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Coherence manipulation with stochastic incoherent operation
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An important problem in the coherent resource theory is the convertibility of coherent states by free operations.
In this paper we consider such a problem from a mixed coherent state into a pure one by using both stochastic
incoherent operations and incoherent operations. We prove that stochastic incoherent operations can transform
a mixed coherent state into a pure coherent state if and only if the density matrix of the initial state contains
a singular principal submatrix. Then we provide two sufficient conditions with explicit expressions for the
probabilistic transformation and the deterministic transformation. These two sufficient conditions facilitate the
construction of concrete operators of stochastic incoherent operations and incoherent operations. These results
demonstrate that incoherent operations are strictly more powerful than strictly incoherent operations within the
probabilistic transformation as well as the deterministic transformation.
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I. INTRODUCTION

Quantum coherence, or superposition, is an intrinsic fea-
ture of quantum mechanics and offers many advantages over
the classical world. The fact that quantum coherence is the
central component of many quantum information processing
protocols [1] gives rise to broad interest in areas such as
quantum communication, quantum computing, and quantum
cryptography.

Quantum coherence can be regarded precisely as resources,
which provide the advantages enabled by the quantum infor-
mation tasks, within the so-called resource-theoretic setting
[2-7]. The resource-theoretic framework consists of two el-
ements: a set of free states and a set of free operations
which specifically act invariantly on the free states [8—10].
For the resource theory of coherence, the free states en-
joy a simplified form, i.e., a diagonal density matrix on a
fixed computational basis. However, several free operations
are proposed via taking diverse physical and mathematical
motivations into consideration [5,6], such as maximal inco-
herent operations (MIOs) [2], incoherent operations (I0s) [4],
dephasing-covariant incoherent operations (DIOs) [11,12],
strictly incoherent operations (SIOs) [13,14], and physically
incoherent operations [8,15,16]. Here we focus on I10s, which
can be seen as generalized measurements that are performed
on a quantum system and coherence nongenerating for each
measurement outcome.

It is necessary to study the different free operation abilities,
which can help us make better use of them to manipulate co-
herence in practice. Thus, understanding their capabilities and
limitations is one of the fundamental problems posed in co-
herent resource theory. This can be formulated as the question
of resource convertibility: When can a coherent state be trans-
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formed into another under a given set of free operations? This
problem only has been fully resolved for the pure state case. It
was shown in Refs. [16—19] that determining the convertibility
between pure coherent states only requires one to compare
the majorization relationship of pure coherent states, i.e., by
using SIOs, 10s, and DIOs, the deterministic transformation
between pure coherent states must follow the majorization
condition. These results tell us that SIOs, I0s, and DIOs
possess the same operational capabilities in manipulating pure
coherent states, despite SIOs forming a strictly smaller set
than both IOs and DIOs. Moreover, SIOs are as powerful
as I0s and even MIOs in qubit transformations [16,20-26].
These trivial results characterize the corresponding determin-
istic transformations and show that the larger sets of free
operations I0s and DIOs do not give any advantage over SIOs.
In practical quantum information processing protocols, the
last step always refers to a quantum measurement, which itself
reflects the probability of the whole quantum operation. The
probabilistic transformation between pure coherent states via
SIOs was studied in Refs. [18,27]. Notable progress on the
above problem was presented in Ref. [28], where it was shown
that IOs and stochastic IOs can increase the dimension of the
maximal pure coherent subspace, which implies that there
is indeed an operational gap between 10s and SIOs under
coherent state transformations.

The purpose of the present article is to provide a compara-
tive investigation between SIOs and IOs. This is an extension
of Ref. [28] and covers its main results. The main contribu-
tions of this paper are as follows.

(i) Two complete characterizations of extracting pure co-
herence under stochastic 10s are provided for cases of the
target pure coherent state of coherence rank 2 and greater
coherence rank.

(ii) It is shown that a mixed state of rank m — 1 cannot be
converted to a pure coherent state under 10s, where m is the
number of the nonzero diagonal elements in the considered
mixed state.

©2023 American Physical Society
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(iii) Based on maximal linearly independent sets, a method
is introduced to transform a mixed state into a pure state under
stochastic 10s.

(iv) A simple and operable sufficient condition is proposed
for the deterministic 10 transformation which transforms the
initial state into a pure coherent state. Moreover, the specific
10 Kraus operators, which output the target pure state, can be
immediately constructed.

This paper is organized as follows. In Sec. II we recall
several notions of the quantum resource theory of coherence,
including IOs and stochastic 1Os. In Sec. III we present our
main results, i.e., we not only tackle and solve the condition
to transform a mixed coherent state into a pure one under
stochastic 10s but also provide a sufficient condition for such
a transformation under 10s. In Sec. IV we summarize and
discuss our results.

II. PRELIMINARIES

Let H be the Hilbert space of a d-dimensional quantum
system. A particular basis of H is denoted by {|i)}_,. Specif-
ically, a state § is said to be incoherent if it is diagonal in
the basis, i.e., § = Ef:18i|i)(i|, where the coefficients §; > 0
form a probability distribution. We use [ to represent the set
of incoherent states. Any state that cannot be called a diagonal
matrix is defined as a coherent state. For a pure coherent state
|@om) = Z?:l @;li), we will denote |@m)(@m| by ¢m, where
the bold subscript represents the number of nonzero diagonal
terms (¢; # 0), i.e., the coherence rank of the pure coher-
ent state ¢p,. In particular, the maximally coherent state of
dimension d is defined as |¥,;) = \/Lg Zf;l |i). For a mixed
coherent state p, we express ,/p as the column-vector form
(lp1)s 1p2)s - -, 1pa)), which plays a central role in the follow-
ing transformations.

