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Nonequilibrium phases of a Fermi gas inside a cavity with imbalanced pumping
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In this work we investigate the nonequilibrium dynamics of one-dimensional spinless fermions loaded in
a cavity with imbalanced pumping lasers. Our study is motivated by previous work on a similar setup using
bosons, and we explore the unique properties of fermionic systems in this context. By considering the imbalance
in the pumping, we find that the system exhibits multiple superradiant steady phases, a bistable regime, and
an unstable phase. Furthermore, by making use of the hysteresis structure in the bistable regime, we propose a
unidirectional topological pumping. Unlike the usual topological pumping in which the driving protocol breaks
time-reversal symmetry, the driving protocol can be time-reversal invariant in our proposal.
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I. INTRODUCTION

Ultracold atomic gases coupled to optical cavities provide
a versatile platform for studying quantum many-body physics.
On the one hand, cavity photons mediate long-range inter-
actions between atoms inside a cavity, which can lead to
new phases of atom-cavity hybridized systems. On the other
hand, the leaking of the photons from the cavity provides
a dissipation channel that will drive the system away from
equilibrium, exhibiting rich dynamics and providing a way
to detect them. One typical setup involves atoms loaded into
a cavity, which is pumped by a pair of counterpropagating
pumping lasers. Usually the intensities of the two pumping
lasers are balanced, such that they form a standing wave and
create a static optical lattice for the atoms. In the past decade,
significant advances have been made based on such balanced
pumping setups. For example, superradiance of the cavity
field has been studied and observed with bosonic [1–15] and
fermionic atoms [16–26] inside cavities, respectively. More
nonequilibrium dynamical phases without steady states, such
as dissipative time crystals which can break discrete or con-
tinuous time translation symmetry, have also been predicted
[27–37] and observed [38–40] in balanced pumped systems.

Recently, there has been growing interest in exploring
the effects of imbalanced pumping lasers on atom-cavity
hybridized systems. The intensities of the two counterprop-
agating lasers can be tuned to be unequal, such that the atoms
feel both standing and traveling waves. The asymmetry in the
pumping leads to the emergence of novel phases, including
distinct superradiant phases and self-organized charge pump-
ing [41,42]. However, though most of the works are focused
on the bosonic atoms inside cavities with imbalanced
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pumping, the behavior of fermions in this regime remains
largely unexplored.

In this work we investigate a one-dimensional cloud of
spinless fermions loaded into an optical cavity and pumped
by a pair of transverse laser beams of unequal intensities.
We found superradiant steady states which did not appear
in the bosonic case in the nondissipative limit. In the dis-
sipative case, we found a bistable regime, in which two
superradiant phases coexist. When increasing the dissipa-
tion, a self-organized dynamically unstable phase appears and
suppresses the bistable regime. Based on these superradiant
phases and hysteresis in the bistable regime, we design a uni-
directional topological pumping. Unlike the usual topological
pumping in which the driving protocol breaks time-reversal
symmetry, the driving protocol can be time-reversal invariant
in our proposal. It is the self-organization and dissipation that
stabilize the quantization of the pumping. Our work provides
insights into the behavior of fermions in cavity systems and
paves the way for future studies of topological phenomena
inside cavities.

The rest of this paper is organized as follows. We first
show our setup and derive a tight-binding model. Then we
investigate the nondissipative case, mainly studying the phase
transitions. Further, we turn on the dissipation, and see how
the phases and transitions are changed by dissipation. Last,
we propose a unidirectional topological pumping by making
use of the transition structure.

II. THE SETUP AND MODEL

The physical setup is shown in Fig. 1, where fermionic
atoms are loaded into a single-mode optical cavity, which
is set along the y axis. The electrical field of the cavity
mode is Êc(r) = ξ (â + â†) cos(kcy)ez, where ξ is the elec-
tric field strength of a single photon, and â (â†) is the
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FIG. 1. Schematic illustration of spinless fermionic atoms
trapped in a cavity coupled with imbalanced transverse pumping
beams. The fermion atoms are restricted in a 1D tube along the
pumping beams.

annihilating (creating) operator of the cavity photons. The
atomic cloud is illuminated by a pair of counterpropagat-
ing pumping lasers along the x axis. The electronic field
of the pumping beams is E(r, t ) = E+(r, t ) + E−(r, t ), with
counterpropagating plane waves E±(r, t ) = E± cos(±kpx −
ωpt )ez, where kp is the wave vector of the pumping beam with
frequency ωp.

