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We present tools and methods to generalize parity compilation to digital quantum computing devices with
arbitrary connectivity graphs and construct circuit implementations for the constraint Hamiltonian of higher-
order constrained binary optimization problems. In particular, we show how even nonlocal constraints can
be efficiently implemented without expensive SWAP gates. We show how the presented tools can be used to
optimize the total circuit depth and CNOT count of the quantum approximate optimization algorithm in the parity
architecture and highlight the advantages of the flexible compilation using various examples. We derive the
relation between the developed gate sequences and the traditional approach that uses SWAP gates. The result can
be applied to improve the implementation of many other nonlocal operators.
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I. INTRODUCTION

Quantum systems have improved a lot in terms of qubit
numbers and coherence in the last years [1–3], but still one of
the major challenges of building scalable quantum computers
is qubit connectivity. Quantum noise [4–6] such as crosstalk
errors can lead to issues like frequency crowding [7] and
therefore limits the number of qubits that are connected. The
parity architecture [8–11] offers a way to solve optimiza-
tion problems, and in a recent work [12] also to implement
arbitrary quantum algorithms, using only local interactions.
Compiling hard optimization problems (e.g., with constraints
and higher-order interactions) to the parity architecture on
restricted quantum hardware is still a challenge.

In this paper, we outline a way to do parity compilation on
arbitrary devices for arbitrary problems. Previous approaches
required all parity constraints to be local, which made it im-
possible to complete the parity mapping for some sparsely
connected devices (e.g., linear chains). Instead, we show how
to implement nonlocal constraints by introducing a concept
called bridging, which allows for a more efficient implementa-
tion than using SWAP gates. The more nonlocal the constraints
are, the more resources (e.g., CNOT gates) they require. We,
therefore, also propose methods to minimize the nonlocality
of the constraints for a given optimization problem and hard-
ware layout.

We show that, for every optimization problem mapped to
the parity architecture, one can find an implementation of
the constraint terms using nearest-neighbor CNOT (or other
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entangling) gates and local rotations. In particular, we provide
tools to make an optimal choice of constraints and qubit layout
to minimize the CNOT count or circuit depth. The main steps
towards this rely on the following three tasks.

(1) Finding a valid set of constraints for a given parity
mapping, where the maximum number of qubits in each con-
straint is restricted.

(2) Implementing (potentially nonlocal) constraints using
local operations.

(3) Evaluating and minimizing the cost of implementing
a constraint or a set of constraints based on the position of
the corresponding qubits and the connectivity of the physical
device.

The presented methods can be used to find a parity map-
ping for sparse or irregular connectivity graphs, for example,
on hardware platforms with missing or noisy qubits, or on
platforms using nonrectangular lattice geometries [7,13,14].

The next section will introduce the parity architecture and
the quantum approximate optimization algorithm (QAOA)
[15,16]. After that the three main tasks defined above are
addressed. Finally, we show how to solve constrained opti-
mization problems within this framework.

II. PARITY ARCHITECTURE AND QAOA

Within this work, we consider Hamiltonians defining an
optimization problem of the form

Ĥ =
N∑

i=1

Jiσ̂
(i)
z +

N∑
i=1

∑
j>i

Ji j σ̂
(i)
z σ̂ ( j)

z

+
N∑

i=1

∑
j>i

∑
k> j

Ji jk σ̂
(i)
z σ̂ ( j)

z σ̂ (k)
z + . . . , (1)

where σ̂ (i)
z are Pauli operators representing the spin variables

si ∈ {+1,−1} of the optimization problem and the J coeffi-
cients define the strength of the corresponding interactions.
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Some of the J coefficients may be 0 for specific optimiza-
tion problems, resulting in a more sparse Hamiltonian. For
constrained optimization problems, there are additional side
conditions

(
N∑

i=1

ciσ̂
(i)
z +

N∑
i=1

∑
j>i

ci j σ̂
(i)
z σ̂ ( j)

z

+
N∑

i=1

∑
j>i

∑
k> j

ci jk σ̂
(i)
z σ̂ ( j)

z σ̂ (k)
z + . . .

)
|ψ〉 = CV |ψ〉 (2)

for a state |ψ〉 to be a valid solution. Note that the coefficients
c must be consistent with the total value CV to allow for
solutions. These conditions can either be added to the prob-
lem Hamiltonian by penalizing nonfulfilling configurations,
or they can be fulfilled implicitly by modifying the dynamics
of the optimization process such that they are never violated.
We focus on the second option in this work.

