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Optimal quantum teleportation protocols for fixed average fidelity

Fabricio Toscano®,"" Diego G. Bussandri®,>" Gustavo M. Bosyk®,”* Ana P. Majtey

4% and Mariela Portesi ®-|

Unstituto de Fisica, Universidade Federal do Rio de Janeiro, 21941-972, Rio de Janeiro, Brazil
2Instituto de Fisica La Plata (IFLP), CONICET-UNLP, 1900 La Plata, Argentina
3Instituto de Fisica Enrique Gaviola (IFEG), CONICET-UNC, Cérdoba, Argentina
4 Facultad de Matemdtica, Astronomia, Fisica y Computacion, Universidad Nacional de Cordoba, X5000HUA Cérdoba, Argentina
5 Facultad de Ciencias Exactas, Universidad Nacional de La Plata, 1900 La Plata, Argentina

® (Received 6 July 2023; accepted 6 October 2023; published 26 October 2023)

We demonstrate that, among all quantum teleportation protocols giving rise to the same average fidelity, those
with aligned Bloch vectors between the input and output states exhibit the minimum average trace distance.
This defines optimal protocols. Furthermore, we show that optimal protocols can be interpreted as the perfect
quantum teleportation protocol under the action of correlated one-qubit channels. In particular, we focus on the
deterministic case for which the final Bloch vector length is equal for all measurement outcomes. Within these
protocols, there exists one type that corresponds to the action of uncorrelated channels: these are depolarizing
channels. Thus, we established the optimal quantum teleportation protocol under a very common experimental

noise.
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I. INTRODUCTION

Among the most astonishing techniques in quantum infor-
mation theory are the quantum teleportation protocols (QTPs),
which consist of two distant parties, usually called Alice and
Bob, aiming to transmit an unknown qubit state 5™ from
Alice’s qubit system a to Bob’s qubit system b, exploiting the
features of quantum states and quantum measurements [1].

QTPs are a paradigmatic example of local operations and
classical communication (LOCC) protocols, defined on a sys-
tem composed of three qubits: the system a, an additional
qubit g, and the target system b [2]. The most general telepor-
tation protocol operates on the total system p™" ® %, where
the joint state p® is usually referred to as the resource state.
The protocol goes as follows. First, Alice performs a joint
measurement on her qubits a and a, followed by the classical
communication of the corresponding measurement outcome
(labelled by m) to Bob, who finally applies local unitary
operations on his qubit b according to the communicated re-
sult. The noiseless standard quantum teleportation is the only
scheme that allows perfect transmission, i.e., po" = P Vm
and for any input state being p2" the output states in the target
system b [1,3,4]. This protocol consists of a Bell measure-
ment, i.e., a projection onto the Bell basis {Bm}‘l‘ on qubits a
and a, and a Bell state as quantum resource, = B

In realistic teleportation implementations, states and mea-
surements are typically not perfect. The average fidelity
between input and output states is generally employed as a
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figure of merit of the transmission process [3—6]. In noisy
standard QTPs, Alice implements a Bell measurement, where
the resource state p is taken to be an arbitrary mixed state.
Within these standard protocols, one approach is to maximize
the average fidelity over all Bob’s unitary operations, the so-
called strategies, to determine what kind of mixed resource
states give rise to quantum teleportation, i.e., when the av-
erage fidelity exceeds the bound % for classical teleportation
[3,7]. Another approach is, for any given initial resource state,
to maximize the singlet fraction, i.e., the fidelity between
the resource state and the singlet Bell state, by LOCC, to
produce a state p® with the highest average fidelity, to be
used with the standard QTP [4,8]. These are called optimal
standard QTPs.

Furthermore, for general resource states and positive
operator-valued measures (POVMs), the optimal protocol was
given in Ref. [9] using the same framework for the average
fidelity as in Ref. [8]. However, as we show below, we identify
several protocols that give rise to the same average fidelity,
but that can produce significantly different output states. In
Ref. [10] the limited effectiveness of fidelity as a tool for
evaluating quantum resources was demonstrated. Here, we
employ the trace distance as an additional quantum distin-
guishability measure to define the set of optimal QTPs in the
following sense: they minimize the average trace distance for
a fixed value of the average fidelity. One of our main findings
is showing that this set is given by the teleportation protocols
that align, i.e., those for which the direction of the Bloch
vector of the output states is the same as that of the initial
state to be teleported.

