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Twisting attosecond pulse trains by amplitude-polarization IR pulses
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Natively, atomic and molecular processes develop on a subfemtosecond timescale. In order to, for instance,
track and capture the electron motion in that scale we need suitable “probes.” Attosecond pulses configure
the most appropriate tools for such a purpose. These ultrashort bursts of light are generated when a strong
laser field interacts with matter and high-order harmonics of the driving source are produced. In this work, we
propose a way to twist attosecond pulse trains. In our scheme, each of the attosecond pulses in the train has
a well-defined linear polarization, but with a different polarization angle between them. To achieve this goal,
we consider an infrared pulse with a particular polarization state, called amplitude polarization. This kind of
pulse was experimentally synthesized in previous works. Our twisted attosecond pulse train is then obtained by
nonlinear driving an atomic system with that laser source, through the phenomenon of high-order harmonics
generation. We achieve a considerable level of control over the modulation of the linear polarization state
between two consecutive ultrashort bursts of extreme ultraviolet (XUV) radiation. Through quantum-mechanical
simulations, supplemented with signal processing tools, we are able to dissect the underlying physics of the
generation process. We are confident these polarized-sculpted XUV sources will play an instrumental role in
future pump-probe-based experiments.

DOI: 10.1103/PhysRevA.108.043102

I. INTRODUCTION

Classical electrodynamics and quantum mechanics are the
fundamental building blocks for the description of many nat-
ural phenomena. By measuring the wavelength and speed of
light, electromagnetism provides us with tools to extract the
velocity of the light field oscillations. Likewise, quantum me-
chanics links the rapidity of electronic motion with the energy
distribution of the populated quantum states. By adequately
tuning the light sources, these states can be accessed by pho-
ton absorption and emission. The native scale of both the light
oscillations and electron dynamics falls within the attosecond
range. These elementary processes comprise the constitu-
tional steps of any change in the physical, chemical, and bio-
logical properties of materials and soft matter. The capability
of capturing and manipulating them in real time is therefore
relevant for the development of novel materials and technolo-
gies, as well as the understanding of fundamental atomic and
molecular phenomena initiated by light fields [1,2].
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Since the first measurement of an attosecond pulse train
(APT) [3], attosecond science has grown enormously, from
the obtaining of an isolate attosecond pulse (IAP) [4] to
the generation of optical attosecond pulses [5], producing a
great deal of applications based on these sources [6–8]. As is
well known, APTs are obtained from the high-order harmon-
ics generation (HHG) phenomenon. Here, a high-intensity
infrared (IR) laser pulse interacts with a gaseous system pro-
ducing, at every half laser cycle, a burst of extreme ultraviolet
(XUV) radiation, i.e., a train of ultrashort XUV pulses is gen-
erated. The underlying physics behind the production of APT
is rooted in the so-called three-step model, namely (i) tunnel-
ing ionization, (ii) classical motion, and (iii) recombination.
The energy gained by the electron in its journey through the
laser continuum is converted into a high-energy photon, upon
recombination with the parent ion [9]. Full-blown quantum-
mechanical models, based on the numerical solution of the
time-dependent Schrödinger equation (TDSE) can be utilized
as well, although the transparent link between the electron
dynamics and their associated fundamental processes is lost.

The ability to obtain IAPs is key to exploring the electron
dynamics in its natural timescale [4]. Although experimen-
tally it is significantly more demanding to generate an IAP
than an APT, different techniques, namely, amplitude gating,
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lighthouse, ionization gating, and distinct polarization gating
setups [10,11], can be used to isolate a single attosecond pulse.
On the other hand, manipulating the spatiotemporal properties
or polarization state of laser pulses allows other degrees of
freedom to be added to the laser-matter interaction beyond
the frequency and amplitude of the radiation. To achieve this
goal, there exists a great variety of pulse-shaping techniques
[12–14] which require the use of optical elements and devices
such as wave plates, spatial light modulators, acousto-optic
modulators, and interferometer systems that can work in the
visible and IR region of the electromagnetic spectrum. How-
ever, to have control of the XUV coherent radiation as in the
visible-IR region is highly challenging because, in general,
there are no simple physical devices designed for that wave-
length range. Therefore, the control of the different properties
of the coherent XUV radiation generated via HHG should
come from the manipulation of the IR driving pulse.