We mainly investigate the transformation from a mixed
coherent state to a pure one (in short, a mixed to pure trans-
formation) by using both incoherent operations and stochastic
incoherent operations. An incoherent operation is a com-
pletely positive and trace-preserving (CPTP) map, expressed
as

N N
Ap) =) KupK = (VoK) VPK], (1)
a=1

a=1

where the Kraus operators K, satisfy not only 25:1 KiK, =
I but also KO,IKJ C I for all K,, i.e., each K, transforms an in-
coherent state into an incoherent state, and such a K|, is called
an incoherent Kraus operator (incoherent operator). With the
notion of incoherent operation, a stochastic incoherent oper-
ation is constructed by a subset of these incoherent Kraus
operators. Without loss of generality, we use the subscript
to represent the subset containing the incoherent operators.
Then a stochastic incoherent operation, denoted by Ags(p), is
defined as [28,29]

S i KapK} > et (VPKD /K]

Te(XE_ KapKd)  Tr(XE_ (VDKL) /PKS)
2)

As(p) =

FIG. 1. Ladder operator.

where the subset (K, Ka, . .., K.} satisfies Y ~_ KiK, <.
Clearly, the resultant state Ag(p) is obtained with probability
p=Tr(Y " _, K,pK]) under a stochastic incoherent opera-
tion Ag, while the resultant state A(p) is fully deterministic
under an incoherent operation A.

The following lemma characterizes the form of Kraus
operators belonging to an incoherent operation.

Lemma 1 (from [16,28-31]). (a) For an incoherent
operation A = Za Ka(~)K; , the form of K, is K, =
> Cail fu (D) il, where f, = {1,...,d} — {1,...,d} and the
coefficients c,; satisfy

Z C;icaj = 8ij~
a
JaD=fa(J)

(b) For an incoherent Kraus operator K, there is at most one
nonzero element in each column of K,. In other words, an
incoherent Kraus operator can be represented in the form

K, = (Z Caiga (D)) <i|>Pa, 3)
where g, : {1,...,d} — {1,...,d} is a nondecreasing func-
tion and P, is a permutation operator.

We note that the coefficients c,; of the incoherent oper-
ator K = ), cailga (1)) (i| mentioned in Lemma 1(b), where
g« {1,...,d} = {1, ..., d} is anondecreasing function, are
arranged in a ladder form, as shown in Fig. 1. This form will
be used repeatedly in the article.

Let A denote the dephasing map in the basis {[i)} |,
ie., A(:) = Zle |i)(i|(-)|i){i], and let ITg denote incoherent
projectors with the form ITg := ), ¢ |i)(i| for some subset of
indices § C {1, ..., d}. Moreover, we refer to SIOs, which are
all I0s with K(IIKO[ C [ for all incoherent operators K,, and
DIOs, which are all CPTP maps satisfying A o A = A o A.

Here we need to provide further details about the char-
acteristics of \/p = (|p1), |p2), - .., |pa)). It is worth noting
that /- is an operator function, which acts on the eigen-
values of the operator. As mentioned above, we express the
matrix ,/p by its column vectors. Besides p = NN
({oilpj))i, jef1,....q)> the following lemma gives general prop-
erties of these column vectors |p1), |02), ..., |oa)-

Lemma 2 (from [32]). Let |vy), ..., |vg) be vectors in an
inner product space V with inner product (-|-) and let G :=
((vilvj))i, j=1,...a» which is a d x d matrix. Then (a) G is
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Hermitian and positive semidefinite and (b) G is positive-
definite (nonsingular) if and only if the vectors |vy), ..., |vg)
are linearly independent. Here the matrix G is called a Gram
matrix.

The mixed to pure convertibility criterion under stochastic
SIOs is simply presented as the existence of a singular princi-
pal submatrix of order 2 on the incoherent basis representation
of the initial state [33-35]. By leveraging Lemma 2, we update
the complete characterization of the mixed to pure transforma-
tion under stochastic SIOs.

Given a d xd matrix M, for an index subset S C
{1,...,d}, we denote by M[S] the principal submatrix of
entries that lie in the rows and columns of M indexed by
S. For example, for a three-dimensional quantum state p =

b1t P12 P13

(P21 P22 p23), we have
P31 P32 P33
P11 P13
13)] = ,
pl113}] QM mg
e O 0

AN ={ 0 pn 0 umn=(%l 0)
0 0 o3 P33

In particular, for a Gram matrix G, we have
G[S] = (vilv)))i jes

forany S € {1,...,d}.

Lemma 3 (from [33—-35]). Given a d-dimensional coherent
state p, write ,/0 = (|p1), |02), - .., | pa))- Then the following
statements are equivalent.

(a) There exists a stochastic strictly incoherent operation
As(-) such that the resultant state Ag(p) is a pure coherent
state ¢, (m = 2).

(b) There is a subset S C {1, ..., d} with |S| = m such that

A)IST =Y (pil p L@ 4)

ieS
is positive and, for any i, j € S (i # j), the equation

det(ol{i. j}1) = (pilpi)(pjlp;) — (pilpj)(pjloi) =0 (5)

holds, where ! : S — {1, ..., m}is astrictly increasing bijec-
tion, i.e., [(i) > [(j) whenever i > j.
(c) Thereis a subset S € {1, ..., d} with |S| = m such that,

for any i, j € S (i # j), the column vectors |p;) and |p;) are
nonzero vectors and linearly dependent.

Note that Lemma 3(b) is equivalent to Theorem 1 in
Ref. [33], which provides the necessary and sufficient con-
ditions for the probabilistic mixed to pure transformation
via stochastic SIOs. Specifically, if there is an incoher-
ent projector ITy; j, (i,j € {l,...,d} and i# j) such that

i jy PTG jy

T = ¢2, then we have

<Pi|pj)>
pilpi)  {pjlp;)

Iy ey i, j3 = <<<10i|,0i>
_ (il
- ( pj|>(|pl>, loi)),

where  (pilpi){p;lp;) = (pilpj}{pjlpi). Due to the
Cauchy-Schwarz inequality, we note that (p;|0;)(p;lp;) =
(pilpj)(pjlpi) and the equality holds if and only if |p;)
and |p;) are linearly dependent. For more general cases,
combine Lemma 2 and Theorem 3 in Ref. [35], sustaining the
establishment of Lemma 3.