II. GENERAL TELEPORTATION PROTOCOLS

Let us introduce the main elements for our analysis and
fix the notation. The input state of Alice’s qubit system a

©2023 American Physical Society
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can be written as p" = 1(IAL +t76), where t = (t1, 1, 13)7
is the Bloch vector of ™ with euclidean norm 7 = ||t|| < 1,
0 = (61, 67,63)T is the vector of Pauli operators, -T denotes
transposition, and 1 is the identity operator. The resource
state can be written as

3

1. S -
pabzz 114+(r“)T6®1+1®(rb)T&+§ rii6; ®6; |,

i,j=1
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where r¢ and r? are, respectively, the Bloch vectors of the
reduced states p¢ = Tr,(p) and p? = Tr,(p*’) and r;; are
the elements of the correlation matrix r = Tr(p® 6 ® 6).
The parametrization (1) defines the Fano form of a two-qubit
state [11].

We shall consider general measurements on Alice’s qubit
systems a and a described by POVMs, that is, a set {E,f’ﬁ}
of positive-definite operators acting on the Hilbert space H%
such that 3, E% =1 ® 1. Each POVM element £% de-
fines univocally a two-qubit POVM state by means of &% =
15 £t where P, = Tr(E5®). Each POVM state &} is com-
pletely characterized by its Fano form, in terms of the Bloch
vectors @? and @? of the reduced states &% = Tr,(®%*) and
o4 = Tra(ci)’_m) respectively, and the correlation matrix w,, =
Tr( »% & ® ). Note that because the POVM elements add up
to the identity, the following POVM conditions have to be
fulfilled:

Yo P=1, (2a)

> Pu(wf)T =07, (2b)
Z Pt =0, (2¢)
mewm =0, (2d)

where 0 and O denote the null vector and null matrix,
respectively.

As a result of Alice’s measurement, the qubit b
of Bob collapses to pk = 1[1+ (t5)T6] with probability
Py = Tr(E @ 15" ® p) = P,y g (1), where g,,(t) = 1+
(@%)Tr% + (wyr® + @?)Tt. The Bloch vector of p? is

b T, K
t = —,
gn(®)  gum(t)

where @, = r’(®%)T + rTw] and k,, = r’ + rTw®. Finally,
Alice communicates to Bob her measurement result m and
Bob applies a unitary operation U,, on qubit b. The output
quantum state is PO = U, pL U} = 11 +t76) with Bloch
vector

3)

tn = Rut), “4)

where R, is the unique rotation matrix such that U,n7é U,IL =
(R,n)T6 with n a real unit vector. Thus, for each
QTP there is an associated channel A that yields

A(P™) = Zm Pupd 0% whose Bloch vector is

th=) Putw=Cit+v,,
m

withC, =Y, PyRuay and v, =Y, ByRyukcy.

III. GENERALIZED ERROR MEASURES
IN QUANTUM TELEPORTATION

The performance of a general QTP can be quantified
by taking a measure of distinguishability between the
input state and the ensemble of output states in the
form D(p™) =Y, P, D™, p2*) where D(-,-) stands
for a distance measure between quantum states. Being
P, = P, g, (t), for any choice of D the previous quantity can
be expressed as a function of the initial Bloch vector t, so we
write D(p™) = D(t) = D

The final figure of merit is the average distance defined
as the expectation value of D over the uniform distribution
of pure input states: (D) = ffS(B) D(t)d<2, where dQ =
sinfdfdyp (0<O6<w and O < ¢ < 2m) is the differential
solid angle in the Bloch sphere S(B). The distance deviation
AD is defined as the standard deviation of the function D, that
is, AD = \/(D?) — (D)2

