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Reduced dynamics with Poincaré symmetry in an open quantum system
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We consider how the reduced dynamics of an open quantum system coupled to an environment is realized
in the Poincaré symmetry. The reduced dynamics is described by a dynamical map, which is a quantum
channel (a completely positive and trace-preserving linear map) given by tracing out the environment from
the total unitary evolution without initial correlations. We investigate the dynamical map invariant under the
Poincaré transformations and discuss how the invariance constrains the form of the map. Based on the unitary
representation theory of the Poincaré group, we develop a systematic way to construct the dynamical map with
the Poincaré invariance. Using this method, we derive such a dynamical map for a spinless massive particle,
and the conservation of the Poincaré generators is discussed. We then find the map with the Poincaré invariance
and the four-momentum conservation. Further, we show that the conservation of the angular momentum and the
boost operator makes the map of a spinless massive particle unitary.
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I. INTRODUCTION

It is difficult to isolate a quantum system perfectly, which
is affected by the inevitable influence of a surrounding envi-
ronment. Such a quantum system is called an open quantum
system. Since we encounter open quantum systems in a wide
range of fields such as quantum information science [1,2],
condensed-matter physics [3,4], and high-energy physics [5],
it is important to understand their dynamics. In general, the
dynamics of an open quantum system, the so-called reduced
dynamics, is very complicated. This is because the environ-
ment may have infinitely many uncontrollable degrees of
freedom. One needs the effective theory with relevant degrees
of freedom to describe the reduced dynamics of an open
quantum system [2].

As is well known, symmetry is a powerful tool for captur-
ing relevant degrees of freedom in the dynamics of interest.
For example, let us focus on the symmetry in the Minkowski
space-time, which is called the Poincaré symmetry. Imposing
the Poincaré symmetry on a quantum theory, one finds that
quantum dynamics in the theory is described by the funda-
mental degrees of freedom such as a massive particle and a
massless particle [6]. The approach based on symmetries may
provide a way to get the effective theory of open quantum
systems.

In this paper we discuss the consequences of the Poincaré
symmetry on the reduced dynamics of an open quan-
tum system. This is motivated by the desire to understand
relativistic theories of open quantum systems (see, for
example, [7–15]) and the theory of quantum gravity. At
the present time, quantum mechanics and gravity have not
been unified yet. This situation has prompted the pro-
posal of many models of gravitating quantum systems. In
Ref. [16] the model of a classical gravitational interaction
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between quantum systems was proposed, which is called the
Kafri-Taylor-Milburn model. In addition, the Diósi-Penrose
model [17–19] and the Tilloy-Diósi model [20] were ad-
vocated, for which gravitating quantum system intrinsically
decoheres. The above models are formulated in nonrela-
tivistic theories of open quantum systems. One concern is
how they are incorporated in relativistic theories. This paper
would help to obtain a relativistic extension of the above
models.

For our analysis, we describe the reduced dynamics of an
open quantum system by a dynamical map. The dynamical
map is a quantum channel obtained by tracing out the environ-
ment from the total unitary evolution with an initial product
state. It is known that the dynamical map (the quantum
channel) is a completely positive and trace-preserving linear
map and has an operator-sum representation given by Kraus
operators [2,21–23]. We consider the condition of a dynamical
map invariant under the Poincaré transformations. It is first
shown that this condition is satisfied for unitary evolution in
quantum theory with the Poincaré symmetry. We then con-
sider how the condition restricts the form of Kraus operators
associated with the dynamical map. With the help of the repre-
sentation theory of the Poincaré group, we obtain a systematic
way to deduce the Kraus operators.

Applying this method, we get a model of the dynamical
map of a spinless massive particle. Discussing the conser-
vation of the Poincaré generators, we obtain the following
consequences. (i) There is the nonunitary dynamical map (i.e.,
nonunitary channel) with the Poincaré invariance and the four-
momentum conservation. (ii) If we impose the conservation
of the Poincaré generators, then the map of a spinless massive
particle is reduced to the unitary map (i.e., unitary channel)
generated by the time-translation operator. These imply that
the Poincaré symmetry can strongly constrain the reduced
dynamics of an open quantum system. We further discuss a
covariant formulation of the dynamical map with the Poincare
invariance.
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The structure of this paper is as follows. In Sec. II we
discuss the dynamical map describing the reduced dynamics
of an open quantum system and introduce the invariance of
the dynamical map. In Sec. III we derive the condition that
the dynamical map is invariant under the Poincaré group.
In Sec. IV, focusing on the dynamics of a spinless massive
particle, we present a model of the dynamical map with the
Poincaré invariance. We then investigate the model in terms
of the conservation law of the Poincaré generators. Section V
discusses a covariant formulation of our theory. Section VI
provides a summary. The natural unit h̄ = c = 1 is used in
this paper.

II. QUANTUM DYNAMICAL MAP AND ITS SYMMETRY

In this section we consider the reduced dynamics of an
open quantum system and discuss the symmetry of the dy-
namics. The reduced dynamics is given as the time evolution
of system density operator. The evolution from a time slice
τ = t0 to τ = t is assumed to be given by

ρ(t ) = �t,t0 [ρ(t0)] = TrE[Û (t, t0)ρ(t0) ⊗ ρEÛ †(t, t0)], (1)

where ρ(τ ) is the system density operator, ρE is the den-
sity operator of an environment, and Û (t, t0) is the unitary
evolution operator of the total system. In this paper the map
�t,t0 is called a dynamical map, which has the property of
being completely positive and trace preserving [2,21–23]. The
dynamical map �t,t0 is rewritten in the operator-sum represen-
tation

�t,t0 [ρ(t0)] =
∑

λ

F̂ t,t0
λ ρ(t0)F̂ t,t0†

λ , (2)

where F̂ t,t0
λ are the Kraus operators. Note that this generally

follows from Eq. (1) (see Appendix A). The Kraus operators
satisfy the completeness condition∑

λ

F̂ t,t0†
λ F̂ t,t0

λ = Î, (3)

which guarantees the trace-preserving property
Tr{�t,t0 [ρ(t0)]} = Tr[ρ(t0)]. In the operator-sum representa-
tion, λ takes a discrete value. When λ is a continuous value,
we should replace the summation

∑
λ with the integration∫

dμ(λ) with an appropriate measure μ(λ). It is known that
two dynamical maps � and �′, with