Several schemes and sources have been used so far, that
allows a high degree of control in the produced XUV radi-
ation, e.g., attosecond light vortices [15,16], structured light
beams carrying optical angular momentum (OAM) [17], con-
trolled OAM sources [18,19], chirality in nonlinear optics
[20], and others [21,22]. In particular, by using bichromatic
and counter-rotating circularly polarized pulses, it is possible
to generate high-order harmonics with circular polarization,
in a gaseous medium [23–26]. In the temporal domain, such
harmonics originate an APT where the polarization state of
each attosecond pulse depends on the Lissajous curves that
describe the bichromatic driving field, where these curves
are shaped like a flower whose petals are distributed equidis-
tantly on a circumference [25,27–32]. Moreover, the temporal
structure of these attosecond pulses has a period that depends
on the frequency ratio in the bichromatic field. Such a ratio
also gives the number of petals in the Lissajous curves and
the angle between them. This possibility of manipulating the
polarization state of each attosecond pulse in the APT allows
for a more sophisticated level of development and understand-
ing of ultrafast magnetism [33,34] in the XUV region, both
in molecules [35] and in solid systems [36]. In addition, it
enables the exploration of chiral systems [37] and the tomo-
graphic reconstruction of circularly polarized high-harmonics
fields [38].

In this contribution, we study the HHG in a gaseous target
driven by two single-color orthogonal polarized pulses, which
are time delayed from each other. We model the nonlinear
laser-matter electron dynamics through the numerical solution
of the three-dimensional time-dependent Schrödinger equa-
tion (3D–TDSE) in the single-active-electron approximation.
We further analyze the properties in the polarization of the
generated APT as well as its temporal anatomy by invok-
ing signal processing tools. We show a procedure to twist
the APT, obtaining a different behavior from that which can
be obtained from previous techniques. As a result, each of
the attosecond pulses in the train has a well-defined linear
polarization, but with a different polarization angle between
them. Our technique has the advantage of using a simpler
experimental setup, since only a single-color driving pulse is
needed. In the temporal domain, our technique to generate the
synthesized polarization pulse, can resemble the generation
of an APT using counter-rotating circularly polarized pulses

of two different frequencies. Nonetheless, when considering
the spectral domain, these two techniques display notable
differences.

II. AMPLITUDE-POLARIZED PULSES

When a linearly polarized laser pulse with an electric
field E(t ), carrier frequency ω0, field envelope f (t ) and
global phase φ, incident upon a birefringent medium with
its polarization direction to a given angle with respect to
the optical axis, the field components Ex(t ) and Ey(t ) travel
with different velocities in such a medium. Thus, a tem-
poral delay τ is generated between them. In particular, for
a polarization direction at an angle of 45◦, this field can
be mathematically described as E(t ) = Ex(t )ěx + Ey(t )ěy =
E0 f (t )cos(ω0t + φx )ěx + E0 f (t − τ )cos(ω0t + φy)ěy, where
E0 is the laser electric-field peak amplitude, and the phases
φx and φy take into account the global phase of the field φ. In
general, when the phase difference �φ = φy − φx = −ω0τ �=
nπ (n ∈ Z), it is said that the pulse has circular (�φ = ±π/2)
or elliptical (any other value of �φ) polarization, with ellip-
ticity ε = 1 (0 < ε < 1) for circular (elliptical) polarization.
It should be noted that, in the considered case (�φ �= nπ ),
the pulse has a time-dependent ellipticity ε(t ), since the field
envelope has a temporal delay τ . One question immediately
arises: How fast is it the variation of ε(t )? The answer can
be formulated as follows: given that ε(t ) depends on the
bandwidth of the pulse �ω, the variation will be fast or slow
depending on whether �ω ≈ ω0 or �ω � ω0, respectively.

On the other hand, when the phase difference is �φ = nπ ,
the mathematical description of the field results in E(t ) =
E0 f (t )cos(ω0t + φ)ěx + E0 f (t − τ )cos(ω0t + nπ + φ)ěy =
E0( f (t )ěx + f (t − τ )ěy)cos(ω0t + φ), with n even, and
E(t ) = E0( f (t )ěx − f (t − τ )ěy)cos(ω0t + φ) if n is odd.
It is worth mentioning that the electric field must be
written in this way because the pulse has a bandwidth
�ω �= 0. Contrariwise, for a monochromatic field, a temporal
translation τ = nπ/ω0 does not change the amplitude ratio
between the two orthogonal polarizations.

Experimentally, the polarization scheme described above
was presented and synthesized in Ref. [39] to control the
angular-momentum orientation of N2 molecules. Later on,
other molecular scenarios were studied [40–45]. This polar-
ization deserves a different classification from linear, circular,
or elliptical and, taking into account its mathematical expres-
sion, we call it amplitude polarization (AP). However, its
denomination is not unified in the literature, and different
authors refer to it in different ways, namely, unidirectional po-
larization [41], twisted polarization [40], polarization-shaped
pulse [42], and polarization-skewed [43,46].