In this work, we shall consider the following distance
measures: the trace distance Dy(p,6) = %Tr(||,2) —al)

where ||A|| = VAAT stands for the operator norm [12],
and the Uhlmann-Jozsa quantum fidelity F(p,é6) =

[Tr(v//p 6/P))* [13]. For qubit states characterized by
Bloch vectors t and t,,, they give DT(Am ,‘:,“t) = %Ht —tul,
and F(p", po) = 2(1 +tTt, + /1T —12/T —12) where
t = ||| and 1, = IItmII

The average fidelity takes the following form for general
QTPs:

(F) = 1[1+ 1tr(C,)] (5)

(where tr denotes the trace of matrices to differentiate from
the trace of operators Tr), and the squared fidelity deviation is
given by

(AF)? = HL[r(CY) + (r(C,))* + tr(C,CT)]
- [gtr(CA)] } +

Note that different QTPs can result in the same matrix
Ca, producing the same average fidelity in Eq. (5). These
protocols in general are not equivalent because they can yield
physically distinct output states.

Str(v,vT).

IV. OPTIMAL PROTOCOLS FOR FIXED
AVERAGE FIDELITY

Let us consider a set of arbitrary teleportation protocols
that yield the same average fidelity. The following theorem
characterizes the optimal protocols within this set.

Theorem 1. Among all QTPs such that (F) = o € (0, 1],
the average trace distance (D) takes its minimum value for
those protocols that align, i.e., when the corresponding Bloch

pout are given by

vectors of the output states o, e = 5t Vm
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with s,, € (0, 1] satisfying )", P,s, = 2a — 1. These proto-
cols are defined as optimal.
Proof. For arbitrary QTPs, we have that

(Dr) = < ZP ||t—tm||>

> <§IIt _tA”> L= (F(p", A(p™)))

(
=—(1-
2

where we used consecutively Jensen’s inequality
Zn P, lla,| = | Zn P, a,| with Zn P, =1 (because
every norm is a convex function), Dr>1—F [12],
F(p™, A(p™)) = F because p™ is a pure state, and Eq. (5).
Let us now consider fidelity-equivalent protocols, in the sense
that (F) = « is satisfied for given a € (0, 1]. The average
trace distance can take different values, with a fixed lower
bound, (Dr) > 1 — «, as deduced from Eq. (6). It is straight-
forward to see that this lower bound is attained by protocols
such that £ = s,,t Vm with 3, Ps, = 2o — 1. ]

Let us now give a comprehensive characterization of the
optimal protocols, defined in Theorem 1. In this context, the
following result establishes the necessary and sufficient con-
ditions to have a protocol that aligns.

Theorem 2. An arbitrary QTP aligns if and only if it satis-
fies, for all m, that: (i) w,,r* + wi =0, (i) r’ = 0 and W =
0, and (iii)) R,, = s,,™,,Tr~T with s, such that t,, = s,,t Vm,
being t,, the Bloch vector of the output state of the protocol.

Corollary 1. The quantum channel associated to a protocol
that aligns is characterized by Cu: = 1tr(C )1 and vilie —

0. Thus, this kind of protocol yields null fidelity deviation,
AR = 0.

Proof. The final Bloch vector t,, of Bob’s qubit is given
in Eq. (4) with t® in Eq. (3). Therefore, if t, = s,t, then
g must be 1ndependent of t, and k,, must vanish, for all
m. The first condition happens iff the statement (i) of the
theorem is true. Applying the POVM conditions (2a) and
(20) to the equations k,, = r® + rTw? =0 Vm, we arrive at
r’ =0, so rTw? = 0 Vm. Because k,, = 0 Vm and r’ = 0,

m
[Rmrr‘ wh

we must have that ===z = 5,1 to align, i.e., t = syt, Vm.
Therefore, the matrices r and w,, must be invertible and from
the condition rTe’ = 0 Vm, we obtain that @, = 0 Vm. At
this point, we demonstrated statement (ii) of the theorem. Note
that we arrived at g, (t) = 1 Vm, which implies R,,rTw] =
sm1. This proves statement (iii) of the theorem.

