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Quantum enhanced SU(1,1) matter-wave interferometry in a ring cavity
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Quantum squeezed states offer metrological enhancement as compared to their classical counterparts. Here, we
devise and numerically explore a method for performing SU(1,1) interferometry beyond the standard quantum
limit, using quasi-cyclic nonlinear wave mixing dynamics of ultracold atoms in a ring cavity. The method is
based on generating quantum correlations between many atoms via photon-mediated optomechanical interaction.
Timescales of the interferometer operation are here given by the inverse of photonic recoil frequency, and are
orders of magnitude shorter than the timescales of collisional spin mixing–based interferometers. Such shorter
timescales should enable not only faster measurement cycles but also lower atomic losses from the trap during
measurement, which may lead to significant quantum metrological gain in matter-wave interferometry with
state-of-the-art cavity setups.
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The study of light-mediated atomic self-organization has
advanced greatly since the pioneering experiments in hot
alkali vapors [1–4]. With the maturation of laser cooling
and trapping techniques, self-organizing instabilities in laser-
driven ultracold atoms have subsequently been researched in a
wide variety of feedback schemes, establishing a rich subfield
of atomic physics [5–27].

The earlier works on the quantum aspects of ultracold
atom-cavity interaction have concentrated on studying steady-
state quantum correlations between light and atoms [10,28–
33]. Recently, the generation of correlated atomic pairs via
cavity light-mediated interaction and self-organization has
also come into focus [34–36], inspired by the earlier work
on photon quantum correlations in optical parametric ampli-
fiers and self-organized optical structures in nonlinear crystals
[37–42]. These recent works shift the attention from light-
atom entanglement, which was studied in Refs. [10,28–33],
towards light-mediated atom-atom entanglement generation
in a cavity.

The importance of quantum entangled states in quantum
technologies lies in their ability to speed up a number of com-
putational [43] and metrological tasks [44,45]. Regarding the
latter, quantum enhanced measurement schemes with internal
atomic degrees of freedom [34,46–56], and also the motional
ones [35,57–61], have been explored recently.

In this Article, we start with a U(1) symmetric Hamiltonian
describing optomechanical stripe ordering in a Bose-Einstein
condensate (BEC) placed inside a transversely pumped ring
cavity, and show that its transient dynamics near pump thresh-
old can be described by a SU(1,1) Hamiltonian [62–66].
By applying the insight from Ref. [67] that cyclic dynamics
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can lead to effective time reversal in such a quantum sys-
tem, we numerically demonstrate quantum enhanced SU(1,1)
matter-wave interferometry with the ring cavity scheme. Inter-
ferometric estimation of the phase shift using measurements
of mean value and variance of the atomic on-axis momentum
mode number operator [67] allows for precision measure-
ments of the optical transition recoil frequency. Combining
this quantity with the result of a corresponding transition
wavelength measurement can be used to determine the fine
structure constant [68–70] and inertial mass at microscopic
scales [71].

In contrast to the previously studied schemes for nonlinear
SU(1,1) spin-state interferometry with Bose-Einstein conden-
sates [67,72,73], our proposal employs atoms with a single
ground state (spin-0), for matter-wave (motional state) inter-
ferometry. Due to the relative simplicity of the setup, these
results highlight the potential of employing ultracold atomic
self-organization for quantum technologies.

The setup is shown in Fig. 1(a). It consists of a prolate
shaped BEC held inside a ring cavity, and pumped along the
−z direction by a coherent field with pump rate η, frequency
ω, and wave number k. As in earlier work on transversely
pumped cavities [7,10], we study the one-dimensional (1D)
situation, where the recoil along the z axis is neglected due to
a trap confining the atoms along the y- and z axes [74]. A sim-
ilar setup has been experimentally implemented in Ref. [24].
Contrary to the similar recently utilized mechanisms for en-
tanglement generation using atoms with multilevel transitions
[34,35], the situation studied here relies on atoms and light
interacting via a two-level optical transition.

