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Enantioselective optical forces in gain-functionalized single core-shell chiral nanoparticles

R. Ali,1,* F. A. Pinheiro ,2 R. S. Dutra ,3 T. P. Mayer Alegre ,1 and G. S. Wiederhecker 1,†

1Applied Physics Department, Gleb Wataghin Physics Institute, University of Campinas, Campinas 13083-859, São Paulo, Brazil
2Instituto de Física, Universidade Federal do Rio de Janeiro, Caixa Postal 68528, Rio de Janeiro, Rio de Janeiro 21941-972, Brazil

3LISComp-IFRJ, Instituto Federal de Educação, Ciência e Tecnologia, Rua Sebastião de Lacerda,
Paracambi, Rio de Janeiro 26600-000, Brazil

(Received 18 April 2023; accepted 5 September 2023; published 9 October 2023)

We propose a gain-assisted enantioselective scheme in dye-doped chiral particles, demonstrating optical
pulling and pushing forces that can be tuned using externally controllable parameters. By controlling the
concentration of dye molecules and the pumping rate, we achieve all-optical chiral resolution of racemic mixtures
and enantioselection of small dipolar chiral particles without relying on interference. This scheme is applicable
to both lossless and lossy plasmonic chiral particles, making it a promising approach for chiral sensing, drug
discovery, and molecular separation.

DOI: 10.1103/PhysRevA.108.043704

I. INTRODUCTION

An object is said to be chiral if it has distinguishable
mirror images; these two opposite mirrored forms are called
enantiomers [1–5]. The separation of chiral enantiomers is an
important scientific and technological task with many multi-
disciplinary applications [6,7]. In the last few decades, consid-
erable effort and progress have been made on the development
of highly efficient optical enantioselective methods, such as
enantioselective optical trapping [8–11], repulsive transverse
forces [12–19], enantioselective pulling forces [20,21], and
azimuthal and longitudinal optical torques [22,23]. Chiral op-
tical forces, including applications to enantioselection and the
possibility of achieving pulling forces using chirality, have
also been extensively investigated [9,18,20,24–27]. Despite
the rich literature on optical enantioselective schemes, in
many cases they involve optical trapping of lossless particles
using structured or tightly focused optical beams [8,28–33].
Enantioselection may also be achieved by exploiting transver-
sal forces without strictly relying on scattering forces using
lossy chiral spheres, where transversal forces can actually
cause repulsion of chiral enantiomers [16,17]. However, enan-
tioselection based on axial forces of lossy chiral particles with
an arbitrary degree of absorption remains challenging and
restricted due to the weak restoring force.

This restriction occurs because optical trapping and pulling
forces rely on the relative strength between optical restoring
(coming from the intensity gradient or interface between the
incident and scattered fields) and scattering forces (coming
from the optical scattering). When considering more general
lossy particles, such force competition strongly depends on
both absorption level and particle size. As a result, regard-
less of the particle size, enantioselection becomes difficult
due to strong pushing forces, which increase with absorption.
In addition, in the case of a dipolar chiral particle with a
negligibly small magnetic dipole, the interface between the
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dipoles is small; therefore, the realization of the pulling effect
is impossible due to the lack of a restoring force.

To circumvent these limitations, we propose an alterna-
tive strategy that simultaneously enables chiral separation and
long-range optical manipulation of a single chiral sphere. We
consider an optical gain-functionalized chiral sphere, which
enables one to exert tunable optical pulling and pushing forces
using a single circularly polarized (CP) plane wave. The
main advantage of using gain is to eliminate the dependence
on interference to achieve the restoring forces, in contrast
to existing enantioselective methods based on optical forces
[12,13,19,20,34]. Here, restoring force is achieved through
the emission of photons due to gain mechanisms, and the
number of emitted photons increases with the active size of the
sphere. As the optical gain can be experimentally controlled
with great success, it allows us to exert the necessary tunable
optical pulling and pushing forces on demand. This work is
intended to carry out a detailed study of the enantioselection
of chiral Mie spheres and chiral dipoles by employing exper-
imentally controllable parameters such as the laser pump rate
of the dye molecules.

To accomplish this study, first, we consider a chiral
core-shell particle to establish the underlying physics and
connection between the gain mechanism and optical forces.
Further, we explore the enantioselection of the chiral particles
using experimentally achievable parameters. After establish-
ing the enantioselection with the gain media we check the
viability and robustness of this scheme by discussing the
optical forces acting on the homogeneous chiral sphere and
chiral dipoles. In addition, we also show that our scheme
can perform enantioselection of the chiral molecules with
arbitrarily small chiral parameters and small sizes.