Here we build on the results from Ref. [9], where the
parity mapping was introduced for higher-order-constrained
binary optimization (HCBO) problems. The parity mapping
transforms the Hamiltonian by introducing a parity variable
for each term and replacing the product of Pauli operators by a
single operator on the new variable (e.g., Ji j σ̂

(i)
z σ̂

( j)
z −→ J̃mσ̂ (m)

z

with J̃m = Ji j) resulting in the final problem Hamiltonian

ĤP =
K∑

k=1

J̃k σ̂
(k)
z −

L∑
l=1

Cl

∏
ml

σ̂ (ml )
z . (3)

Here the first term encodes the problem, originally contain-
ing K interactions, as K single-body terms on an increased
number of spin variables. The second term compensates for
the introduced redundancy by adding L constraints on valid
physical states |ψ〉 ,

∏
ml

σ̂ (ml )
z |ψ〉 = |ψ〉 , (4)

where Cl has to be large enough to energetically separate the
invalid states. In the rest of this paper, we will often label the
physical parity qubits with the corresponding original spin
variables (e.g., Ji j σ̂

(i)
z σ̂

( j)
z −→ J̃i j σ̂

(i, j)
z ) for clarity. The con-

straints can be understood as consistency conditions on the
physical qubits and can be found by considering generalized
cycles in the problem Hamiltonian. A generalized cycle is
defined by a set of physical qubits, where each index appears
an even number of times. For example, the product of three
physical qubits σ̂

(i, j)
z , σ̂

( j,k,l )
z , and σ̂ (k,l,i)

z needs to satisfy the
following consistency relation:

σ̂ (i, j)
z σ̂ ( j,k,l )

z σ̂ (k,l,i)
z |ψ〉 (5)

= σ̂ (i)
z σ̂ ( j)

z σ̂ ( j)
z σ̂ (k)

z σ̂ (l )
z σ̂ (k)

z σ̂ (l )
z σ̂ (i)

z |ψ〉 = |ψ〉 , (6)

because all indices i, j, k, and l appear an even amount of
times in the product and therefore all σ̂z operators on the
original spin variables cancel out. In the next section we

will go into more detail about finding an appropriate set of
constraints.

The QAOA can then be run on the parity architecture by
alternating between problem unitaries of the form

ÛP = exp(iγ ĤP), (7)

and driver unitaries

ÛX = exp

(
iβ

K∑
k=1

σ̂ (k)
x

)
(8)

[17]. Here HP is the Hamiltonian as introduced in Eq. (3).
Since the energy penalties on the constraints guarantee that the
ground state of the mapped problem Hamiltonian translates
to the same as the ground state of the original Hamiltonian,
the algorithm can find it in exactly the same way using the
mapped version. Apart from the constraints introduced by
the parity mapping, all terms in ÛP can be implemented
through single-qubit operations. In this work, we therefore
focus on the efficient implementation of the multi-qubit terms
appearing as constraints. We furthermore show how par-
ity compilation can allow easy implementations of adjusted
driver unitaries to ensure the satisfaction of additional con-
straints of the original problem (without the need to penalize
them in the problem Hamiltonian [16]).

III. FINDING A BASIS OF SHORT CONSTRAINTS

For any given problem Hamiltonian, a basis of the required
constraints for a valid parity mapping can be found with linear
algebra methods as introduced in Ref. [9]. In the following, we
briefly review the general methodology, before focusing on a
basis representation through short constraints.

We define the length of a constraint as the number of qubits
involved in the constraint. The longer a constraint, the more
resources it will require in the implementation of the QAOA
(we will look at concrete numbers in the next section). The
goal is to find a basis of short constraints that allows for a
valid parity mapping to the physical problem. We use the
terminology of a basis of constraints equivalent to the set of
constraints which generate the stabilizer of the code space (the
subspace of the physical Hilbert space which corresponds to
valid logical states, i.e., has no inconsistencies when mapping
parity qubits to original spin variables).

Consider as an example the problem Hamiltonian

Ĥ = J12 σ̂ (1)
z σ̂ (2)

z + J15 σ̂ (1)
z σ̂ (5)

z

+ J24 σ̂ (2)
z σ̂ (4)

z + J45 σ̂ (4)
z σ̂ (5)

z

+ J123 σ̂ (1)
z σ̂ (2)

z σ̂ (3)
z + J345 σ̂ (3)

z σ̂ (4)
z σ̂ (5)

z . (9)

The generator matrix, which maps the original problem vari-
ables into the code subspace [9], can be constructed by writing
the terms as columns in a matrix. Each column will have a 1
in row i if σ̂ (i)

z is in the corresponding term and 0 otherwise. In
the example, σ̂ (1)

z σ̂ (2)
z becomes the first column, with nonzero

entries in the first and second row. We thus arrive at the
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generator matrix

G =

⎛
⎜⎜⎜⎜⎝

1 1 0 0 1 0
1 0 1 0 1 0
0 0 0 0 1 1
0 0 1 1 0 1
0 1 0 1 0 1

⎞
⎟⎟⎟⎟⎠. (10)