�[ρ] =
∑

λ

F̂λρF̂ †
λ , �′[ρ] =

∑
λ

F̂ ′
λρF̂ ′†

λ , (4)

are equivalent to each other (i.e., �[ρ] = �′[ρ] for any den-
sity operator ρ) if and only if there is a unitary matrix Uλλ′

satisfying
∑

λ Uλ1λU∗
λ2λ

= δλ1λ2 = ∑
λ Uλλ1U∗

λλ2
and

F̂ ′
λ =

∑
λ′

Uλλ′ F̂λ′ . (5)

This is the uniqueness of a dynamical map [2,21–23].
To introduce symmetry in the above formulation, we

schematically consider the differential equation of the density
operator

dρ(τ ) = dLτ [ρ(τ )], (6)

whose solution is ρ(t ) = �t,t0 [ρ(t0)] from a time slice τ = t0
to τ = t . For example, if dLτ = dτL with a Lindbladian L,
then �t,t0 = eL(t−t0 ), which is nothing but the superoperator
of the quantum dynamical semigroup [2,21,22,24,25]. The
differential equation (6) is called covariant if the equation

dρ ′(τ ) = dL′
τ [ρ ′(τ )] (7)

holds under a transformation with ρ(τ ) → ρ ′(τ ) and dLτ →
dL′

τ . The map dLτ is invariant under the transformation when
dL′

τ = dLτ . This leads to the equation

dρ ′(τ ) = dLτ [ρ ′(τ )]. (8)

We adopt the transformation rule given by ρ ′(τ ) =
Ûτ (g)ρ(τ )Û †

τ (g), where Ûτ (g) with g ∈ G is the unitary repre-
sentation of a group G. Substituting ρ ′(τ ) = Ûτ (g)ρ(τ )Û †

τ (g)
into dρ ′(τ ) = dLτ [ρ ′(τ )] and solving the differential equa-
tion, we get

Ût (g)�t,t0 [ρ(t0)]Û †
t (g) = �t,t0

[
Ût0 (g)ρ(t0)Û †

t0 (g)
]
. (9)

This defines the dynamical map �t,t0 as being invariant under
the group G, which was introduced in Refs. [23,26,27]. In the
next section we will see that Eq. (9) holds for unitary evolution
in quantum theory with the Poincaré symmetry. Our aim is to
extend this to a general dynamical map and to construct the
map which is invariant under the Poincaré group.

III. DYNAMICAL MAP WITH POINCARÉ INVARIANCE

In this section we consider a quantum theory with the
Poincaré symmetry and introduce the dynamical map with the
Poincaré invariance. The generators of the unitary representa-
tion of the Poincaré group [6] are given by

P̂μ =
∫

d3x T̂ 0μ, Ĵμν =
∫

d3x M̂μν0, (10)

where T̂ μν is the energy-momentum tensor of a system and
M̂μνρ is defined as

M̂μνρ = xμT̂ νρ − xν T̂ μρ. (11)

In the Schrödinger picture, the components of the generators
are

Ĥ = P̂0 =
∫

d3x T̂ 00(x, 0), (12)

P̂i =
∫

d3x T̂ 0i(x, 0), (13)

Ĵ i = 1
2ε jkiĴ jk =

∫
d3x ε jkix j T̂

0
k (x, 0), (14)

K̂ i(t ) = Ĵ i0 =
∫

d3x[xiT̂ 00(x, 0) − t T̂ 0i(x, 0)], (15)

where we note that the boost generator K̂ i(t ) explicitly de-
pends on a time t . The operators satisfy the Poincaré algebra,

[P̂i, P̂j] = 0, (16)

[P̂i, Ĥ ] = 0, (17)

[Ĵi, Ĥ ] = 0, (18)
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[Ĵi, Ĵ j] = iεi jk Ĵk, (19)

[Ĵi, P̂j] = iεi jkP̂k, (20)

[Ĵi, K̂ j] = iεi jkK̂k, (21)

[K̂i, P̂j] = iδi j Ĥ, (22)

[K̂i, Ĥ ] = iP̂i, (23)

[K̂i, K̂ j] = −iεi jk Ĵk . (24)

For later analysis, we clarify the explicit time dependence of
the boost generator K̂(t ) = [K̂1(t ), K̂2(t ), K̂3(t )]. Since the
boost operator is conserved during the evolution generated
by the system Hamiltonian Ĥ , we have the conservation law
dK̂H(t )/dt = 0, with K̂H(t ) = eiĤt K̂(t )e−iĤt . The solution of
dK̂H(t )/dt = 0 is K̂H(t ) = K̂H(0) = K̂(0) and hence we get

K̂(t ) = e−iĤt K̂(0)eiĤt , (25)

where

K̂(0) =
∫

d3x xT̂ 00(x, 0). (26)

Let us assume that the system dynamics is described by
a dynamical map �t,t0 from ρ(t0) to ρ(t ) = �t,t0 [ρ(t0)],
where ρ(τ ) is the system’s density operator. According to
Eq. (9), the Poincaré invariance of the dynamical map is
formulated as

Ût (	, a)�t,t0 [ρ(t0)]Û †
t (	, a)

= �t,t0

[
Ût0 (	, a)ρ(t0)Û †

t0 (	, a)
]
, (27)

where the unitary operator Ût (	, a) depends on the proper
(det	 = 1) orthochronous (	0

0 � 1) Lorentz transformation
matrix 	μ

ν and on the real parameters aμ of space-time trans-
lations. The unitary operator Ût (	, a) generated by Ĥ , P̂ =
[P̂1, P̂2, P̂3], Ĵ = [Ĵ1, Ĵ2, Ĵ3], and K̂(t ) has the group multi-
plication rule

Ût (	
′, a′)Ût (	, a) = Ût (	

′	, a′ + 	′a), (28)

where we adopted the nonprojective unitary representation of
the Poincaré group [6]. The time dependence of Ût comes
from the boost generator K̂(t ).