II. RESULTS AND DISCUSSION

A. Optical force on the dielectric core
and chiral shell particle

To begin with, we consider chiral core-shell spheres to
calculate the chiral and optical gain-dependent forces. This
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model is general enough to describe a wide range of chiral
nanoparticles of scientific and technological interest, such as
gain-doped chiral nanocrystals [35], and core-shell particles
with a dielectric core and a plasmonic shell [22,36–39]. For
the sake of generality (in the latter part of the paper, See II B)
we consider the case of a single homogeneous chiral sphere
doped with gain, a model that can be applied to gain-doped
chiral nanocrystals [35]. To this end let us consider a CP
plane wave E = E0(x̂ + iσ ŷ)eikz [σ = +1 (−1) is the spin
index of a left- (right-) handed CP plane wave] impinging on
particles made of the dielectric core (with radius b and relative
permittivity εd) and a chiral shell of thickness t and refractive
index nσ = εs + σκ , where εs is relative permittivity and κ is
the chiral index, immersed in water with relative permittivity
εw = 1.77. The optical force acting on the sphere due to a
plane wave (see Appendix C) is written in terms of scattering
efficiency Qs and absorption efficiency Qa (see Appendix B)
as [40]

F = ε0εwE2
0

k2
w

[Qa + Qs(1 − 〈cos θ〉)] = Fa + Fs, (1)

where E0 is the electric-field amplitude, ε0 is the vacuum per-
mittivity, kw is a wave vector inside the surrounding medium,
and 〈cos θ〉 ≡ g is the scattering asymmetry parameter [40]
(θ is the scattering angle). The total force can be divided into
two force contributions: scattering force Fs and absorption
force Fa [40]. It is clear from Eq. (1) that for a passive chiral
sphere, where {Qa, Qs} � 0, −1 � g � 1, and {Fa, Fs} � 0,
the optical force F is always positive, regardless of the chiral
handedness, in which case chiral resolution impossible.

However, in the presence of the gain media, the momentum
of stimulated emission photons may be strong, and one may
expect Fs > 0 and Fa < 0; hence a fine tuning of the gain
level allows us to control the direction of F on each chiral
face, as indicated in Figs. 1(a) and 1(b). For instance, for a
passive particle [Fig. 1(a)], the momentum of the scattered
photon Ps can never be larger than the momentum of the inci-
dent photon Pi (i.e., Pi − Ps � 0). Therefore, the momentum
transfer to the particle should lead to a net positive (pushing)
force. In contrast, in an active particle with sufficient gain
[Fig. 1(b)], Fa may have its sign reversed because it may be
dominated by the recoil from stimulated emission photons
with momentum Pe [41,42], inducing a negative (pulling)
force Fa, as illustrated in Fig. 1(b). Since the shell is chiral, in
addition to the gain-enabled pulling force Fa < 0, the particle
refractive index depends on the incident-field helicity, which
leads to a distinct scattering efficiency Qs for each enantiomer.
Therefore, the gain-tunable pulling force—associated with the
chiral-sensitive pushing scattering force—is the key mecha-
nism underlying our tunable enantioselection scheme. Note
that our enantioselective scheme involves two laser sources,
namely, the probe and the pump beams, indicated by black
and purple arrows in Fig. 1(b), respectively. However, it is
worth mentioning that we take into account only the radiation
pressure coming from the probe beam in Eq. (1), and the force
contribution coming from the pump laser can be neglected due
to its normal orientation relative to the incident laser axis [42].

We quantitatively demonstrate the effectiveness of our
enantioselection scheme by considering a passive core
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FIG. 1. Schematic of optical forces on the sphere: (a) a CP plane-
wave scattering by core-shell, passive-core, and chiral-shell particles,
where Pi and Ps are the momenta of the incident and scattered
photons. The resultant net optical force on the sphere is pushing
F � 0. (b) The doped core, dye molecules, and pump laser (normal
to the incident beam) enable a gain mechanism; as a result, photons
are emitted with momentum Pe, and the net optical force on the active
chiral core and shell can be negative. Numerically calculated power
flow of the relative scattered fields and polar scattering pattern by the
passive chiral core and shell for chirality parameter (c) κ = −0.5,
(d) κ = 0, and (e) κ = 0.5. (f) The optical force acting on the passive
sphere as a function of the chirality parameter for left CP (dashed
line) and right CP (solid line).