The parity check matrix P can then be found by solving the
equation

GP� ≡ 0 mod 2 (11)

for a matrix of maximal rank. This corresponds exactly to the
step of finding consistency conditions of the parity qubits. For
the generator matrix in Eq. (10), a possible solution for the
parity check matrix is

P =
(

1 1 1 1 0 0
1 0 0 1 1 1

)
. (12)

The rows in this matrix represent a basis of the constraint
space to be implemented; we call this the target constraint
space. Similar to the generator matrix, a 1 in column i of
the parity check matrix indicates that there is a term σ̂ (i)

z
in the corresponding constraint. Any basis of the constraint
space describes a valid choice for a set of constraints to be
implemented in the mapped problem Hamiltonian. However,
we can find many different choices for a basis by performing
elementary row operations. Note that, as the entries of G and
P are in Z2, all operations are performed modulo 2. The length
of a constraint is its number of nonzero entries. In general, a
constraint can be as long as the number of terms in the original
Hamiltonian and it is a hard problem to find a basis that only
consists of constraints up to a certain length. However, if we
are only interested in finding a basis of short constraints, for
example, of length 3 and 4, this can be done efficiently. For
a fixed number L, all constraints of length l � L in a system
with K Hamiltonian terms can be found in complexity O(KL ).

The simplest way to achieve this is by taking all combina-
tions of L physical spin variables and checking if their product
forms a valid constraint. We can confirm that a constraint is
valid if the corresponding row vector is in the target constraint
space. Alternatively, we can check that each logical index
occurs an even amount of times in the product. If that is the
case, the product of physical spin variables in the constraint is
1 by definition. For example, the qubit product

σ̂ (1,5)
z σ̂ (2,4)

z σ̂ (1,2,3)
z σ̂ (3,4,5)

z (13)

forms a valid constraint as

σ̂ (1)
z σ̂ (5)

z σ̂ (2)
z σ̂ (4)

z σ̂ (1)
z σ̂ (2)

z σ̂ (3)
z σ̂ (3)

z σ̂ (4)
z σ̂ (5)

z = Î. (14)

This can equivalently be verified by checking that it is in
the target constraint space directly, using the found basis and
Gaussian elimination.

We can then grow a basis of short constraints, by adding
to it each time we find a new and linearly independent com-
bination of qubits that form a valid constraint. The process is
finished when the constraints in the basis span the target con-
straint space. However, it is possible that the short constraints
are not enough to span the target constraint space, in which
case we can use ancilla qubits to break down long constraints

into short ones. Consider the following parity check matrix,
which emerges in the parity mapping of a logical problem
graph that is a single cycle of length 5:

P = (1 1 1 1 1). (15)

It consists of a single constraint of length 5. To obtain a basis
of constraints of lengths 3 and 4, we need to add an ancilla
and a row to this parity check matrix, e.g.,

P =
(

1 1 1 0 0 1
0 0 0 1 1 1

)
. (16)

Here, the last column corresponds to the added ancilla. The
original constraint can be found by adding the first and second
rows and eliminating the ancilla. With this process, any long
constraint can be reduced to a number of small constraints
using some ancilla qubits.

In summary, the process for a general problem will have the
following steps. First, enumerate all combinations of three and
four qubits and find all valid constraints that can be made. If
these constraints span the target constraint space, then pick the
smallest subset of them which still spans the target constraint
space. Otherwise, if there are still missing constraints, go over
the original basis of (potentially long) constraints of the target
constraint space and identify the constraints which are not in
the initial space of short constraints. For these constraints, it is
impossible to find a decomposition into short constraints, so
we need ancillas to break them down. Add the resulting con-
straints including ancillas to the basis of the short constraints
and keep iterating over the target constraint space basis until
all constraints are included.

Note that, in general, it is not necessary to stick to a basis
of constraints of lengths 3 and 4 because constraints of an ar-
bitrary length can be implemented. However, allowing longer
constraints increases the search space and can also cost more
CNOT gates. In some cases it is possible to avoid using ancillas
by allowing longer constraints, e.g., for Eq. (15) no ancillas
are needed when constraints of length 5 are directly imple-
mented. There can also be a trade-off between the necessary
number of ancillas and circuit depth, because long constraints
take more time to execute and are harder to parallelize.

IV. GATE SEQUENCES FOR CONSTRAINTS

Consider a quantum device that can do single-qubit opera-
tions on all qubits and an entangling two-qubit gate between
some of the qubits such that a universal gate set over all qubits
is achieved. The connectivity graph G of the device, where all
qubits are nodes and the qubits that can directly interact with
each other have an edge, is then a connected graph.