In such a setup, atoms feel a cavity-dependent
potential,

V (r) = Vpump(r) + Vcavity(r) + Vinter (r). (1)

Here Vpump(r) = Vp cos2(kpx) is the lattice generated by the
pumping lasers, and Vp = usE+E− is the corresponding lattice
depth. Vcavity(r) = Vc cos2(kcy)â†â is the lattice generated by
the cavity field, and Vc = usξ

2 is the ac Stark shift induced
by one cavity photon, and us is the scalar polarizability of
the atoms. The interference between the pumping beams and
cavity field generates the following lattice:

Vinter (r) = VR cos(kpx) cos(kcy)(â + â†)/2

+VI sin(kpx) cos(kcy)(â − â†)/2i,

where VR = usξ (E+ + E−) and VI = usξ (E+ − E−). It
describes the process of scattering a photon by atoms from
pumping lasers into the cavity and vice versa. In this work
we consider only blue atomic detuning, such that us > 0.
Note that in the case of balanced pumping, E+ = E−, thus
VI = 0, and atoms are coupled only to the real quadrature
of the cavity. When the pumping is imbalanced E+ �= E−,
VI �= 0, and atoms are coupled to both real and imaginary
quadratures.

In this work we further consider the motion of atoms to
be restricted along the direction of the pumping beams [43].
This can be achieved by additionally applying two pairs of
far-detuned strong trapping lasers from ey + ez and ey − ez

directions, such that the atoms can move only along the x
direction. Therefore, the system is effectively one-
dimensional, and the corresponding second quantized

FIG. 2. Lattice potentials in the continuum. We obtain the tight
binding model by considering only the s-band Wannier basis with the
nearest hopping.

Hamiltonian is given by

Ĥ = −�câ†â +
∫

dx ψ̂†(x)

[−∇2

2m
+ Vp cos2(kpx)

]
ψ̂ (x),

+
∫

dx ψ̂†(x)[VR cos(kpx)(â + â†)/2]ψ̂ (x)

+
∫

dx ψ̂†(x)[VI sin(kpx)(â − â†)/2i]ψ̂ (x), (2)

where ψ̂ (x) is the field operator of fermions. �c = ωp − ωc −
NVc is the effective cavity detuning, and N is the total number
of femions.

In the strong pumping regime, the lattice generated by the
pumping lasers is so deep, such that we can apply the tight-
binding approximation. As shown in Fig. 2, the unit cell of
the pumping lattice is enlarged due to the double period of the
interference lattice. We denote the two s orbits in one unit cell
as A and B, and obtain the tight-binding Hamiltonian as

ĤTB = −�câ†â +
∑

j

J0(ĉ†
j,Bĉ j,A + ĉ†

j+1,Aĉ j,B + H.c.)

+
∑

j

J1
(â + â†)

2
(−ĉ†

j,Bĉ j,A + ĉ†
j+1,Aĉ j,B + H.c.)

+
∑

j

J2
(â − â†)

2i
(ĉ†

j,Aĉ j,A − ĉ†
j,Bĉ j,B), (3)

where

J0 =
∫

x
w∗

(
x − λp

4

)[−∇2

2m
+ Vp cos2(kpx)

]
w

(
x + λp

4

)
,

J1 = VR

∫
x
w∗

(
x − λp

4

)
cos(kpx)w

(
x + λp

4

)
,

J2 = VI

∫
x
w∗

(
x − λp

4

)
sin(kpx)w

(
x − λp

4

)
.

Here w(x) is the s-band Wannier wave function of the
pumping lattice. Note that this model is a cavity-dependent
Rice-Mele model. The real quadrature of the cavity, (â +
â†)/2, will tune the hopping ratio between intra- and
interunit cells, while the imaginary quadrature of the cav-
ity, (â − â†)/2i, will change the onsite energy of A and B
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sublattices. In the momentum space, the Hamiltonian can be
expressed as

ĤTB = −�câ†â +
∑

k

�̂
†
k [Bk (â, â†) · σ]�̂k, (4)

where �̂k = (ĉk,A, ĉk,B)T , σ is the Pauli matrix vector, and the
momentum-dependent effective magnetic field is

Bk (â, â†) =

⎛
⎜⎜⎝

J0(1 + cos k) + J1(â + â†)(−1 + cos k)/2

[J0 + J1(â + â†)/2] sin k

J2(â − â†)/2i

⎞
⎟⎟⎠.