III. COHERENCE STATE TRANSFORMATION VIA
STOCHASTIC INCOHERENT OPERATIONS

We begin our study by observing the important role played
by individual incoherent operators of stochastic IOs under the
mixed to pure transformation task. This leads to the following
lemma.

Lemma 4 (from [28]). For a coherent state p there exists
a stochastic incoherent operation Ag such that Ag(p) = ¢.
There must be an incoherent operator K,, belonging to A g such

KupK]
that T kD

It is known that IOs, SIOs, and DIOs have the same power
in pure to pure transformations, which can be completely
characterized by majorization relations [17,19]. This yields
Psyio(Wm — ¢n) = 1 (n < m) and [18]

is the pure coherent state ¢.

P w 0, n<m
syo(gn — W,) = {minke[m] n Zfszkﬂ o nzm,
where we have assumed without loss of generality that the
coefficients of |¢,) = Z?=1 @;|i) are arranged in nonincreas-
ing order. Therefore, ¢, can be probabilistically transformed
into W, and vice versa. Apparently, it suffices to consider the
maximally coherent state W,, as the target state of the mixed to
pure transformation under stochastic 10s. Equipped with the
above knowledge, we can present the following theorem.

Theorem 1. Given a d-dimensional coherent state p, write
VP = (p1),1p2), ..., |pa)). Then the following statements
are equivalent.

(a) There exists a stochastic incoherent operation Ag(-)
such that the resultant state Ag(p) is a pure coherent state ;.

(b) There is a subset S C {1, ...,d} (S # ¥) such that

A)IST=Y (pil p L@ (6)

ieS
is positive-definite and the equation

det(p[S]) = det[((pilpj))i.jes] =0 (7

holds, where [ : S — {1,...,|S]|} is a strictly increasing bi-
jection.

(c) There is a subset S C {1, ...,d} (S # @) such that the
column vectors |p;) (i € S) are nonzero vectors and linearly
dependent.

Proof. (a) = (c). First, we show if the maximally coherent
state W, can be obtained from the initial state p via a stochas-
tic IO Ay, then there is a subset S C {1, ..., d} (S # @) such
that the linear system ,/pIls|x) = O has nonzero solutions,
which means that the column vectors |p;) (i € §), which make
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up the coefficient matrix of ,/pTls|x) = 0, are linearly depen-
dent, while the diagonal entries of p[S]= ({0:|p;})i jes are
nonzero.

According to Lemma 4, let us assume that we can obtain
the pure coherent state W, from the coherent state p by using
an incoherent operator K,, which belongs to Ag. We have

K.pK] (VPK)) DK}
— = e g, ®)
Tr(KapKS)  Trl(/pKa)! /PKd]

where |W,) = (\/%, \/%, ©)" and © represents the all-zero
matrix of appropriate size. According to Lemma 1(b), the
incoherent operator K, has the form

a;  a; a; 0 -~ 0
K,=|10 0 - 0 bp, - Dj|P 9
® ® ... ® ©® ... 0O

where P, is a permutation, ® represents the all-zero matrix of
appropriate size, and rank(K,) = 2. Substituting Eq. (9) into
Eq. (8), we can deduce the identity

VPK] = 1y) (¥l (Iy) #0),
where |y) = v2ailp1)+ -+ + V2l pr) = V2brs1 | pwr1y)
4+ 2bylps) i =Pi(@)and i,/ = 1,...,d]. Thus, we
obtain that (ay, ..., ax, —bg+1, .. ., —by)T is a nonzero solu-
tion of the linear system ﬁP; |x) = 0. Considering Lemma
2, we obtain that, as a positive-semidefinite matrix p, its
elements of the rows and columns corresponding to the zero-
diagonal elements, i.e., (p;|p;) = 0, are all zero. This means
that the linear system ,/pTlg|x) = 0 also has nonzero solu-
tions. Here S = {i | |p;) is a nonzero vector,i =1, ...,d}.

(¢c) = (a). First, we assume that S ={1,...,d'} (d <
d) and that the column vectors |p;) (i € S) are nonzero
vectors as well as linearly dependent. It follows that d’ >
r = rank(p[S]). Without loss of generality, we assume that
the vectors |p1), |p2),...,|pr) are linearly independent.
Second, suppose that a nonzero solution of the linear sys-
tem xi|p1) +x2002) + - + X q1lpr1) =0 (r+ 1< d') s
(a1, as, ..., a,, a4+1)" . Then we get the equation

ailp1) + azlp2) + -+ -+ arp1lpr41) = 0.

Then it is easy to get the following equation in terms of
complex conjugation:

ay(pil +ay{p2| +- - +ai,  (pr1] = 0.

Since |p,+1) 1S a nonzero vector, it means that a,, is also a
nonzero number. Using these two equations, we construct an
incoherent operator K,

ai a; ay 0 ]
K.=|0 ©0 0 —a,., © (10)
6 6 C) C) C)

for which © represents the all-zero matrix of appropriate size.
We can check that the equations

K,oK! = (VoK) /oK, (11)
ﬁ(ﬂ | .
= =l (—|y>,—|y>,®) (12)
V2
A V22
= (yly)¥, (13)

hold, where |y) = v2ailp1) + - -+ v2a,1p;) = —~/2a,4.1]
pr+1) # 0. Third, we carefully choose Y ., la;)> =1 (0 <
lar411> < 1) or Y0 lail*> <1 (la,11*> = 1) by the follow-
ing method. Assume that (x, x, ..., X41)T is feasible for
the linear system (|p1),|02), ..., |or+1))lx) = 0. Then, if
i il > [xa 2, let

T _ T
s - .« ..
(ar,az,...,a,, arq1) (1, X2, ..o, Xpg1)

1
21;1 |xi|2

and if not, let

1
T T
(a1, az, ..., ap, ary))’ = ——=(x1, X2, ..., x,41)".
V |xr-4—l|2

Thus, clearly KK, <1, as follows from |K]Kylle =
max{||K;Ko,u|| ueH, |lul <1}=1.