The free-space photon scattering can be greatly suppressed
in atom-cavity systems with collective strong coupling
[5,35,75], such that the atom-light interaction is well de-
scribed by taking into account only the intracavity photon
modes. For light far-detuned from the atomic transition, the
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FIG. 1. Principle of entanglement generation in a BEC placed in-
side a transversely pumped ring cavity. (a) Self-organization of laser
pumped atoms in a ring cavity (η - pump rate) with photon leakage
rate κ . The two-level atomic optical transition with frequency ωa is
driven by a far off-resonant laser beam of frequency ω. (b) An atom
in the condensate gets a momentum kick of −h̄kc (h̄kc) by scattering
a drive photon with wave number k = kc into the initially empty
counterclockwise (clockwise) cavity mode with wave number kc. A
correlated atom with h̄kc (−h̄kc) can then be created if this cavity
photon does not decay out of the cavity but scatters back into the
driving field. (c) Scan of largest 〈ρ+ + ρ−〉 = 〈N+ + N−〉/N attained
during unitary evolution (see text), against pump rate η. For η < ηc,
the energy cost prohibits the excitation of atoms into px = ±h̄kc

states, leading to a homogeneous BEC. In contrast, macroscopic
populations in the px = ±h̄kc states occur when η > ηc, leading to
striped order. Parameters: N = 1000, �̄c = −1 GHz, ωR = 2π ×
14.5 kHz.

excited state can be adiabatically eliminated, leading to a
Hamiltonian describing optomechanical interaction. Using the
three-optomechanical-mode approximation, which is a good
description at η values near threshold [74], the atomic motion
can be described by a zero-order mode with px = 0, and left-
and right-moving modes with px = ∓h̄kc, with annihilation
operators b j where j = 0,+,−, and the field operator given
by

ψ (x) = 1√
V

(
b0 + b+eikcx + b−e−ikcx

)
, (1)

with V being the volume of the system and kc the wave num-
ber of the ring cavity modes. As the pump-cavity detunings
we use are many orders of magnitude smaller than the cavity
frequency, in the above we have taken k = kc. We here assume
that relevant system dynamics is significantly faster than the
cloud expansion in the harmonic trap, such that the description
of the cloud as a quantum degenerate gas with three modes is
valid throughout [35].

Adiabatically eliminating the photonic fields, the unitary
evolution of the atomic degrees of freedom is determined

by the effective Hamiltonian (see Appendix A for a detailed
derivation)

Hc = gc

2N
[2b†

+b†
−b0b0 + 2b†

0b†
0b+b−

+ (2N0 − 1)(N+ + N−)] − qN0, (2)

where gc = 2N�̄cη
2/(�̄2

c + κ2) = −ωRη2/(2η2
c ), q = ωR +

gc/N , with ηc =
√

−ωR(�̄2
c + κ2)/(4�̄cN ), and Nj = b†

jb j .
Here N = N0 + N+ + N− is the total number of atoms, kept
constant in the simulations presented, �̄c is the detuning of
the pump laser from the cavity mode, κ is the cavity photon
decay rate, ωR = h̄2k2

c /(2m) is the photon recoil frequency,
and ηc is the threshold pump rate for self-organization.

The first two terms in Eq. (2) describe the creation and
destruction (mixing) of correlated atom pairs with opposite
momenta ±h̄kc, from the initial polar state |N〉0|0〉+|0〉−. The
third term describes the energy shift caused by the photon-
mediated interatomic elastic collision processes that do not
produce correlated atom pairs. The fourth term describes
the energy shift of the momentum-ordered modes with px =
±h̄kc with respect to the homogeneous mode px = 0. For
gc < 0, the system undergoes self-organization above a quan-
tum critical point at q = 2|gc| [54,67,76], where it becomes
more energetically favorable to populate the px = ±h̄kc states
via the mixing terms, as illustrated in Fig. 1(c). For large N ,
q = 2|gc| corresponds to the semiclassical threshold condition
η = ηc.

In the semiclassical picture, self-organization in atomic
density occurs above threshold due to an optical lattice arising
from interference of superradiantly scattered light in the co-
and counterpropagating cavity modes [24,74].