In what follows, we show how this AP field can be used
to twist an APT. In Fig. 1, it can be seen a schematic rep-
resentation of the experimental setup necessary to obtain
the AP pulses and, through the HHG in a gaseous system,
the twisted APT. First, the IR–AP pulse is generated by a
multiple-order wave plate (MOWP) and a Berek compensator
(BC), which are placed in the path of a single beam, linearly
polarized at 45◦ with respect to the optical axis of the MOWP
[39]. This configuration presents a substantial advantage over
other polarization synthesis schemes for the generation or
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FIG. 1. Schematic representation of the experimental setup. The IR–AP pulse is generated by a multiple-order wave plate (MOWP) and a
Berek compensator (BC). These two optical elements are placed in the path of a single beam. The input IR pulse is linearly polarized at 45◦

with respect to the optical axis of the MOWP. The synthesized IR–AP pulse crosses a supersonic atomic gas jet, and high-order harmonics are
generated, whose polarization is controlled by the properties of the IR–AP field. The resulting twisted APT is then filtered and it can be used
to study elementary atomic or molecular processes in its natural timescale.

manipulation of attosecond pulses, where two-color pulses
and a complex interferometric system are required [25,27–
29,36,38]. In our proposal, the previously synthesized IR–AP
pulse crosses a supersonic gas jet and high-order harmonics
are generated whose polarization is sculpted by the properties
of the IR–AP field. The resulting APT, after appropriate filter-
ing, can then be used to drive an atomic, molecular, or solid
sample, and track the multidimensional electron dynamics
with attosecond time resolution.

III. TWISTED ATTOSECOND PULSE TRAINS

Our aim here is to understand the underlying physics of
the interaction of the IR–AP pulses with an atomic target. To
this end, we compute the HHG spectra for different values
of the relevant field parameters, on a prototypical atomic
system.

We can start by defining the AP electric field E(t ) through
the explicit expressions of its components Ex(t ) and Ey(t ). For
instance, assuming a Gaussian field envelope f (t ), they are
written as

Ex(t ) = E0e−2 ln (2)( t+τ/2
�t )2

cos[ω0(t + τ/2) + φ], (1a)

Ey(t ) = E0e−2 ln (2)( t−τ/2
�t )2

cos[ω0(t − τ/2) + φ], (1b)

where �t is the temporal full width at half maximum
(FWHM). For simplicity, the temporal delay τ is expressed
symmetrically around t = 0.

Based on the expressions in Eqs. (1a) and (1b), our
numerical calculations were performed for a value E0 = 0.053
a.u., corresponding to a laser intensity I0 = 1014 W/cm2, and
a wavelength λ = 800 nm (ω0 = 0.057 a.u.). We have
analyzed the interaction between the IR–AP pulses both
in the multi- and few-cycle regimes. For the first case, we
considered pulses with a FWHM of �t = 5 optical cycles (1
optical cycle = 2π/ω0 ≈ 2.7 fs). For the second one, we have
set the FWHM to �t = 2 optical cycles. By means of the

3D–TDSE in the single active electron (SAE) approximation
(see Refs. [47,48] for details), we computed the x and y
components of the HHG spectrum, driven by E(t ). As a
prototypical atomic target, we consider hydrogen (H), with an
ionization potential Ip = 0.5 a.u. Any other atomic target can
be adequately modeled by tuning the parameters of the asso-
ciated model potential. The temporal delay τ is chosen to be
τ = �t . For this choice, the peak strength of the synthesized
AP field, |E(t )|max, remains almost constant and equal to E0,
in the central region of the pulse (see Appendix A).

In Fig. 2 we show the results obtained by the 3D–TDSE
for an AP pulse with a temporal FWHM of �t = 5 optical
cycles and a global phase φ = 0. Figures 2(a) and 2(b)
show the projection of the harmonic radiation in the x and y
axes, respectively (see Appendix B). Meanwhile, Figs. 2(c)
and 2(d) depict the time-frequency representation (wavelet
analysis) of the above-cited spectra and, superimposed, the
respective electric-field components Ex(t ) (white line) and
Ey(t ) (gray line).