Here it is worth discussing the present approach and em-
phasizing the scope of this paper. One may imagine that the
reduced dynamics of a system is not Poincaré invariant even
if the total dynamics of the system and its surrounding en-
vironment (1) are Poincaré invariant. In the present analysis,
we just investigate the form of the dynamical map satisfy-
ing (27) and we do not care about how such a dynamical
map is derived from the total dynamics of the system and
the environment. In general, the system’s reduced dynamics
depends not only on the interaction Hamiltonian between
the system and its surrounding environment but also on the
initial state of the environment. Hence, it is possible to find
equivalent reduced dynamics obtained from different models
of environment. From this viewpoint, the approach based on
a dynamical map (quantum channel) is independent of how

the map is derived from possible models. Nevertheless, it is
important for discussing what model of environment gives the
dynamical map with the Poincaré invariance. This would help
us to grasp a physical picture of the present approach. In this
paper we do not investigate such a model.

Before we start analyzing the dynamical map consistent
with (27), let us understand how the condition (27) holds for
the unitary map,

Ut,t0 [ρ(t0)] = e−iĤ (t−t0 )ρ(t0)eiĤ (t−t0 ). (29)

According to the Poincaré algebra and Eq. (25), we have

Ût (	, a) = e−iĤtÛ0(	, a)eiĤt , (30)

where Û0(	, a) is the unitary representation of the Poincaré
group with the generators Ĥ , P̂, Ĵ, and K̂(0). Using Eq. (30),
we can check the invariance condition (27) of the unitary
map as

Ut,t0

[
Ût0 (	, a)ρ(t0)Û †

t0 (	, a)
]

= e−iĤ (t−t0 )Ût0 (	, a)ρ(t0)Û †
t0 (	, a)eiĤ (t−t0 )

= e−iĤ (t−t0 )Ût0 (	, a)eiĤ (t−t0 )Ut,t0 [ρ(t0)]e−iĤ (t−t0 )

× Û †
t0 (	, a)eiĤ (t−t0 )

= Ût (	, a)Ut,t0 [ρ(t0)]Û †
t (	, a).

Let us extend the invariant property of the unitary map to
a general dynamical map. In the operator-sum representation,
Eq. (27) is written as

Ût (	, a)
∑

λ

F̂ t,t0
λ ρ(t0)F̂ t,t0†

λ Û †
t (	, a)

=
∑

λ

F̂ t,t0
λ Ût0 (	, a)ρ(t0)Û †

t0 (	, a)F̂ t,t0†
λ .

The uniqueness of the Kraus operators F̂ t,t0
λ [see Eq. (5)]

yields

Û †
t (	, a)F̂ t,t0

λ Ût0 (	, a) =
∑
λ′

Uλλ′ (	, a)F̂ t,t0
λ′ . (31)

We can always choose F̂ t,t0
λ so that {F̂ t,t0

λ }λ is the set of lin-
early independent operators. This linear independence and the
group multiplication rule of Ût (	, a) given in (28) lead to the
multiplication rule of Uλλ′ (	, a) as∑

λ′
Uλλ′ (	′, a′)Uλ′λ′′ (	, a) = Uλλ′′ (	′	,	a + a′). (32)

Hence, the unitary matrix U (	, a) with the components
Uλλ′ (	, a) is a representation of the Poincaré group.
Equation (30) helps us to simplify the invariance condition
(31) on the Kraus operators. Defining the Kraus operators Ê t,t0

λ

as

Ê t,t0
λ = eiĤt F̂ t,t0

λ e−iĤt0 , (33)

which have the completeness condition∑
λ

Ê t,t0†
λ Ê t,t0

λ = Î, (34)

we can rewrite Eq. (31) as

Û †
0 (	, a)ÊÛ0(	, a) = U (	, a)Ê. (35)
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Here we introduced the vector Ê with the λ component Ê t,t0
λ .

Let the dynamical map Et,t0 be given by

Et,t0 [ρ] =
∑

λ

Ê t,t0
λ ρÊ t,t0†

λ . (36)

The condition (35) implies that the map Et,t0 is invariant under
the Poincaré group in the sense that

Û0(	, a)Et,t0 [ρ]Û †
0 (	, a) = Et,t0 [Û0(	, a)ρÛ †

0 (	, a)]. (37)

Then the dynamical map �t,t0 is written with the unitary map
Ut,t0 and the dynamical map Et,t0 as

�t,t0 [ρ] =
∑

λ

F̂ t,t0
λ ρF̂ t,t0†

λ

= e−iĤt
∑

λ

Ê t,t0
λ eiĤt0ρe−iĤt0 Ê t,t0†

λ eiĤt

= e−iĤtEt,t0 [eiĤt0ρe−iĤt0 ]eiĤt

= e−iĤ (t−t0 )Et,t0 [ρ]eiĤ (t−t0 )

= Ut,t0 ◦ Et,t0 [ρ], (38)

where in the fourth equality we used the condition (37) and
the fact that eiĤt0 is the unitary transformation representing the
time translation. Our task is to determine Ê satisfying Eq. (35)
[or Et,t0 satisfying Eq. (37)]. The irreducible unitary represen-
tation of the Poincaré group is useful for our analysis because
Eq. (35) is decomposed into equations for each irreducible
representation subspace.

Let us present how to classify the unitary representations
of the Poincaré group [6]. An arbitrary four-momentum qμ

is represented by a standard momentum 
μ and the Lorentz
transformation matrix (Sq)μν with

qμ = (Sq)μν

ν. (39)

The unitary matrix U (	, a) is written as

U (	, a) = U (I, a)U (	, 0) = T (a)V (	), (40)

where I is the identity matrix, U (I, a) = T (a) = e−iPμaμ

, and
U (	, 0) = V (	). We define the vector vq,ξ as

vq,ξ = NqV (Sq)v
,ξ , (41)

where Pμv
,ξ = 
μv
,ξ , Nq is the normalization, and the label
ξ describes the degrees of freedom other than those deter-
mined by 
μ. The vector vq,ξ follows the transformation rules

T (a)vq,ξ = Nqe−iPμaμV (Sq)v
,ξ

= NqV (Sq)e−i(Sq )μνPνaμv
,ξ

= NqV (Sq)e−i(Sq )μν

νaμv
,ξ

= NqV (Sq)e−iqμaμv
,ξ

= e−iqμaμvq,ξ (42)

and

V (	)vq,ξ = NqV (	)V (Sq)v
,ξ

= NqV (	Sq)v
,ξ

= NqV (S	q)V
(
S−1

	q	Sq
)
v
,ξ

TABLE I. Classification of the standard momentum 
μ and the
little group associated with 
μ, composed of Qμ

ν with Qμ
ν


ν = 
μ.