(ε = 2.5) with radius b = 200 nm and chiral shell (nσ =
1.7 + σκ) with thickness t = 80 nm illuminated by a left-CP
plane wave. Using COMSOL MULTIPHYSICS, we numerically
calculate the power flow of the scattered fields for different
chirality parameters κ = −0.5, κ = 0, and κ = 0.5, as shown
in Figs. 1(c)–1(e), respectively. The bottom row in Figs. 1(c)–
1(e) shows the polar representation of the scattered field.
It is clear that the scattered momentum for the left-handed
chiral sphere in Fig. 1(e) is larger than that of the right-
handed sphere in Fig. 1(c), in agreement with the qualitative
arguments above. When particle and beam handedness are
opposite (lower refractive index), scattering is minimum, and
hence, the pushing optical force is minimized, as shown in
Fig 1(f), where the optical force as a function of the chirality
is shown for right- (dotted line) and left- (solid line) handed
CP incident light. To understand the precise role of the chiral
refractive index in the scattering force, we show the scattering
efficiency in Fig. 2(a) (left CP incident beam). Indeed, Qs

is very weak at κ = −0.5, and a stronger Qs is found for
κ = 0.5. This behavior is also consistent with chiral sphere
polarizability α, as shown in Fig. 2(b). The magnitudes of
both the real and imaginary parts are minimized at κ = −0.56,
strongly suppressing the scattered radiation and thus revealing
the physics underlying the suppression of the scattering force.
In contrast, the sphere with opposite chirality, κ = + 0.56, has
a large polarizability and hence a large scattering efficiency
and pushing force.

So far, the chiral response of our particles is solely influ-
enced by the passive optical properties. We now discuss the
impact of the optical gain on optical forces. In Fig. 2(c) we
calculate Qext(ε′′, κ ) [43] and Qs(ε′′, κ ) of the particles as
a function of the chirality parameter with fixed real relative
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FIG. 2. (a) Scattering efficiency Qs and (b) total chiral polar-
izability of the passive chiral sphere as a function of the chirality
parameter. (c) Scattering efficiency Qs(ε ′′), extinction efficiency
Qext (ε ′′), and (d) absorption efficiency versus the chirality parameter
Qa(ε ′′) for different imaginary permittivities ε ′′ (controlled by the
gain parameter); the remaining parameters are the same as in Fig. 1.

permittivity εd and for different imaginary permittivities ε′′
of the core, which can be controlled by the pump-induced
gain level; the other geometric parameters are the same
as in Fig. 2(a). While Qext = Qs for a passive core, this
identity does not hold for an active core particle. In this
case, the extinction efficiency becomes negative for larger
gain for the right-handed chiral sphere [Qext(−0.9, κ < 0) in
Fig. 2(c)]. This difference appears in the absorption efficiency
Qa(−0.9, κ ) = Qext (−0.9, κ ) − Qs(−0.9, κ ). Note that for a
lossy sphere extinction efficiency is always less than scatter-
ing efficiency, Qa remains positive, and optical forces on the
sphere are pushing forces. However, for the active sphere, the
pump rate of the gain medium allows us to achieve negative
absorption, and the corresponding optical force becomes a
pulling force. Figure 2(d) shows that for larger gain level
Qa(ε′′, κ ) < 0 for a broad range of values of κ , so that with
Eq. (1) the optical pulling force (F < 0) can be achieved.

To ground our study in specific context, we consider a
realistic gain model in which the dielectric core is doped
with a judicious number of dye molecules [44–46]. For our
purpose, we consider the gain properties of solvatochromic
LDS 798 dye molecules [44,47,48] in a dielectric εd host,
which is a well-established combination to achieve active
particles [49,50]. The dye molecules are modeled as four-
level atomic systems with occupation number density Ni, and∑4

0 Ni = Ndye represents the total number of dye molecules
per cubic meter. The effective permittivity of the dye-doped
dielectric core is [44–46]

εg = ε0εd + σb Ndye

ω2 + i�ωaω − ω2
a

(τ21 − τ10)
pump

1 + (τ32 − τ21 + τ10)
pump
,

(2)
where σb = 6πε0c3η

τ21ω2
a
√

εh
, ω = 2πc/λ, c is the speed of light,

�ωa is the bandwidth of the dye transition between the two
levels resonant with the incident beam, ωa = 2πc/λa is the
frequency of the emitted photon, τi+1,i is the relaxation time
between the (i + 1)th and ith levels, and 
pump is the pump

0-0.2-0.4 0.2 0.4
-15
0
15
30
45F(fN)

Fo
rc

e 
(fN

)

Chirality Parameter

-6

-4

-2

 0

Fo
rc

e 
(fN

)