The core of our results is shown in Fig. 3, where the tem-
poral structure of the twisted APT can be seen. This temporal
representation was obtained after spectrally filtering the HHG
of Figs. 2(a) and 2(b) above the 20th harmonic. Then, only
the regions of the spectrum colored in red (right regions) in
Figs. 2(a) and 2(b) are considered, which in turn correspond
to the region above the horizontal black line in Figs. 2(c)
and 2(d). It should be noted that, experimentally, a Si filter
can be used in this spectral range [49]. This spectral filtering
allows us to select the so-called cutoff region, where the
spectral phase of the harmonics is almost constant and the
respective attosecond pulses are nearly Fourier-limited. On
the contrary, it is well known that in the plateau region of the
HHG spectrum, due to the different recombination times of
different electron trajectories, i.e., different emission times of
the radiation [see the wavelet analysis in Figs. 2(c) and 2(d)],
the generation of the attosecond pulses has an intrinsically
spectral phase, the so-called attochirp. In general, this phase
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FIG. 2. High-order harmonic generation driven by amplitude-polarization (AP) multicycle pulses. (a), (b) HHG spectra generated by the
field components Ex (t ) and Ey(t ), respectively. The FWHM of the AP pulse is �t = 5 optical cycles and the global phase is φ = 0. The red
regions in the spectra represent the portion selected to obtain the twisted APTs (see text for details). (c), (d) Wavelet analysis (see Appendix B)
obtained from the dipole accelerations ax (t ) and ay(t ), respectively. The color maps indicate the value of the corresponding Gabor transform
(in log scale) as a function of time and harmonic order. The x (y) component of the AP pulse is superimposed with a white (gray) solid line
(advanced and delayed components, respectively). The black solid line at the 20th harmonic defines the lower limit of the selected spectral
region.

can be experimentally compensated by a metallic foil [50].
Also, it is worth mentioning that it is possible to tune the
cutoff region by manipulating the laser intensity I or wave-
length λ of the driving field (the harmonic cutoff scales as
Iλ2), to overlap the spectral region with the spectral response
of other filters, such as Al or Zr [49].

Let us now aim to dissect the twisted temporal anatomy of
the APT. For this purpose we have plotted, in Fig. 3(a), the
components of the field E(t ) (dashed lines) and the twisted
APT (solid lines). The x components (y components) are
shown in red (blue) color (advanced and delayed components,
respectively). From there, it can be seen that the attosecond
pulses are generated every half cycle of the AP pulse and,
what is most important, the relative amplitude between the
x and y components of the attosecond pulses in the train,
changes from one pulse to the next. This indicates that the

polarization between two adjacent attosecond pulses is dif-
ferent. Furthermore, the full temporal 3D representation of
the twisted APT can be seen in Fig. 3(b) (thin blue line),
where we have also included the laser electric field of the AP
pulse (thick red line). From this figure, the temporal evolution
of each attosecond pulse polarization in the train and how it
rotates is clearly observed by following the temporal evolution
of the AP pulse.

For a better visualization of the polarization features of
the individual attosecond pulses, in Fig. 3(c) we show the
Lissajous curves of both, the laser electric field of the AP
pulse (thick red line) and the electric field of the twisted APT
(thin blue line). Two key observations can be extracted from
this figure: First, each attosecond pulse has almost perfect
linear polarization. Second, the polarization direction of each
attosecond pulse follows the orientation of the “petals,” which
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FIG. 3. Temporal anatomy of the twisted APT: multicycle pulses regime. (a) Projection of the twisted APT in the x and y directions
(red and blue solid lines, respectively) and the field components Ex (t ) and Ey(t ) of the AP pulse (red and blue dashed lines, respectively).
In both cases, the x and y components are the advanced and delayed components, respectively. These results correspond to those of
Fig. 2, in the selected region of the spectra [right regions, colored in red, in Figs. 2(a) and 2(b)]. (b) A 3D representation of the twisted
APT (thin blue line) and the laser electric field of the AP pulse (thick red line). (c) Lissajous figures of the laser electric field of the
AP pulse (thick red line) and the twisted APT (thin blue line). The gray shadow region depicts the angular spacing α, between the
polarization direction of two adjacent attosecond pulses. (d) Same as panel (c) but for a driving AP field with a global phase φ = π/2
(black solid line, plotted only in the first quadrant). Here, the laser electric field of the AP pulse with a global phase φ = 0 is also
shown (red dashed line). Here, the gray shadow region depicts the angular spacing β, between the polarization direction of the two
AP pulses.
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describe the polarization of the AP electric field. It is possible
to obtain the difference in the polarization direction between
two adjacent attosecond pulses, accounted by α (see the gray
shadowed region), which in this case is ≈7.5◦.

Finally, from Fig. 3(d), we can analyze how the previous
results vary by changing the global phase of the driving AP
pulse by π/2. Considering that the polarization direction of
the attosecond pulses is given by the position of the petals,
for a clear comparison, we show the Lissajous curves of the
electric fields only in the first quadrant. Here, an AP pulse
with global phase φ = 0 (φ = π/2) is represented by a dashed
red (solid black) line, while the twisted APT is depicted by a
thin blue solid line. The change in the polarization direction
between these AP fields, with different global phases, is indi-
cated as β (see the gray shadowed region).