Note that statement (iii) of Theorem 2 implies that C,uaie =
Yo Pusml = %tr(CAalig)]]. and k,, =0 Vm leads to v, = 0.
These are the statements of Corollary 1. On the other hand,
since the lower bound in Eq. (6) is achieved for protocols that
align, we have that for average fidelity « it holds

%MQ)) =1—(F), (6)

1 _
20— 1= gtr(CAung) - Xm:Pm Sm- (7

|
Before establishing the next theorem, we recall that, under
suitable local unitary transformations, i.e.,

Aab Ua ® UbAab(Ua)T ® (U )T

every two-qubit state p°” can be transformed into a canon-
ical form ,?)gb, with correlation matrix ry = (0®)r(@”)T =
diag(ry, 2, r3), where o and o? are rotation matrices, and
the transformed marginal Bloch vectors r¢ = o“r® and r’ =

b [14]. Furthermore, the positivity condition on the den-
sity operators p® and p“, when r’ = 0, corresponds to the
inequalities [15]

—2det(rq) — (Irall> = 1) > 4], (82)
£, r2,r3) 2 4] (29 e |
+ e 20 = lral® = [2]*]. 8b)

where f(r1, 2, r3) = —8det(ra) + (Irall®> — 1)* = 4||Fall* =
A=r—rnn=—rn)d=r+rn+rn)d+rn—-—r+rn)(l+rn+
r—r3), lral?=t@}), fq=det(rq)ry', and —1<
det(rq) < I [here we are assuming that det(rq) # 0]. Thus,
the diagonal elements rj, 7, r3 belong to a convex subset,
defined by Eqgs. (8), inside the tetrahedron given by inequality
(8b) with r¢ = 0 [14].

We are now in a position to present the following theorem
which fully characterizes the QTPs that align.

Theorem 3. All QTPs that align verify the following.
(i) The POVM states d)ff have correlation matrices w,, =
(@Z)demoa with wy,, = smu*gl and where r = (0%)Trqo” is
the correlation matrix of the resource state p*?, with (0%)T the
rotation matrix that simultaneously diagonahzes the positive-
definite matrices rrT and wlw,,, while o’ and o% are the
rotation matrices that diagonalize rTr and w,,w] respectively.
(ii) Bob’s rotation matrices are of the form R,, = 0% 0” Vm.
Finally, (iii) the rotation matrices o¢, must fulfill the POVM
condition (2d) that in this case reduces to Y_ Py,s,,(02)T = 0.

Corollary 2. All the protocols that align have det(rg) < 0.

Proof From the canonical decomposition of the states p“
and @4 we have that r = (0")Trgo? and w,, = (@fn)demo“m,
Where the columns of o are eigenvectors of rrT and the
columns of o, are eigenvectors of wT w,,. Note that rrT and
wl w,, are positive-definite matrices because r and w,, are full
rank They are diagonalized by orthogonal matrices. From the
orthogonality of R,, and condition (iii) in Theorem 2, we get
rmT(Wm )7 “;'" = 1, leading to [rrT, w]w,] = 0. Then, rrT
and w' 1wy, are diagonalized by a single orthogonal matrix [16]
that we can choose to be one of the possible matrices (0%)T
in the canonical decomposition of r, i.e., rrT = (@“)Trﬁ o?
and wlw,, = (0")Tw3, 0% so of, = 0" Vm. Thus, we imme-
diately arrive at w2, = s2r;2. Finally, we can write R,, =
of‘nwg,,'lsmu*glq)”, and then wy,,, = smn“g' must be true [17]. This
proves statement (i). Statements (ii) and (iii) follow straight-
forwardly. ]

