relation
between coherently and incoherently scattered radiation to
more complex settings and to nonimpulsive nucleus-field in-
teractions, and will develop various approaches to analyze the
two observables for this purpose.

B. Effective two-level system excited by nonimpulsive
x-ray fields

In Sec. III A we have used the simplest case of the excita-
tion dynamics of a single effective two-level system driven
by an impulsive x-ray field to illustrate the main idea of
comparing the coherent and the incoherent light scattering
off of the nuclei to identify excitation beyond the LER. Next,
we develop this argument further by deriving a self-consistent
solution to the dynamics of the two-level system driven by x-
ray fields with arbitrary time dependence and including decay
dynamics. This will allow us to also study the nonimpulsive
x-ray excitation case. Note that the effective level scheme may
have decay rates or transition frequencies, which differ from
the bare nuclear properties [18,56,59,61]. Nevertheless, for
notational simplicity, in the following, we will continue to use
the symbols y and wy introduced above as the single-nucleus
properties also in the effective two-level case.

1. Self-consistent solution for the effective two-level system

As discussed in Sec. II A, the nuclear many-body system
in a waveguide can be modeled using an effective single-
particle description in the LER. For the simplest case of an
effective two-level scheme, self-consistent solutions to the
equations of motion for the excited-state population and the
x-ray-induced coherence can be derived, which are given by
(see Appendix A for the derivation)

1 ‘ L
Pt 10) = Ee_y’Re|: / dr'e5 e o 9 (1)

fo

X/ dt"e iwot” Vt”Q(t//)i|
4]

t
— e_V’ReI: / dt'e?” e Q* (1))

fo

I/
x / dl‘” iwot” t”Q(t”)pee(tHatO)iI’ (17&)

Iy

: t

l S ’

pge(ta fo) = zelwntefjt / dt' e~ it Q*(l‘/)e%t
fo

t

_ 7 ’ 71 ’

_letwgte 7t/ dt/e la)(][e 5t Q*(t/)
Iy

/

t
x / dt"e’" Im[Q(t")pe (", 10)].  (17b)

]

Here, we have assumed that the effective nucleus is initially in
the ground state at time #y. Note that as expected, the popula-
tion only comprises terms of even orders in the nucleus-field
coupling 2(¢) while the coherence only comprises odd orders.

In Sec. III B 2, we will systematically expand this solution
in orders of the driving x-ray field amplitude, in order to es-
tablish the relations between the excited-state population and
the x-ray-induced coherences, which will allow us to identify
signatures for excitation beyond the LER.

2. Coherence-population correspondence
in second-order of the driving x-ray field

As illustrated in Sec. III A, our approach to identify x-ray
excitations of the nuclear ensemble beyond the LER relies
on a comparison of the coherently and incoherently scattered
light, which relate to the nuclear excited-state population and
the x-ray-induced coherence squared. It is based on the result
that the population and the absolute value of the coherence
squared are identical up to second order in the exciting x-ray
field. Any deviation from this equality therefore indicates
excitation beyond the LER.

Next, we derive the correspondence between the popula-
tion and coherence for effective nuclear two-level systems
driven by general time-dependent x-ray fields. To this end,
we expand Eqs. (17) in powers of the driving x-ray field
amplitude.

In the absence of the x-ray field, the nuclei are in their
ground state,

et =19) =0,
P =19) =0,

Iteratively solving the self-consistent equations in a perturba-
tive expansion, we find in first order in the driving x-ray field
that (see Appendix B)

o0 = [ drrao.

Pt = to) =

PP =10) = 1.

(18a)

ps) () =0, (18b)

where we defined the function f(¢, 7) as the integrand in
Eq. (18a) as

fle,7) = ‘Ee D (1), (19)

for reasons which will become clear in the next step. Note
that Eq. (18a) bears similarity to the lowest-order result in
Sec. IITA involving the pulse area in Eq. (12) in that the
off-diagonal density matrix element depends on an integral
over the coupling Rabi frequency over time. However, the
more complete analysis here allows us to incorporate more
degrees of freedom in our analysis such as detunings between
exciting x-ray pulse and two-level system or decay processes.

Going further in the perturbative expansion, we find
that the second-order contributions can be written as (see
Appendix B),

pe (1) =0,

¢ 2
/ f@, rydr| =

(20a)

p2(t) = oD’ (20b)
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Hence, we find that the excited-state population and the
coherence squared are identical up to second order in the
driving x-ray field also in this more general case,

2

pse (@) = |po > () 1)

where the superscript (0-2) indicates that all contributions up
to second order are included.

As a result, we have shown for general two-level systems
including decay and driven by weak time-dependent x-ray
pulses that the coherently emitted intensity is equivalent to
the intensity of the incoherent emission in second order of the
x-ray-nucleus coupling. Note that this result is independent of
the temporal shape of the x-ray field, such that it also holds
for pulse sequences.

In terms of experimentally accessible quantities, this im-
plies that the ratio of the coherently and incoherently scattered
intensities Eqs. (6), (8) is constant as function of time in
the LER, i.e., if both observables are expanded up to second
order in the driving x-ray field. Conversely, deviations from
this time independence therefore imply dynamics beyond the
LER. In particular, as discussed in Sec. Il A, the ratio is
expected to change quadratically with the integrated Rabi
frequency in leading higher-excitation order. In Secs. IV and
V, we will explore particular x-ray pulse examples of exper-
imental relevance for such dynamics beyond the LER, which
will also allow for analytical solutions of the nuclear dynamics
to higher order.

C. Perturbative solution of the interacting many-body
nuclear ensemble

In Appendix C we show that the relevant solution to the full
master equation Eq. (3) of the N-body system up to second
order in the x-ray-nuclei interaction, which at initial time #; is
in the ground state, can be written for nucleus x as,

N '
p(é.z.)ex(t) = Z/ dt gu(7), (22a)
n=1 Y%
g (T) = —%sz*(rn, O, (22b)
K = (kum), (22¢)
Knm = _(an + lJnm) - (FIC - in)Bnmv (22d)
2
p2, (1) = |p{l, )], (22¢)

where K is a matrix with elements «,,. With this result
at hand, we can now proceed by showing the equivalence
between the population-based observables and the coherence-
based observables also in the many-body case.