Since the direction of the electric-field vector of each
attosecond pulse follows the orientation of the petals that
describe the polarization of the AP field, the APT rotates,
globally, at an angle equal to β. In this case β ≈ 3.9◦, i.e.,
β ≈ α/2, which is a general result when φ → φ ± π/2. If φ

is changed by a different value, the relation between β and α

will be different.
All the analysis presented above was made in the multi-

cycle regime. To complete the picture, in the following we
examine the dynamics for a few-cycle AP pulse. While the
physics is the same for both the multi- and few-cycle regimes,
the quantitatively and/or qualitatively characteristics of the
resulting APT are not the same. The study of both exam-
ple cases allows a clearer understanding of the technique to
synthesize the driving AP pulse, and its effects on the HHG,
i.e., how do we use the bandwidth of the AP pulse �ω, or
equivalently its temporal FWHM �t , to create a twisted APT
with controllable linear polarization.

In Fig. 4 we show our results for an AP pulse with a
FWHM of �t = 2 optical cycles. For this FWHM, the an-
gular spacing between two adjacent petals in the AP pulse
is significantly larger than in the previous multicycle case.
To make a one-to-one comparison, in Figs. 4(a) and 4(b) we
show the wavelet analysis coming from the associated HHG
spectra in this few-cycle instance. The x and y components of
the AP electric field E(t ) are superimposed in white and gray
solid lines, respectively. Likewise, in Fig. 4(c) we plot both
the electric-field components of the AP field (dashed line) and
the APT (solid line). Here, the x components (y components)
are shown in red (blue) color (advanced and delayed com-
ponents, respectively). As in the previous case, the relative
amplitude between the components of the attosecond pulses
changes from one pulse to the next. From the Lissajous curve
[Fig. 4(d)] a slightly greater ellipticity of the attosecond pulses
is observed in relation to that observed Fig. 3(d), and a larger
angle α between the polarization direction of two adjacent
pulses (α ≈ 20◦). The full temporal evolution of the twisted
APT is then shown in Fig. 4(e). As in the multicycle regime,
the HHG spectra were spectrally filtered, and we depicted
here only from the 20th-harmonic onwards [see the horizontal
black line in Figs. 4(a) and 4(b)].

A more detailed analysis of the angle α as a function of
the temporal FWHM �t , and the time delay τ , can be found
in Appendix C. Here, in Fig. 5, we show such a value for
each of the two AP pulses considered in this work. Top red

(bottom blue) circles represent the case of �t = 2 (�t = 5)
optical cycles, while the corresponding linear approximation,
given by α1(τ,�t ) = ln(2)τ/�t2, is indicated by the top red
(bottom blue) triangles. It is observed that α has a linear-like
behavior as a function of the delay τ , in the case of �t = 5
optical cycles. For �t = 2 optical cycles the linearity holds,
approximately, until τ ≈ 2 optical cycles. As a summary, we
can say that the expression α1(τ,�t ) gives a precise under-
standing of how to manipulate the change in the polarization
direction between two adjacent attosecond pulses, from the
synthesis of the driving IR field. Furthermore, the calculation
of the recollision angles of the ionized electrons [47] are
included in Appendix D.

It is important to note that all the presented results are
based on the numerical solution of the 3D–TDSE, i.e., our
analysis corresponds to the single-atom response. A macro-
scopic study, which exceeds the focus of the present work,
is necessary for a more general analysis of the phenomenon.
Nevertheless, since the AP driving pulses have a polarization
state that is slightly different from that of a linearly polarized
pulse, we do not see, in principle, major drawbacks in the
use of those pulses for HHG when, for example, the role
of harmonic phase-matching condition would be important.
Even more, bichromatic counter-rotating circularly polarized
pulses, with a more complex synthesis than the AP pulses,
were already used for HHG in real experimental conditions,
within a wide range of laser parameters (see, for example,
Refs. [25,35]). Therefore, we think that there should be no
special considerations to take into account in that regard.

IV. DISCUSSION

In this work, we have introduced a straightforward pro-
cedure to generate an APT in which each of the attosecond
pulses has a well-defined linear polarization that differs be-
tween pulses. This appealing feature of the APT is achieved
through the manipulation of the polarization state of the
driving IR field. Here, by introducing a variable time delay
between two identical copies of an IR pulse, we obtain an
AP pulse. Classically speaking, the generation of this twisted
APT is rooted in the small deviation of the trajectories of the
electrons in the continuum by the AP pulse, due to the tempo-
ral change in its polarization state. This makes the electrons
recombine at different angles, where the “short” trajectories
slightly deviate in relation to the “long” ones. Furthermore,
this deviation is more pronounced with few-cycle driving
pulses, which allows for reaching larger rotation angles. Thus,
this small deviation of the electrons’ trajectories in relation to
the linear polarization pulse, allows us to extend the current
results by employing different conventional sources to obtain
an APT, such as high-energy laser sources, at a high repetition
rate, or with different wavelengths. Moreover, our scheme is
quite versatile and robust, as it can be implemented in both the
multi- and few-cycle regimes.