Finally, according to Lemma 2, we can easily get the im-
plications (b) = (c) and (c) = (b). This completes the proof.

Note that Theorem 1(b) is equivalent to Theorem 1 in
Ref. [29], which provides the criterion for a state to be dis-
tillable under stochastic 10s. Furthermore, we note that the
coherent state p with rank(p) = rank[A(p)] = r actually can-
not be converted into any coherent pure state because there is
no subset S, which makes A(p)[S] > 0 and det(p[S]) = O si-
multaneously hold. In a sense, this state is a full-rank coherent
state for the corresponding r-dimensional subsystem. In fact,
there is no incoherent operator that allows us to distill any co-
herent pure state from a full-rank state, even probabilistically
[27]. Further, this situation cannot be improved by embedding
a full-rank state in a larger quantum system.

Theorem 1 manifests that stochastic I0s are generally
stronger than stochastic SIOs when we want to transform a
mixed coherent state into the maximally coherent state W,
i.e., the probabilistic coherence distillation [27]. Theorem 1
shows that, under probabilistic coherence distillation, stochas-
tic IOs suit more general conditions than stochastic SIOs. In
addition, we note that each nonzero solution of the linear
system ,/pIlg|x) = 0 always corresponds to an incoherent
operator K, such that K, oK o 5.

As a supplement, we remind the reader that, for any two
incoherent operations A with Kraus operators {K!} and A,
with Kraus operators {Ké}, the operation A = Aj o Aj is also
an incoherent operation with Kraus operators {K, = KJK;}
because K},IK;,r C [ and ZV K;Ky = I. In addition, we know
that any permutation P and its inverse are SIOs. With this
knowledge, it is easy to show that, for an IO or a stochas-
tic 10, there is always an incoherent operator that can be
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given in the form

a daip - dyy
K, = 0 0 0 ar
0 0 0

Theorem 1 establishes necessary and sufficient criteria for
the existence of a stochastic IO mapping a given mixed state
p to any pure coherent state ¢, of coherence rank 2. In
particular, the explicit condition (b) is in terms of principal
subdeterminants of the incoherent basis representation of p.
In Theorem 2 we generalize analogous results to the target
pure coherent state of higher coherence rank.

Theorem 2. Given a d-dimensional coherent state p, write
VP = (p1),1p2), ..., |pa)). Then the following statements
are equivalent.

(a) There exists a stochastic incoherent operation Ag(-)
such that the resultant state Ag(p) is a pure coherent state ¢,
d>m>2).

(b) There is a subset S C {1, ...,d} (S # ) which can
be partitioned into m disjoint subsets Sy (s=1,...,m)
such that, for all s=1,...,m the column vectors |p;)
(i € S;) are nonzero vectors and the intersection of the
subspaces span({|p;)}ies,) includes nonzero vectors, i.e.,
dim[(", span({|pi)}ies, )] > 0.

ay,  di ay,
0 0 0
K, =
0 0 0
® O e

while rank(K,) =m. There are nonzero vectors
(a11, a1z, -, a1,)", (@21, ..., a2)", ..., (@mi, - - -, Gmy,)"
such that the following equations hold:
1
ﬁly) = (aulpn) + -+ +a,lp1,))

= (az1lp21) + -+ + az,102,,))

= (amilpm1) + -+ amtmlpmtm>)«
Here there is a bijection f:{1,....d} —>
{11, ...,11,21,...,2t>,...,ml, ..., m¢,} such that

f(i) =sj (j > 0) for which the boldface typeof s = 1,...,m
is used to mark the partition. Therefore, we can obtain the
subset S = {sj | |ps;) is a nonzero vector; s =1,...,m; j >
0}, which can be partitioned into m disjoint subsets
Sy = {sj | |ps;) is a nonzero vector, j > 0}, and meet the
conditions in (b) due to |y) € (i, span({|p;)}ics,)-

(b) = (c¢). For all s=1,...,m there is always a sub-
set S; (S; € S,) such that the principal submatrix p[S;] is

ay, 0 . 0 (14)
0 am1 e Amt,,

(c) There is a subset S C {1, ...,d} (S # ¥) which can be
partitioned into m disjoint subsets S; (s = 1, ..., m) such that,
for all s =1, ..., m, the column vectors |p;) (i € Sy) are not
only nonzero vectors but also linearly independent and the
intersection of the subspaces span({|p;)}ies, ) includes nonzero
vectors, i.e., dim[()i—, span({|p;)}ies,)] > O.

Proof. (a) = (b). By Lemma 4, it suffices to show that
if an incoherent operator K, transforms the initial state p
into the maximally coherent state W,,, then there is a sub-
set S C {1,...,d} (S # () which can be partitioned into m
disjoint subsets S; (s = 1, ..., m) such that the column vec-
tors |p;) (i € §) are nonzero vectors and the intersection of
the subspaces span({|p;)}ies,) includes nonzero vectors, i.e.,
dim[(", span({|p;)}ies.)] > 0.