The solutions Egs. (22) directly prove the equivalence on
the single-particle level,

2
o) O = p2 (@), (23a)
_ 2 _
= lpge O] = pee (@) (23b)

However, this result on the single-particle level is not suf-
ficient for the experimentally accessible ensemble-based
observables, given by Eqgs. (6) and (8) as

N
Lne(t) o Y (6,76,), (24)
n=1

2
z : Kouln / A+
e <Un )

n

Icoh (t ’ koul) & (25)

To evaluate the sums in these expressions, we make two
assumptions: First, we assume that all nuclei are excited
with the same amplitude using a plane-wave field with wave
vector Kij,,

Q(r,, 1) = Q) e, (26)

Second, we make the assumption of a homogeneous ensemble
of nuclei, i.e.,

. N
l —
Pg,)ex(f) =73 Z/ dt Q*(r,, [
n=1 v

. N .
l ik ik
_Ee—tkm ry 2 / dr Q*(.[)elkm(rx—l'u)[elc(t—f)]nx
n=1 v

. N

! ik ik _ _

_Ee*lkml‘xi / dt Q*(-’:)elkm(rno rn)[eK(t T)]mlo
n=1 "1

= py) (1) e M, (27

Here, in the second step, we have replaced the index x in the
integrand with an (arbitrary) fixed index ny. This homogeneity
assumption requires that the coupling environment of all two-
level systems is equivalent and that the nuclei themselves are
identical. Note that even in a regular arrangement, nuclei at
the boundary of the medium experience different couplings
to other nuclei than those in the center of the ensemble. But
in macroscopically large ensembles, these boundary effects
can be neglected to a good approximation. Within the same
assumptions, we also find

pee (1) = p (1), (28)
i.e., the nuclear populations evolve independent of the atom
index x.
As a result, the result up to second order in the light-matter
coupling is
L) <N pQ (o),

inc

(292)
2

_ 2
192 (. Kou) o [ 00| -

coh

(29b)

N
E ei(kolll_kin )Xy
n=1

Together with Eq. (23), we thus again find that in second
order of the x-ray-nucleus coupling, the ratio of the coherently
scattered x rays to those incoherently scattered is constant in
time,

102 ko) 1> (0. Kow)

coh coh

1972@) Il ()

inc inc

(30)

Note that the geometrical factor in Eq. (29b) characterizes the
directionality of the coherently scattered light.
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IV. IMPULSIVE X-RAY EXCITATION BEYOND
THE LOW-EXCITATION REGIME

In the previous section, we have analytically established
the dynamical equivalence of the coherently and the inco-
herently scattered x-ray intensities up to second order in the
x-ray-nucleus interaction. Deviations from this equivalence in
higher excitation orders form the basis of our approach to de-
tect dynamics beyond the LER. Therefore, in this section, we
consider the impulsive excitation case beyond second-order
perturbation theory, in order to show that the equivalence is
indeed broken once higher-order dynamics sets in. While this
is easily possible in analytical form for the case of a single ef-
fective two-level system, numerical calculations are required
to study the dynamics of an interacting nuclear ensemble.

A. Two-level analysis

In the impulsive excitation case, the x-ray excitation and
the subsequent decay dynamics in the absence of a driving
x-ray field can be considered separately. For a single par-
ticle, the initial state after the x-ray excitation is given by
Egs. (11) as

Pee(t = 0) = sin’ [A], (31a)

Pt = 0) = —é ¢ sin [2.A]. (1b)

Here, for simplicity, we denote the time after the exciting x
rays have passed the nuclei as t = 0, and A is the total pulse
area of the exciting x-ray pulse. Subsequently, the decay is
governed by [86]

)Oee(t) = pee(o) e_wv (323-)
Pee(t) = pe(0) e 2" (32b)

As a result, we find that the ratio of the coherent and
incoherent intensities Egs. (8) and (6) evaluates to

Leon(?) |;0ge(t)|2 _ |)0ge(0)|2 — COSz[A]. (33)
Linc(1) Pee(t) Pee(0)

Hence, the ratio remains constant over time, but depends on
the degree of excitation (cf. Fig. 2). Measuring it as a function
of the resonant intensity of the exciting x rays then allows
one to search for deviations in this ratio from its value at low
x-ray intensities, which indicate excitations beyond the LER.
One possibility for this measurement is to exploit the typically
large pulse-to-pulse fluctuations in resonant intensity at x-ray
free-electron lasers, and to sort the intensity data according to
the incident (resonant) pulse energy.

B. Dynamics of a coupled nuclear ensemble
after impulsive excitation

If the interactions between the nuclei are weak enough such
that the dynamics of the individual nuclei is essentially inde-
pendent of each other on nuclear decay timescales, then the
results of the single two-level nucleus case are recovered for
each nucleus separately. A more interesting situation arises in
case of stronger couplings. For example, a suitably designed
[24,27,56,57] waveguide structure may allow one to realize
regimes of stronger interactions between the nuclei.

1O mmm

0.81

2 0.6

— ) A=0017J,y =10,

i) A =0.017, J,,y = 50J°,
02{ — i) A=02m, Jyy =J),
— i) A=027, J,,y =50/°,

0.4

0.0— T T " ; w
0 1 2 3 4 5
Time (units of y~ 1)

FIG. 2. Ratio R(¢) of the coherently and incoherently scattered
intensity for a regular chain of N = 8 nuclei with periodic bound-
ary conditions, scaled by N [see Eq. (34)]. The lattice constant
ro = 286 pm and the resonant wavelength A, = 86 pm are chosen
for the case of a-iron enriched in *’Fe to determine the coherent
dipole-dipole coupling constants J®,. Results are compared for the
LER (A = 0.017) and stronger excitation (A = 0.27), as well as
for free-space coupling (Jy?n,) and cavity-enhanced coupling (50 J, ?n,).
Note that the two curves in the LER case coincide, as expected.