(5)

Besides the coherent process governed by the Hamiltonian,
the leaking of photons from the cavity leads to dissipative
dynamics. The evolution can be described by a Lindblad quan-
tum master equation

∂t ρ̂ = −i[ĤTB, ρ̂] + κ (2âρ̂â† − {â†â, ρ̂}), (6)

where κ is the photon loss rate.
In the following, we apply the mean-field approximation

to investigate the dynamics of this atom-cavity system. The
mean-field approximation ignores the quantum fluctuations. It
is valid only in the regime where fluctuations are much smaller
than the mean values. In the superradiant phases, the cavity
field is macroscopically occupied. Thus, the fluctuation of the
cavity field is on the order of O(1), which is much smaller than
the mean value with the order of O(

√
N ), where N is the total

number of the atoms. Thus, the mean-field approximation can
be applied in the superradiant regime. However, near criti-
cal points, the fluctuations will dominate, and the mean-field
approximation cannot be trusted.

We define the mean cavity field as α(t ) = 〈â(t )〉, and
mk (t ) = 〈�̂†

k (t )σ�̂k (t )〉, which can be regarded as mean pseu-
dospins of fermions in the momentum space. The mean-field
self-consistent equations of motion of α(t ) and mk (t ) are
given by

i∂tα = (−�c − iκ )α +
∑

k

�k · mk, (7)

∂t mk = 2Bk (α, α∗) × mk, (8)

where

�k = ∂Bk (α, α∗)

∂α∗ = 1

2

⎛
⎜⎜⎝

J1(−1 + cos k)

J1 sin k

iJ2

⎞
⎟⎟⎠. (9)

We numerically solved the coupled equations of motion
(7) and (8), starting from the equilibrium initial state with
〈�̂†

k (0)�̂k (0)〉 = θ (k f − |k|), where the θ (k f − |k|) is the
Heaviside step function representing Fermi distribution, and
k f is the Fermi momentum determined by total number of
fermions N . Then one can obtain the dynamics of the cavity
field and fermions.

FIG. 3. Phase diagram without dissipation with J1/J0 = 0.5, fill-
ing ν = 0.4. There are one normal phase (NP) and three superradiant
(SR) phases. Four phases meet at a quadra-critical point. The gray
path will be mentioned in Fig. 5.

III. NONDISSIPATIVE CASE

In this section we will first explore this atom-cavity model
in the nondissipative case κ = 0. This will pave the way to the
dissipative case.

By solving the mean-field equation of motions, we obtain
the resulting ground-state phase diagram of fixed J1 shown
in Fig. 3. The diagram includes one normal phase (NP) with
α = 0 and three distinct superradiant (SR) phases α �= 0.
When the photon detuning |�c| is sufficiently large, the sys-
tem is in the normal phase. In the regime of small |�c| and
small J2, the system is in the q-SR phase, which stands for
a superradiant phase where the cavity field α is real. When
J2 dominates, the system enters the p-SR phase, where α is
purely imaginary. Between them there is a c-SR phase where
the phase of the cavity field is not fixed and can be tuned
continuously. The four phases meet at a quadra-critical point.

The symmetry group of the Hamiltonian is product of two
Z2 groups, {I, TR} ⊗ {I, TI} = {I, TR, TI,U} [44], where

TR :

{
â → â†

x → −x
,

TI :

{
â → −â†

x → −x + λp/2
,

U :

{
â → −â

x → x + λp/2
.

Note that TR represents a real-axis reflection of cavity field
on the complex plane, combining with the spatial reflec-
tion of fermions. TI represents an imaginary-axis reflection
with spatial reflection plus spatial translation of fermions.
U = T R ⊗ TI is a π rotation of the cavity field combining a
spatial translation of fermions.
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FIG. 4. Schematic configurations of α of the ground states on
the complex plane in four phases. NP: α = 0; q-SR: Two opposite
real numbers; p-SR: Two opposite imaginary numbers; c-SR: Four
numbers in four quadrants.