The generation of momentum-correlated pairs of atoms via
Hc can be explained by the process illustrated in Fig. 1(b).
Above the self-organization threshold, the scattering of pho-
tons into the counterclockwise (clockwise) [77], initially
unpopulated, ring cavity mode, leads to an atom receiving a
momentum kick of −h̄kc (h̄kc) along the x axis. When this
photon is scattered back into the driving field η, provided that
it has not decayed out of the cavity, another atom receives a
momentum kick of h̄kc (−h̄kc) along the x axis. As the same
photon scatters off this atomic pair, the atoms are quantum
correlated, which can lead to the appearance of momentum-
entangled Dicke squeezed states with reduced variance of
N+ − N− [55,78–83], described in the SU(2) algebra of two
modes with px = ±h̄kc. Note that such states are used in
linear interferometry, whereas for SU(1,1) interferometry the
squeezing is best described in the three-mode SU(3) algebra
[84]. In this case the squeezing of the polar state, achieved via
nonlinear pendulum-like quantum dynamics, leads to sensitiv-
ity to external perturbations [66,67].

Figure 1(c) depicts the maximal 〈ρ+ + ρ−〉 = 〈N+ +
N−〉/N reached during unitary evolution for a duration of
20/ωR. Due to the vanishing commutator [N+ − N−, Hc] = 0,
the unitary evolution (κ = 0) is numerically tractable by exact
diagonalization even for large N values [62]. Note that we here
take N to be conserved due to the relatively short timescales
of system evolution as compared to Ref. [67]. Below the
threshold, the system stays in the zero-order mode. At η > ηc,
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FIG. 2. SU(1,1) matter-wave metrology using quasi-cyclic dy-
namics, by unitary evolution via Hc. (a) Principle of operation. The
initial state |N〉0|0〉+|0〉− is split into the three-momentum modes
via unitary evolution with Hc, after which a phase shift φ = −2φ0 =
2ωRτ is imprinted on the zero-order mode at t = t1, where τ is the
short time for which η = 0 (see text). The quasi-cyclic evolution
leads to near return to the initial state for φ = 0, and a phase-
dependent state for φ > 0, at t = t2. At the end of the cycle, the
population in the zero-order mode can be measured via absorption
imaging in the momentum space. (b) Unitary evolution of 〈ρ0〉 for
φ = 0 (blue, solid) and φ = 0.012 (red, dashed). Vertical dashed
lines indicate the pump time t1 and measurement time t2 (see text).
Parameters: N = 10 000, η = 1.4ηc, ωR = 2π × 14.5 kHz, �̄c =
−1 GHz.

a macroscopic population starts appearing in the px = ±h̄kc

states, which is a signature of atomic momentum ordering.
The typical unitary evolution of ρ0 = N0/N expectation

values is given by the solid line in Fig. 2(b). The 〈ρ0〉 per-
forms quasi-cyclic oscillations. Such behavior is a signature
of many-body nonlinear wave mixing, and has been studied
using spin models similar to Hc in Refs. [62–66,84]. The
problem can be viewed as a nonlinear pendulum in the semi-
classical treatment [66]. In the context of optomechanical
pattern formation, the quasi-oscillations of 〈ρ0〉 indicate slosh-
ing dynamics, stemming from the atoms falling into and out
of the optical potential wells of the self-organized lattice. For
thermal atoms in the semiclassical limit, this behavior was for
short timescales modeled by the Kuramoto model of coupled
oscillators [85].

Within the quantum description, the system starting in
the polar state |N〉0|0〉+|0〉− transiently evolves to a highly
squeezed state during dynamics via Hc, in which the sys-
tem is highly sensitive to perturbations from the environment
[66,67,84]. Applying a small phase shift to such a state can
lead to a significant change in the final state reached at t = t2,
see Fig. 2(b). In contrast to the rather slow evolution on the
timescale of 100 ms, observed in spin-1 condensates interact-
ing by direct interatomic collisions, here the evolution takes
place on much shorter timescales of 2π/ωR ∼ 100 µs (for
ωR = 2π × 14.5 kHz).