Standard momentum 
μ Little group


μ = [M, 0, 0, 0], M > 0 SO(3)

μ = [−M, 0, 0, 0], M > 0 SO(3)

μ = [κ, 0, 0, κ], κ > 0 ISO(2)

μ = [−κ, 0, 0, κ], κ > 0 ISO(2)

μ = [0, 0, 0, N], N2 > 0 SO(2,1)

μ = [0, 0, 0, 0] SO(3,1)

= NqV (S	q)
∑
ξ ′

Dξ ′ξ (Q(	, q))v
,ξ ′

= Nq

N	q

∑
ξ ′

Dξ ′ξ (Q(	, q))v	q,ξ ′ , (43)

where Q(	, q) = S−1
	q	Sq. The matrix Q(	, q) satisfies

Qμ
ν


ν = 
μ and the set of such matrices forms a group called
the little group. In Eq. (43), Dξξ ′ (Q) forms a unitary matrix
D(Q) and gives a unitary representation of the little group.
The irreducible unitary representations of the Poincaré group
are classified by the standard momentum 
μ and the irre-
ducible unitary representations of the little group. Table I lists
the standard momenta 
μ and the little groups. For simplicity,
ξ is regarded as the label of basis vectors of the irreducible
representation subspaces of the little group.

We investigate Eq. (35) restricted on each irreducible rep-
resentation. For convenience, we separately focus on the
Lorentz transformation and the space-time translation in
Eq. (35). The unitary operator Û0(	, a) is written as

Û0(	, a) = Û0(I, a)Û0(	, 0) = T̂ (a)V̂ (	), (44)

where Û0(I, a) = T̂ (a) = e−iP̂μaμ

with the four-momentum
operator P̂μ and Û0(	, 0) = V̂ (	) with the generators Ĵ and
K̂(0). From Eq. (35) for 	 = I we have

T̂ †(a)ÊT̂ (a) = T (a)Ê. (45)

Equation (35) for aμ = 0 gives

V̂ †(	)ÊV̂ (	) = V (	)Ê. (46)

Introducing Êq,ξ = v†
q,ξ Ê, we obtain the following equa-

tions from Eqs. (45) and (46):

T̂ †(a)Êq,ξ T̂ (a) = e−iqμaμ

Êq,ξ (47)

and

V̂ †(	)Êq,ξV̂ (	) = N∗
q

N∗
	−1q

∑
ξ ′

D∗
ξ ′ξ (Q(	−1, q))Ê	−1q,ξ ′ .

(48)

Here we used Eqs. (42) and (43) and Q(	, q) = S−1
	q	Sq.

The label ξ can take discrete or continuous values. For the
continuous case, the summation

∑
ξ is replaced with the in-

tegration
∫

dμ(ξ ) with a measure μ(ξ ). Focusing on Eq. (48)
for 	 = Sq, we get

V̂ †(Sq)Êq,ξV̂ (Sq) = N∗
q Ê
,ξ , (49)
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where note that N
 = 1 and Q(S−1
q , q) = S−1

S−1
q qS−1

q Sq = S−1

 =

I hold by the definition of vq,ξ . Equation (49) tells us that the
Kraus operators Êq,ξ are determined from the Kraus operators
Ê
,ξ with the standard momentum 
μ. All we have to do is
to give the form of the Kraus operators Ê
,ξ . To this end, we
present the equations given by Eq. (47) for qμ = 
μ and by
Eq. (48) for qμ = 
μ and 	 = W with W μ

ν

ν = 
μ, respec-

tively,

T̂ †(a)Ê
,ξ T̂ (a) = e−i
μaμ

Ê
,ξ , (50)

V̂ †(W )Ê
,ξV̂ (W ) =
∑
ξ ′

D∗
ξ ′ξ (W −1)Ê
,ξ ′ , (51)

where Q(	−1, q) = Q(W −1, 
) = S−1
W −1


W −1S
 = W −1. In
the next section we construct a model of the dynamical map
with the Poincaré invariance to describe the reduced dynamics
of a spinless massive particle.

IV. MODEL OF THE DYNAMICAL MAP FOR A SPINLESS
MASSIVE PARTICLE

In this section, based on Eqs. (50) and (51), we give a
model of the dynamical map with the Poincaré invariance.
To simplify the analysis, we consider a spinless particle with
a mass m and its Hilbert space H0 ⊕ H1, where H0 is the
one-dimensional Hilbert space with the vacuum state |0〉 and
H1 is the irreducible subspace with one-particle states. A state
vector |〉 in H1 (|〉 ∈ H1) is

|〉 =
∫

d3 p(p)â†(p)|0〉, (52)

where the vacuum state |0〉 satisfies â(p)|0〉 = 0, (p) with
the momentum p is the wave function, and â(p) and â†(p) are
the annihilation and creation operators, respectively, with

[â(p), â(p′)] = 0 = [â†(p), â†(p′)],

[â(p), â†(p′)] = δ3(p − p′). (53)

Here [Â, B̂] is the commutator, [Â, B̂] = ÂB̂ − B̂Â. In
Refs. [6,28], the transformation rules of â†(p) are given by

T̂ (a)â†(p)T̂ †(a) = e−ipμaμ â†(p), (54)

V̂ (	)â†(p)V̂ †(	) =
√

Ep	

Ep
â†(p	), (55)

where Ep = p0 =
√

p2 + m2, Ep	
= (	p)0, and p	 is the

vector with the components (p	)i = (	p)i.
We consider the Kraus operators Ê
,ξ acting on the Hilbert

space H0 ⊕ H1, that is, Ê
,ξ : H0 ⊕ H1 → H0 ⊕ H1, which
have the form

Ê
,ξ = A
,ξ Î +
∫

d3 p B
,ξ (p)â(p)

+
∫

d3 p′d3 pC
,ξ (p′, p)â†(p′)â(p). (56)

The dynamical map given by these operators describes the
reduced dynamics of the particle, which can decay into the
vacuum state. Substituting Eq. (56) into Eqs. (50) and (51),

we obtain

A
,ξ = e−i
μaμA
,ξ , (57)

B
,ξ (p)e−ipμaμ = B
,ξ (p)e−i
μaμ, (58)