In the following, we show how to efficiently implement a
constraint C with the operator

ÛC = exp

(
iαC

∏
m∈C

σ̂ m
z

)
(17)

in the QAOA for any arrangement of the qubits in C and any
angle αC using a decomposition into CNOT gates and local ro-
tations. Any n-qubit rotation exp(iασ̂⊗n

z ) can be decomposed
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into an n − 1-qubit rotation exp(iασ̂⊗n−1
z ) and two CNOT gates

with control on the nth qubit and target on any of the n − 1
other qubits, applied before and after the rotation (the target
must be the same qubit for both CNOT gates) [18]. This can
be iteratively applied to decompose any many-body rotation,
such as the constraint operator in Eq. (17), into a sequence of
CNOT gates followed by a single-body rotation and the reverse
sequence of CNOT gates.

The effect of such CNOT sequences can be understood by
looking at the effect of a single CNOT gate, collecting the parity
of its control and target qubit at the target

|a〉 |b〉 CNOT�−→ |a〉 |a ⊕ b〉 , a, b ∈ 0, 1. (18)

Both control and target qubits can already hold the parity of
other states, for example, if they were targeted by other CNOT

gates before. A Z rotation on a physical qubit which holds the
parity of multiple (logical) qubit states then effectively per-
forms a collective rotation on all these logical qubits by adding
a phase only to those states whose corresponding multi-qubit
parity is odd. After having performed such a rotation, the
original CNOT sequence can be applied in reverse order to
return to the original representation of qubits.

For a given constraint C, there are many different options
for such sequences, as any CNOT sequence which collects the
parity of the qubits in C towards a single qubit can be used.
The effect on any other qubits is irrelevant as it is undone
afterwards by the reversed CNOT sequence. However, as the
connectivity of most quantum devices is limited, we are inter-
ested in a sequence using only local interactions. We will show
that, for any tree in the connectivity graph G which spans the
qubits in C, we can find such a sequence using CNOT gates
along the edges of that tree. We call such a tree the Steiner tree
of C in G. The resulting decomposition has depth lmax + O(1),
where lmax is the largest distance (i.e., the maximal number of
edges) between two constraint qubits in the tree.

A. Local constraints

If there is a Steiner tree of a constraint C in the connec-
tivity graph G which only contains the qubits in C, we call
this constraint local. For a local constraint, we can find an
implementation as follows. First, we choose a root of the
tree on which we want to perform the single-body rotation.
Then we can obtain the CNOT sequence to be applied after the
rotation by traversing the tree from the chosen root towards
the leaves and adding a CNOT gate at every edge, control-
ling the child (outer) node and targeting the parent (inner)
node. The CNOT sequence to be applied before the rotation is
then the inverse of this. The resulting decomposition is shown
for an example tree in Fig. 1. The root of the tree can be any
qubit in C, but is usually chosen such that its longest distance
to any leaf is minimized, which typically corresponds to the
implementation with the smallest circuit depth.1 We further-
more have the freedom to choose the order of CNOT gates
which are on edges entering the same node (i.e., target the

1Note that on trees with many branches, the circuit depth does not
only depend on the distance between the root and the leaves but also
on the order of the nodes in the tree.

FIG. 1. Implementation of a local constraint on six qubits using
the Steiner tree highlighted in yellow. Numbers and arrows indicate
the time step and direction (control to target) of a CNOT gate on the
given edge before the rotation gate at the root. After the rotation,
the CNOT gates are implemented with the same direction, but in op-
posite order. Note that all CNOT gates are local in the two-dimensional
nearest-neighbor lattice, even though they are drawn here in one
dimension.

same qubit). Both the choice of the root and the order of CNOT

gates with the same target can be used to further optimize the
resulting circuit depth, either of the individual constraint, or
of a larger circuit implementing multiple constraint operators
in parallel.

B. Nonlocal constraints

If the Steiner tree of a constraint C contains qubits which
are not in C, we can use a similar strategy to implement the
constraint. Instead of using SWAP gates to bring the constraint
qubits next to each other, we derive a sequence of CNOT gates
to effectively bridge the nonconstraint qubits. We engineer the
CNOT sequence such that every constraint qubit appears once
in the final parity of the rotation qubit, but every bridged qubit
along the way appears twice and thus its effect cancels out.
For this, we start with the CNOT sequence which implements a
constraint on the full tree, including the nonconstraint qubits
along the way. We then add CNOT gates in the beginning and
end of the constraint circuit, which add the information of
each nonconstraint qubit as a parity onto exactly one other
qubit, as, for example, is shown in Fig. 2.