The concrete possibility to manipulate the polarization an-
gle between the attosecond pulses in the APT would bring new
perspectives to the current attosecond-based spectroscopy
techniques [51–55]. For instance, it would be possible to
generate photoelectrons within a well-defined angular range
or design complex pump-probe techniques. Just to cite a few
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FIG. 4. Temporal anatomy of the twisted APT: few-cycle pulses version. Same as Figs. 2(c) and 2(d) [in this figure, panels (a) and (b),
respectively], and Figs. 3(a)–3(c) [in this figure, panels (c)–(e), respectively], but obtained from an AP pulse with a temporal FWHM of �t = 2
optical cycles.
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FIG. 5. Variation of the angle α as a function of the tempo-
ral delay τ . Top red (bottom blue) circles indicate the variation
of the AP pulse for a temporal FWHM �t = 2 (�t = 5) optical
cycles. For each case, the triangles show the corresponding linear
approximation.

examples, we could think of several pump-probe schemes,
namely, an IR pulse plus a twisted APT, an AP pulse plus
a twisted APT, or a twisted APT plus a twisted APT. The
latter would be an XUV pump-XUV probe scheme, but in
which each of the attosecond pulses has a preferential di-
rection in its linear polarization. In addition, because we
can manipulate the polarization angle between two adjacent
pulses in the APT, one can imagine sophisticated attosecond-
based spectroscopy techniques using a single beam. Beyond
photoelectron spectroscopy, this twisted APT can be useful
to (i) study or drive highly anisotropic systems, for in-
stance, systems where there are preferential directions, such
as molecular systems, low-dimensional crystalline structures,
etc. [7] and (ii) characterize multidimensional laser fields
in the time domain utilizing the well-known streaking tech-
nique, mainly used for linearly polarized fields [56], among
others.

Likewise, if this twisted APT are implemented in pump-
probe above-threshold ionization (ATI) experiments, each
of the attosecond pulses in the APT can be thought of as
“isolated” by its linear polarization state, so the emitted
photoelectrons would be well discriminated, angularly, with
a temporal resolution of the order of attoseconds. In this
sense, our technique could present advantages over other
isolated attosecond pulse generation techniques. First, the
possibility to work with multicycle pulses (in most of the
isolated attosecond pulses generation techniques of few- or
single-cycle pulses are needed). Second, the synthesis of the
AP pulses is experimentally straightforward: only a single
color pulse without the need for an involved interferometric
system is necessary, i.e., we work in a single beam path.
Third, if the spectral phase of the harmonics is compen-
sated, for example with a metallic foil, it would be possible
to use a large spectral bandwidth, generating ultrashort
attosecond pulses.

Finally, let us emphasize the instrumental role of the global
phase φ as an additional “knob” in our proposed scheme. For
instance, we have proved that a change of the global phase in
π/2 of the driving AP pulse echoed by a global rotation of
the twisted APT. This implies that it is necessary to stabilize
the global phase (carrier-envelope phase) of the AP pulse for

pump-probe experiments or if we aim for coherent control
in some processes. On the contrary, this global rotation of
the twisted APT can be useful to detect the change in the
global phase for the AP pulse, both in the few- and multicycle
regimes.
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APPENDIX A: PEAK AMPLITUDE OF THE SYNTHESIZED
AMPLITUDE-POLARIZATION FIELD

According to the definition of amplitude-polarized (AP)
electric fields (see main text) and assuming a Gaussian-
shaped envelope, the explicit expressions for the components
of E(t ), when its polarization direction is at an angle of
45◦, are

Ex(t ) = E0e−2 ln (2)( t+τ/2
�t )2

cos[ω0(t + τ/2) + φ], (A1a)

Ey(t ) = E0e−2 ln (2)( t−τ/2
�t )2

cos[ω0(t − τ/2) + φ]. (A1b)

In the central temporal region, i.e., around t = 0, the
peak field amplitude [|E(t )|max = {[Ex(t )2 + Ey(t )2]1/2}max]
for such an AP pulse results in

|E(0)|max =
√

2E0e−2 ln (2)( τ/2
�t )2

. (A2)