0-0.2-0.4 0.2 0.4
100

101

102

103
0

2

Chirality Parameter

 F>04

6

Pu
m

p 
R

at
e 

(G
H

z)
N

(1
0

 c
m

)(a)

(d)(c)

(b)

Pump Rate (GHz)
0 100 200 300

-10
0
10
20
30

FIG. 3. (a) Net optical force as a function of the chirality
parameter and number density Ndye. (b) Optical force versus chirality
parameter for Ndye = 0 (dotted line), Ndye = 3 × 1018 cm−3 (dashed
line), and Ndye = 6 × 1018 cm−3 (solid line). (c) Force-density plot
as a function of the chirality parameter and pump rate for fixed
Ndye = 5 × 1018 cm−3. (d) Optical force as a function of pump rate
for different chirality parameters: κ = 0.2 (blue line), κ = 0 (red
dashed line) and κ = −0.2 (red solid line). In all calculations b =
200 nm, t = 80 nm, σ = −1, and λ = 1064 nm.

rate of the dye molecules [44,47]. Equation (2) indicates that
the optical gain can be externally controlled by appropriately
tuning the emission photons by means of Ndye and the pump
rate of the dye to activate the gain mechanism. We choose
the following parameters to describe the optical gain level
given by Eq. (2): �ωa = 175 THz, λa = 777 nm, η = 0.48,
τ10 = τ32 = 100 fs, and τ21 = 50 ps [44,47].

We now demonstrate the tunability of the enantioselection
by taking moderate values of dye concentration [51] and ex-
perimentally achievable pump power, where dye quenching
and the nonlinear effect can be ignored [44,45]. In Fig. 3(a),
we compute the optical force acting on a dye-enriched core-
shell particle as a function of the chirality parameter and Ndye

for fixed 
pump = 100 GHz. Figure 3(a) shows that optical
pulling forces (F < 0) gradually vanish as the chirality pa-
rameter approaches zero, showing that pulling force is not
possible for nonchiral gain-enhanced particles at this dye con-
centration. Note that higher dye concentrations could lead to
a net pulling force even for nonchiral particles (Ndye > 6 ×
1018 cm−3). Also, the optical force is always pushing (F > 0)
for passive spheres (Ndye = 0), regardless of the chirality pa-
rameter. As one increases Ndye, the emission photons from
the dye molecules in the core also increase, and since the
scattering force Fs for the right-handed chiral κ < 0 particle is
weak, there is a critical value, Ndye ≈ 3.2 × 1018 cm−3, above
which right-handed chiral particles experience pulling forces.
On the other hand, for left-handed chiral κ > 0 spheres, the
optical force is always pushing (F > 0) due to large Fs. This
crossover between optical pulling and pushing forces for par-
ticles with κ < 0 shells can also be noticed by inspecting the
horizontal linecuts of the density plots in Fig. 3(a), as shown in
Fig. 3(b), where F as a function of κ is calculated for increas-
ing dye concentrations Ndye = {0, 3, 6} × 1018 cm−3 for fixed

 = 100 GHz. Interestingly, for Ndye > 6 × 1018 cm−3, chiral
resolution is achieved for particles in which the shell is made
of materials with very small chirality parameters Although
the dynamical tuning of the dye concentration in experiments
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FIG. 4. (a) Density plot representing the optical force as a func-
tion of the chirality parameter and the ratio between the core radius
b and outer radius a = b + t = λ for fixed 
pump = 100 GHz and
Ndye = 5 × 1018 cm−3. The inset illustrates the particle under con-
sideration. Optical force as a function of pump rate for fixed (b) b =
0.7a and (c) b = 0.85a for different chirality parameters: κ = 0.2
(blue line), κ = 0 (red dashed line) and κ = −0.2 (red solid line).
All the other parameters are the same as in (a).

might be difficult, in view of Eq. (2), one can alternatively
control the gain level by varying the pump rate at a fixed dye
concentration, which is more realistic in practice. This tuning
knob is explored in Figs. 3(c) and 3(d); the net optical force is
calculated as a function of the chirality parameter and 
pump

for fixed Ndye = 5 × 1018 cm−3. The behavior is similar to
varying dye concentration; a power threshold exists to achieve
pulling forces, provided some degree of chirality is present.