Self-organization via Hc can also be viewed as an atomic
momentum parametric amplifier, see Fig. 2(a). After evolution
under Hc for a variable time t1, a relative phase shift of φ =

φ+ + φ− − 2φ0 can be imprinted on the three-momentum
states [67]. In our case a phase shift of φ = −2φ0 = 2ωRτ

is imprinted onto the atoms by rapidly switching off the pump
laser to suppress the wave mixing dynamics, and letting the
system evolve via Hc with gc = 0 for a short time τ , see
Fig. 2(b). The switch-off time for the laser is on the order of
a few nanoseconds, and the intracavity photons take a time
∼1/κ to decay out of the cavity. For κ values κ � 5 ωR, the
decay may lead to noticeable effects on the atom dynamics.
However, it was shown that switching off the drive field at
an appropriate time can lead to atoms reaching the desired
motional state even for such small κ values [36]. The laser
switch-off dynamics is here approximated as an instantaneous
quench of the Hamiltonian, and the optimal switch-off se-
quences for populating the desired atomic momentum states
at t = t1 will be studied in future work.

Due to quasi-cyclic dynamics, the system for φ = 0 returns
to approximately the initial state |N〉0|0〉+|0〉− at some time
t = t2. Measuring the proportion of atoms in the zero-order
mode 〈ρ0〉 and the variance thereof, via absorption imaging
in momentum space, allows one to determine the value of
the phase shift φ. Using the value of τ , which is in typical
experiments known to a high degree of precision, the value of
ωR can be determined from φ.

For atom numbers up to N = 500, we here use the
Schrödinger equation with a time-dependent Hamiltonian to
simulate the system evolution, whereas for higher atom num-
bers exact diagonalization is used. In the latter case, the phase
shift is imprinted by acting on the system with an operator
Up = eiφN0/2 at t = t1.

The phase sensitivity of the SU(1,1) interferometer is given
by the error propagation formula [67]

�φ = �ρ0∣∣∣ d〈ρ0〉
dφ

∣∣∣ . (3)

The quantum metrological gain is given by

Gain = −20 log10

(
�φ

�φSQL

)
, (4)

where �φSQL = 2/
√

N is the phase sensitivity in the standard
quantum limit, derived, e.g., in Ref. [67].

The comparison of measurement sensitivities for N =
250, 500, 1000, and 10 000 is shown in Fig. 3. For each N
and η (see Fig. 4), the t1 is chosen at the time with the largest
derivative d〈ρ0〉/dt , while t2 is taken at the second peak
of the 〈ρ0〉 quasi-oscillation cycle, see Fig. 2(b). Increasing
the atom number leads to an increase in maximum quantum
metrological gain, due to an increase in the slope of d〈ρ0〉/dφ,
see Figs. 3(a) and 3(b). The φ value with maximum gain
gets smaller for increasing N . Note that for increasing N , the
system for φ = 0 returns more closely to the initial state at
t = t2, as �ρ0 gets closer to 0 and 〈ρ0〉 gets closer to unity,
see Figs. 3(a) and 3(b).

The scans of maximal achieved gain with respect to η

and N is shown in Figs. 4(a) and 4(b). Increasing the η near
and above threshold values, the maximal achieved gain ini-
tially grows. However, the growth quickly saturates, reaching
the highest value of 24.6 dB, for N = 10 000 at η = 1.7ηc.
Comparing the N scaling of the values at η = 1.7ηc with
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FIG. 3. Quantum enhancement of phase φ measurements using
the quasi-cyclic evolution method illustrated in Fig. 2(a). (a) 〈ρ0〉
and (b) �ρ0 dependence on the imprinted phase φ, for N = 250
(blue), N = 500 (orange), N = 1000 (green) and N = 10 000 (red).
(c) Quantum metrological gain for the same simulations, given by
Eq. (4). The horizontal dashed line indicates the standard quantum
limit. Parameters: η = 1.4ηc, ωR = 2π × 14.5 kHz, �̄c = −1 GHz.

the quantum metrological gain at the Heisenberg limit of
�φHeis/�φSQL = 1/

√
N [44], the growth is approximately

parallel. The largest gain shown in Fig. 4(a) is comparable
to the values reported in state-of-the-art spin squeezing exper-
iments based on photon-mediated interaction [53,55,86].