Together with the CNOT sequence over the full Steiner tree
T , the information of those qubits is collected twice, once
from the original qubit and once from the qubit which was
targeted with the additional CNOT gate. The final operation
which is performed is then

ÛC = exp

⎛
⎝iαC

∏
m∈T

σ̂ m
z

∏
m∈T \C

σ̂ m
z

⎞
⎠ (19)

= exp

(
iαC

∏
m∈C

σ̂ m
z

)
, (20)

where T \ C is the set of qubits which are in the Steiner tree
but not in the constraint. Whenever T \ C contains more than
one qubit, the order of the additional CNOT gates has to be
chosen such that they do not duplicate the qubit infor-
mation more than once. Consider the case of bridging
two neighboring qubits i and j along a tree. A gate
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FIG. 2. Implementation of a nonlocal constraint on four qubits
(dark blue) with two other qubits (light gray) along the Steiner tree in
the same representation as Fig. 1. Orange (light) CNOT gates indicate
additional gates that are required to cancel out the effect of the
unwanted qubits along the tree. The top circuit shows the result when
the optimal-depth CNOT sequence for the full tree is simply extended
by the additional gates. In the bottom circuit, the CNOT sequence of
the full tree has been rearranged to further reduce the depth of the
full circuit. Note that all CNOT gates are local in the two-dimensional
nearest-neighbor lattice, even though they are drawn here in one
dimension.

CNOTi j followed by CNOT jk , for example, would trans-
form a basis state |ai〉 |a j〉 |ak〉 to the undesired state
|ai〉 |ai ⊕ a j〉 |ai ⊕ a j ⊕ ak〉, where qubit ai now appears three
times. The reverse sequence, however, results in the desired
state |ai〉 |ai ⊕ a j〉 |a j ⊕ ak〉, duplicating exactly ai and a j . In
addition to the order of CNOT gates, we also need to choose the
target qubit, i.e., on which qubit we duplicate the information.
Any qubit neighboring the unwanted qubit in the Steiner tree
T is a valid choice for this, no matter if it is a constraint qubit
or not. As we want to construct a circuit with minimal depth,
we choose to duplicate the information of every unwanted
qubit to its child node in the tree, i.e., with a CNOT in the
opposite direction of the following full Steiner tree imple-
mentation. This way, the additional CNOT gates can be applied
almost in parallel to the Steiner tree implementation and result
in a maximal depth increase of four CNOT steps compared to
the full Steiner tree implementation (see Fig. 3).

The total number of CNOT gates required for a constraint
C with Steiner tree T can then be calculated from the gates
required for the full Steiner tree implementation and the addi-
tional CNOT gates for bridging unwanted qubits as

nCNOT = 2(|T | − 1) + 2(|T | − |C|) = 4|T | − 2|C| − 2,

(21)

where | · | is the number of qubits in the tree or the constraint.

FIG. 3. Illustration of the worst-case circuit depth for nonlocal
constraints. On any branch of the Steiner tree, the CNOT gates re-
quired for bridging non-constraint qubits will protrude from the CNOT

sequence implementing the full Steiner tree by at most two time
steps. As the same sequence is repeated in reverse after the rotation
in the center (not shown in this figure), the maximal depth increase
compared to a constraint on the full Steiner tree is four.

C. Circuit equivalence to SWAP sequence

The presented gate sequence is equivalent in its effect to the
conventional method of rearranging the constraint qubits via
SWAP gates until the constraint is local. Figure 4 shows how
an efficient bridge sequence can be derived from an approach
using SWAP gates on a simple example. The derivation also
works for more complicated constraint arrangements, and in
general can also be applied to other nonlocal interactions
whenever the interaction commutes with σ̂x or σ̂z on each
of its qubits. Even if the interaction commutes with neither
of them, the procedure can still work if the SWAP gate is
decomposed into other gates (e.g., controlled-Y gates if the
nonlocal interaction commutes with σ̂y). The main step in the
simplification of the SWAP sequence lies in the cancellation
of gates which appear again in the reverse SWAP sequence
and commute with everything in-between. If the implemented
interaction commutes with σ̂z (and thus with the controls of
CNOT gates), the SWAP gates must be decomposed such that
they begin and end with a CNOT gate controlling the qubits
on the inside (where the desired interaction is implemented).
Similarly, if the interaction commutes with another operator,
the SWAP gates must be decomposed accordingly. CNOT gates
resulting from a SWAP decomposition further away can still
be commuted towards the inside by taking into account the
other SWAP gates on the way (see first step in Fig. 4). With
this, the total cost can be reduced from three to two gates per
SWAP gate. Finally, rearranging the gates, taking into account
the different possibilities to implement constraint operators,
can further improve the circuit depth. For longer constraints
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FIG. 4. Derivation of a bridging sequence of a non-local con-
straint operator exp(iασ̂zσ̂zσ̂z ) on the qubits drawn in blue (darker)
from an equivalent implementation via SWAP gates. The same deriva-
tion also works for other operators as long as there exists a SWAP

decomposition whose last gate commutes with the target operator.

along more complex trees, the same idea still holds, although
it becomes less straightforward.

