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Revealing light momentum in dielectric media through standing-wave radiation pressure
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Air-water interface deformation has been used as a testbed to resolve the momentum of light debate (Abraham-
Minkowski) inside the dielectric medium, but to date, experiments or theory which have resolved this debate
precisely are lacking. Here, we present the experimental observation of both momenta in a single setup. The
model employed in interpreting our experimental results suggests that the total momentum associated with light
inside a dielectric is represented by the mean value of the Abraham and Minkowski momenta, which is %(n +
1/n)hw/c. We used a clean and relatively simple pump-probe-type setup to investigate the light momentum
inside the dielectric medium. Using a pump beam, we generate a standing wave, formed due to an incident and
reflected pump beam in a water drop, placed on a partially metallic coated prism. A weak red probe laser beam
was used to detect the nanoscale height variation of the air-water interface, where natural evaporation enabled
us to measure the radiation pressure variations (spacing between the node and antinodes, X/2n) in the standing
wave. Our results clearly depict the dependence of radiation pressure upon the phase of the incident and reflected
light. We also performed numerical simulations in realistic experimental settings and found good agreement with

the experimental results, and offer potential applications in microfluidics and optofluidics.
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I. INTRODUCTION

The formulation of two different yet fundamental momenta
[1,2], laid down by Abraham and Minkowski for light in
a refractive medium, has fueled a debate for over a cen-
tury. Theoretically, Abraham and Minkowski’s momenta were
identified as kinetic and canonical momenta, respectively
[3-15]. However, it has been left to experiments to decide
which one would manifest for a given situation [16-21]. In
this regard, Jones-Richards-Leslie (JRL) [22-24] provided
the first experimental evidence that the optical pressure on
submerged mirrors is proportional to the refractive index of
the liquid (n), in favor of the Minkowski momentum. Gen-
eral expressions for the electromagnetic force, applicable to
inhomogeneous, anisotropic, and dispersive media, were also
developed in Ref. [9]. It was shown that the Abraham momen-
tum could explain the dependence of the radiation pressure on
the refractive index in the experiments of Jones and Leslie
[22-24]. Furthermore, in Refs. [15,25-27], a covariant theory
of light propagation in a medium reveals the transfer of a
measurable mass carried by a mass-density wave.

This dilemma has recently been revisited in several studies
[15,25-32]. The analysis suggests that the measured radia-
tion pressure (or light momentum) inside a dielectric medium
would depend on the chosen value of the phase shift of
the reflected wave (¢) for the submerged mirror, and could
favor a photon momentum anywhere in the range between
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the Abraham and Minkowski values. Previous studies [22-24]
measured the deflection of a mirror submerged in various
liquids, but neglected the standing-wave effects. However, it is
necessary to take into account the radiation pressure felt by the
liquid in its interaction with the standing-wave fringes to bal-
ance between the free-space momenta of the incident and re-
flected beams and the force experienced by the mirror [28,29].

There are two major bottlenecks to experimentally ob-
serving the effect of standing waves on radiation pressure.
First and foremost is that the technique used must be capa-
ble of observing surface deformations between a node and
an antinode of the standing wave. The surface deformations
caused by radiation pressure produced by the refractive-index
discontinuity (IT,) and the standing wave (Il ) have a small
difference in magnitude (<10 nm). Therefore, the technique
must be precise enough to differentiate between the two. The
second challenge is that a system is needed where the height of
the dielectric medium can be smoothly varied at the nanoscale.

In this paper, we investigated light momentum in a dielec-
tric medium using an interferometer-equipped pump-probe
setup. A standing wave was generated in a water drop on a
partially metallic-coated prism, and nanoscale surface defor-
mations were measured using a weak red laser beam through
interferometry. Our modified liquid drop interferometer (LDI)
experiment demonstrated the phase-dependent deformation of
the air-water interface due to the standing wave and refractive-
index discontinuity, with a precise distinction between the
two. Our results showed that the interface deformation varied
according to the phase-dependent pressure of the standing
wave, and the total momentum transfer to the liquid was the
mean of the Abraham and Minkowski forms of momentum.
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FIG. 1. Schematic of the experimental setup. A continuous wave
(CW) green pump beam (A = 532 nm) shined at incident angle 6; is
used to locally deform the fluid drop (initial height Hy). A collimated
He-Ne laser produced a dynamic interference pattern from a fluid
drop. The photodiode (PD) measured the intensity of the central
fringe. The radius of the drop was ~2-5 mm, 7' = 25 + 1 °C, 50%
relative humidity (RH).

Our simple yet sensitive method analyzed the interplay be-
tween light momentum and fluid dynamics [33], paving the
way for potential optofluidic applications.