We show configurations of the cavity field in different
phases in Fig. 4 and their symmetries in Table I. All sym-
metries are maintained in the NP. In SR phases, including
q-SR, p-SR and c-SR phases, the U symmetry is broken, but
the TR or TI symmetry may survive respectively. The q-SR
phase breaks the TI symmetry and keeps the TR symmetry,
thus the phase of cavity is either 0 or π . The p-SR phase is
invariant under TI but breaks the TR symmetry. So the cavity
phase is either π/2 or −π/2. The c-SR phase breaks TR, TI,
and U symmetries, therefore its cavity phase can be tuned
continuously.

Next, we investigate the transitions between these phases.
We observe that the transitions are second-order. Starting
from NP, by decreasing the |�c/J0|, the system will enter
the q-SR phase. The TI symmetry is broken spontaneously as
two energy minimums emerge from α = 0 and then divide
oppositely on the real axis, but the TR symmetry is preserved.
As moving further into the c-SR phase, the TR symmetry is
broken by increasing J2, and each minimum is split into a
complex conjugate pair. In the c-SR phase, the order param-
eter α changes continuously in four quadrants. Approaching
the transition between the c-SR and p-SR, the upper or lower
pair coalesces into a purely imaginary one, respectively, and
the TI symmetry is restored. Finally, the system recovers the

TABLE I. Comparison table of symmetries in different phases.

Phase arg(α) TR TI U

NP — � � �
q-SR 0, π � × ×
p-SR ±π/2 × � ×
c-SR Arbitrary × × ×

FIG. 5. The phase of α changes along the gray path in Fig. 3
acorss the c-SR phases. In the q-SR/p-SR phase, there are two
steady states whose phases are locked to (0, π )/ ± π

2 . In the c-SR
phase, the remaining symmetry is broken, degeneracy is doubled.
The transitions are all continuous.

TR symmetry by the merging of the imaginary pairs at the
transition to the NP. Figure 5 shows how the phases of the
cavity field change continuously along the path depicted in
Fig. 3.

IV. DISSIPATIVE CASE

In this section we will consider the fate of these phases in
the presence of dissipation, κ �= 0. In this situation we numer-
ically solve the equations of motion and consider its long-time
dynamics to seek the steady states. The phase diagram in the
presence of dissipation is plotted in Fig. 6. In the small κ

regime, there exist five different regimes: A steady NP and
two steady SR phases, which we denote as SR-I and SR-II.
The SR-I phase is reminiscent of the q-SR phase. However,
the phase of the cavity is not locked at 0 and π ; instead it
has a phase shift φκ = tan−1( κ

�c
) relative to the q-SR phase.

Similarly, the SR-II phase is reminiscent of the p-SR phase,
but also with a phase shift φκ . In the limit κ → 0, the SR-I
and SR-II phases will continuously cross over to the q-SR and
p-SR phases; see Fig. 7. From the symmetry point of view,
we note that both the TR and TI symmetries are absent in the
presence of dissipation. This can be seen from the Lindblad
quantum master equation. The only symmetry that survives in
the presence of dissipation is the U symmetry. Thus, there are
no q-SR and p-SR phases in the dissipative case. Between the
SR-I and SR-II phases, there is a bistable regime, in which
both the SR-I and SR-II phases are the steady state of the
system. Whether the system stays in the SR-I or SR-II state
depends on the initial condition. This bistable regime is rem-
iniscent of the c-SR phase in the nondissipative limit. When
|�c| is small, there is an unstable phase, which does not exist
in the nondissipative case. In this phase, the system will not
reach a steady state. The dissipation will drive both the cavity
field and fermions to evolve incessantly. The unstable phase
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FIG. 6. The dissipative phase diagram under small and large
dissipation, respectively, with parameters J1/J0 = 0.5, ν = 0.4. The
red region represents the unstable phase. It gradually replaces the
bistable regime as κ increases. The gray path will be mentioned in
Fig. 9.

has already been observed in bosonic gases coupled with an
imbalanced pumped cavity. In the bosonic case, since there is
no c-SR phase or bistable regime, the unstable phase emerges
directly from the first-order transition between the two super-
radiant phases as κ > 0 [41,42]. Here with fermions inside an
imbalanced pumped cavity, as κ increases, we observe that
the unstable phase gradually squeezes the bistable regime,
eventually replacing it when κ becomes sufficiently large; see
Fig. 8.