In Sec. III C we showed that in this regime, the coherence-
population correspondence Eq. (21) is still valid up to second
order in the nucleus-field interaction. This holds for each
nucleus separately and, more importantly, also the scaled ratio
of the total incoherently and coherently scattered intensity

i | Zl‘l eikomrnpgnen (t)|2

R =
W=y SN Peren ()

(34)

is constant in time and equal to one if the two assumptions
of excitation by a plane wave field and a homogeneous nu-
clear ensemble are satisfied (see Sec. III C). Note that R(¢) is
proportional to the intensity ratio R(¢) (see Fig. 1), and scaled
by the number of nuclei N. The scaling factor is introduced
since for larger ensembles, the coherently scattered inten-
sity dominates, due to the collective emission with intensity
proportional to N 2 [15,78,87,88]. In contrast, the incoherent
scattering channels do not exhibit this collective enhancement,
and therefore feature an intensity proportional to N. This
difference is compensated by the prefactor in order to ensure
that R(¢) is independent of N under the aforementioned con-
ditions.

Next, we analyze the dynamics beyond the LER, also in
the presence of stronger couplings between the nuclei, using a
numerical integration of the full master equation for a limited
number of nuclei. The calculations are performed using the
PYTHON library QUTIP [89,90]. In particular, we consider the
dynamics of a linear chain of N = 8 regularly arranged nu-
clei with periodic boundary conditions after impulsive x-ray
excitation. The coherent dipole-dipole coupling parameters
Juw are chosen assuming nuclear dipole moments d oriented
perpendicularly to the relative positions r,, — r,, of the nuclei
in the chain. Their free-space values can then be calculated via
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[63-65]
3 COS(ﬂrm/) Sin(nnn’) COS(ﬂnn/)
=3 ( _ SnO) _c0sth) ) 3
Non' M N

where I' =T, = y/[2(1 4+ «)] denotes the radiative decay
rate of the nuclei. This expression follows from the derivation
of a master equation for an ensemble of atoms coupled to
a common electromagnetic vacuum field, provided in detail,
e.g., in Refs. [63-65]. Upon tracing out the field degrees of
freedom in order to obtain equations of motion for the matter
part alone, dipole-dipole coupling terms between the atoms
appear, with rates depending on the propagator of the field
part [61], which evaluate to Eq. (35).

Here, o = 8.56 is chosen as the internal conversion co-
efficient of the archetype Mossbauer isotope °’Fe with the
Mossbauer resonance at 14.4 keV transition energy [55].
We further defined #,,, = kg r,,,y. The resonant wave number
ko = 27 /Ao and the distances r,, = |n — 1’| ry between the
nuclei are chosen corresponding to the resonant wavelength
Ao = 86 pm and the lattice constant ry = 286 pm for a-iron
enriched in >’Fe. Note that for a small ensemble with periodic
boundary conditions, the homogeneity criterion for the initial
phases imprinted on the nuclei by the x-ray excitation can
only be satisfied for particular incidence angles. To satisfy this
criterion, we chose the incidence angle such that a relative
phase of ko r,,+1 = 2 /N is imprinted onto the coherence
of neighboring nuclei. For the same reason the decay rates I"
and nuclear transition frequencies wy are considered to be the
same for all nuclei in the chain. Further, incoherent couplings
I,y were neglected in the numerical simulation.

Figure 2 shows the simulation results for different dipole-
dipole coupling parameters J,, and pulse areas A. The
chosen parameters correspond to the LER case (A = 0.017)
or excitation beyond the LER (A = 0.2r), as well as weak
dipole-dipole coupling (J,,,y = J,?n,) and coupling enhanced
by a factor of 50 relative to the free-space coupling (J,,y =
5079 ).

In the LER case (blue and orange-dashed lines), we find
that the ratio R(¢) = 1, independent of the dipole-dipole cou-
pling, consistent with our analytical results in Sec. III C. For
excitation beyond the LER case in the presence of weak cou-
pling (green curve), we find a constant ratio R, however, with
a value below 1. This agrees with our results in Sec. IV A.
In contrast, for excitations beyond the LER with stronger
dipole-dipole couplings (red curve), the ratio R(¢) becomes
time dependent and evolves to lower values, initially starting
from the ratio for the low-coupling case. This is due to a faster
transient decay of the coherences entering the expression for
the coherently scattered intensity in the interacting system.

As a result, we conclude that the time-dependent ratio of
the coherently and incoherently scattered x rays does not only
serve as a criterion for the excitation beyond the LER, but
may further also reveal the presence of stronger dipole-dipole
couplings between the nuclei.

V. NONIMPULSIVE X-RAY EXCITATION BEYOND
THE LOW-EXCITATION REGIME

For the case of impulsive excitation, we found that a com-
parison of the coherently and incoherently scattered intensity

provides a handle to identify excitation of the nuclear en-
semble beyond the LER. In case of effective single-particle
dynamics, the ratio between these two intensities remains
constant throughout the decay while it becomes time depen-
dent at higher excitations in sufficiently strongly interacting
nuclear ensembles. In the following, we extend this discussion
to the nonimpulsive regime. The calculation of the complete
dynamics of a large ensemble of coupled nuclei under the
action of time-dependent driving fields and dissipation so far
is an unsolved problem, and remains beyond the scope of this
work. Instead, we analyze the nonimpulsive dynamics in the
(effective) single-particle case. It is expected that the single-
particle description, which is valid in the LER [61], remains a
good approximation at the onset of dynamics beyond the LER
but likely breaks down at higher excitation. Nevertheless, in
the following, we also explore the dynamics at stronger excita-
tion using the single-particle description, with the motivation
of identifying possible experimental signatures for dynamics
beyond the LER. Using this approach, the results presented in
this section are then obtained by numerically integrating the
optical Bloch equations Egs. (Al).

To analyze the nonimpulsive case, we consider nucleus-
field couplings of the form

Q@) =2T, Ae i@ttt o=l (36)

which characterizes an x-ray pulse exponentially decaying
with rate ', and center frequency detuned by A from the
nuclear resonance frequency wy. Its total pulse area according
to Eq. (12) is given by A.