The main source of noise in the setup stems from the de-
cay of quantum correlations arising due to photons decaying
out of the cavity with a rate κ . In the regime of |�̄c| � κ ,
the transient dynamics is determined more by the coherent
light-matter interaction than the photonic decay [35]. In Ap-
pendix B, we use the Lindblad master equation and Monte
Carlo wave function simulations [87] to demonstrate that,

FIG. 4. Scaling of the maximal achieved gain with (a) pump rate
η and (b) total atom number N . (a) N = 100 (blue triangles), N =
1000 (orange squares), and N = 10 000 (green dots). (b) Numerical
data (blue triangles) and the Heisenberg limit (orange dashed line),
given by 20 log10

√
N . Solid lines are a guide to the eye. Parameters:

ωR = 2π × 14.5 kHz, �̄c = −1 GHz.

for the experimentally available values �̄c = −1 GHz and
κ = 2π × 14.5 kHz [24,88], irreversible dynamics at relevant
timescales is nearly indistinguishable from unitary dynam-
ics. Increasing the κ values further, the irreversible dynamics
leads to larger deviations of 〈ρ0〉 and �ρ0 from the values
for the unitary case. Namely, the 〈ρ0〉 oscillations dephase
more rapidly, while �ρ0 does not dramatically increase but
stays approximately constant. Although a detailed study of
the influence of κ on interferometer sensitivity is beyond the
scope of this Article, the simulations of irreversible dynamics
give an indication that quantum enhanced SU(1,1) interfer-
ometry may be achievable for large cavity detunings even in
moderate- to low-finesse cavities.

To conclude, we have devised and numerically explored
a procedure for performing SU(1,1) matter-wave interferom-
etry beyond the standard quantum limit, with self-organized
atomic momentum states in a transversely pumped ring cavity.
The advantage of this light-induced SU(1,1) interferometer
with respect to the procedures utilizing spin-mixing interac-
tion, see, e.g., Ref. [67], is the orders of magnitude speed
enhancement, which allows one to neglect the atom loss out
of the condensate during the relevant temporal evolution. In-
cluding the excitation of higher-order momentum modes and
the quantum noise arising from photon decay into the picture
will lead to complex quantum dynamics, to be explored in
subsequent work. Optimization of the interferometer sensitiv-
ity in various experimental conditions is a significant future
challenge, which may be researched using optimal control
theory [89] or machine learning techniques [90]. Finally, we
note that our results also have implications for the recently
studied situations of Refs. [35,36]. The proposal considered
in this Article has potential for realizing quantum enhanced
ultracold atom SU(1,1) matter-wave interferometry in state-
of-the-art ring-cavity experimental setups [24].

We thank Paul Griffin, Helmut Ritsch, and Karol Gietka for
helpful discussions. I.K. acknowledges funding by the Aus-
trian Science Fund (FWF Meitner-Programm, Project No. M
3011), and the Austrian Academy of Sciences (ESQ Discov-
ery Programm, Project: “Using self-organization of ultracold
atoms in emerging quantum technologies”). The dynami-
cal evolution equations were solved numerically using the
open-source framework QUANTUMOPTICS.JL [91]. The com-
putational results presented here have been achieved using the
Vienna Scientific Cluster (VSC).

APPENDIX A: ADIABATIC ELIMINATION OF PHOTONIC
MODES

We start by writing the Hamiltonian for a transversely
pumped ring cavity, studied in Ref. [74], given by

H = − h̄�c(n+ + n−) +
∫

V
d3rψ†(r)H (1)

eff ψ (r), (A1)

where �c = ω − ωc is the laser-cavity detuning, n± = a†
±a±,

and the effective single-particle Hamiltonian is given by

H (1)
eff = p2

2m
+ h̄U0

(
n+ + n− + a†

+a−e−2ikcx + a†
−a+e2ikcx

)

+ h̄η
(
a+eikcx + a−e−ikcx + H.c.