II. EXPERIMENTAL METHOD AND RESULTS

The interferometric pump-probe setup used in the experi-
ment is shown in Fig. 1. A water droplet was placed on a prism
with a partial metallic coating (R > 97%), which allowed
for the creation of a standing wave by a normally incident
pump laser beam. A He-Ne probe laser was used to generate
interferometric fringes from the reflections of the glass-water
and water-air interfaces. The probe beam was coupled from
below the prism to avoid a large mismatch of the reflection
coefficient at the air-water and mirror-water interfaces. Anal-
ysis of the interference fringe pattern with the baseline of the
natural evaporation of water enabled the measurement of
the surface height variation with nanometer sensitivity (§Hp)
due to the optical force.

A. Water drop on glass prism

First, we performed a requisite test with a planar glass
prism (without any metallic coating) to demonstrate the
measurement of light momentum where the effects of
standing-wave or phase changes are not observable. For this
we shined a pump laser with a wavelength and beam waist

(A =532 nm, w, = 200 um) normally at the air-water (AW)
interface of a large water droplet (V = 50 ul, ry = 5 mm, base
radius of the droplet).

For a laser beam normally incident from free space (air)
onto a flat surface of a dielectric (water) liquid, after a few
nanoseconds, the volume contribution of the electrostriction
is canceled out by its surface contribution [18]. The surface
motion timescale is much longer than this initial transient
and the surface deformation is described by that due to the
Minkowski-Abraham term as well as those due to gravity
and surface tension [18,19,34]. The overall radiation pres-
sure that elevates the surface of the liquid is give by I1a, =
—2I(r)(m — D)/[e(m + D).

We probed the deformation height using a low-power red
laser (Pp =10 mW, w, = 650 um) as the probe beam. A
comparable reflectivity of light from the AW and glass-water
(GW) interfaces and high-contrast circular fringes are made
by the interferometric probe beam. We analyzed these fringes
to obtain the surface deformation with direction. The disap-
pearance of one central fringe corresponded to a A/4n; =
119 nm change in the optical path length in the drop and gave
the self-calibration. The natural evaporation of water continu-
ously reduced the droplet thickness. This resulted in dynamic
interference fringes and provided an oscillatory curve of in-
tensity [/,(¢), the red curve in Fig. 2] when the central fringe
was tracked. By resolving the central fringe intensity between
consecutive maxima and minima, we achieved a precision of
<2 nm in the surface deformation measurement. The con-
tinuous decline in water height also served as a reference
to determine the direction (dimple/bump) of the deforma-
tion [19,21,33,35]. We also controlled the evaporation rate or
(8Hy/dt) by a partial enclosure to achieve stable steady-state
evaporation.

Any actuation of the drop interface by the radiation pres-
sure changes the optical path, and modifies the intensity of
the central fringe which, as such, contains the temporal sig-
nature of the induced deformation. An example of a temporal
variation of the central intensity of the fringe pattern in the
absence and presence of radiation pressure is illustrated in
Figs. 2(a) and 2(c) for pure water. When the pump beam is
turned on with the shutter (lower green signal in Fig. 2), the
optical path difference between the probe beam reflection at
AW and the GW interface suddenly changes and modifies the
central intensity of /,(¢) of the fringe. The subtraction of the
sine modulation eventually isolated the response induced by
the switching on/off of the pump beam (as shown in the lower
panel in Fig. 2). Enlargement of the opening/closing dura-
tion of the shutter [Fig. 2(c)] showed that the AW interface
adiabatically followed the pump beam as shown by approx-
imately the same rise/fall times for the green curves. This
unambiguously demonstrated that the pump beam induced an
increase in the height of the AW interface, resulting in an
outward bulge towards and supporting Minkowski’s form of
momentum [18,21,35].

B. Water drop on partially silvered glass prism

“What would happen if we placed the water drop on a
metallic mirror surface?” To investigate this, we made some
modifications to the LDI technique [36] in order to avoid
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FIG. 2. (a), (b) Probe intensity /(¢) in terms of nanometer vs
time. The solid red line is a Ip(t)cosz[ocod (t)] fit to the simulated
data (blue) corresponding to natural evaporation and pump beam
excitation. (¢) Zoom near the maximum deformation height.

the strong Fresnel reflection from the water-metallic mirror
interface. For this, we used a partially silvered (2 mm circular
radius or rectangular strip) glass prism with a highly reflective
(>99%) mirror. We shined a pump laser beam normally at
the water droplet placed on the silvered prism, and due to
the refractive-index discontinuity, radiation pressure I, was
exerted at the AW interface. Additionally, the high reflectivity
of the mirror and standing wave were considered to be formed
by the interference between the incident and reflected waves
from the mirror (see Fig. 1). The radiation pressure exerted by
the standing wave at the mirror surface can be computed using
the Lorentz force density [28]. Considering that neither the
liquid nor the metallic reflector absorb the light, the radiation
pressure on the mirror given is by [28]