Suppose K, pK] o< W,,; then we have (/pK})'\/p
K] o |Wy ) (Wal, ie., \/ﬁKJ = |y)(¥nl, where (¥,|=
(ﬁ, \/Lﬁ, el ﬁ, ®) and |y) is a nonzero vector of d ele-
ments. Here ® represents the all-zero matrix of appropriate
size. Consider the form of K, as

0 0 0
az, 0 0
, (15)
0 - ap, mt,
® ... © ®

nonsingular, i.e.,
det(p[S,]) > 0,

and the principal submatrix p[S; U {j}] (j € Ss; — S) is singu-
lar, i.e.,

det(p[S, U () =0 (jeS—S.

Thus, according to Lemma 2, the vectors |py) (i’ € S}) are
linearly independent, while the vectors |p;) (i’ € S; U {;j} and
j € Sg—S.) are linearly dependent for each s =1, ..., m.
Therefore, for all s = 1, ..., m there are vectors |p;) (i’ € S,
and S; C ;) such that the vectors |p;) (i’ € S}) are linearly
independent and

span({|pi)}ies;) = span({| pi) }ies, )-

(c)= (). For al s=1,...,m, the subspace
span({|p:)}ies,) is equal to the space of all vectors that may
be written as a linear combination of elements of {|p;)}ies,.
Suppose that there is a nonzero vector |y) such that |y) €
ﬂ;"zl span({|pi)}ies,). Specifically, there are nonzero vectors
(a1, a2, -, a1,)", (@21, ..., a2,)", ..., (@i, - - ., amy,)"
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such that the following equations hold:

Jm

ly) = (au1lpn) + - - + au, |p1y, )

= (az1lp21) + - - + az | p21,))

= (amilpm1) + -+ amtmlpmtm>)~

ay, ap a;‘zl
0 0
Ky=|:-
0 0 0
® 6 ®

for which ® represents the all-zero matrix of appropriate size.
It is easy to check that

Ky pK _
Tr(K,pKy)

because ||KOTK,)[||OO = max{||K;Kau|| tueH, |lul <1}=1.
This completes the proof. [ ]

Compared with the necessary and sufficient conditions for
the probabilistic mixed to pure transformation via stochastic
SIOs in Lemma 3(c), the conditions of stochastic I0s in The-
orem 2(c) cover these of stochastic SIOs. This is consistent
with the fact that SIO C 10, i.e., a strict inclusion relation.

We already know that a full-rank state cannot be converted
to a pure coherent state by I0s with certainty. For non-full-
rank states, we can make the following observation through
Theorem 2. We show that if the rank of the mixed coherent
state p is too large (rank[A(p)] — 1), it cannot be converted
to any pure coherent state by using IOs.

Proposition 1. Given a d-dimensional coherent state
p, write /p = (|p1),102),...,|pa)). Then the implication
(a) = (b) holds.

(a) There is a subset S C {1, ..., d} satisfying Tr(p[S]) =

W, KiK, <1,

1 which contains a subset S; with |S;| = |S| — 1 such that
A(p)IST= Z(pilpi)ll(i))ﬂ(i)l (17)
ieS

is positive-definite and the equations

det(p[S]) =0, (18)
det(p[$1]) > 0 (19)
hold, where ! : § — {1, ..., |S|}is a strictly increasing bijec-

tion.

(b) There exists no incoherent operation A(-) such that the
resultant state A(p) is a maximally coherent state W,, (d >
m 2= 2).

Proof. Note first that the initial state p is both a mixed
coherent state and a non-full-rank state, so we obtain
|S| > 2, that is, the case for qubits is excluded. With-
out loss of generality, we assume directly that A(p) =
Z?zl(pilpi)|i)(i| > 0. Here S = {1, ...,d}. Since det(p) =
0 and there is a subset S; with |S;| =d — 1 such that

Then we can construct an incoherent operator such that a
stochastic IO transformation p — W, can be achieved. We
choose that Z:tl’ |ai|?> = 1 holds for some I € {1,2, ..., m}
and Zﬁ'f |ax;|? < 1 holds for all k #landk €{1,2,...,m},
similarly to Theorem 1. There exists an incoherent operator
K, such that the coherent state p is transformed into W,,. Here
is the form of K,

0 0 ©
0 0 ©

, (16)
i Ty, ©
® ® o

det(p[S1]) > 0, the rank of p is d — 1. We suppose that
the vectors {|p1), |02), ..., |pia—1)} are linearly independent.
The linear equation x;|p;) 4+ x2|02) + - - - + x4|p4) = O has
a unique nonzero solution (ay, a,, ...,ag)" which satisfies
S Ma? =1, 0 < Jag)* < 1, due to the one-dimensional
solution space. Then we obtain two equations

ailp1) +az|p2) +---+aqlps) =0

and
ay(pi| +ay(pa| + - -+ ay{pal = 0.

Based on these two equations, we can construct an incoherent

operator
_ (% 0
Ko = <0 —a:’})
and obtain K, pK] /Tr(K,pK]) = W,. It is easy to check that
KK, <1 with |K!K,|lc = 1. At the same time, we get
Tr(KupK}) = Tr(ld)(d'|0[S1]) + laa|*(palpa) < 1,

due to

&
ag1
0

Tr(|a') (@ |p[S1]) < Y At(la') (@ DAt (plSi])
J

d—1
< hmax (PIS1]) < Y (il i)
i=1
and
d

> Apilpy =1,

i=1

where {)\j (M)}; are the eigenvalues of positive-semidefinite
matrix M in nonincreasing order, |a') = (ay, ..., g1 )T, and
Si={l,...,d -1}

We note that any two disjoint subsets S; and S, such
that the intersection space span({|p;)}ies,) N span({|pi)}ies,)
includes nonzero vectors is equivalent to the linear system
x1lp1) + x2102) + - - - + x41pa) = 0 with nonzero solutions.
Consider that the incoherent operator K, needs at least one
different incoherent operator Ky to achieve completion iden-
tity. However, any vector that is linearly independent with
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(a1, as, ...,aq)T cannot construct an incoherent operator to
distill W,, i.e., any vector that is linearly independent with
(ay, az, ..., aq)" is not a feasible solution to the linear system
x1lp1) + x2102) + - - - + x41pa) = 0. This means that any 10
satisfying completion identity cannot be used to transform p
into the maximally coherent state W, with certainty.