From Theorem 3 it is possible to conclude that the only
QTP such that t,, =t Vm is, up to local unitaries on the
qubit systems, the perfect QTP defined by performing a Bell
measurement on qubits & and a and a Bell state as resource
for qubits a and b. Specifically, the positivity conditions on
the density operators p® and @ correspond, respectively, to
the set of inequalities (8) for the matrix elements of ry with
ré’ =0, and for the matrix elements of wy, = smn“g1 with
Bloch vectors %, = —r;'r¢ and ®%, = 0 Vm [this follows
from conditions (i) and (ii) of Theorem 2; see Eqgs. (A4) in
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FIG. 1. Diagonal matrix elements (7|, 75, 3) of DQTPs that align, with fixed value of average fidelity (F)i¢ = 1 (1 + ) = a, for different
values of s and Bloch vectors r¢ (see text for explanation). The angular spherical coordinates of r{ are 6 = ¢ = 0 in panels [(a)—(d)], and
6 = ¢ = 7 in panels [(e)—(h)]. In (d) there is no solution; in (h) the solid arrows (red online) indicate the tiny set of solutions. The lines (blue

online) correspond to the four types of Werner states W = 4= =2 5
to separable states, i.e., —3 < p< <

indicate the special cases w1th p= s2.

Appendix A]. The only solutions to these sets of inequalities,

when s, = 1 Vm, correspond to rBell = (pBell)=1 = y/Bell ¢
{H‘Bell = —diag(1, 1, 1), Bill = diag(—1, 1, l), n\%‘i“ =
diag(1, —1, 1), r%! = diag(1, 1, —1)} with =0 Vm.

These solutions are Bell states for the resource p = = B and
for the POVM operators &% = B, with m=1,...,4,
in the canonical form. Therefore, from COl’ldlthIl @)
of Theorem 3 we have that the correlation matrix
of &% is wy = Wey = (0%)Twg,0? with o =1 and
ol =b? e {diag(l, 1, 1), diag(1, —1, —1), diag(—1, 1, —1),

diag(—1, —1, 1)}, that are the only diagonal orthogonal
matrices in R*? with det(b%)=1. Note that these
matrices satisfy condition (iii)) of Theorem 3. All

perfect QTPs, therefore, are those with resource state
Aab Ua ® Ub :3 (Ua)T ® (Ub)T with r= (®a)TTdBell®b
bemg its correlation matrix and with a POVM composed by
&t =U% @ Ui U @ (UY), with &% = B, whose
correlatron matrices are w = (0%)Tb?, Beu@

It is worth noting that, according to Theorem 3, for tele-
portation protocols that align, the POVM states can be written
as &1 = U2 ® U@ (U%)' ® (U)T, where U is one of the
local unitary operatrons that carries ,?)“b into its canonical
form. Therefore, the Bob’s qubit state ,om, after Alice’s mea-
surement, does not depend on U“. So, we can ignore this local
unitary operation.

Now, let us examine the scenario where UZ is a unitary

matrix such that U3 n76 (Us)" = (of,n)Té with of, a diagonal

1®1+ pB where ﬁ is one of the four Bell states. The solid lines correspond
, and the dashed lines to entangled states, i.e.,

< p < 1.In (a) and (e), the dashed arrows (green online)

matrix. In the case of diagonal matrices of’n,
way to satisfy condition (iii) of Theorem 3 is when o,
ands,, =sform=1,...,4.

Therefore, for these particular protocols considered, the
resource state has a correlation matrix r=rqo’ and the
POVM states have w,, = w¢,, = [b STy "withm=1,...,4,
ie., ® = @i . We refer to this kmd of protocol as deter-
ministic quantum teleportation protocols (DQTPs) that align.
For these protocols the Bloch vectors of the reduced states p*
and &y, are, respectrvely, r‘ =r? and ®f = (b%)Tw?, with
0! = o ——srd riform=1,...,4

cm

The perfect QTP,s=1,is a specral case of a DQTP that
aligns corresponding to r¢ = 0 and ry = r5l.

In the case of 1rnperfect alignment of the DQTP, where s <
1, the set of allowed values for the diagonal elements of ry
and s [r;l, as determined by the positivity conditions for the
density operators of the resource and POVM states, is quite
extensive.