N7, = [n*/(sin® ¢ + n* cos® ¢)](I/c), (1)

where ¢ =2anHy(t)/Ao is the single-path phase shift
through the liquid column, /(= eoang) is the light intensity,
and c is the speed of light. Thus the radiation pressure on the

immersed mirror was found to be greater than or equal to that
experienced by the same mirror in free space, namely, //c.
Considering the momentum balance between the free
space of the incident and reflected beams and the force
experienced by the submerged mirror, one must take
into account the radiation pressure felt by the liquid in
its interaction with the standing-wave fringes between
the mirror and the surface of the liquid [28,29]. The

volumetric force on a liquid column calculated as F,(z) =

I (n}—1)sin® . .
@ o) o 8 sinfdn (2 = Ho()/hol. This

volumetric force density, which varies sinusoidally between
positive and negative values, averages out to zero within each
fringe of the standing wave. When integrated from z =0
to Hy(t), it yields the force per unit cross-sectional area
(radiation pressure) of the liquid column as follows [28,29]:

b I(n} —1)sin’¢
W e (sin ¢ + n?cos’ @)

For this scenario, the total radiation pressure exerted on the
AW interface is given by IT, = I, + I1L,. This pressure de-
pends on the position of the AW interface between the nodes
and antinodes of the standing wave. If the height Hy(¢) of the
drop happens to be an integer multiple of A/2n;, the values
of phase ¢ = 2mwn;Hy(t)/A = m and pressure Héw = 0. How-
ever, if Hy(¢) differs by A/4n; = 100 nm (A = 532 nm, n; =
1.33), pressure I/, acquires its maximum value. Intriguingly,
one can see the difference in deformation heights (<10 nm)
of the AW interface at opposite phases of the sinusoidal probe
signal, This is due to the resultant radiation pressure vari-
ation and the standing-wave pressure [see Figs. 3(a)-3(c)].
This observation was only made possible because of the high
sensitivity and self-calibration nature of the technique used.

We also numerically modeled the effects of resultant radi-
ation pressure I, on the AW interface using a finite-element
analysis (FEA). We used the wave optics module to generate
the standing wave and calculated the stress at the AW and
water-mirror (MW) interface (see Fig. 4). The effects of the
radiation pressure on the surface displacement were calcu-
lated by solving the Navier-Stokes equation with appropriated
boundary conditions. Here,

p‘fl—'; + p(v-V)v = —=VP + V2 + F, where v describes
the flow velocity, P is the pressure, p is the fluid density, u
is the dynamic viscosity, and F = pg with g = 9.8 m/s”. The
model was built in the two-dimensional (2D) axisymmetric
geometry. The external pressure and surface tension were
made to act on the AW interface. Free-surface and no-slip
boundary conditions were applied at the liquid and substrate
interfaces vy(z = 0) = 0. A realistic sample geometry was
considered (see the inset of Fig. 4, R =20 mm and hy =
0.1-1 mm).

Figures 4(a) and 4(b) demonstrate that the AW inter-
face’s bulge height varies under applied total stress I1, =
[Ta, + Iy, as the drop height changes, causing the nodes
to change into antinodes of the standing wave at the AW in-
terface. The minimum bulge height corresponds to the height
induced by the pressure I15, alone, where Ily, = 0. On
the other hand, the maximum height is observed when Iy,
reaches its maximum value, which is approximately 7 nm
for a 3.5 W laser power (experimental), greater than the
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FIG. 3. (a), (b) Probe intensity /(z) in terms of nanometer vs
time for pump on-off cycles for Py = 3.5 W. The solid red line is
a Iy cos?[aHy(t)(1)] fit to the data (blue) corresponding to natural
evaporation. (c) Zoom of (b).

minimum height. To further ensure accuracy, we performed
the experiment multiple times, systematically varying the
power levels each time. Each power level measurement was
based on an average of five shots of the same shutter opening,
thereby minimizing the impact of potential fluctuations. As
a result, we confidently observed a consistent linear trend:
The bulge height increased proportionally with the increase
in power level [Fig. 4(a)]. Specifically, at 4.5 W, the mea-
sured bulge height was approximately 12 nm. This robust
and reproducible relationship between power and bulge height
reinforces the reliability of our findings and provides valuable
insights into the behavior of the system under different power
conditions.