It is worth mentioning that even for low incident intensity,
I0 = 1 mW/µm2, the optical pulling force is larger than the
Brownian force. In the present study, the Brownian force
FB ≈ 5 fN (see Appendix A). However, the pulling force can
further be improved by increasing the pump rate or incident
intensity I0. To infer the critical pump rate needed to achieve
enantioselection, we show in Fig. 3(d) vertical linecuts of
Fig. 3(c), revealing the optical force as a function of pumping
rate for chirality parameters κ = {−0.2, 0,+0.2} for fixed
Ndye = 5 × 1018 cm−3. While the optical force is always posi-
tive when 
pump = 0, as the system is excited with an external
optical pump, the sign of the net optical force is strongly
dependent on the handedness of the chiral shell. In particular,
the value of the chirality parameter of the shell defines the
threshold pump rate at which the optical force changes sign, a
consequence of the amplified photon emission Fa overcoming
Fs, which is due to the scattered and radiative losses. This
threshold pumping rate can also be estimated from Fig. 4(c).

To demonstrate the robustness of our findings against the
geometrical parameters of the core-shell nanostructure, we
calculate the optical force as a function of the chirality param-
eter and the ratio between the core b and outer radii a = b + t
in Fig. 4(a). It is worth noting that for a small active core
b/a � 1, where the role of dye molecules is negligible, Fs 	
Fa, and therefore, the total optical force is positive. At b =
0.4a the core and shell with κ ≈ −0.4 undergo a pushing to
pulling force crossover due to the fact that in this situation the
particle is expected to be subjected to weak scattering force Fs;
hence, a small emission of photons is sufficient to overcome
the scattering force Fa > Fs. As a result optical pulling force
exists for κ = −0.4, while pushing forces occur for κ = 0.4.

This result shows that an enantioselective mechanism could
be implemented for core-shell spheres with a broad range of
geometrical parameters. On the other hand, for t 	 b, when
the active core is large, the particle is subjected to pulling
force regardless of the chirality parameters.

Like in the previous analysis, the threshold pump power
required to perform chiral resolution can be more clearly seen
by inspecting the force dependence on the pump rate. The
robustness of the chiral resolution to geometry fluctuations
can be noticed by considering two geometric configurations:
b = 0.7a and b = 0.85a; the corresponding optical forces, as
a function of the pump rate, are plotted in Figs. 4(b) and 4(c),
respectively, for different values of the chirality parameter:
κ = 0.2 (blue line), κ = 0.0 (red dashed line), and κ = −0.2
(red solid line). From the analysis of Figs. 4(b) and 4(c) we
can conclude that right-handed chiral spheres undergo pulling
force for a pump rate larger than 10 GHz, despite the fact
these two systems have different gain levels and different sizes
of the active gain core. In order to understand this result,
we should note that the scattering force is smaller in the
configuration depicted in Fig. 4(b), which has a thicker chiral
shell. As a result, for such a system, weaker light amplification
is sufficient to fulfill the condition |Fa| > |Fs| to achieve the
net optical pulling force. On the other hand, in comparison
to the configuration shown in Fig. 4(c), the shell is thinner,
and |Fs| is expected to be larger, but at the same time |Fa|
becomes large due to the increased volume of the gain media.
This fact compensates the increase in |Fs| for generating a net
pulling force in the configuration in Fig. 4(c). Consequently,
the overall result is that this configuration exhibits approxi-
mately the same critical pump rate (25 GHz), to achieve the
pulling forces.

B. Optical pulling force on a homogeneous chiral sphere

In order to improve the generality of this scheme, in this
section we discuss optical forces on a gain-functionalized ho-
mogeneous chiral sphere, where the chirality is uniform across
the particle. This type of chiral sphere may constitute a vari-
ety of synthesized chiral examples, such as DNA-assembled
nanoparticles, cholesteric liquid crystals, carbon nanotubes,
chiral nanocrystals, and chiral quantum dots [3,7]. In addition
to the spherical particles, this approach can also be applied
to asymmetric or randomly shaped geometrical particles that
show large circular dichroism, as shown in [3,35,52]. Without
loss of generality, we have added the dye molecules inside the
chiral sphere to activate the role of gain media (see details
in the previous section). As a continuation of our discussion
reported in the Sec. II A, we calculate the optical force acting
on the active chiral sphere as a function of the chirality param-
eter and dye concentration in Fig. 5(a). The results show that
even for this configuration we can exert chirality-dependent
optical forces on the sphere, which provides an opportunity
to perform chiral selection of the homogeneous chiral sphere.
For deeper insights, we consider a chiral sphere with an arbi-
trarily small value of κ = ± 0.05 illuminated by a left-handed
circularly polarized field to calculate the optical force as a
function of pump rate for fixed dye concentration. Figure 5(b)
shows that even for small chirality parameters right-handed
chiral spheres experience pulling force for incident intensity
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FIG. 5. (a) Optical force acting on a gain-functionalized chiral
sphere as a function of the chirality parameter κ and dye concentra-
tion for fixed pump rate at 50 GHz. (b) Optical force as a function of
the chirality parameter and pumping rate for fixed dye concentration
at 1.5 × 1018 cm−3. (c) Optical force versus the chirality parame-
ter for different dye concentrations Ndye = 0 (dotted line), Ndye =
8 × 1018 cm−3 (dashed line) and Ndye = 16 × 1018 cm−3 (solid line),
where pumping rate is the same as (a). (d) The optical force acting on
a sphere with chirality parameters κ = −5 × 10−2 (red line) and κ =
5 × 10−2 (blue line) as a function of the pump rate, where dye con-
centration is fixed at N = 1.5 × 1018 cm−3. This calculation is car-
ried out by taking the refractive index of the sphere ns = √