For the case of the maximally coherent state W,, (d >
m > 2), /o ={lp1),...,|pa)} has at most two disjoint sub-
sets which meet the conditions of Theorem 2(c). Thus, no
incoherent operators can transform p into W,, (m > 2). This
completes the proof of Proposition 1. [ ]

This result establishes a no-go theorem for deterministic
coherence distillation [33], showing that there is no IO that
can distill any perfect coherence from a d-dimensional coher-
ent state, which has nonzero diagonal entries and rank d — 1
(d > 2). According to Theorem 2, the result of Proposition 1
is also suitable for a generic pure state ¢y, and covers the result
of Theorem 3 in Ref. [28], which presents the same viewpoint
for three-dimensional quantum states.

However, the conditions in Theorem 2 are very complex
and difficult to verify. It could thus be interesting to provide
an uncomplicated condition that involves the principal subde-
terminant of the incoherent basis representation of p. To do
this, we now make an observation that shows the relation be-
tween the maximal linearly independent vectors among given
vectors and the principal subdeterminant of the corresponding
Gram matrix.

Lemma 5. Let |vy), ..., |vg) be vectors in an inner product
space V with inner product {-|-) and let G = ({v;|v;));, j=1
If vectors |vy), ..., |vg) are linearly dependent, i.e., det(G) =
0, then there is always a nonempty proper subset S such
that det(G[S]) > 0 and det(G[S U {,j}]) = O hold forall j € S.
Here S is the complement of the subset S.

We define the above vectors |v;) (i € S) as a maxi-
mal linearly independent set of |vy),..., |vs), where S C
{1,2,...,d}. By Lemma 5, we readily obtain one sufficient
condition with an explicit expression, which is a common
way to find a partition of the incoherent basis associated with
maximal linearly independent sets.

Theorem 3. Given a d-dimensional coherent state p, write
P = (p1),102), ..., |pa)). Then the implication (a) = (b)
holds.

(a) There is a subset S C {1, ...,d} (S # ¥) which can be
partitioned into m (m > 2) disjoint subsets Sy (s =1, ..., m)
such that the equations

det(p[S;]) > 0, (20)
det(p[S; U {j}) =0 21

hold, where s = 1,...,mand j € [ J;_,, S

(b) There exists a stochastic incoherent operation Ag(-)
such that the resultant state Ag(p) is a pure coherent state ¢y,
(m > 2).

Proof. Without loss of generality, we suppose that, for
Vo =Up1),1p2), ..., |pa)), the column vectors |p;) (i =
1,...,d) are all nonzero vectors and S = {1, ..., d}.

By Lemma 5, we can find a maximal linearly in-
dependent set of |p1), |p2),...,|pq) and represent it by
lp11), lp12), ..., lp1y). We repeat this process, finding a

maximal linearly independent set of the remaining vectors.
Suppose that the second maximal linearly independent set is
denoted by |p21), |022), - - -, | p2,). We continue to do the same
thing and get the vector sets

{lon), 1p2), - lpad),  S={1,....d}
{|pll)’ |1012>7 ey |pll]>}7 Sl = {117 127 ey ltl}y
{lp21), 1p22), - lp2) ), S2 =1(21,22, ..., 20},
{|pl‘1)ﬂ |pr2>v L) |prt,>}» SI’ - {r17 r27 L) rtr}

and employ the following relations, respectively:

det(p[S1]) > 0,
det(p[S2]) > 0,

det(p[S1 U {j}]) =0V je S-S,
det(p[S2 U {j}]) =0V j €S =81 -5,

det(o[S,]) > 0, S, =8—U_]S,.
Distinctly, there is a bijection f:{l,...,d}—
{11,...,1#,21,...,2t>,...,rl, ..., 1t} such that
f@)=sj(@i=1,...,d and j > 0) for which the boldface
type of s = 1, ..., r is used to mark the partition. According

to statement (a), which shows there is an m partition
associated with maximal linearly independent sets under
the subset S = {1, ..., d}, we thus have r > m. For the case
of r < m we need to do the previous process after applying
a permutation operator to the subset S until we get the
desired result. Altogether, an m partition of maximal linearly
independent sets is obtained by the above method.
Subsequently, there are nonzero
(amt, - am,)' s oy (@ar, - a)T (@, ano, -
such that the following equations hold:

vectors
T
L) al[] )

lY) = amilpmi) + - -+ + dmy, | Omi,) 7 O

sl-

and

Am1|Pm1) + -+ + amzm|,0mzm)

= am-11lPm-11) + -+ Am-11,_, |pm71tm—l>

=anlpn) + - +alp1,). (22)

Here we start from the last maximal linearly independent set.
Because the latter maximal linearly independent set always
can be linearly represented by the former, this construction
method is feasible.