Let us consider, as an example, all the protocols that align
for different values of s and Bloch vectors r{ in the sce-
nario s,, = s for all m. Figure 1 illustrates the sets of values
(r1, r2, r3), represented by the shaded red volume, for which
there exists a POVM that aligns for different values of [|r¢|]
and considering two different values of s. These regions are
determined by the positivity conditions on p® and & [see
inequalities (8)]. It can be observed that, as ||r¢| increases,
the set of solutions becomes smaller. In Figs. 1(a) to 1(d)

the only possible
=
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we consider s = 0.8; notice that in Fig. 1(d), correspond-
ing to ||r¢|| = 0.2, there is no solution. However, when we
reduce the average fidelity value as in Figs. 1(e) to 1(h)
where we take s = 0.7, a tiny set of solutions appears for
Ir¢|l = 0.2 [indicated by the solid arrows (red online) in
Fig. 1(h)].

V. NOISE IN DQTPs THAT ALIGN

For a deterministic QTP meeting the conditions in Theo-
rems 2 and 3, from Eq. (7) we have that (F)i¢ = 1 (1 +5) =
«. Therefore, we see that for a fixed value o < 1 i.e., fixed
s < 1, there exist different DQTPs that align giving rise to
the same average fidelity (see Fig. 1). These different pro-
tocols can be identified as the action of a one-qubit channel
over the perfect DQTP that aligns i)gb (% ® e?)[B] and

= (e Qe[ ,Bm] withm =1, , 4.

A generic one-qubit channel & can be described by the
affine transformation t°" = At 4 v of the vectors t" in the
Bloch sphere, where A and v are the matrix and the translation
vector of the channel, respectively [18].

Using the result in Appendix B it is shown
that the correlation matrix of p% = (¢* ® &’ MBI s
rg =A% A5 Bl where AY and N’ are the diagonal
matrices of the affine description of the channels &
and &, respectively. Note that, because the values of
the diagonal entries of ASAS are inside the tetrahedron of
allowed values for channels, the values of the diagonal
entries of rg =A% A, rBe!l are inside the tetrahedron
of allowed values for correlation matrices of two-qubit
states [18]. The Bloch vectors of the reduced states of

PP = (e“®eM)[B] are v¢ =1 and v’ =1l =0, with
V and v’ the affine vectors of the channels & and &?,
respectively. It follows that the channel £” must be unital. The
correlation matrix of the POVM states % = (6% ® £*)[B]
are Wey, = Slbl;z Ird (/\a /\b )— s Iba Bell Aa /\a [ba Be]l’
with Ay and A§ the matrlces of the afﬁne deSCI‘lpthl’l
of &% and &9, respectively. Then, we arrive at the first
condition

N(M)* s =5 1. )

The second condition, correlating channels on qubits a, a and
b, is

V= wf = —s (A4 L) Bl e, (10)

Notice that this last condition disappears if the channel &
is unital, i.e., with affine vector v¢ =r¢ = 0. Thus in this
case all the three qubit channels &%, &% and €® must be unital
to have a DQTP that aligns. It is worth noting that all the
more common noisy one-qubit quantum channels are of this
kind [18].

Conditions (9) and (10) show that, in general, the channels
&% &% and &? are correlated. Uncorrelated solutions of Eq. (9)
occur only when the channel matrices are independent. If
none of the channels is the identity (no noise), uncorrelated
solutions are only achieved when all the channels are the
same, i.e., /\‘Z = /\Z =N, =M and Ng = sil (which, in
turn, defines a depolarizing channel [18]). Because these
channels are unital, r¢ =0 so w? =0, condition (10) is
automatically satisfied. In this case, both the resource and

POVM states are Werner states, i.e., i)“” =W and c?)fln“ =W,
where W,, = @ﬁ®ﬂ+p/§m, with m=1,...,4, and W
being one the previous states. The noise parameter p satisfies
p= s%, for W and Wm V m. For each fixed value of s, i.e.,
fixed average fidelity, these DQTPs that align are spotted in
Figs. 1(a) and 1(e) with dashed (green online) arrows. These
are also the solutions of DQTPs that align corresponding
to uncorrelated channels, but with noise only in one or two
of the qubit systems of the protocol. In this case, the only
difference is that the depolarizing channels have a matrix
/\d = S% 1.