)
, (A2)
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where η = G0�/�a is the maximum depth of the optical
potential per photon due to the scattering between pump and
cavity modes (i.e., η - cavity pump rate) and U0 = G2

0/�a

is the maximum depth of the optical potential per photon
due to the scattering between cavity modes, with G0 being
the cavity mode coupling strength, � the Rabi frequency,
and �a = ω − ωa the laser detuning from the atomic optical
transition.

Taking only the zeroth- and first-order momentum modes
into account, the atomic field operator is given by

ψ (r) = 1√
V

(
b0 + b+eikcx + b−e−ikcx

)
, (A3)

where b j is the bosonic annihilation operator of the jth trans-
verse atomic momentum mode.

We insert Eq. (A3) into Eq. (A1) for a real-valued pump
rate η and perform the integration over the BEC cloud volume
V to get the effective total Hamiltonian H = H0 + Hint, where
the noninteracting part H0 has now the form (h̄ = 1)

H0 = −�̄c(n+ + n−) + ωR(N+ + N−), (A4)

where �̄c = �c − NU0, N± = b†
±b±, and the light-matter in-

teraction terms are

Hint = U0a†
+a−b†

−b+ + η(a+ + a†
−)(b†

+b0 + b†
0b−) + H.c.

(A5)

Near threshold and/or for � � G0, the term U0a†
+a−b†

−b+ is
small compared to the terms proportional to η. Using now the
Hamiltonian H ′

int:

H ′
int = η(a†

+b†
−b0 + a+b†

+b0 + a†
−b†

+b0 + a−b†
−b0) + H.c.,

(A6)

one gets for the input-output equations of the intracavity field
operators a± [92,93]

da±
dt

= (i�̄c − κ )a± − iη(b†
∓b0 + b†

0b±) + ξ±(t ), (A7)

where ξ±(t ) are the quantum noise operators of the cavity
modes.

We now adiabatically eliminate the photonic degrees of
freedom a± by neglecting the ξ±(t ) terms in the above
equations and setting ȧ± = 0. Inserting this a± into the Hamil-
tonian H ′ = H0 + H ′

int , we get the Hamiltonian for the atomic
momentum subsystem:

Hc = g′
c[2b†

+b†
−b0b0 + 2b†

0b†
0b+b−

+ (2N0 − 1)(N+ + N−) − 2N0] − ωRN0, (A8)

where g′
c = �̄cη

2/(�̄2
c + κ2) = ωRη2/(4Nη2

c ), ηc =√
−ωR(�̄2

c + κ2)/(4�̄cN ), and we have used N =
N0 + N+ + N−.

Note that in deriving Hc we have neglected the photonic
quantum noise terms in the input-output formalism. The rea-
soning for this is that the photonic modes are initially in a
vacuum state, and we work in the limit |�̄c| � κ [35,94],
where the photon decay is expected to only weakly influence
the atomic motion.

The cavity dissipation for the adiabatically eliminated pho-
tonic modes is below included at the level of the Lindblad

master equation, which describes the influence of cavity pho-
ton decay on the creation of atomic momentum pairs. For
transverse patterns in a longitudinally pumped ring cavity
setup, this treatment was corroborated by numerical results,
and excellent agreement with experimental results was also
reported for self-organization in a single-mode Fabry-Perot
resonator with two-level ground-state atoms, exhibiting simi-
lar physics [35,36].

Note also that for a single-mode cavity driven longitu-
dinally near resonance [95], an atomic diffusion term was
shown to arise due to photonic quantum noise [29]. This was
interpreted as a consequence of back action on the atomic
momentum, arising due to photodetection measurements of
the photons leaking out of the cavity. This back action is
related to the fact that, for single-mode cavities, the mea-
surement of the number of photons leaking out of the cavity
can provide information about the collective atomic position
(i.e., density distribution), which is an operator conjugate to
collective momentum. The analysis of the magnitude of the
back action term, and its influence on the quantum dynamics
of the system, for the continuously translationally symmetric
Hamiltonian Hc, is an intriguing topic for future research.