D. Scaling comparison

To compare our solution to an implementation using SWAP

gates, we consider a simple constraint of two qubits of
distance l along the connectivity graph. Such a constraint
requires

n(bridge)
CNOT = 2 + 4(l − 1) (22)

CNOT gates when using the bridging method, whereas it would
take

n(SWAP)
CNOT = 2 + 6(l − 1), (23)

when using SWAP gates (implemented by three CNOT gates per
SWAP gate). The corresponding circuit depths of this constraint
implementation are

d (bridge) � 2

⌈
l + 1

2

⌉
+ 4, (24)

where the linear term is the depth of implementing a constraint
operator on the full Steiner tree, and the constant is due to the
additional bridging gates, and

d (SWAP) = 6

⌈
l + 1

2

⌉
− 4 (25)

when assuming a SWAP sequence without further optimization.
Note that the constant overhead of four additional steps in
the bridge implementation does not apply for small l , where
either no bridging is necessary (l = 1), or only two additional
steps are necessary (1 < l < 5). While the existing transpilers
[19,20] are likely able to cancel some of the CNOT gates of the
occurring SWAP sequences, we stress that the main advantage
of the construction via bridging lies in the rearrangement of
the gates into a minimal-depth circuit which is not always
straightforward using local circuit optimization strategies. The
construction via parity, however, provides simple rules and
allows flexibility for optimization. For longer constraints, the
scaling of the circuit depth mainly depends on the largest
distance of two constraint qubits in the Steiner tree, while the
gate count is determined by the total length of the tree.

V. MINIMAL STEINER TREES
FOR NONLOCAL CONSTRAINTS

Given that the cost of implementing constraint operators
(both gate count and depth) scale linearly with the size of the
corresponding Steiner tree, we now want to find the smallest
such Steiner tree. The minimal tree that spans a subset of
vertices (terminals) of the connectivity graph is well known
from graph theory and called the minimal Steiner tree. We
define the size of a tree as its number of edges.

There are many (approximate) algorithms to find minimal
Steiner trees [21] in arbitrary graphs and also more specific
algorithms that use the geometry of the graph.

For rectangular devices with nearest-neighbor connections,
we get a rectilinear Steiner tree problem, first studied by
Hanan [22]. He introduced the Hanan grid, which is obtained
by drawing horizontal and vertical lines through all terminals.
There always exists an minimal Steiner tree on the Hanan grid
[23]. The rectilinear Steiner tree problem is also well studied
in the presence of obstacles [24], which is relevant because
realistic devices may have obstacles like defect qubits and
missing qubit connections.

For short constraints up to a certain size (number of con-
straint qubits, independent of their position or distance in
the connectivity graph), there is a fast way to find rectilin-
ear Steiner trees. Here, we will show how to efficiently find
minimal Steiner trees for constraints of lengths 3 and 4. The
minimal Steiner tree can be found by sorting the terminals
in the x direction and in the y direction and only keeping
the component that was sorted for, such that x1 � x2 � x3(�
x4) and y1 � y2 � y3(� y4) for three-qubit (four-qubit) con-
straints. For three-qubit constraints, the smallest tree size S3 is

S3 = (x3 − x1) + (y3 − y1), (26)

which is the largest difference between vertices in the
horizontal and vertical direction. For four-qubit constraints
(see Fig. 5), a minimal Steiner tree can be found by first
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FIG. 5. Example of a minimal Steiner tree for the four blue
(darker) nodes (terminals) on a rectangular lattice. There are many
minimum Steiner trees of size 9, one of which is drawn with or-
ange thick lines. The gray narrow lines represent the Hanan grid,
constructed by drawing horizontal and vertical lines through all ter-
minals. There always exists a minimal Steiner tree on the Hanan grid
for any choice of terminals. The central rectangle that can be used to
find optimal Steiner trees for four terminals is highlighted in green.

connecting all terminals to the closest corner of the central
rectangle defined by its bottom left corner (x2, y2) and top
right corner (x3, y3), and then connecting the corners of the
central rectangle. If the terminals connect to all four corners,
this requires one connection on the longer side and two con-
nections on the shorter side, otherwise a single connection in
each direction suffices. The size of the minimal Steiner tree S4

is then

S4 � (x4 − x1) + (y4 − y1) + min(y3 − y2, x3 − x2), (27)

where the additional term is the length of the shorter side of
the central rectangle, which can contribute twice to the total
length.

In Fig. 5 we have (x1, x2, x3, x4) = (0, 2, 4, 5) and
(y1, y2, y3, y4) = (0, 1, 2, 3), which results in the tree size
S4 = 5 + 3 + min(1, 2) = 9.