εg + σκ ,
where εg is given in Sec. II A.

I0 = 1 mW/µm2. This confirms that this is a sufficiently large
force to overcome the Brownian force. Thus, our scheme is
robust against the selection of the chiral structures, and one
can perform the chiral resolution of the racemic mixture by
controlling the pumping rate of the dye molecules for small
values of the chirality parameter.

C. Pulling force on chiral dipoles

In this study, we have shown that the gain-functionalized
chiral spheres can be optically sorted using single-plane waves
regardless of size and particle choices. To extend the applica-
bility of our proposal to chiral dipoles, for which only electric
dipoles are prominent [53], we consider a core-shell chiral
sphere with a radius of 50 nm (with an active core of 20 nm
and a chiral shell of 30 nm) in Fig. 6(a) and a homogeneous
chiral sphere of radius 50 nm in Fig. 6(b). Finally, we calculate
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FIG. 6. (a) Density plot representing the net optical force
Fnet ( f N ) as a function of the chirality parameter and 
pump for fixed
(a) Ndye = 6.4 × 1018 cm−3 and (b) Ndye = 0.3 × 1018 cm−3. The
colored region shows the stable optical pulling force, where we have
subtracted the Brownian force from the optical force.

the density plot of the stable optical pulling force (Fnet = F −
FB) acting on the spheres as a function of the chirality param-
eter and pump power for fixed dye concentration. Thus, our
approach remains valid for small particles with weak chirality.

III. CONCLUSION

In conclusion, we demonstrated an externally controllable
and robust enantioselective method for single isolated chiral
particles doped with gain material. By considering realistic
material and geometrical parameters, we showed that this
system allows one to perform enantioselection not only for
lossless chiral media but also for plasmonic chiral spheres
using single-plane waves. We demonstrated that by externally
tuning the pump rate, a crossover between pulling and push-
ing force occurs for chiral shells with a given handedness,
allowing for enantioselection of a racemic mixture of core-
shell particles. We also demonstrated that this chiral resolution
method is robust against varying the geometric parameters of
the system and may be applied for arbitrarily small values of
the chiral parameter, suggesting that one can also apply it to
naturally occurring chiral materials.
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APPENDIX A: BROWNIAN MOTION

A sphere immersed in an aqueous solution (water in our
case) must be subjected to Brownian force according to the
fluctuation-dissipation theorem, which can be expressed as
FB = √

12πηakβT [54]. Here, a is the sphere radius, η is
fluid viscosity, kβ is Boltzmann’s constant, and T is room
temperature. For the case of a subwavelength particle, say,
a = 200 nm, immersed in water with viscosity η = 7.9 ×
10−4 Pa s [54,55], the Brownian force acting on the sphere is
FB = 5 fN [55]. However, our results show that optical forces
acting on the sphere are larger than the Brownian force even
for weak incident intensity I0 = 1 mW/µm2 [56]. Thus, the
optical forces acting on the particle can easily overcome the
thermal and Brownian fluctuations. In addition, optical forces
can also be improved by increasing the power of the probing
laser without changing the gain level as suggested by force
expression (e.g., F ∝ I0).