Then we can construct an incoherent operator in a similar
way to Theorem 2 such that a stochastic IO transformation
o — ¥, can be achieved. This completes the proof. [ |

Theorem 3 provides a relatively simple and operable
method for the probabilistic transformation via stochastic IOs,
for the mixed to pure transformation task. We illustrate the
strategy in Theorem 3 by the following example.
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Example 1. Let p = 51¢1)(¢1] + 51¢2) (2], where

o) = —— (43,75, 25,

52
1
o) = —=(=3,4, =25, V/5)".
@2 Sﬁ
We can get
25 VA
y L
5 245
p=1] 0 e e
£ 0
and
25 VA
A A
1 0 1 _M5  2V5
VP = N
V212 -9 10
£ 0

We thus obtain the following vectors:

|p1)=L<l 0, — 25 f) ,

55
1
lp2) = —(0, 1, -

22\ 5 5

1 (V5 245
= — ,—,0,1
[04) 2ﬁ< 5 s )

The maximal linearly independent partition of the vectors
lo1), 1p2), 1p3), and |p3) is provided,

S1 = {lp1), lo2)},
8> = {lp3), |p4)},

by straightforwardly computing the corresponding principal
subdeterminants of p.
4 3\T (1 2T
Furtherrnore we (5, 5) , (7375) and
(= 5, S)T J§’ Jg)T, which are nonzero solutions of

the linear system xi|p1) + x2|02) = x3]|03) + x4]04). We thus
construct the incoherent operators Kj and K,

have

4 3
= 0 0
Ko=<8 d . L>,
5 V5
3 4
-3 4 0 0
_ 5 5

By directly calculating, we have Kg Ky +K If Ky =1 and
KopK] = KipK| = 1 W,.

In fact, different selection orders of vectors may lead to dif-
ferent numbers of components concerning the corresponding

partition of maximal linearly independent sets. That reflects
different coherence ranks for the final pure state. The follow-
ing is an explicit example.

Example 2. Let p = ¢|y1) (1] + 2[2)(V2l, where

W) = —=(1, -1,0,0)"
1 - \/5 ’ 9 ) )
1
=—(1,1,2,2)".
) = = )

We can get a partition with maximal linearly independent sets
{1, 2}, {3}, and {4}, while the density matrix

1 0 1 1
_1l0 1 1 1
P=sl1 1 2 2
1 1 2 2
with
1+/5  1=v/5 2 2
NG NS V55
1 -5 145 2 2
_ V5 5 5 5
b I A T |

NG NG NV
2 2 4 4
NG NG V55

has another partition with maximal linearly independent sets
{1, 3} and {2, 4}.

We note that the deterministic conver-
sion of a general quantum state into a
coherent pure state under IOs has not been fully characterized.
This leads us to investigate other relationships between the
submatrices of the initial state o and the column vectors of /o
as shown in Lemma 3. For two index sets S1, S» € {1, ...,d},
we denote by M[S1, S»] the submatrix of entries that lie in the
rows of M indexed by S; and the columns of M indexed by
S,>. We observe that the unitary equivalence between column
vectors is equivalent to the identity relationship between
submatrices of the corresponding Gram matrix.

Lemma 6. Let |vy), ..., |vg) be vectors in an inner product
space V with inner product (-|-) and let G = ((v;|v}));, j=1,....d-
Then the following statements are equivalent.

(a) For two disjoint subsets S1, S, € {1, ..., d} with ||| =
|S2[, the vectors |v;) (i € Sy) and |v;) (j € S,) are unitarily
equivalent, i.e., there is a unitary matrix U, which is an |S;| x
|S1| matrix, such that (|v;))ies,U = (|v;))jes,-

(b) The principal submatrices G[S;] and G[S,] satisfy one
of the two equations

GISi1 = V/GIS:, $:1GIS,, S1l, (23)

GIS2] = /GISy, S11GIS), Sa]. (24)

Proof. First, let us show our proof with the following ex-
ample, i.e., if

(val

Gl{a, b, c}] = | (vl | (va), lv), lve)) (25)
(vel

=/Gla, b, c}, {a', b, }IG[{d', ¥/, ¢}, {a, b, c]],

(26)
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then vectors |v,), |vp), |ve) and |vy), |vy), |ve) are unitar-
ily equivalent, where {a,b,c},{d’,b,c'} C{1,...,d} and
{a, b, c}{d, ¥, '} = @. According to the singular value the-
orem, there are unitary matrices U, and Vi such that

(val
Gl{a, b, ¢}, {d, b, N = | (] |(lva) lvw) [ve)) = ULDV,
(vel
and
(Ua’| R
G[{a/, b/v C’}v {Cl, b7 C}] = <vb’| (|Ua> |Ub) |UC)) = VRDUli
(Uc’|

due to G[{a,b,c},{a .V, c'}]=Gl{d, b, '}, {a, b,c}]’ for
the Hermitian matrix G following Lemma 2(a), where the
matrix D is a diagonal matrix. Then, combined with Eq. (26),
the following reasoning process is presented:

(vl
D = U] | (w] | (lv) lvw) [ve))Vi
(ve|

(vl
= U, | (sl | (1va) [vp) [ve)) UL
(vel

We get the desired result,
(Jva) 1vp) lveDUL = (Jvar) (V) V) )VR.

For more general cases, it can be proved in the same way.
On the other hand, it is obvious that if vectors |v;) (i € Sy)
and |Uj) (j €Sy, with§1,8, c{l,...,d},S$1NS, =@, and
|S1] = |S2], are unitarily equivalent, then the corresponding
submatrices are easily checked to satisfy Egs. (23) and (24).

Using Lemma 6, we construct a class of IO deterministic
transformations that contain the important example presented
by Theorem 4 in Ref. [28], which demonstrates a mixed to
pure transformation beyond the capabilities of SIOs. In partic-
ular, the following theorem characterizes a sufficient condition
of mixed to pure transformations by 10s. We will see later that
this type of mixed to pure transformation can be achieved by
DIOs too, because we construct concrete incoherent operators
that also satisfy the properties required by DIOs.

Theorem 4. Given a d-dimensional coherent state p, write
VP =(p1),1p2), ..., |pa)). Then the implication (a) = (b)
holds.