This choice for the driving x-ray field is motivated by
the availability of synchrotron Mossbauer sources (SMS)
[50-54], which employ pure nuclear reflexes to produce x-
ray pulses, which are spectrally narrow on nuclear linewidth
scales from the incident broadband synchrotron pulses. In
the future, these sources could be generalized for operation
at x-ray free-electron lasers [49]. Another source providing
spectrally narrow pulse contributions is the field scattered in
forward direction by thin nuclear targets in the LER, which
is approximately exponentially decaying [15,78]. By moving
the thin nuclear target before or throughout its decay, the
properties of the scattered light relative to those of the incident
synchrotron pulse can be tuned [10,11,16,21,25,29-31,91—
93]. In particular, using suitably tailored x-ray pulses, the
quantum dynamics of a nuclear target could be controlled
[29]. A possible generalization of such schemes to higher
excitation at x-ray free-electron lasers again requires further
analysis of nuclear dynamics under exponentially decaying
x-ray pulses such as in Eq. (36).

As expected, we will find that the noninstantaneous driving
field gives rise to a much richer dynamics than in the im-
pulsive case, since the x-ray-induced dynamics and the decay
dynamics are not temporally separated in the former case. In
particular, this will affect the time dependence of the ratio of
the coherently and incoherently scattered intensities.

Note that this time dependence of the effective single-
particle observables will also be reflected in the corresponding
many-body observables as can be seen from Egs. (29) such
that their ratio will become time dependent as soon as the
single-particle quantities are.
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FIG. 3. Temporal dynamics of the excited-state population p,,.
(blue dashed curve) and the coherence squared |pg|* (orange solid
curve) of an effective two-level system for different degrees of ex-
citation. The population and the coherence squared relate to the
observable incoherently and coherently scattered light intensities.
The different panels correspond to driving x-ray pulse areas of (a)
A =0.0lm, (b) A =0.27,(c) A=m,and (d) A = 2. In the LER
(a), population and coherence squared agree, consistent with our an-
alytical results. Upon excitation beyond the LER, the two quantities
start to deviate (b), and eventually Rabi oscillations appear (c), (d).
Note that in (d), the oscillation frequencies of the coherence squared
and of the population differ approximately by a factor of 2.

A. Resonant case A =0

We start by analyzing the case of a resonant x-ray pulse
Eq. (36) with detuning A =0 and decay constant I', =
2.5y, where y denotes the total linewidth of the effec-
tive single nucleus. Results for different pulse areas A €
{0.01%,0.27, r, 27} are shown in Fig. 3.

Consistent with the analytical results in Sec. IIIB 2, the
coherence squared and the population characterizing the co-
herently and incoherently scattered intensity, respectively,
agree in the low-excitation case [Fig. 3(a), A = 0.01x]. With
increasing excitation, deviations between the two observables
start to appear [see Fig. 3(b)]. If the driving field becomes
strong enough to induce Rabi oscillations [Figs. 3(c) and
3(d)], the different oscillation periods of coherence squared
and population become visible. As a result, time-dependent
ratios of the coherently and incoherently scattered light inten-
sities can be expected in the nonimpulsive driving case beyond
the LER.

From these results we find that a first signature for dynam-
ics slightly beyond the LER, where indications of stronger
nonlinear excitation like Rabi oscillations have not yet de-
veloped, is a relative shift in the peak maxima of the two
time-dependent intensities. This relative shift arises from
the competition of the coherent excitation dynamics and
the incoherent decay dynamics. To analyze this shift more

@ (P p—
~0.751 :"' * |pge 2 )RR Xk
T}\ +
% + + Pee D | x
B 050{ o+ =04
z + g8
2 T 502{ *
E 0.251 . *i, <™
£ X tir, ey "
i Y PR .
2.5 5.0 2.5 5.0
Pulse area A (rad) Pulse area A (rad)

FIG. 4. Analysis of the times with maximum intensities in the
coherence squared and the populations. (a) shows the times defined
in Egs. (37) as function of the total pulse area .A. The other param-
eters are as in Fig. 3. While the maxima in the population and the
coherence squared coincide in the LER, deviations appear towards
stronger excitation. (b) shows the peak deviation defined in Eq. (38)
against A. Starting from zero value in the LER, the deviation steeply
increases at the onset of nonlinear excitation of the nuclear ensemble.

quantitatively, we define the two corresponding times 752" and
2% with maximum intensities via the conditions

2
|pee(tion)|” = max (| pge (), (372)
t€[0,00)
Pee(thik) = max. (pee(®)). (37b)
We further consider a peak deviation defined as
coh __ 4+Pop
At /tPP — de tmaX| 38
/max - t,?,‘(;?( . ( )

Note that multiple maxima may appear due to Rabi oscilla-
tions at stronger x-ray driving. In this case, we consider the
respective maxima appearing first after the onset of excitation.

Figure 4 shows the times " and #hox [Fig. 4(a)] and
the corresponding peak deviation [Fig. 4(b)] as a function of
the total pulse area A. The deviations in case of dynamics
beyond the LER are clearly visible. In particular, the steep
increase of the peak deviation at small pulse areas renders it a
promising signature for characterizing dynamics at the onset
of the nonlinear excitation regime.

B. Nonresonant case A # 0

Next, we generalize to the nonresonant case A # 0. To
this end, we analyze the coherence squared | ,0ge|2 and the
population p,. as a function of time and detuning A. This
correlated analysis of temporal and spectral properties has
proven to be a powerful tool in analyzing nuclear resonant
scattering [25,29,94]. However, it is important to note that
the experimental setup underlying the theoretical analysis of
this paper is different from previous approaches to record
such time- and frequency-resolved spectra. Previous studies
considered an impulsive x-ray excitation of the nuclear en-
semble. The frequency resolution in these setups is achieved
via an additional frequency-tunable reference absorber with
an approximately exponential temporal decay. As a result, the
time-frequency spectra are dominated by the interference of
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FIG. 5. Time- and frequency-resolved coherence squared [left,
(a)—(d)] and populations [right, (e)—(h)] for the case of nonimpulsive
excitation with an exponentially decaying pulse Eq. (36). The pulse
envelope decays with I’y = 2.5y. The rows from top to bottom are
calculated for pulse areas of A € {0.01x, 0.27, 7, 27}. The color
scales indicate intensities in arbitrary units.

the light scattered by the reference absorber and the target,
respectively [94].