APPENDIX B: SCATTERING OF LIGHT BY THE CHIRAL
CORE-SHELL PARTICLE

Consider an electromagnetic field Ein illuminating a core-
shell particle composed of a dielectric core of radius b and
a chiral shell of thickness t (the outer radius a = b + t)

043704-5



R. ALI et al. PHYSICAL REVIEW A 108, 043704 (2023)

immersed in a nonmagnetic dielectric host medium of re-
fractive index nw. By following the Bohren decomposition
method [40,43], we express the electromagnetic field in terms
of the linear combinations of vector wave functions in spheri-
cal coordinates as

Ein = E0

∞∑
�=1

i�
2� + 1

�(� + 1)

(
M (1)

o1� − iN (1)
e1�

)
, (B1)

Hin = H0

∞∑
�=1

i�
2� + 1

�(� + 1)

(
M (1)

e1� + iN (1)
o1�

)
, (B2)

where Me1�, Mo1�, Ne1�, and No1� are the vector spherical har-
monics [40], with H0 = k

ωμ
E0. Since inside the chiral media

the electric E and magnetic H fields are coupled through a
phonological constant κ called the chirality parameter, the
electromagnetic fields inside the media are described by the
following modified constitutive relations [40]:

D = ε0εpE + iκ
√

ε0μ0 H,

B = −iκ
√

ε0μ0 E + μpμ0H, (B3)

where D and B are the electric displacement and the magnetic
field, respectively. Furthermore, ε0 (μ0) is the vacuum permit-
tivity (permeability). By using these constitutive relations in
Maxwell’s equations in the frequency domain, the coupling
between E and H can be removed through a linear transfor-
mation [33]. In addition, the decoupling process also suggests
that the wave vector k inside the chiral media is modified and
can be defined as kL/R = (n0 ± κ )k0, where k0 = 2π/λ0 with
vacuum wavelength λ0. Finally, a straightforward calculation
allows us to define the scattered field by the chiral sphere in
the surrounding medium as [43,57]

Es =
∞∑
�

E�

(
ia�N3

e1� − b�M3
o1� + c�M3

e1� − id�N3
o1�

)
,

Hs =
∞∑
�

H�

(
a�M3

e1� + ib�N3
o1� − ic�N3

e1� − d�M3
o1�

)
, (B4)

where E� = E0(i)� 2�+1
�(�+1) and H� = H0(i)� 2�+1

�(�+1) ; a�, b�, c�,
and d� are commonly known as Mie coefficients and can be
calculated using subsidiary boundary conditions at the sphere
surface. Their explicit expressions can be expressed in terms
of the size parameters α = kwb and v = kwa, corresponding
to the core and outer radii [57]. Since the shell is chiral,
the refractive index of the shell can be expressed as nL/R =
(
√

εμ ± κ ), where the subscript L (R) corresponds to the left-
(right-) handed polarization of the incident field. Now it is
convenient to write the relative refractive indexes of the chiral
shell, NL/R = (

√
εμ ± κ )/nw, and active core, NI = ng/nw,

with respect to a host medium of index nw. Finally, NII =
(NL + NR)/2 is the average relative index of the chiral shell.
Finally, by applying the boundary conditions we can define
the unknown scattering coefficient as [57]

a� = −�−1
� (AR�WL� + AL�WR�),

b� = −�−1
� (BL�VR� + BR�VL�),

c� = i�−1
� (AL�VR� − AR�VL�),

d� = i�−1
� (BR�WL� − BL�WR�),

with

�� = WL�VR� + BL�WR�,

AR� = XR�(−)η(1)
� (v) − NIIUR�(−) j�(v),

AL� = XL�(+)η(1)
� (v) − NIIUL�(+) j�(v),

BL� = XL�(−)NIIη
(1)
� (v) − UL�(−) j�(v),

BR� = XR�(+)NIIη
(1)
� (v) − UR�(+) j�(v),

VL� = XL�(+)η(3)
� (v) − NIIUL�(+)h(1)

� (v),

VR� = XR�(−)η(3)
� (v) − NIIUR�(−)h(1)

� (v),

WL� = XL�(−)NIIη
(3)
� (v) − UL�(−)h(1)

� (v),

WR� = XR�(+)NIIη
(3)
� (v) − UR�(+)h(1)

� (v).

We have also introduced the functions

XR�(±) = j�(NRv) + D4�y�(NRv) ± D2�y�(NLv),

XL�(±) = j�(NLv) + D1�y�(NLv) ± D3�y�(NRv),

UR�(±) = η
(1)
� (NRv) + D4�η

(2)
� (NRv) ± D2�η

(2)
� (NLv),

UL�(±) = η
(1)
� (NLv) + D1�η

(2)
� (NLv) ± D3�η

(2)
� (NRv),

where

D1� = −�−1
� [G�(NR)H�(NL ) + F�(NR)K�(NL )],

D2� = �−1
� [F�(NR)K�(NR) − G�(NR)H�(NR)],

D3� = �−1
� [G�(NL )H�(NL ) − F�(NL )K�(NL )],

D4� = −�−1
� [G�(NL )H�(NR) + F�(NL )K�(NR)].