FIG. 5. Comparison of unitary and irreversible evolution of
(a) 〈ρ0〉 and (b) �ρ0. In all figures, the solid blue line is the result
for unitary dynamics, while dashed lines are the results for κ/2π =
14.5 kHz (orange), 145 kHz (green), 1.45 MHz (red), and 14.5 MHz
(purple). In addition to the solutions to the Lindblad equation, we plot
the results of Monte Carlo wave function (MCWF) simulations for
κ/2π = 14.5 kHz, averaged over 100 trajectories. Parameters: N =
90 (Lindblad), N = 700 (MCWF), η = 1.4ηc, ωR = 2π × 14.5 kHz,
�̄c = −1 GHz.
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APPENDIX B: MODELING CAVITY PHOTON DECAY

The influence of cavity photon dissipation on the evolution
of atomic degrees of freedom can be described by the Lind-
blad equation [36]

dρ

dt
= − i

h̄
[Hc, ρ]

+ γ
∑
j=±

(2KjρK†
j − K†

j Kjρ − ρK†
j Kj ), (B1)

with

γ = κη2(
�̄2

c + κ2
) , K± = (b†

∓b0 + b†
0b±), (B2)

describing the influence of cavity photon decay on the atomic
momentum pair creation. The typical cavity dissipation rates
κ/(2π ) in ultracold atom experiments range from values on

the order of a few MHz [96,97], down to values of a few kHz
[24,88]. Note also that free spectral ranges for commonly used
cavities are on the order of a few GHz, and in our simulations
we fix the detuning at �̄c = −1 GHz.

Along with solving the Lindblad equation, irreversible
evolution of the system was studied using Monte Carlo wave-
function calculations [87], with jump operators

√
2γ K±. The

influence of experimentally realistic κ values on the evolution

of 〈ρ0〉 and standard deviation �ρ0 =
√

〈ρ2
0 〉 − 〈ρ0〉2 is shown

in Fig. 5. At high finesse cavity value κ/2π = 14.5 kHz, the
curves closely follow the ones of the unitary evolving case.
For increasing the κ further, more noticeable deviations from
the unitary case are observed. For 〈ρ0〉, the oscillations start
going out of phase from the unitary case, with the oscillation
amplitude reducing for longer times at larger κ’s. The �ρ0

does not dramatically increase for increasing κ , which is a
promising indication for potential experimental realizations.
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[36] I. Krešić, G. R. M. Robb, G.-L. Oppo, and T. Ackemann,
arXiv:2208.10111.

[37] W. H. Louisell, A. Yariv, and A. E. Siegman, Phys. Rev. 124,
1646 (1961).

[38] C. M. Caves and B. L. Schumaker, Phys. Rev. A 31, 3068
(1985).

[39] B. Yurke, S. L. McCall, and J. R. Klauder, Phys. Rev. A 33,
4033 (1986).