VI. APPLICATION: 1D CONNECTIVITY

In this section, we look at a small example and compare
to a direct implementation using the standard gate model. The
Hamiltonian we will look at has the form

Ĥ = J12 σ̂ (1)
z σ̂ (2)

z + J13 σ̂ (1)
z σ̂ (3)

z + J14 σ̂ (1)
z σ̂ (4)

z

+ J23 σ̂ (2)
z σ̂ (3)

z + J123 σ̂ (1)
z σ̂ (2)

z σ̂ (3)
z + J124 σ̂ (1)

z σ̂ (2)
z σ̂ (4)

z

+ J134 σ̂ (1)
z σ̂ (3)

z σ̂ (4)
z + J234 σ̂ (2)

z σ̂ (3)
z σ̂ (4)

z , (28)

and the goal is to compile this problem on a one-dimensional
device with nearest-neighbor interactions only. Under these
restrictions, it is impossible to compile with only local con-
straints, so we need bridging to successfully compile it. We
will then compare the gate count and circuit depth to a stan-
dard implementation of the gate model.

In general, any choice of the constraint basis and layout
of qubits can be implemented using bridging. However, it
is possible to optimize the choice of constraint basis and

FIG. 6. Process of parity compilation with bridging, optimizing
gate count, and depth. Qubits are marked by their logical indices
(e.g., 23 means that a σ̂z on this qubit corresponds to the logical
operation σ̂ (2)

z σ̂ (3)
z ) and each colored line connects the qubits of a

parity constraint. The two possibilities for optimization are high-
lighted: a qubit swap and a change of the constraint basis. In each
step of the process, the constraints become more local and thus
cheaper to implement. In the first step the yellow (light line on the
left) constraint is made local by swapping qubits 13 and 23. Then
the black dashed constraint is replaced by the product of itself with
the yellow constraint, resulting in the green dashed constraint. The
green dashed constraint is slightly cheaper because it only has to
bridge a single qubit. Finally, the red (darker solid line) constraint
is made local by swapping qubits 14 and 234. All curved nonlocal
interactions can be implemented with only nearest-neighbor CNOT

gates using the introduced bridge sequence.

qubit layout to obtain constraints that are as local as possible.
Both the constraint basis and qubit layout can be incremen-
tally changed to improve the quality, as for example shown
in Fig. 6. Optimization cannot only be done for individual
constraints, but also to parallelize multiple constraints, which
requires a minimization of the constraint overlap during opti-
mization. Often, these two considerations agree, which means
that making individual constraints as local as possible will
also result in constraints that have small overlap and are there-
fore easier to parallelize.

The required amount of gates to implement the three local
three-qubit constraints and the nonlocal four-qubit constraint
in the last line of Fig. 6 can now be calculated. A local
three-qubit constraint requires four CNOT gates, so the three
constraints require 3 × 4 = 12 CNOT gates. The four-qubit
constraint needs to bridge one qubit and requires ten CNOT

gates. This means that in total we need 22 CNOT gates to
implement the entire circuit.

For a standard implementation for the gate model on a one-
dimensional device, a possible good layout is

4 − −1 − −2 − −3. (29)

No matter how the qubits 1, 2, 3, and 4 are arranged, there
will always be two local three-qubit terms and two nonqubit
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three-body terms. The local three-qubit terms require four
CNOT gates and the nonlocal terms eight CNOT gates. So in
total the three-qubit terms require 2 × 4 + 2 × 8 = 24 CNOT

gates. For the two-qubit interactions, only three of them can
be local and the last one must be nonlocal. In Eq. (29) we
have three local two-qubit terms and one term which has to
bridge a qubit. For the local terms we require two CNOT gates
and for the last term six CNOT gates, which means that in
total we require 3 × 2 + 6 = 12 CNOT gates for the two-qubit
terms.2 Overall, the standard gate model implementation re-
quires 24 + 12 = 36 CNOT gates.

In summary, this example shows that bridging allows us
to use parity compilation even on sparsely connected devices
and can give an advantage over the standard gate model
implementation. Specifically, problems with higher-order in-
teractions are natural to solve with the parity approach, as
recent benchmarks indicate [10].

VII. APPLICATION: CONSTRAINED
OPTIMIZATION PROBLEMS

The parity architecture allows us to solve different types
of constrained optimization problems without overhead. In
Ref. [9] it was shown that problem constraints of product
form (e.g., σ̂ (3)

z σ̂ (6)
z = Î) can directly be included when calcu-

lating the parity check matrix. Since each product constraint
represents a single-parity qubit that is fixed to a certain
value, this parity qubit can be left out and implicitly imple-
mented using the parity constraints. These product constraints
can therefore lead to a reduction in qubit and gate count,
whereas in other implementations they can lead to further
overhead. In Ref. [11], more general (polynomial) problem
constraints were investigated. The main idea there is to use the
Hamiltonian dynamics of the driver term to satisfy the prob-
lem constraints. In the initial state the spins are put in a
state that satisfies the constraint and the driver only allows
a specific kind of exchange between spins, which makes sure
that all constraints stay satisfied during the algorithm. For all
parity qubits which are part of such a polynomial constraint,
the corresponding single-body σ̂x term is removed from the
driver Hamiltonian, and instead an exchange Hamiltonian of
the form