It is worth noting that the DQTPs that align corresponding
to uncorrelated noise in all the qubits are formed by entangled
Werner states when % <p= s2 <1, and by separable when
O<p= 52 < < 1 In the case of separable states, the average
ﬁdellty of the protocols ranges 0 < (F)alie < < 3 = (F)9,
with (F) the average fidelity corresponding to the classical
protocol [19,20]. This shows that entanglement is needed to
surpass the average fidelity of the classical protocol, both in
the resource state and also in the POVM states.

DQTPs that align with Werner states, i.e., = W and
d)f’n” =W, exist if the parameter that defines all W, states
is p = %, where p is the parameter that defines W. In these
W is ry = pn*g’e”,
=W, are weu = [b& SpBell Replacing in
rBell

protocols, the correlation matrix of p =
and those of &)¢

the positivity condition (8b), ry by wdm =

wl, =—r; lr“ = 0, we can rewrite this 1nequa11ty as pd (p —

cm
5)° (p + 3s) > > 0. The solution of this inequality, together with
0<s<1and —% < p < 1 [21], corresponds to two cases:
case (I) when s < p < 1 with 0 < s < 1, and case (II) when

—1 < p < —3s with 0 < s < §. We stress that only when

pP=p= sz the DQTP that aligns is associated with un-
correlated noise in the qubits. This is a particular solution
included in the case (I). Also, note that the DQTPs that
align with Werner states become standard noisy QTPs when
p=sands < 1so W, = Bm V m. When s = 1 it becomes the
perfect QTP. All these DQTPs that align with Werner states
need entanglement, both in the resource state and also in the
POVM states, to surpass the average fidelity of the classical
protocol.

and r{ by

VI. CONCLUSION

We demonstrate that the optimal quantum teleportation
protocols over random pure states, with a fixed average fi-
delity, are those that align the Bloch vectors of the input and
output states. In other words, t, = s,t, where s,, is inde-
pendent of the initial Bloch vector t, for any outcome m of
Alice’s measurement. This alignment results in output states
that are diagonal in the same basis as the initial state. In addi-
tion, these protocols effectively act as depolarizing channels
Om = Af,fp (p™), for each m. We characterize all the resource
states and POVM measures of these optimal protocols, which,
in turn, determine the rotation operation in the output state of
the protocols.

A remarkable type of aligned QTP is when s,, = s for all m.
These deterministic protocols are particularly relevant as they
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emerge when attempting to implement the perfect QTP under
the influence of correlated noise in qubit systems. Among
these protocols, we demonstrate the existence of one with
uncorrelated noise, corresponding to the same depolarizing
channel in the qubits. The amount of noise in this protocol
determines the average fidelity of the teleportation process, a
situation commonly encountered in experimental implemen-
tations [22]. Therefore, in such experimental scenarios, we
establish that the optimal QTP involves preparing a Bell state
as the resource state and employing a Bell measurement as a
POVM.
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APPENDIX A: POSITIVITY CONDITIONS ON THE DENSITY OPERATORS 5% AND &% THAT SATISFY THEOREM 2

Here we explicitly write down the inequalities that define the positivity conditions on the density operators % and &2 that

satisfy Theorem 2, following Ref. [15].
The positivity conditions on density operators p
vector r” is null these inequalities are

~ab

3—Irall* >
—2det(rq) — (lral* — 1) >
—8det(rg) + ([[rall* — 1)* — 4[|fal?

where ©y = det(ry) [rdl The correlation matrix rq =

> dflear?|” + x4 [200 = lIral®) -

of the form in Eq. (1) were given in Ref. [15]. When the marginal Bloch

’ (Ala)

2 (Alb)

2
el

(Alc)

(©@)r(o?)T = diag(ry, r2, r3) and the marginal Bloch vector rg = o“r?

correspond to the state in the canonical form p¢°. It is straightforward to show that when the matrix ry is invertible, i.e. det([r‘d) #*

0, the first equation is redundant.