(a) There is a subset S C {1, ..., d} satisfying Tr(p[S]) =
1, which can be partitioned into m (m > 2) disjoint subsets S

(s=1,...,m)with |S;]| = |S2] = --- = |S,,| such that
A(p)[S] = Z(pilm)ll(i))(l(i)l (27)
ieS
is positive-definite and, for s = 1, ..., m — 1, the equation
pLS;1 = V/plSs. Ss4110[S,Ss+1] (28)

holds, where [ : S — {1, ..., |S|} is a strictly increasing bi-
jection.

(b) There exists an incoherent operation A(-) such that the
resultant state A(p) is a pure coherent state ¢p, (m > 2).

Proof. Without loss of generality, we assume directly that
A(p) = Z?:l (pilpiY i) (i| > 0. According to Lemma 6, there
arem, Vyand t xt (t = % and s = 1, ..., m) unitary matri-
ces such that (|0;))ies, V1 = (10i))ies,V2 = - - - = (|0i))ies,, Vins
where the disjoint subsets satisfy U?:l Sy ={1,...,d}. Then,
without loss of generality, we suppose that

ViDV' VDV ViDV}

. VaDV, V2DV, VDV
p=+pp= : @

V,,.DV' VDV, V,, DV,

where D is a diagonal matrix. We construct the IO A, whose
incoherent operators {K,} have the form

Vel ©& - 0O
© (Vul - 6
Ko =1 . , . . P (30)
S} C) (Vi

where |Vy,) is the ath column vector of Vi and ® repre-

sents the all-zero matrix of appropriate size (s=1,...,m
and o =1,...,t). In other words, we express V; as
(IVs1)s IV2), - . ., [Vi)). According to the above incoherent op-

erators’ definition, we get

{(a|Dler)  (a|Dlar) (a|Dlax)
- {@[Dla)  («|D]a) (a|Dler)
ap a:

{a|Dler)  (a|Dlar) (| Dlex)

dy dy dy

dy dg dqy

d, d, - d,

= (mdy)W¥m,

where d, = («¢|D|a), @ =1, ..., t. Thus, we get that A(p) =
>, KapK] = Wp,. In addition, we can verify the completion
identity of IO A through the following steps. Noting that

Vig) (Vial C) C)
® Vou ) (Voo ®
KK, = ' V2 >.( M . . ’
) C) [Vina) (Vina|
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we obtain that

®
e

Za |Vla> (Vlozl
> KiK. =
I.

Finally, because the maximally coherent state W,, can be
transformed into any pure coherence ¢y, and the concatenation
of 10s is still an IO, we can always find an IO A’ to make the
equation A’(p) = ¢p hold. This completes the proof. [ |

It was shown in Ref. [34] that almost all states, except
for states whose density matrix contains a rank-1 submatrix,
are bound coherent under SIOs. Theorem 4 shows that there
exist bound states under SIOs such that the probability of
the coherent distillation by IOs can be reached up to 1, as
illustrated by Example 1. Here

o= ool + L) gl
2.5 J5
1 o =% ¥
NN
Y B e
-0
A 245
5 5 0 1
1 1
o Lo
(JI @) o 4+ o0 ! (]1 @)
= 1 1 ]
@ V 4 O i 0 @ \%
0 % 0 %

where

25 _ 5

V: 5 5
(ﬁ 2ﬁ>

5

5

and O represents the all-zero matrix of appropriate size.
Next we remind the reader of the notion |V;;) denoted by
[16]

(JIK1l7)
(J1K27)

Vi) = (31)

1Kol

and the following lemma.

Lemma 7 (from [16]). Using the notion of Eq. (31), a
CPTP map A is a dephasing-covariant incoherent operation if
and only if there exists a conditional probability distribution
{rj;i} such that

(ViilVii) = rjiidjj,
ViilVii) = rjidie.

® ®
®

2o [Vau) (Voo |

® Y Vi) (Vinal

Corollary 1. The incoherent operation in Theorem 4 is a
dephasing-covariant incoherent operation.

Proof. With the construction of incoherent operators as
shown in Eq. (30), we can easily check that (V;;|V;) =
5,‘,‘/ and <ij|,'|Vj|[> = 8”‘/, when |Vj‘,‘>, |Vj’|i) 7& 0, where i, i =
1,...,mand j, j/=1,...,d. We note that if

*
Viiy =111,
*
then
0
Vi) =1 ¢
0

when j # j*, where » represents a nonzero number, i €
{1,...,m},and j, j* € {1, ..., d}, because nonzero elements
in each row of K, for all & are in the same positions. We obtain
the equations

(VinilVijii) = rjiidjj,
Vil Vi) = rjiidii»

where if |Vj.;) # 0, rj«; = 1; otherwise r;; = 0, with i,7' €
{1,...,m}and j, j, j* €{1,...,d}. [

Corollary 1 shows that DIOs also possess an opera-
tional advantage compared with SIOs, which is an unex-
pected conclusion and was not suggested in any previous
work.

IV. CONCLUSION

In summary, we have investigated the mixed to pure
transformation by using both stochastic IOs and 10s. Under
stochastic 1Os, we first proved two equivalence conditions for
the case of coherence rank 2 and greater coherence rank of the
target pure state. Then we provided two sufficient conditions
with explicit expressions for the mixed to pure transformation
under stochastic IOs and IOs, respectively. We showed that
such sufficient conditions are in favor of the construction of
concrete operators of stochastic I0s and IOs. Our results show
that stochastic IOs and 1Os for extracting pure coherent states
do not depend on the nonzero pure coherent subspace of the
initial state, which is the sufficient and necessary condition for
these transformations under stochastic SIOs and SIOs [28].
This means that IOs are generally stronger than SIOs when
we want to transform a mixed coherent state into a pure co-
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herent one. Our work enriches the study of the mixed to pure
transformation under stochastic IOs and 10s. In addition to the
problems of obtaining maximum probability under concrete
incoherent operators, it would be of interest to analyze the
equivalence condition of the mixed to pure transformation
under 10s.
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