In contrast, here, we consider time-frequency spectra for
the target driven by a nonimpulsive frequency-tunable driv-
ing pulse of the form Eq. (36), in the absence of additional
reference absorbers. This setup could be realized, e.g., using
a synchrotron-Mdssbauer source, by correlating the detuning
A of the source with the time dependence of the scattered
photons.

Figure 5 compares the time-frequency spectra for different
pulse areas A. Again, a pulse decay rate of I', = 2.5y is cho-
sen in the calculation. The left panels [Figs. 5(a)-5(d)] show
the coherence squared, whereas the right panels [Figs. 5(e)—
5(h)] depict the population. In the LER, the two signatures
agree, as expected [top row, Figs. 5(a), 5(e)]. Differences

between the spectra appearing at larger pulse areas [Figs. 5(c),
5(g) or 5(d), 5(h)] are most pronounced at small detunings,
which can be understood by noting that the excitation of the
nuclei for a given pulse area is highest towards resonance,
such that the deviations from the LER are more pronounced
while higher excitation orders are suppressed further off-
resonance. The visible deviations are a consequence of the
Rabi oscillations discussed in the previous section (cf. Fig. 3).
Therefore, we conclude that also the energy-time correlation
spectra may be used to identify the presence of excitation
beyond the LER. However, it turns out that these spectra
contain additional signatures for a nonlinear excitation, which
can be revealed using a Fourier transform along the time axis,
as discussed next.

C. Frequency-frequency correlation spectra analysis
of the nonresonant case A # 0

The interpretation of the time- and frequency-resolved
spectra in Fig. 5 is facilitated by a Fourier transform along
the time axis, which yields a frequency-frequency correlation
(FFC) spectrum [94]. In particular, the hyperbolic structures
in the time-frequency spectra convert into diagonal lines in
the FFC spectra, which greatly assists their analysis. However,
we stress again that the present paper considers nonimpulsive
x-ray driving pulses without additional reference absorbers,
such that the results can not directly be compared to previous
studies (see the discussion in Sec. V B).

Results for the FFC spectra are shown in Fig. 6. For lower
pulse areas, the diagonal structures in the FFC spectra are
suppressed as compared to the impulsive case [94], since
the nuclear excitation at off-resonant energies is negligible,
which is in contrast to the impulsive case, where resonant
contributions from the reference absorber give rise to visible
contributions at all detunings. Towards higher pulse areas
and stronger excitation, we recognize two distinct features.
First, on resonance A =0, the population and the coher-
ence squared show qualitatively different behavior, because
of their different Rabi oscillation frequencies in the time
domain (cf. Sec. Il A). The appearance of these differences
again serves as a signature for dynamics beyond the LER.
Second, off resonance (A # 0), diagonal structures start to
appear. Interestingly, the population only exhibits diagonals
of slope one (yellow lines), corresponding to a dependence
of its dynamics on the detuning [94]. In contrast, the coher-
ence squared exhibits diagonals with slope one (yellow lines)
and two (red lines), corresponding to contributions oscillating
with frequencies A and 2A. The additional pair of diagonals
with slope two arises from a frequency mixing of different
scattering orders in squaring the coherence. In Appendix D,
we analyze this feature further, and show that in the LER,
only the diagonals of slope one appear in the coherence
squared. Starting from the next higher order, diagonals of both
slopes become visible. Therefore, the appearance of diagonals
with slope two are a clear qualitative signature for excitation
beyond the LER. At even higher pulse areas, the Rabi oscilla-
tions dominate, and the diagonals in the FFC spectra develop
an anticrossinglike feature towards their center, which can be
attributed to the onset of an Autler-Townes splitting of the
resonance.
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FIG. 6. Frequency-frequency correlation spectra. The results are
obtained via Fourier transforms along the time axes of the time-
frequency spectra in Fig. 5. Data is shown in color-coded logarithmic
scale indicating the intensity in arbitrary units for the coher-
ence squared [left, Figs. 5(a)-5(d)] and for the populations [right,
Figs. 5(e)-5(h)]. As in Fig. 5, the rows from top to bottom refer
to different pulse areas of A € {0.017,0.27, 7, 27}. The yellow
dashed [red dotted] lines indicate slope one [two] as guide to the
eye to facilitate the interpretation.

VI. DISCUSSION AND SUMMARY

In this work we have developed methods to verify the
excitation of an ensemble of Mossbauer nuclei beyond the
low-excitation regime (LER). This is motivated by the recent
availability of x-ray free-electron lasers, which are capable
of delivering many resonant photons per pulse, such that the
as-yet unexplored regime of stronger excitation of the nu-
clei comes within reach. Since source limitations will likely
persist at least in the near future, we focused our analysis
on practically relevant and experimentally robust approaches,
which are applicable already in a regime where the linear

x-ray-nuclei interaction is only slightly surpassed such that
stronger nonlinear effects such as Rabi oscillations can not
yet be observed unambiguously.

Our approach is based on the comparison of two observ-
ables, which can be measured concurrently in an experiment:
the coherently scattered light, which features a directional
emission in a narrow angular range, and the incoherently
emitted internal conversion signatures (photons or electrons),
which are emitted essentially into the full solid angle. The
latter signature is proportional to the sum of the excited-state
populations of the nuclei, while the former is related to the
absolute value squared of the coherent sum of the induced
dipole moments augmented by phase factors related to the
excitation and deexcitation of the nuclei.

As a key step, we established that the time-dependent in-
tensities emitted into the coherent and the incoherent channels
are equivalent up to second order in the driving x-ray field
for a wide range of systems, such that their ratio is con-
stant in time. To this end, we first proved the corresponding
equivalence between the populations and coherences for an
effective single-particle system describing a nuclear ensemble
embedded in a waveguide environment. Subsequently, we ex-
tended the proof to a general homogeneous N-body system of
interacting nuclei. As a result, we found that any deviations
in the ratio between the x rays coherently and incoherently
scattered off of the nuclei can directly be traced back to an
excitation beyond the LER.