043302-6

https://doi.org/10.1016/0030-4018(88)90028-4
https://doi.org/10.1364/JOSAB.7.001361
https://doi.org/10.1103/PhysRevLett.72.2379
https://doi.org/10.1103/PhysRevA.50.R4468
https://doi.org/10.1103/RevModPhys.85.553
https://doi.org/10.1080/00018732.2021.1969727
https://doi.org/10.1103/PhysRevLett.89.253003
https://doi.org/10.1103/PhysRevLett.91.203001
https://doi.org/10.1038/nature09009
https://doi.org/10.1103/PhysRevLett.104.130401
https://doi.org/10.1103/PhysRevA.82.043612
https://doi.org/10.1364/OE.19.022535
https://doi.org/10.1038/nphoton.2014.52
https://doi.org/10.1103/PhysRevLett.114.173903
https://doi.org/10.1088/1367-2630/18/10/103021
https://doi.org/10.1103/PhysRevX.6.021026
https://doi.org/10.1103/PhysRevLett.118.045302
https://doi.org/10.1038/nature21067
https://doi.org/10.1038/ncomms14386
https://doi.org/10.1038/s42005-018-0034-3
https://doi.org/10.1103/PhysRevX.8.011002
https://doi.org/10.1103/PhysRevLett.122.193601
https://doi.org/10.1103/PhysRevA.99.053818
https://doi.org/10.1103/PhysRevLett.124.143602
https://doi.org/10.1103/PhysRevLett.126.203201
https://doi.org/10.1038/s41586-021-03945-x
https://doi.org/10.3390/atoms9030035
https://doi.org/10.1038/nphys571
https://doi.org/10.1140/epjd/e2009-00265-7
https://doi.org/10.1103/PhysRevA.84.043637
https://doi.org/10.1103/PhysRevLett.114.113604
https://doi.org/10.1103/PhysRevLett.124.033601
https://doi.org/10.1103/PhysRevLett.124.010603
https://doi.org/10.1103/PhysRevLett.122.010405
http://arxiv.org/abs/arXiv:2303.11326
http://arxiv.org/abs/arXiv:2208.10111
https://doi.org/10.1103/PhysRev.124.1646
https://doi.org/10.1103/PhysRevA.31.3068
https://doi.org/10.1103/PhysRevA.33.4033


QUANTUM ENHANCED SU(1,1) MATTER-WAVE … PHYSICAL REVIEW A 108, 043302 (2023)

[40] L. A. Lugiato and F. Castelli, Phys. Rev. Lett. 68, 3284 (1992).
[41] G. Grynberg and L. A. Lugiato, Opt. Commun. 101, 69 (1993).
[42] I. Marzoli, A. Gatti, and L. A. Lugiato, Phys. Rev. Lett. 78, 2092

(1997).
[43] D. Deutsch and R. Jozsa, Proc. R. Soc. London, Ser. A 439, 553

(1992).
[44] V. Giovannetti, S. Lloyd, and L. Maccone, Phys. Rev. Lett. 96,

010401 (2006).
[45] A. A. Clerk, M. H. Devoret, S. M. Girvin, F. Marquardt, and

R. J. Schoelkopf, Rev. Mod. Phys. 82, 1155 (2010).
[46] L.-M. Duan, A. Sørensen, J. I. Cirac, and P. Zoller, Phys. Rev.

Lett. 85, 3991 (2000).
[47] H. Pu and P. Meystre, Phys. Rev. Lett. 85, 3987 (2000).
[48] A. Sørensen, L.-M. Duan, J. I. Cirac, and P. Zoller, Nature

(London) 409, 63 (2001).
[49] C. Gross, T. Zibold, E. Nicklas, J. Estève, and M. K. Oberthaler,

Nature (London) 464, 1165 (2010).
[50] I. D. Leroux, M. H. Schleier-Smith, and V. Vuletic, Phys. Rev.

Lett. 104, 073602 (2010).
[51] M. H. Schleier-Smith, I. D. Leroux, and V. Vuletic, Phys. Rev.

A 81, 021804(R) (2010).
[52] C. Gross, J. Phys. B: At., Mol. Opt. Phys. 45, 103001 (2012).
[53] O. Hosten, N. J. Engelsen, R. Krishnakumar, and M. A.

Kasevich, Nature (London) 529, 505 (2016).
[54] X.-Y. Luo, Y.-Q. Zou, L.-N. Wu, Q. Liu, M.-F. Han, M. K. Tey,

and L. You, Science 355, 620 (2017).
[55] L. Pezze, A. Smerzi, M. K. Oberthaler, R. Schmied, and P.

Treutlein, Rev. Mod. Phys. 90, 035005 (2018).
[56] A. Chu, P. He, J. K. Thompson, and A. M. Rey, Phys. Rev. Lett.

127, 210401 (2021).
[57] L. Salvi, N. Poli, V. Vuletić, and G. M. Tino, Phys. Rev. Lett.
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