C
,ξ (p′, p)ei(p′μ−pμ )aμ = C
,ξ (p′, p)e−i
μaμ (59)

and

A
,ξ =
∑
ξ ′

D∗
ξ ′ξ (W −1)A
,ξ ′ , (60)

√
EpW

Ep

∑
σ

B
,ξ (pW ) =
∑
ξ ′

D∗
ξ ′ξ (W −1)B
,ξ ′ (p), (61)

√
Ep′

W
EpW

Ep′Ep
C
,ξ (p′

W , pW ) =
∑
ξ ′

D∗
ξ ′ξ (W −1)C
,ξ ′ (p′, p). (62)

The derivation of these equations is in Appendix B.
We can analyze the form of A
,ξ , B
,ξ (p), and C
,ξ (p′, p) for

a spinless massive particle. The long computations presented
in Appendix C give the dynamical map with the Poincaré
invariance �t,t0 [ρ(t0)] = Ut,t0 ◦ Et,t0 [ρ(t0)], with the unitary
map Ut,t0 given in (29) and Et,t0 as

Et,t0 [ρ(t0)] = βt,t0

∫
d3 p â(p)ρ(t0)â†(p)

+ (
Î + γt,t0 N̂

)
ρ(t0)

(
Î + γt,t0 N̂

)†

+
∫

d3 p
∫

d3q δt,t0 (p, q)â†(p)â(p)

× ρ(t0)â†(q)â(q), (63)

where N̂ is the number operator defined by

N̂ =
∫

d3 p â†(p)â(p). (64)

The function δt,t0 (p, q) is non-negative and Lorentz invariant
in the sense that∫

d3 pd3q f ∗(p)δt,t0 (p, q) f (q) � 0,

and

δt,t0 (	p,	q) = δt,t0 (p, q). (65)

Hence, δt,t0 (p, p) does not depend on the three-momentum of
the particle. In the following, δt,t0 (p, p) is simply denoted by
δt,t0 . The parameters βt,t0 , γt,t0 , and δt,t0 satisfy

βt,t0 � 0, βt,t0 + γ ∗
t,t0 + γt,t0 + ∣∣γt,t0

∣∣2 + δt,t0 = 0, (66)

where the inequality is required from the fact that the density
operator Et,t0 [ρ(t0)] should be positive and the latter condi-
tion in (66) is yielded from the completeness of the Kraus
operators (3).

From the transformation rules of the creation and annihila-
tion operators (54) and (55), we can check that the map Et,t0
satisfies the invariance condition (37). Since the unitary map
Ut,t0 is invariant under the Poincaré group, which is discussed
around Eq. (29), we can confirm that �t,t0 is also invariant.

We discuss the conservation laws of the Poincaré genera-
tors Ĥ , P̂, Ĵ, and K̂(t ) in quantum mechanics, which means
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that the all-order moments of each operator are conserved
during time evolution. For this purpose, it is useful to consider
the characteristic function

χt (θ, a) = Tr[e−iaμP̂μ+(i/2)θμν Ĵμν (t )ρ(t )], (67)

where P̂μ = [Ĥ , P̂] is the four-momentum and the anti-
symmetric tensor Ĵμν (t ) is given by Ĵ jk (t ) = εi jk Ĵi and
Ji0(t ) = K̂ i(t ), which depends on time in the Schrödinger
picture. For example, the nth-order moment of the energy is
given as Tr[Ĥnρ(t )] = (−i)n∂n

a0χt (θ, a)|θ=0=a. The time evo-
lution of the density operator is ρ(t ) = �t,t0 [ρ(t0)] = Ut,t0 ◦
Et,t0 [ρ(t0)].

Let us investigate the conservation of the four-momentum
P̂μ for the above model of the massive particle. The charac-
teristic function χt (0, a) is computed as

χt (0, a) = Tr[e−iaμP̂μ

ρ(t )]

= χs(0, a) + βt,t0 Tr[N̂ (Î − e−iaμP̂μ

)ρ(t0)]. (68)

We thus find that the energy of the particle is not conserved,
χt (0, a) 
= χs(0, a), even when the map is invariant under
the Poincaré group. Such a deviation between symmetry and
conservation law was discussed in, for example, Refs. [26,27].
If the parameter βt,t0 vanishes, then χt (0, a) = χs(0, a) and
hence the energy is conserved. For such a case, we find
the dynamical map �t,t0 with the Poincaré invariance, which
guarantees the four-momentum conservation.

Under the four-momentum conservation (the condition
βt,t0 = 0), we further examine the conservation of Ĵμν (t ). The
characteristic function χt (θ, 0) is

χt (θ, 0)

= Tr[e(i/2)θμν Ĵμν (t )ρ(t )]

= χs(θ, 0) − δt,t0 Tr[N̂e(i/2)θμν Ĵμν (s)ρ(t0)]

+ Tr

(∫
d3 p δt,t0 (p,	p)â†(p)â(p)e(i/2)θμν Ĵμν (s)ρ(t0)

)
,

(69)

where 	 = 	(θ ) is the Lorentz transformation matrix deter-
mined by θμν . To conserve Ĵμν (t ), δt,t0 = δt,t0 (p,	p) should
hold for all 	, and hence δt,t0 (p, q) = δt,t0 . The dynamical
map Et,t0 for a spinless massive particle becomes

Et,t0 [ρ(t0)] = (Î + γt,t0 N̂ )ρ(t0)(Î + γt,t0 N̂ )† + δt,t0 N̂ρ(t0)N̂ .

(70)

When the density operator ρ(t0) is given by one-particle
states, we have N̂ρ(t0) = ρ(t0) = ρ(t0)N̂ , and then the dy-
namical map �t,t0 with the Poincaré invariance is

�t,t0 [ρ(t0)] = Ut,t0 ◦ Et,t0 [ρ(t0)]

= (|1 + γt,t0 |2 + δt,t0 )Ut,t0 [ρ(t0)]

= Ut,t0 [ρ(t0)], (71)

where we used the condition δt,t0 = −γt,t0 − γ ∗
t,t0 − |γt,t0 |2

given by setting βt,t0 = 0 for the second equation in (66).
Hence, the dynamical map with the Poincaré invariance for
a spinless massive particle is reduced to the unitary map when

the conservation of the Poincaré generators holds. The result
corresponds to an extension of the analysis in [29].