Throughout our analysis, we considered two relevant
cases: First, a near-instantaneous impulsive excitation, e.g.,
via an XFEL. Second, a more general nonimpulsive ex-
citation, such as an exponentially decaying pulse from a
synchrotron-Mossbauer-like source. The general results for
the coherence-population equivalence in second order of the
driving x-ray field hold in both cases. We further focused on
the case of nuclei embedded in waveguides, for which the
observables are largely unaffected by propagational effects.
It remains an interesting open question whether a generalized
equivalence between coherently and incoherently scattered in-
tensity can also be established in the presence of propagational
effects.

We found that the various considered settings feature dif-
ferent dynamics in case of excitation beyond the LER. For
an impulsively excited single effective level scheme, the ra-
tio between coherently and incoherently scattered intensity
changes with the degree of excitation, but it remains constant
over time. Analogously, the ratio also depends on the degree
of initial impulsive excitation in the interacting many-body
system. However, the many-body system further exhibits a
time dependence of the intensity ratio if the excitation exceeds
the LER and if simultaneously the interparticle coupling is
sufficiently enhanced beyond the free-space value, e.g., via a
suitable waveguide environment.

In case of nonimpulsive excitation, we found that the time
dependence of the intensity ratio becomes much richer. To
this end, we numerically studied the temporal dynamics of a
single effective level scheme driven by an exponentially de-
caying x-ray pulse. Based on the results, we proposed several
signatures, which can be used to identify excitation beyond
the LER even if inversion of the nuclear ensemble can not
yet be reached. In the case of a resonant driving field, the
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first indication are the respective times at which the two in-
tensities become maximal. These times agree in case of low
excitation, but characteristic deviations appear for stronger
excitation. At even higher excitation Rabi oscillations typical
for the strongly nonlinear regime dominate the dynamics of
both scattering observables, however, with different respec-
tive oscillation frequencies. We further studied off-resonant
excitation, using time-frequency correlated and frequency-
frequency correlated spectra. In the time-frequency spectra,
near resonance again resonant Rabi oscillations appear as
the strongest indicator of excitation beyond the LER, while
the off-resonant regime strongly resembles the LER even
at higher excitations. In the frequency-frequency correlation
spectra, characteristic diagonal structures appear. We could
show that the incoherent intensity only exhibits a single pair
of diagonals, with slope one. In contrast, at excitation beyond
the LER, the coherently scattered intensity shows two pairs
of diagonals at slopes one and two. Thus, the characteristic
diagonal structure may also serve as a signature for stronger
excitation of the nuclear ensemble.

Overall, we therefore conclude that the ratio of the coher-
ently and incoherently scattered intensities serves as a strong
indicator for excitation of a nuclear ensemble beyond the
LER. Its time structure can further reveal the presence of
dipole couplings between nuclei.

In general, our approach has the advantage that both ob-
servables, the coherently and the incoherently scattered light,
are well established in experiments with Mdssbauer nuclei.
Most related experiments at accelerator-based x-ray sources
have focused on the coherently scattered intensity, but the
incoherently scattered intensity typically could be measured
in addition without changing the original setup significantly.
This suggests the usefulness of our approach even for exper-
iments in which the degree of excitation is not the primary
research goal. A comparable situation existed in the tradi-
tional distinction between Mossbauer experiments measuring
either in the time or in the energy domain. It was recently
shown [25,29,94] that combined spectra correlating temporal
and spectral information of the coherently scattered x rays
provide significant advantages over the individual time or
frequency spectra, in particular also related to the comparison
between theory and experiment. Also in that case, the original
experimental setup could remain largely unchanged, and only
had to be augmented by an event-based detection electronics.
We envision that similar progress will be achieved in future
experiments by the additional correlation of the coherently
and incoherently scattered radiation proposed in the present
work.

APPENDIX A: DERIVATION OF SELF-CONSISTENT
EQUATIONS FOR THE COHERENCE AND POPULATION
OF A SINGLE TWO-LEVEL SYSTEM

In this Appendix, we derive the self-consistent equa-
tions Egs. (17). Our approach is based on similar self-
consistent approaches in quantum optics [85,86] and nonlin-
ear optics [95,96].

For a single two-level atom, the optical Bloch equa-
tions can be derived from the general N-body equations of
motion Eq. (3) as

. i «

Pee = =V Pec + E[Q(t)pge —Q (t)p"’g]’ (Ala)
: : Y i§2%(1)

Pee = | iy — B} Pge + T(2pee —1), (Alb)
Peg = p;e’ Pgg =1 — Pee, (Alo)

where we have dropped the atom indices for notational sim-
plicity, and y is the total natural linewidth. Note that the same
equations of motion govern the dynamics of effective two-
level systems in the low-excitation sector of nuclear resonant
scattering, however, with collectively modified parameters wy,
y and Q(¢).

To solve these equations self-consistently, we start by
a formal integration. To this end, we introduce new
variables

Pee(t) = e oo (1), (A2a)

Pee(t) = eytpee(t)- (A2b)

Their time evolution is described by

Pee(t) = % Q(1) [2p0ee(t) — 11e7F5', (A3a)

Bee(t) = —Im[Q(1)pge(t)] €. (A3b)

An integration from an initial time 7y on yields

-t
Pee(t) = Pielto) = 5 [ dt’ (1) [2peelt’) — e 51

)

(Ada)

Pee(t) = Peelto) = —f dr' Tm[Q1") pge (1)] €. (A4b)

Iy

Rewriting these equations in terms of the untransformed
density matrix elements gives

Pee(t, to) = € V) p,(ty)

t
— / dr' &™) Im[Q(t ) o (', 10)], (ASa)

fo
-t
. 1
Pee(t, t0) = e(zwo—%)(l—to)pge(to) + E/ dt’ Q*(t)
fo

> e—(iwg—%)(l/—l)[zpee(t/’ o) — 1], (ASb)
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where the initial density matrix element is defined as p;;(fo) := p;; (%, to). Inserting the second equation into the first one and

vice versa yields:

t t t
Peelt, 10) = ey’{eyt“peg(to)+e§’“ f dt'e=" Re[ie ™" Q1) pge (t0)] — Re[ / dr' e’ Q*(t") / dt” eliwot '~
to to

fo

1
X Q(t”)(pee(t”, fo) — 5)} }

t vy
. . L M ez
Pee(t, 1) = e""“’e‘g’{e"“)‘)’“e?“pge(to)+ i / dr'e™'! Q*(t’)(e”’“‘Z)pee(to) - )

fo

t t
—i / dt'e™ ™" =3 Q¥ (¢ / dz”eV”’Im[sz(t”)pge(t”,to)]}.
1o to

Finally, assuming the nucleus to be in its ground state initially,
Pee(to) = 0 = pg,(to), the self-consistent equations (17) in the
main text are obtained.