Therefore, when τ = �t , we have

|E(0)|max =
√

2E0e− 1
2 ln (2) = E0. (A3)

FIG. 6. Lissajous curve of the electric field of the AP pulse with
a FWHM �t = 2 optical cycles. The blue and black dashed lines
indicate the angular position of the central petal and its first adjacent
petal, respectively.
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APPENDIX B: NUMERICAL METHODS

To find the quantum dipole acceleration a(t ) =
ax(t )ěx + ay(t )ěy, we have numerically solved the
3D–TDSE [47,48] in the dipole approximation by
expanding the active electron wave function in spherical
harmonics Y m

l (θ, φ):

(r, t ) =
∑
l,m

Rm
l (r, t )

r
Y m

l (θ, φ), (B1)

where θ and φ are the polar and azimuthal angles and Rm
l (r, t )

a radial time-dependent function. Through the Ehrenfest’s
theorem, the x and y components of the acceleration operator
â(t ) can be found as

âx = −[Ĥ , [Ĥ , x̂]] =
[

Ĥ ,
∂

∂r

]
cos(θ ), (B2a)

ây = −[Ĥ , [Ĥ , ŷ]] =
[

Ĥ ,
∂

∂r

]
sin(θ )cos(φ), (B2b)

where Ĥ is the full Hamiltonian. Thus, the components of a(t )
can be obtained as ax(t ) = 〈(r, t )|âx|(r, t )〉 and ay(t ) =
〈(r, t )|ây|(r, t )〉. The projections in the x-y plane of the
harmonics spectra amplitudes |ãx(ω)| and |ãy(ω)| [Figs. 2(a)

and 2(b)], and the respective spectral phases, γx(ω) and γy(ω),
are then calculated by the Fourier transforms:

ãx(ω) = |ãx(ω)|eiγx (ω) = 1

(t f − ti )ω2

∫ t f

ti

e−iωt ax(t )dt,

(B3a)

ãy(ω) = |ãy(ω)|eiγy (ω) = 1

(t f − ti )ω2

∫ t f

ti

e−iωt ay(t )dt,

(B3b)

where the times ti and t f define the integration window, both
to solve the 3D–TDSE and to evaluate these integrals. For the
first case, of the two analyzed in this work, where the FWHM
of the pulse is �t = 5 optical cycles, the numerical calcula-
tions were performed for ti = −2757 a.u. and t f = 2757 a.u.,
with a time step of 0.25 a.u. In the second case, where the
FWHM of the pulse is �t = 2 optical cycles, the integration
times are ti = −1103 a.u. and t f = 1103 a.u., with a time step
of 0.25 a.u.

Once we obtain a(t ), a wavelet analysis can be performed
by computing the Gabor transform, for both the x and y
components, as follows:

Gx,y(ω, t ) =
∣∣∣∣
∫

ax,y(t ′)
exp[−(t − t ′)2/2σ 2]

σ
√

2π
exp(iωt ′)dt ′

∣∣∣∣
2

.

(B4)
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A value of σ = 1/(3ω0) allows us to achieve an adequate bal-
ance between the time and frequency resolutions. Gx,y(ω, t )
then gives us access to study the time dynamics behind the
HHG process and compare it with classical simulations.

The x−y components of the electric field of the different
APT, EXUV,x (t ) and EXUV,y(t ), are calculated by filtering the
harmonic spectrum, and starting from the 20th (ωi = 20) har-
monic order:

EXUV,x (t ) =
∫ ∞

ωi=20ω0

eiωt ãx(ω)dω, (B5a)

EXUV,y(t ) =
∫ ∞

ωi=20ω0

eiωt ãx(ω)dω. (B5b)

APPENDIX C: LISSAJOUS CURVES OF THE IR–AP PULSE
AND ANGLE BETWEEN TWO ADJACENT PETALS

In this Appendix, we describe how the angle α between two
adjacent petals in the Lissajous curves of the driving AP field
varies as a function of the temporal delay τ . The importance
of this angle lies in the fact that it represents the angular
difference between the polarization directions of two adjacent
attosecond pulses in the twisted APT, near the center of the
temporal region.