Phase transitions are also strongly influenced by dissipa-
tion. In contrast with the second-order transition in the nondis-
sipative case, α now switches discontinuously when across the
bistable regime and exhibits a hysteresis structure; see Fig. 9.
When we ramp J2 up slowly from the SR-I, the system will
move continuously into the bistable regime, and will suddenly
jump to the SR-II phase at the right boundary. Conversely, if
the system is initially prepared in the SR-II phase, then the
jump will take place on the left boundary when J2 is ramped
down.

FIG. 7. Schematic configurations of α of the steady states on the
complex plane in SR phases, and the last panel demonstrates the
trajectory of evolution in the unstable phase.

V. DISSIPATION-INDUCED UNIDIRECTIONAL
TOPOLOGICAL PUMPING

It has been shown by Thouless that when parameters of
a 1D insulator are driven adiabatically to complete a cycle,
the charge pumped through the bulk is quantized [24,45,46].
To pump nonzero quantized charges, the way of the external
driving has to break the time-reversal symmetry (TRS). Here,
on the contrary, we employ the hysteresis structure of these
superradiance states to realize a unidirectional topological
pumping by a TRS-preserving driving protocol. It should
be noted that while talking about topological pumping, the
system is supposed to be an insulator. Thus in our system,

FIG. 8. A cross section of the former phase diagrams with fixed
�c = −300J0 but different κ . The dissipation first reduces the width
of the bistable regime to zero and then brings about an unstable
phase.
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FIG. 9. The phase of α changes along the gray path in Fig. 6
across the bistable regime. The continuous phase transitions turn into
a hysteresis.

fermions should be at half filling. Phase diagrams at half
filling are shown in the Appendix; the SR phases and the
transition structures of the cavity field are similar while the
NP disappears.

We perform the adiabatic driving J2(t ) = J̄2 + δJ2 cos(�t )
with fixed �c, where � = 2π/T , and T is the period of
driving. Such a driving protocol preserves the TRS. The
numerical results are presented in Fig. 10. Our simulations
reveal that the evolution of the cavity field α(t ) forms a full
circle enclosing the origin on the complex plane within a
doubled period 2T . That indicates this driven system exhibits

FIG. 10. The numerical results of time evolution in topological
pumping, where J2/J0 = 0.625 − 0.125 cos( 2π

T ) with the period T =
2000π/J0. (a) The trajectory of α on the complex plane, it forms
a circle around the origin and has four discontinuous jumps across
the axes. The Wannier center flow in (b) manifests the topological
pumping obviously.

FIG. 11. The phase of α across the c-SR phase or bistable regime
in the (a) nondissipative and (b) dissipative case, whose structure
looks like a ladder. The dissipation can turn the bidirectional ladder
into a unidirectional one.

a discrete time crystalline order. As the atomic band can
be mapped to a cavity-dependent Rice-Mele model, we then
observe a quantized pumping in the Wannier center trajectory
through time evolution [47]; see Fig. 10(b).

The physical process under driving is interpreted as the
red arrows in Fig. 11(b). Starting the driving from the SR-I
phase, the cavity phase is close to 0, and when adiabatically
increasing J2, the system will self-organized follow the driv-
ing to enter the bistable regime smoothly and stay at one
of the instantaneous stable states. When J2 reaches the right
boundary of the bistable regime, the bistability vanishes, and
the system is forced to jump to the SR-II phase. The excitation
energy in this jump process can be dissipated by the loss of
cavity photons, and the system will catch the closer one of
the two SR-II steady states in a short time. In this regime, the
system will again self-organized follow the driving, and the
cavity phase is driven close to π/2. After half a period, J2 will
decrease, and the system will again enter the bistable regime
adiabatically, staying at an alternative stable state. When J2 is
small, the system will jump to an SR-I state with the cavity
phase α close to π . Repeat the driving for another period, and
the cavity field will go back to form a cycle on the complex
plane. In this process, one particle is pumped through the bulk.