APPENDIX B: SOLUTION OF THE
SELF-CONSISTENT EQUATIONS

The self-consistent Eqs. (17) can be expanded iteratively
in orders of the (time-dependent) nucleus-field interaction
€(?). In zeroth order, starting from an initial ground state, the
solution is

P () =0,
P (1) = 0.

In first order, inserting the zeroth-order solution into the
right-hand side of the self-consistent equations, one readily
finds

(Bla)
(B1b)

Pt 10) =0,

t
o = [ ar e

)

(B2a)

(B2b)

ft, 1) = —%e*%“*’”e"m(’*”) Q*(r).  (B2e)

Iterating once more, we find for the second-order corrections

Pt 10) =0, (B3a)

t t
pg?(r,ro):me[f dt’f(t,t’)/ dt”f*(t,t”):|
fo to

/ dt’ f(t,t)

The first relation in Eq. (B3b) follows from a simple
rearrangement of the different terms in the self-consistent
Eq. (17a). In the second step, we have used a general rela-
tion for complex-valued functions. Note that pg,f)(t, fo) in our
notation is the second-order correction, and not the result up
to second order.

2

= oVt (B3b)

APPENDIX C: SOLUTION OF THE N-BODY SYSTEM

To derive the time-dependent coherences and populations
of the N-body system in their respective leading order of the

(A6a)

2

(A6b)

(

externally applied x-ray field, we rewrite the master equa-
tion Eq. (3) as

d . 1o~ . . A
EpNB =—Ho+W, VBl — (1, pNBY 4 £ [pNB],  (C1)

where

N N
Hy=hY w6, 6, —h Y Ju 6,6, (Ca)
n=1

n,n'=1

F'=" (T + 8w T10)6,76,, (C2b)
K N
W= -5 e, )6, +Hel, (C2c)
n=1
N
LTPN1=2 Y (Caw + 8w Tic) 6, P67, (C24)

n,n'=1

Note that we have written part of the Lindblad contribu-
tion as an anticommutator {-, -} with the density operator, for
reasons which will become apparent later.

We aim at a perturbative expansion of the density operator
in orders of W [45,95],

PO = P00 (C3)

j=0

While treating W () perturbatively, the intrinsic nuclear
and incoherent dynamics described by the master equa-
tion Eq. (C1) should be included nonperturbatively to all
orders. For this, we employ an approach similar to the
interaction picture used extensively in time-dependent pertur-
bation theory in quantum mechanics and quantum field theory
[97-99] by defining the transformation operator

T, = exp <—f“r + %Hot). (C4)

Note that f} is not self-adjoint,
f;T = exp <—f‘t — %I-:W), (CS5)
P —exp (m _ %ﬂm), (C6)
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because of the contribution of [". For later reference, we note
that 7; can be expressed as

T, = exp Z Km0, 0, 1|, (C7a)
Knm = —(an + iJnm) - (FIC - in)anm' (C7b)

We note that the following derivation also applies to unequal
two-level systems, which differ in their respective single-
particle decay rates I',,,, or transition frequencies wy. However,
since the desired equivalence between the coherently and in-
coherently scattered intensities in second order of the driving
x-ray field can only be established for identical two-level
systems, we restrict the analysis to this case in the following.
By rewriting the master equation in terms of

pi) =T pN() T, (C8)

we obtain

N | A N . N

pr) = W) pr = ot W O1+ T, L1 T, (€9)
with the (non-Hermitian) transformed interaction part

Wity =T W (C10)

One can show, e.g., by explicit calculation, that the Lind-
blad contribution £’ does not contribute in zeroth and first
order in W. In second order, it gives a contribution to the
ground-state part |G)(G| of the density operator, where |G)
is the state with all two-level systems in their ground state.
This can be understood by noting that £’ describes the feeding
back of the spontaneous decay from the excited states into the
respective ground states. The excited-state population, how-
ever, only becomes nonzero in second order. Then, population
decays into the ground state, but it can only be reexcited in
higher order of the expansion. As a result, we do not have
to consider the £’ contribution for our analysis, in which we
are only interested in calculating the excited-state populations
and the coherences up to second order in W. Hence, in the
following, we neglect the £’ contribution.

We continue by solving Eq. (C9) by formal integration,
followed by a transformation back to the original density
operator,

p) =T, pto) Ty,

. t
- % / dv T7 W (1), p(IT, —.. (C11)
Iy
In lowest order in W, we obtain
PO =T, p o) Try. (C12)

The first-order contribution becomes

R A N R .
PO = —ﬁ/ de T W), pOIT .. (C13)
)
Similarly, the second-order contribution is obtained by a fur-
ther iteration,
.t
R i A ) .
0= / de LW (@), PO .. (Cl4)

1)

Using these expressions for the density operator, the relevant
density matrix elements for each nuclear two-level system can
be obtained as

Py (1) = Tr[6] 2V (0], (C15a)
P, (1) =Trl6 6,7 pP(0)). (C15b)

One approach is to transfer to a basis in which the time
evolution operator 7; becomes diagonal [61,69]. Here, we
instead proceed with a direct calculation in the single-particle
basis.