F, G, H , and K are functions of the refractive index variable
N = NL, NR, defined as

F�(N ) = NIIy�(Nα)η(1)
� (NIα) − NIη

(2)
� (Nα) j�(NIα),

G�(N ) = NIy�(Nα)η(1)
� (NIα) − NIIη

(2)
� (Nα) j�(NIα),

H�(N ) = NI j�(Nα)η(1)
� (NIα) − NIη

(1)
� (Nα) j�(NIα),

K�(N ) = NII j�(Nα)η(1)
� (NIα) − NIIη

(1)
� (Nα) j�(NIα).

j�(ρ) and y�(ρ) are the spherical Bessel functions of the first
and second kinds, respectively, and h(1)

� (ρ) is the spherical
Hankel function of the first kind. We also define

η
(1)
� (ρ) = 1

ρ
d[ρ j�(ρ)]/dρ,

η
(2)
� (ρ) = 1

ρ
d[ρy�(ρ)]/dρ,

η
(3)
� (ρ) = 1

ρ
d[ρh(1)

� (ρ)]/dρ.

For the sake of convenience, we can define the effective
scattering coefficients which are the perfect analog of the Mie
scattering coefficients of a conventional dielectric sphere [22]
as A� = a� + iσc� and B� = b� − iσd� for circularly polar-
ized light of helicity σ.

With the help of these scattering coefficients, we can quan-
tify the energy received and scattered by the sphere in terms
of the extinction cross section Cext and the scattering cross
section Cs, respectively. To get rid of the units involved in
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the cross sections, we define the dimensionless efficiency
Q by dividing the geometric cross section of the sphere as
Qj = Cj/πa2 ( j = ext, s):

Qext = Cext/πa2 = 2

x2

∞∑
�=1

(2� + 1)Re(A� + B�), (B5)

Qs = Cs/πa2 = 2

x2

∞∑
�=1

(2� + 1)(|A�|2 + |B�|2), (B6)

where x = kwa. Since we have an active core that provides
photon emission being controlled by an external source [see
Fig. 1(b)], the energy received by the probing laser and the
energy scattered by the sphere are different and depend on
several parameters, as discussed in the main text. Thus, it is
convenient to define the negative absorption or gain efficiency
[40,58,59] as

Qa = Qext − Qs. (B7)

It is worth mentioning that the sign of Qa is controlled by con-
trolling the sign of the imaginary refractive index of the media.
For instance, Qa is negative for Im(m) < 0, corresponding to
gain media, and Qa is positive for Im(m) > 0, corresponding
to lossy media, under the exp−iωt convention.

APPENDIX C: RADIATION PRESSURE
DUE TO A PLANE WAVE

Light carries momentum that can be transferred to a par-
ticle; therefore, a beam that interacts with a particle exerts a
radiation force. If we consider that a light beam consists of a
stream of photons, it is physically reasonable to assert that the
photons absorbed by the particle transfer all their momentum
to the particle and exert force in the propagation direction. In
contrast, the photons scattered by the sphere exert force in the

direction opposite of the scattering direction defined by the
scattering angle θ . Therefore, the net force on the particle can
be defined in terms of extinction efficiency (Qext denotes the
energy received by the particle), scattering efficiency (Qs de-
notes the energy scattered by the particle), and the asymmetry
parameter (〈cos θ〉 denotes the scattering direction) as [40]

F = ε0εwE2
0

k2
w

(Qext − Qs〈cos θ〉), (C1)

where E2
0 is the amplitude of the incident field, which can be

associated with the incident-field intensity as I0 = cε0E2
0 /2,

and 〈cos θ〉 is the asymmetric parameter with scattering angle
θ and is given as [40]

〈cos θ〉 = 4

Qsx2

( ∞∑
�=1

�(� + 2)

� + 1
Re(A�A∗

�+1 + B�B∗
�+1)

+
∞∑

�=1

2� + 1

�(� + 1)
Re(A�B∗

� )

)
. (C2)

For a passive sphere Qext � Qs, it is clear that for a particle
with zero backscattering (with 〈cos θ〉 = 1) the sphere will
experience F � 0, which should always be pushing.

Since we have an active core and Qext 
= Qs, it is worth
explicitly discussing the force due to the emission of the
photons. The force now can be expressed as

F = ε0εwE2
0

k2
w

[Qa + Qs(1 − 〈cos θ〉)] = Fa + Fs, (C3)

where Fa and Fs are the force contributions due to the emission
of the photons (which is toward the source) and the scattering
of the photons (in the propagation direction), respectively.
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