Equivalently, the relevant positivity conditions on the density operators @2 that satisfy Theorem 2 are

—2det(wam) — (Iwvanl® = 1) > |of, .

—8det(wam) + (Iwamll* — 1)* = 4[(F)all* =

Now we know that

> 4| wan?, |+ 08 [ [200 = Iwanl®) = ] ]-

2 (A2a)

(A2b)

—1

Wdm = Smly

(Fanla = det(oiam) ) = — 2 Ly =

WimJa = CEam) Man = qetry s ¢ T det(rg) ¢
and

wﬁw = —smmglré‘.
Therefore,
1
Ivanl? = 52 |rg"|)” = det( et Fall®,
st
(S )all* = m” rall®,
—1 r¢ 2 _ m ~ _.a
o = i e = n s [

and

[ wam @]

F= sl =

~2 r¢
[det(r g ” H :
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Replacing these expressions into Eq. (A2) we arrive at the set of inequalities

—253 det(ra) — {s2IIFall® — [det@a)} = 52 |#ar?]”, (A3a)

—8s3 [det(ra)T® + {s2 174> — [det@a)?}* — 4suldet(ra)l*[Irall®
> 45t [#20)* — 52| Far? | ({2 I7all® — [detra)?} + 52 |Far?] ). (A3b)

Therefore, for given values of the Bloch vector r¢ and the parameter s,,, the set of allowed values of the matrix elements r; with
i = 1, 2, 3 are defined by the inequalities (Alb), (Alc), and (A3), i.e.,

—2det(rg) — (Irall® = 1 > 4], (Ada)
—8det(rg) + (Irgll® — 1 — 4[1Fal> = 4] mard|* + [ r*[201 = Iral®) — |r]7]. (Adb)
—253 det(ra) — {s2IIFall® — [det(ra)} = 52 |Far?]”, (Adc)
— 853 [det(r)T + {2 [1Fall? — [det) P} — 4shldeta)Plirall® =
> st [#3re|” = ok | Fare | (25217l = [detea)l} + 52 [Fare*). (Add)
Note that the left-hand side of inequality (A4b) is
finn)=0-rn—-n-rn-rn+n+r)l+rn—-—rn+r)l+rn+rn-—r)
= —8det(rq) + ([rall®> — 1)* — 4[1Fall. (AS5)

APPENDIX B: CALCULATION OF THE FANO FORM OF (¢° ® &)[p%]

Here we show the action of local arbitrary one-qubit channels on a two-qubit state given in the Fano form (1). An analogous
calculation with only one-qubit channel was performed in Ref. [23].

Lemma 1. Let ¢* and &” be one-qubit channels described by the affine parameters A%, v¢, and A”, v?, respectively, and let
p“? be an arbitrary two-qubit state given in Fano form in Eq. (1), then

(" @ eM[p®] = (ﬁ QL+ [E)A 4+ ()16 1+ 1 [(*)TA” + (v*)T16

EII

3 3
+Z Z [V“(vb)T + (/\H)Tra(vb)T + V?(rb)Tj\b + (AT /\b]ij('ii ®6;]. (B1)

i=1 j=1
Using the linear property of the quantum channels, we get

3
(e ® e")[p™"] = % ‘[ ® (1] + ()61 @ 6"[1] + 611 @ " [(")T61+ D 1ij (611 ® £”16]

i,j=1
1{. . .
=3 (11 QL+ [EHTAM+ )16 @1 +1®[")TA’ + (¥)T16(v)T6 @ (V*)Té

3
+ @A ® (VV)T6 + (V)6 @ ()TN 6+ Y [(A)T r N)uéi ® 6
k=1

= %(ﬁ ® ],i + [(ra)T/\a + (VQ)T]& ® ]’i + ]'i ® [(rb)TAb + (Vh)T]a’
3 3
)Y IVONT H AOTEOO)T VDTN + (AT e A6 @65 | (B2)
i=1 j=1

where we used that ¢[1] =1 + (v)76 and ¢[6;] = Z;zl Aij6; (so ¢[6] = Ad) that can be easily proven using the affine
representation of €.
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