We start with the coherence, assuming that all nuclei ini-
tially are in their ground states, p@(ty) = |G)(G|,

. t
i JUTPTN R A
0= / d T IW (1), PO
fo
(C106)
The trace in the integral of Eq. (C16) is evaluated to
Te[6 T, W (0), 9O (1T —. ]
= (GIT,—6T," W (1)IG) — (GIW ()T, 1" 1G)
= —(GIW()T,.611G), (C17)

where we have used the cyclic permutation property
Tr(AB) = Tr(BA) in the first step, and

771G) = |G) = T;|G), (C18)
(GIT, = (G| = (GIT], (C19)

as well as
(Gl =0 (C20)

in the second step. We further evaluate Eq. (C17) by inserting
the explicit form of the interaction part W, which yields

N
A i . P,
—(GIW (DT, <671G) = 5 > Q. 1)(GI6, T,-.6.71G)

n=1

K N
=32 2, r)[am + et = T)
n=1
+ Y kgt — r)2/2+...:|
J

N
h
= 3@ O e (€21)
n=1

In the second step, we perform a series expansion of the time
evolution operator and calculate the expectation values. In the
last step, we resum the result. For this, we introduce the matrix
exponential of the coefficient matrix K = (k) with entries
Kk defined in Eq. (C7), and [A],, is the x, y element of the
matrix A. Using Eq. (C21) in Eq. (C16), we obtain

N t

Pl )= / dT g (7), (C22a)
n=1 Y1

gm(T) = —%Q*(rn, [, (C22b)
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Analogously, the excited-state population evaluates to

2) (t) — Tr[ +6- A(Z)(t)]

—Re{/ dr2/ drl./\/l},
T T

with the matrix element

M = (GIW (e)T; .6} 6,

(C23)

ST W @)IG)
s Z .
= Z Q (rn, TZ)Q(rm» ‘Cl)

x (Gl6, T,—, 656,71, 6,51G)

ZQ (s TR, T1)

xZ (Gl6, T, 67 INYN 6, G)

Tl ml

i
=7 22, )R, 1)
x (Gl6, T,—,6.}1G)(G16,, T;—, 67 1G)*

?
= Z Z Q*(rn, Tz)Q(rmy 'L'])

x [T [ (C24)

In this derivation, the crucial step is the insertion of an identity
operator 1 = Y_,-|[N)(N] in the center of the matrix ele-
ment where the |\') form a basis of the many-body Hilbert
space. Of this sum, only the ground-state projector |G) (G|
contributes for the following reason: 6,1 creates a single ex-
citation in the state it is acting on, Whlle the time evolution
operator 7' conserves the total number of excitations. Then,
o anmhllates a single excitation such that only initial and
final states with the same number of excitations can contribute
to M, which means that only the ground-state projector re-
mains in the center of the matrix element.
By inserting Eq. (C24) into Eq. (C23), we obtain

t (%3
o2, (0= Re{ [ 4w [ an Y 2w wew. )
T fo nm

x [e’“’fﬂlnx[e’“’f“]:m}
t
=2Re{ [ an ¥ s
Iy n
X/ dr ) gi‘,,x(rn)}

)

2
(r2)

t
d‘L’z
0

= o, @] (C25)

where we have used Egs. (C22) and the general relation for
complex-valued functions already employed in the derivation
of Eq. (B3b).

In summary, from Eqgs. (C22) and (C25) we thus obtain

N t
pg,)ex(t) = Z/; dt gn(T), (C26a)
—1 Y1
P20 = |pg, (C26b)
gnx(f) = _EQ*(rn’ T)[gl(:(lir)]nx, (C26C)

as the desired solution of the N-body dynamics.

As a consistency check, we can reduce the expression
Egs. (C26a) to the single-particle case. Then, the matrix ex-
ponential reduces to a scalar exponential with

aw = —Tox = Tic + iy = = +ion, (C27)

such that

: t
P )= =3 / dt Q' (x)e 2070 D (C28)

Io

which agrees with the single-particle result Egs. (B2).

APPENDIX D: NONRESONANT EXCITATION OF
TWO-LEVEL SYSTEMS BEYOND THE LOW-
EXCITATION REGIME

In Fig. 6 we found that the FFC spectra of the popu-
lation exhibit diagonal structures with slope one, while the
corresponding coherence squared may feature diagonals of
slope one and two. In this Appendix, we explain this dif-
ference, based on the exact solution to a two-level system
near-resonantly driven by a continuous light field with con-
stant Rabi frequency €2y [86].

The population and the coherence squared for this system
can be written in terms of the generalized Rabi frequency

Qr=vVQl+ A%as

Q . .
Pee(t) = (2 — & — 7,
4Q3%
2 . .
|pge (1> = T 94 [6A7 +2Q7 — Qf(eH¥ 4 721
— AN (A 4 7] (D1)

Here, we have rewritten the usual form of the expressions [86]
in terms of exponential functions, since they directly reveal
the different contributing frequency components. We find that
the population features oscillations with the generalized Rabi
frequency QA only. In contrast, the absolute square of the
coherence evolves with frequency £Q, and +2Q,. Note
that the coherence o, () itself does not comprise components
oscillating at £2Q 4. This suggests that the origin of the os-
cillation with double frequency in the coherence squared is a
frequency mixing between the negative and positive frequency
component of the dipole oscillation.

In the limit A > Qq of large detunings, Q2 &~ A, and
thus oscillations with £A and +2A appear that convert into
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the diagonal lines in the FFC spectra in Fig. 6 upon Fourier
transformation along the time axis (cf. Ref. [94]).

To demonstrate that the second pair of diagonal lines
with slope two is a consequence of an excitation beyond
the LER, we use the self-consistent Eqgs. (17) to derive the
lowest and next-to-leading order results for the coherence
squared. In order to focus on detuning-dependent effects, we
again assume a pulse with constant envelope 2. The results
read:

- Q3 i —i
(|pee @) = ﬁ(z—em ! (D2)
(g = 2Re[ i (1) ol ()] (D3)
79 Q4 Q201 a
=—=— —l——= e
8 A4 16A4 8A3

+< Qg +i98t)eiAt

16A4 8A3
Qo ‘
— 16&4 (621Al + e—ZZAf). (D4)

As expected from the general proof of the equivalence of
population and coherence squared in second order of the x-
ray-nucleus interaction, the lowest-order contribution to the
coherence squared features oscillations with +A only, like
the population. In contrast, already in fourth order the coher-
ence squared oscillates with both frequencies £A and 2A.
Therefore, we conclude that the diagonals with slope two only
appear in the FFC in case of excitation beyond the LER.
This suggests to use the appearance of the diagonal lines of
slope two in the coherently scattered intensity as a feature to
characterize dynamics beyond the LER.
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