V. COVARIANT FORMULATION

In the preceding section we obtained the form of the dy-
namical map with the Poincaré invariance in Minkowski time
in a special coordinate system. In the following, we rewrite
the previous formulation in a covariant way. We consider
the foliation of Cauchy surfaces {�τ }τ and the unit timelike
vector nμ normal to �τ , where the parameter τ is generated by
nμ. For example, the parameter τ is defined by dxμ = nμdτ

with a constant nμ in the Minkowski space. Letting xμ
0 be

a constant of integration, the solution of the equation yields
τ = −nμ(xμ − xμ

0 ), which is invariant in any inertial coordi-
nate system. In the present formulation, the density operator
ρ(τ ) of a quantum system is defined on the Cauchy surface
�τ . The change of the density operator from a Cauchy surface
�τ0 to another �τ is regarded as the time evolution of the
density operator from τ0 to τ (>τ0).

Since the parameter τ is coordinate invariant, the Cauchy
surface �τ given as a τ = constant hypersurface does not
depend on any choice of an inertial coordinate system. On
the other hand, the density operator depends on it. This is
because the density operator of a quantum system is specified
by the statistical outcome of observables such as a momen-
tum and a spin. When the density operator in one inertial
coordinate system is ρ(τ ) on �τ , the density operator of the
same quantum system in another inertial coordinate system is
given as Ûτ ρ(τ )Û †

τ on the same Cauchy surface �τ . The two
coordinate systems are connected by a Poincaré transforma-
tion, which is represented as the unitary operator Ûτ acting on
the density operator. In the Schrödinger picture, the Poincaré
generators of Ûτ are (see also Ref. [30])

�̂ = −nμP̂μ, �̂μ = P̂μ − nμ�̂, L̂μ = 1
2εμαβγ Ĵαβnγ ,

N̂μ = Ĵμνnν, (72)

which satisfy the commutation relations

[�̂μ, �̂ν] = 0, (73)

[�̂μ, �̂] = 0, (74)

[L̂μ, �̂] = 0, (75)

[L̂μ, L̂ν] = iεμναβnαL̂β, (76)

[L̂μ, �̂ν] = iεμναβnα�̂β, (77)

[L̂μ, N̂ν] = iεμναβnαN̂β, (78)

[N̂μ, �̂ν] = i(ημν + nμnν )�̂, (79)

[N̂μ, �̂] = i�̂μ, (80)

[N̂μ, N̂ν] = −iεμναβnαL̂β. (81)

In the foliation with nμ = [1, 0, 0, 0] in a coordinate, the
generators �̂, �̂μ, L̂μ, and N̂μ are with �̂ = Ĥ , �̂μ = [0, P̂],
L̂μ = [0, Ĵ], and N̂μ = [0, K̂], respectively. These are nothing
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but the Poincaré generators for the Minkowski time consid-
ered in the previous sections. Since each generator defined
with the Cauchy surface �τ is conserved in the flow by
the system Hamiltonian �̂, the equation dN̂μ

H /dτ = 0, with
N̂μ

H (τ ) = ei�̂τ N̂μ(τ )e−i�̂τ , holds. This suggests that the oper-
ator N̂μ depends on τ as

N̂μ(τ ) = e−i�̂τ N̂μ(0)ei�̂τ (82)

in the Schrödinger picture. The time dependence of K̂(t ) was
similarly discussed around Eq. (25) in Sec. III. Then the τ

dependence of the unitary operator Ûτ (	, a) generated by �̂,
�̂μ, L̂μ, and N̂μ(τ ) is given by

Ûτ (	, a) = e−i�̂τÛ0(	, a)ei�̂τ , (83)

where the commutation relations (74) and (75) were used and
the unitary operator Û0(	, a) is generated by �̂, �̂μ, L̂μ, and
N̂μ(0).

To manifest covariance, we use the Lorentz invariant
measure dμ(p), with dμ(p) = d4 pδ(p2 + m2)θ (p0), for a
massive particle. Also, we introduce the annihilation and cre-
ation operators Â(p) and Â†(p) satisfying

[Â( f ), Â(g)] = 0 = [Â†( f ), Â†(g)], [Â( f ), Â†(g)]

=
∫

dμ(p) f (p)g∗(p), (84)

where f (p) and g(p) are complex functions and

Â( f ) =
∫

dμ(p) f (p)Â(p). (85)

The Poincaré transformation rule of Â†(p) is

Û0(	, a)Â†(p)Û †
0 (	, a) = e−i(	p)μaμ Â†(	p). (86)

In the previous formulation, the annihilation operator Â(p)
corresponds to

√
Epâ(p). We can use the same procedure as in

the previous sections and Appendix C to write the dynamical
map with the Poincaré invariance in a covariant way. The
dynamical map �τ,τ0 = Uτ,τ0 ◦ Eτ,τ0 for a massive spinless
particle is given by

Uτ,τ0 [ρ] = e−i�̂(τ−τ0 )ρei�̂(τ−τ0 ) (87)

and

Eτ,τ0 [ρ] = βτ,τ0

∫
dμ(p)Â(p)ρÂ†(p)

+ (Î + γτ,τ0 N̂ )ρ(Î + γτ,τ0 N̂ )†

+
∫

dμ(p)dμ(q)δτ,τ0 (p, q)Â†(p)Â(p)ρÂ†(q)Â†(q),

(88)

where the number operator N̂ is

N̂ =
∫

dμ(p)Â(p)Â†(p). (89)

For the Minkowski time in a special coordinate, in which nμ =
[1, 0, 0, 0], τ = t , and τ0 = t0, the above dynamical map is
reduced to that derived in the preceding section.

We briefly comment on what may happen if the obtained
dynamics is described in another foliation of Cauchy surfaces

{�̃λ}λ with a normal vector mμ = 	μ
νnν , where 	μ

ν is a
Lorentz transformation matrix. Here note that mμ is not given
by a Lorentz (coordinate) transformation but is a different ob-
jective vector from nμ. In the another foliation, the dynamics
may give the action at distance, that is, induce the violation
of causality. To investigate this conceptual problem clearly, a
local description of the dynamics would be required. This is
because we should carefully specify each description of the
dynamics in different foliations by a local quantity at a space-
time point in the intersection of two Cauchy surfaces �τ and
�̃λ. Elucidating what constraints to the present framework are
derived from causality and locality remains a challenge for the
future.