We also simulate the same driving protocol without dis-
sipation, i.e., κ = 0. The results are shown in Fig. 10. Note
that driving the parameter adiabatically between the q-SR and
p-SR phases causes the cavity field α to change slowly, result-
ing in a quantized displacement of the Wannier center during
the evolution. However, the direction of the displacement is
not controllable due to the spontaneous symmetry breaking
at the transitions to the c-SR phase, as shown as red arrows
in Fig. 11(a). At the phase boundaries, the phase of α may
increase or may decrease, leading to a random back-and-forth
displacement of the Wannier center over long timescales. For
a long-time average, the mean displacement is zero.
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Compared to the nondissipative case, we conclude that the
dissipation plays a dual role. First, the presence of dissipa-
tion changes the continuous phase transitions into a bistable
hysteresis structure, preventing charge pumping in both direc-
tions. Second, it attracts the system towards a closer steady
state while losing stability, which contributes to the unidi-
rectional motion. It should be emphasized that this direction
of the pumping cannot be reversed by reversing the driving
cycle since the driving protocol itself preserves the TRS. The
key here is that the protocol does not change the topology
of the band directly like in other ordinary pumping systems.
This band is self-organized as α(t ) is not manually controlled.
Then, with the help of dissipation, this TRS-preserving pro-
tocol leads to a counterrotating α(t ) on the complex plane,
which breaks the TRS. As a result, the cavity-dependent band
generates the topological pumping.

VI. SUMMARY

In summary, we have investigated the behavior of spinless
fermions loaded into an optical cavity, which is pumped by
transverse beams of unequal intensities. Multiple superradi-
ant phases and a dynamical phase are found. Based on the
hysteresis structure of superradiant phases, we predict the
phenomenon of unidirectional topological pumping, in which
the dissipation plays an important role. Our prediction can
be observed in current experiments. Future research could be
addressed in following directions. First, our proposal could be
generalized to a higher dimension, where the nonequilibrium
phases of fermions with imbalanced pumping have not been
explored. Second, loading the spinful fermions into the cavity,
the direct interaction between fermions should be considered.
The interplay between the superradiance, strong correla-
tions, and dissipation could induce unexpected phenomena.
In this situation, one should go beyond the mean-field
approximation.
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APPENDIX: PHASE DIAGRAMS AT HALF FILLING

While talking about topology in Sec. V, the band actually
should be half-filled. We show more details about this situa-
tion in this Appendix.

At half filling, the Fermi surface nesting arises due to
the interference lattice coupling the two Fermi momenta ±kf

[16–18]. Thus, the total energy will be lowered by an infinites-
imal α, leading to the disappearance of the NP. This is also
observed when κ > 0. The phase diagrams are depicted in
Fig. 12. It is noteworthy that though the c-SR phase and the
bistable regime become narrower as |�c| increases, they will
never disappear.

In the nondissipative q-SR phase, where α is real,
the mean-field Hamiltonian can be simplified to a

FIG. 12. Phase diagrams when half filling ν = 0.5. The NP is
unfavored due to the Fermi surface nesting.

Su-Schrieffer-Heeger (SSH) model [22],

Bk (α, α∗) =
⎛
⎝J0(1 + cos k) + J1α(−1 + cos k)

(J0 + J1α) sin k
0

⎞
⎠. (A1)

The SSH model has two topologically distinct phases charac-
terized by the quantized Wannier center [48–50],

w = 1

2π

∫
BZ

dk〈ψk|i ∂

∂k
|ψk〉, (A2)

which can either be 0 or 0.5. When α > 0, the intercell hop-
ping (J0 + J1α) is larger than the intracell hopping (J0 − J1α)
resulting in a topologically nontrivial phase with w = 0.5.
This indicates the presence of a finite dipole momentum in
the bulk, along with a pair of zero-energy edge states at the
boundaries. On the other hand, when α < 0, the bulk dipole
momentum vanishes w = 0, and no edge state exists. There-
fore, the symmetry in the q-SR phase is spontaneously broken,
leading to either a topological nontrivial or a trivial phase,
depending on the sign of α.
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