Figure 6 shows the Lissajous curve of the electric field
of an AP pulse whose temporal FWHM is �t = 2 optical
cycles. In this figure, α corresponds to the angular separation
between the black and blue dashed lines. The blue dashed line
intersects the position of the maximum field amplitude at 45◦

(global phase φ = 0) while the black dashed line intersects
the position of the adjacent maximum. Mathematically, we
can find the angle α after evaluating the field E(t ) at t = 1/2
optical cycle, which corresponds to the temporal position of
the petal indicated by the black dashed line in the figure and
taking the angular distance to the angle π/4, which gives the
position of the central petal at t = 0:

α(t = 1/2, τ,�t ) = tan−1

(
Ex(1/2)

Ey(1/2)

)
− π

4

= tan−1

⎛
⎝e−2 ln (2)( 1/2−τ/2

�t )2

e−2 ln (2)( 1/2+τ/2
�t )2

⎞
⎠ − π

4

= ln (2)τ

�t2
+ O(τ 2). (C1)

Equation (C1) indicates that α can mathematically takes any
value between zero and π/4, increasing as the ratio τ/�t
increases. Moreover, as we showed in Appendix A [Eqs. (A2)
and (A3)], the peak field amplitude of the AP driving pulse,
at t = 0, reaches its maximum value, |E(0)|max = E0, for
τ = �t , while for τ > �t it is |E(0)|max < E0. Therefore,
since the HHG requires that the amplitude of the driving field
is enough to reach the tunnel ionization condition, the max-
imum value of angular separation between two consecutive
attosecond pulses, which is possible to achieve experimen-
tally, will depend on the atomic species considered as the
target.
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FIG. 8. Time-frequency analysis of the twisted APT: few-cycle pulses version. Same as Fig. 7 but for an AP pulse with a temporal FWHM
of �t = 2 optical cycles.
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FIG. 9. Time-frequency analysis of a single burst of the few-
cycle pulse. Recollision angles obtained from Eq. (D1) for a single
burst, approximately, between zero and 0.5 optical cycles, where the
x (y) component of the AP pulse (same AP pulse that was considered
for the analysis in Fig. 8) is superimposed in white (red) solid line.
The color map scales from 40◦ to 50◦.

It is worth mentioning that, for ultrashort pulses in the
sub-two-cycle regime, the temporal position at t = 1/2 op-
tical cycle is not well described by T0 ≡ 2π/ω0 but by the
principal period TP ≡ 2π/ωP, where ωP refers to the princi-
pal frequency (see Refs. [57,58] for definition and in-depth
analysis of these concepts). This is the period (frequency) that
allows us to correctly locate the position of the maxima field
amplitude for such ultrashort pulses. Also, it should be noted
that the angle α results τ -independent when τ is an integer
multiple of T0. Here, the AP pulse has right or left polarization
(see main text for more details).

APPENDIX D: TIME-RESOLVED RECOLLISION ANGLES

From the results of the time-frequency analysis using the
Gabor transform (see Appendix B), here we calculate the

time-resolved recollision angle of ionized electrons [47]. This
quantity can be derived as

�(ω, t ) = tan−1

⎛
⎝

√
Gy(ω, t )

Gx(ω, t )

⎞
⎠, (D1)

where we restrict ourselves to the first quadrant, i.e.,
�(ω, t ) > 0. This angle determines the angle at which the
electron recombines with its parent ion.

The complete wavelet analysis can be seen in Fig. 7, where
we show the results for an AP pulse with a temporal FWHM of
�t = 5 optical cycles and a global phase φ = 0. Figures 7(a)
and 7(b) depict the color maps of the Gabor transforms for the
associated HHG spectrum, Gx(ω, t ) and Gy(ω, t ), while the
color map in Fig. 7(c) indicates the corresponding value of
�(ω, t ). It is worth mentioning that values of �(ω, t ) above,
approximately, the 28th harmonic order, have no physical
meaning since the emission probability is negligible [they are
numerical artifacts that come from the computation of the
expression in Eq. (D1)]. From Fig. 7(c), we can observe how
the variation of the emission angle between the different bursts
of XUV radiation is, which indicates the polarization angle of
the different attosecond pulses in the APT. In agreement with
what is seen in the main text, this angle goes from 0◦ to 90◦,
indicating the rotation of the polarization of the AP pulse in
the x-y plane.

Figure 8 shows the analysis analogous to the one per-
formed in Fig. 7, but for the case of an AP pulse with �t = 2
optical cycles. In Fig. 8(c), it can be seen the variation of the
emission angle between the different bursts of XUV radiation,
or attosecond pulses, which, as expected, is greater than in the
previous case.

Finally, in Fig. 9, we show the variation of the emission
angle for a single burst which is generated, approximately,
between zero optical cycles and 0.5 optical cycles. From this
figure, it can be observed the angle of the recombination for
the short and long trajectories in a single burst, or in a half
laser cycle. Between the 16th and the 20th harmonic order,
the short trajectories recombine with an angle of 40◦, while
the long trajectories do so at an angle of 50◦. Above the 20th
harmonic order (cutoff region), the angle of recombination of
both trajectories converges, approximately, to 45◦.
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