VI. CONCLUSION

We discussed how a dynamical map describing the reduced
dynamics of an open quantum system is realized under the
Poincaré symmetry. The unitary representation theory of the
Poincaré group refines the condition for the dynamical map
with the Poincaré invariance. We derived the model of the
dynamical map for a spinless massive particle. In the model,
the particle can decay into the vacuum state, and we found
a model of the dynamical map with four-momentum conser-
vation. Further, we showed that the map is unitary under the
conservation of the Poincaré generators if the map is restricted
to density operators of one-particle states of the spinless mas-
sive particle. In this way, it was exemplified that the Poincaré
symmetry strongly constrains the possible dynamics of an
open quantum system. We also formulated the dynamical
map with the Poincaré invariance in a covariant way. In the
present analysis, we did not clarify how the total dynamics of
the system and the environment lead to the dynamical map
obtained here. This is left for future work.

In this paper we assumed an open system with a single
particle. It is possible to extend our analysis to the case with
many particles. Considering interactions among many parti-
cles, we can understand more general effective theories of
open quantum systems in terms of the Poincaré symmetry.
For the particles interacting via gravity, we can also discuss
the models with intrinsic gravitational decoherence, which
have been proposed in [16–20]. These models are written in
the theory of open quantum systems. In the weak-field regime
of gravity, the Poincaré symmetry may provide guidance for
establishing the theory of gravitating particles.

This paper has the potential to lead to the development
of a relativistic theory of open quantum systems. To de-
scribe the reduced dynamics of an open quantum system, a
Markovian quantum master equation is often adopted. How
such a master equation is consistent with relativity has been
discussed [15,31,32]. Applying the present approach, it will
be possible to discuss the quantum Markov dynamics with the
Poincaré invariance. In doing so, it is also worth considering
the description of the dynamics in quantum field theory and
examining relativistic causality. The previous works [33–36]
discussed the consistency between the measurements of local
observables and the relativistic causality in quantum field
theory. It may be interesting to understand the dynamics of an
open quantum system with the Poincaré symmetry as a causal
measurement process by an environment.
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APPENDIX A: DERIVATION OF EQ. (2)

We here give the derivation of Eq. (2) starting from Eq. (1).
For simplicity, we assume that the initial state of the environ-
ment is pure, ρE = |0〉E〈0|. We then find

ρ(t ) = TrE[Û (t, t0)ρ(t0) ⊗ |0〉E〈0|Û †(t, t0)]

=
∑

n

E〈n|Û (t, t0)ρ(t0) ⊗ |0〉E〈0|Û †(t, t0)|n〉E

=
∑

n

[E〈n|Û (t, t0)|0〉E]ρ(t0)[E〈0|Û †(t, t0)|n〉E]

=
∑

n

F̂ t,t0
n ρ(t0)F̂ t,t0†

n , (A1)

where F̂ t,t0
n = E〈n|Û (t, t0)|0〉E is the Kraus operator acting on

the system density operator ρ(t0). Replacing n with λ, we get
Eq. (2).

Even when the environment is initially in a mixed state ρE,
for example, a thermal state, we can derive the operator-sum
representation (2). Equation (1) is rewritten as

ρ(t ) = TrE[Û (t, t0)ρ(t0) ⊗ ρEÛ †(t, t0)]

= TrE[Û (t, t0)ρ(t0) ⊗ √
ρE

√
ρEÛ †(t, t0)]

= TrE

(
Û (t, t0)ρ(t0) ⊗ √

ρE

∑
m

|m〉E〈m|√ρEÛ †(t, t0)

)

=
∑

n

E〈n|Û (t, t0)ρ(t0) ⊗ √
ρE

∑
m

|m〉E

× 〈m|√ρEÛ †(t, t0)|n〉E

=
∑
n,m

[E〈n|Û (t, t0)
√

ρE|m〉E]ρ(t0)

× [E〈m|√ρEÛ †(t, t0)|n〉E]

=
∑
n,m

F̂ t,t0
n,m ρ(t0)F̂ t,t0†

n,m , (A2)

where in the second line we used the fact that ρE is a
non-negative operator and uniquely has its square root

√
ρE

and in the third line we inserted the completeness relation∑
m |m〉E〈m| = ÎE. Replacing the label (n, m) of the Kraus

operator F̂ t,t0
n,m = E〈n|Û (t, t0)

√
ρE|m〉E acting on ρ(t0) with λ,

we get Eq. (2) again. Here we assumed the initial uncorrelated
state of the system and the environment. In the theory of
an open quantum system, we may consider an initial state
with correlation, which may lead to a more general reduced
dynamics of the system (see, for example, the review [1]). In
this paper we do not discuss such dynamics.

APPENDIX B: DERIVATION OF EQS. (57)–(62)

We present the transformation rules of A
,ξ , B
,ξ , and C
,ξ

given in Eqs. (57)–(62). Using the assumed form of the Kraus
operators Ê
,ξ defined by (56), we can compute the right-hand
side of Eq. (50) as

T̂ †(a)Ê
,ξ T̂ (a) = A
,ξ Î +
∫

d3 p B
,ξ (p)e−ipμaμ â(p)

+
∫

d3 p′d3 pC
,ξ (p′, p)ei(p′μ−pμ )aμ â†(p′)â(p).

From Eq. (50) we have

A
,ξ = e−i
μaμA
,ξ , (B1)

B
,ξ (p)e−ipμaμ = B
,ξ (p)e−i
μaμ, (B2)

C
,ξ (p′, p)ei(p′μ−pμ )aμ = C
,ξ (p′, p)e−i
μaμ . (B3)

The right-hand side of Eq. (51) is evaluated as

V̂ †(W )Ê
,ξV̂ (W )

= A
,ξ Î +
∫

d3 p B
,ξ (p)

√
EpW −1

Ep
â(pW −1 )

+
∫

d3 p′d3 pC
,ξ (p′, p)

√
Ep′

W −1

Ep′

√
EpW −1

Ep
â†(p′

W −1 )â(pW −1 )

= A
,ξ Î +
∫

d3 p B
,ξ (pW )

√
EpW

Ep
â(p)

+
∫

d3 p′d3 pC
,ξ (p′
W , pW )