Hexch. =
∑
〈i, j〉

σ̃
(i)
+ σ̃

( j)
− + H.c. (30)

is added, where 〈i, j〉 are pairs of neighboring parity qubits
that span the polynomial constraint. Such an exchange in-
teraction is available on different hardware platforms like
for example neutral atoms [25,26] or superconducting qubits
[27–29]. However, since it is typically only available locally,
the qubits forming a polynomial constraint must be placed
directly next to each other on the physical hardware. This
sets a limit to the flexibility of qubit placement. Apart from
the placement restrictions, the compilation process is not af-
fected by polynomial constraints. The parity check matrix is

2Note that this already assumes further optimization of the circuit;
a naive implementation with swap gates would take 14 CNOT gates.

FIG. 7. Compilation of a constrained optimization problem with
two product constraints and four general polynomial constraints,
requiring connectivity only on a subset of the edges of a square
lattice. The colored qubits are in polynomial constraints, where
each of the four colors represents a different constraint, e.g., the
blue (darkest) qubits implement a constraint (σ̂ (1)

z σ̂ (2)
z + σ̂ (2)

z σ̂ (3)
z +

σ̂ (2)
z σ̂ (6)

z ) |ψ〉 = a |ψ〉, where a ∈ {−3,−1, 1, 3}. The two product
constraints σ̂ (3)

z σ̂ (6)
z |ψ〉 = |ψ〉 and σ̂ (1)

z σ̂ (2)
z σ̂ (7)

z |ψ〉 = |ψ〉 are di-
rectly incorporated in the parity constraints, represented by solid
and dashed colored lines. For example, the condition σ̂ (3,6)

z =
Î is used in the black line in the bottom right to implement
σ̂ (5,6,7)

z σ̂ (3,5,7)
z σ̂ (3,6)

z |ψ〉 = σ̂ (5,6,7)
z σ̂ (3,5,7)

z |ψ〉 = |ψ〉. The curved lines
show the two places where bridging is required to decompose the
non-local interactions into nearest-neighbor CNOT gates.

independent of these constraints, as they are enforced exclu-
sively with the driver Hamiltonian.

In Fig. 7 we assume a quantum device that can imple-
ment such exchange Hamiltonians and show an example of
an optimization problem with both product constraints and
polynomial constraints. Note that in this example not all
connections between qubits are required. In cases where the
qubits in a constraint can be connected in multiple ways, this
reduced connectivity requirement may make it possible to
route around missing links without overhead.

Due to the restrictions of local polynomial constraints,
bridging is very useful when solving these kinds of problems.
When optimizing the layout of qubits to make the parity
constraints as local as possible, the polynomial constraints
should be kept strictly local. This is achieved by only allowing
optimization moves that preserve locality of the polynomial
constraints.

VIII. DISCUSSION AND CONCLUSION

In this work, we presented methods to compile constrained
optimization problems in the parity architecture, which also
allows us to use the parity mapping on devices that are irreg-
ularly or sparsely connected. This is especially important for
practical near-term systems, where the quality of qubits and
connections is not guaranteed. We showed examples where
our approach required a lower gate count than a standard di-
rect implementation. This is an important result for near-term
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devices, where each gate introduces a significant amount of
noise. The parity mapping always requires a qubit overhead,
as the number of needed qubits is equal to the number of
terms in the original Hamiltonian. This can be a limiting factor
for practical devices. However, in many cases the number of
qubits is not the main limiting factor and the lower gate count
and decreased circuit depth can make it feasible to run larger
and more complicated problems.

Finding a valid layout mapping where enough parity
constraints are present to complete the mapping is now
straightforward because even nonlocal constraints can be im-
plemented without SWAP gates. The introduced construction
via bridging gives clear rules while providing a lot of free-
dom in the implementation and thus room for optimization
in the required number of gates and circuit depth. For ex-
ample, solving the problem of finding minimal Steiner trees
for arbitrary device connectivity remains a computationally
difficult problem, but approximate algorithms can already
lead to good results. The scaling of the circuit depth with
problem and device size will depend on the specific prob-
lem and connectivity of the device. However, we note that
this technique in general does not yield an upper bound
to the circuit depth. If a lower circuit depth is desired,
one can instead use plaquette-compilation methods like in
Ref. [30], which have a higher overhead in qubit numbers
but allow constant circuit depth, independent of the specific
problem.

Improving the connectivity of the device will allow more
local constraints, which in turn allows for more paralleliza-
tion. The presented approach can thus be used both to improve
the circuit implementation on a given device and to design fu-
ture devices in a way that keeps the circuit depth manageable
for relevant problems.

While, in this work, we demonstrated the power of the
bridge technique to implement parity constraints, its applica-
tion goes beyond the parity architecture and can also improve
the implementation of many other nonlocal operators.
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