Figure 4(b) presents a comparison between the finite-
element analysis (FEA) results and the corresponding exper-
imental data (shown in blue). A notable observation is that
the FEA results show a difference of approximately 40 nm
between the maximum and minimum heights (due to the
contribution of the standing-wave pressure). In contrast, the
experimental data demonstrate a much smaller difference of
about 7 nm for a laser power of 3.5 W. The difference mainly
arises due to the light laser source, which is typically not
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FIG. 4. (a) Power dependence of bulge height of the AW (un-
der total stress, I1, = 1, + Iy, acting on the AW interface; P =
3.5 W, w, = 200 um) interface cases where maximum and minimum
height correspond to the standing-wave node and antinode at the AW
interface. (a) Power dependence difference in bulge height (nodes to
antinodes). (b) FEA simulation and experimental data (in blue dots
and shaded by a light blue rectangle).

perfectly monochromatic in practical experiments. In such
cases, the radiation pressure is estimated by averaging the
force F, from Eq. (1) over the light source’s bandwidth.
Assuming an equal likelihood for all values of ¢, the aver-
aged coefficient of eoE? in Eq. (1) is found to be equal to
n (Minkowski form of momentum), precisely matching the
results obtained in many experiments [22-24]. However, in
an ideal case (as we considered in our FEA calculation) for
an essentially monochromatic beam of light and a perfect
reflector it should be about 60 nm. But, in practice, this is not
easily attainable, because under such circumstances the bulge
height decreases due to less momentum transfer [28].
Previous pump-probe experiments with fluid systems, such
as those conducted in Refs. [3,18,21,34,35], reported an out-
ward bump on the AW interface, indicating the uniqueness
of the Minkowski form of momentum. However, both CW
and pulse lasers were used with a vast range of parameters,
yet the mean momentum %(n + 1/n)hw/c was not observed
in all experiments. We provide two plausible explanations for
this discrepancy. First, in Refs. [3,18,34], the water sample
was kept in a glass cell or glass prism with a small reflec-
tion coefficient, which resulted in a very small standing-wave
pressure even at normal incidence, as observed in our Fig. 2.
Second, we always observed nanoscale bumps with varying

043514-4



REVEALING LIGHT MOMENTUM IN DIELECTRIC MEDIA ...

PHYSICAL REVIEW A 108, 043514 (2023)

heights due to phase-dependent standing-wave radiation pres-
sure, which induced radiation pressure at the AW interface
in the form of a nanobulge, making it seem that only the
Minkowski form of momentum appeared. However, with a
nanoscale-sensitive technique (A/ < 10 nm), it is possible to
observe that the AW interface deformation follows the mean
momentum.

The mean value of the Abraham and Minkowski momenta,
%(n + 1/n)hw/c, being greater than the vacuum photon mo-
mentum, can be explained by the fact that the photon exerts a
pulling force on the water upon entering it (see Fig. 2). Our
observation revealed a deformation height difference of about
7 nm between standing-wave nodes and antinodes, which re-
quired a precision of measuring the AW water interface height
change within 8 Hy = 100 nm. Lastly, we discussed the role of
electrostriction in the results, which is important as it is a very
timely topic as indicated by the two publications [37-39]. The
presence of electrostrictive force introduces compressibility
effects in the liquid. It is anticipated that the time required
for pressure equilibrium to be established in the water would
be comparable to the time taken for sound to travel across
the probed volume (with a radius w,). Taking into account
the finite excitation beam width w,, the acoustic waves would
require approximately 560 ns (w, = 650 um, w, = 600 um,
and sound velocity in water vy, = 1500 m/s) to traverse this
distance. This observation is in agreement with Brevik’s anal-
ysis [40] of the Ashkin-Dziedzic experiment [3], where the
outward bulge of the free surface of water illuminated by
a pulsed laser was studied. However, in our experiment, we
employed a continuous-wave laser with a transient time of
approximately 10 us (~3nw,./y), where 1 and y represent
the viscosity and surface tension of water, respectively. This
transient time is significantly larger than the 560 ns timescale
associated with electrostriction. As a result, the contribution
of electrostriction in our results is negligible, allowing us to

focus specifically on the influence of standing-wave radiation
pressure on the deformed AW interface height.

III. CONCLUSION

In conclusion, our experiment provided a clear distinction
between the phase-dependent deformation of the air-water
interface due to the pressure of the standing wave. Our
observations demonstrated that interface deformation var-
ied with pressure changes within the standing wave. We
leaned towards adopting the mean of the Abraham and
Minkowski momentum formalism %(n + 1/n)hw/c, as pre-
dicted in Refs. [28,29], which finds support in the Doppler
shift of light reflected from a moving mirror [31]. This
approach fundamentally differs from the Lorentz force but
leads to identical conclusions. However, various models
[9,24,28,39] provide explanations for the outcomes observed
with submerged mirrors. Consequently, it becomes evident
that reaching a definitive conclusion regarding the precise
value of photon momentum is not feasible, as it profoundly
relies on the underlying model. Instead, this determination
remains highly model dependent. However, our result is valu-
able in measuring light momentum inside dielectric media
and sheds light on the unique nature of standing waves in
fundamental force measurements. Our findings have poten-
tial applications in optofluidics, fluid droplets, reconfigurable
lenses, and investigating the interplay between fluid dynamics
and light momentum. [33,41-43].
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