√
Ep′

W

Ep′

√
EpW

Ep
â†(p′)â(p),

where note that the Lorentz invariant measure is d3 p/Ep and
hence f (p)d3 p = Ep f (p)d3 p/Ep = Ep	

f (p	)d3 p/Ep. From
Eq. (51) we have

A
,ξ =
∑
ξ ′

D∗
ξ ′ξ (W −1)A
,ξ ′ , (B4)

√
EpW

Ep
B
,ξ (pW ) =

∑
ξ ′

D∗
ξ ′ξ (W −1)B
,ξ ′ (p), (B5)

√
Ep′

W
EpW

Ep′Ep
C
,ξ (p′

W , pW ) =
∑
ξ ′

D∗
ξ ′ξ (W −1)C
,ξ ′ (p′, p). (B6)

APPENDIX C: ANALYSIS OF A SPINLESS
MASSIVE PARTICLE

We assume that the spectrum of P̂μ on any state |〉 in the
Hilbert space of one-particle states, H1, satisfies

P̂μP̂μ|〉 = −m2|〉, 〈|P̂0|〉 > 0. (C1)

These equations are equivalent to the fact that the Hamiltonian
Ĥ = P̂0 has the form Ĥ =

√
P̂kP̂k + m2, which implies that

|〉 is the state of a massive particle. In this Appendix we de-
rive the form of the dynamical map Et,t0 of a spinless massive
particle.

Case I: 
μ = [±M, 0, 0, 0], M > 0. We focus on the
spectrum 
μ = [±M, 0, 0, 0], M > 0. From Eq. (B1) for all

042217-8



REDUCED DYNAMICS WITH POINCARÉ SYMMETRY … PHYSICAL REVIEW A 108, 042217 (2023)

aμ = [a, 0, 0, 0], A
,ξ must vanish,

A
,ξ = e±iMaA
,ξ ∴ A
,ξ = 0.

Equation (B2) for all aμ = [0, a] leads to

B
,ξ (p)e−ip·a = B
,ξ (p) ∴ B
,ξ (p) = B
,ξ δ
3(p).

From Eq. (B2) for all aμ = [a, 0, 0, 0], we get

B
,ξ (p)eiEpa = B
,ξ (p)e±iMa,

and combined with B
,ξ (p) = B
,ξ δ
3(p) we obtain

B
,ξ eima = B
,ξ e±iMa.

Since the mass m is positive, to get a nontrivial result, we
should choose +M with M = m. Using Eq. (B5) for Q = R ∈
SO(3) and adopting the result B
,ξ (p) = B
,ξ δ

3(p), we find

B
,ξ =
∑
ξ ′

D∗
ξ ′ξ (R−1)B
,ξ ′ .

Since Dξ ′ξ is an irreducible (unitary) representation, to get a
nontrivial B
,ξ , we should choose the spinless representation.
Hence, B
,ξ is reduced to B
, which has no leg labeled by ξ .
Therefore, B
(p), which is given by removing the label ξ from
B
,ξ (p), is

B
(p) = B
δ
3(p).

From Eq. (B3) for all aμ = [0, a], we deduce

C
,ξ (p′, p)ei(p′−p)·a = C
,ξ (p′, p)

∴ C
,ξ (p′, p) = C
,ξ (p)δ3(p′ − p).

Equation (B3) for all aμ = [a, 0, 0, 0] leads to

C
,ξ (p′, p)e−i(Ep′−Ep)a = C
,ξ (p′, p)e±iMa,

and substituting C
,ξ (p′, p) = C
,ξ (p)δ3(p′ − p) into the
above equation, we find that C
,ξ (p) vanishes and hence
C
,ξ (p′, p) is zero,

C
,ξ (p) = C
,ξ (p)e±iMa ∴ C
,ξ (p) = 0 ∴ C
,ξ (p′, p) = 0.

The above results of A
,ξ , B
,ξ (p), and C
,ξ (p′, p) give the
Kraus operator Ê
,ξ with 
μ = [m, 0, 0, 0] as

Ê
,ξ = B
â(0).

Equation (49) tells us that

Êq,ξ = N∗
q V̂ (Sq)Ê
,ξV̂ †(Sq) = N∗

q B


√
Eq

m
â(q),

where Eq = (Sq
)0 and qi = (Sq
)i. Choosing the normaliza-
tion of the inner product v†

q′,ξ ′vq,ξ as

v†
q′,t ′

0
vq,ξ = δ3(q′ − q)δξ ′ξ ,

we have Nq = √
m/Eq up to a phase factor and the complete-

ness condition, ∫
d3q

∑
s

vq,ξv
†
q,ξ = I.

We then derive a part of the dynamical map Et,t0 as

Et,t0 [ρ(t0)] ⊃ |B
|2
∫

d3q â(q)ρ(t0)â†(q). (C2)

Case II: 
μ = [±κ, 0, 0, κ], κ > 0. We consider the spec-
trum 
μ = [±κ, 0, 0, κ], κ > 0. From Eq. (B1) for all aμ =
[a, 0, 0, 0], A
,ξ turns out to be zero,

A
,ξ = e±iκaA
,ξ ∴ A
,ξ = 0.

From Eq. (B2) for all aμ = [0, a], we get

B
,ξ (p)e−ip·a = B
,ξ (p)e−i�·a ∴ B
,ξ (p) = B
,ξ δ
3(p − �),

where � = [0, 0, κ]T. Equation (B2) for all aμ = [a, 0, 0, 0]
leads to

B
,ξ (p)eiEpa = B
,ξ (p)e±iκa,

and substituting B
,ξ (p) = B
,ξ δ
3(p− �) and E� =

√
�2+m2 =√

κ2 + m2 into the above equation, we find that B
,ξ and
B
,ξ (p) are trivial,

B
,ξ ei
√

κ2+m2a = B
,ξ e±iκa ∴ B
,ξ = 0 ∴ B
,ξ (p) = 0.

Equation (B3) for all aμ = [0, a] gives

C
,ξ (p′, p)ei(p′−p)·a = C
,ξ (p′, p)e−i�·a

∴ C
,ξ (p′, p) = C
,ξ (p)δ3(p′ − p + �).

Using Eq. (B3) for all aμ = [a, 0, 0, 0], we get

C
,ξ (p′, p)e−i(Ep′−Ep)a = C
,ξ (p′, p)e±iκa,

and substituting C
,ξ (p′, p) = C
,ξ (p)δ3(p′ − p + �) into the
above equation, we have

C
,ξ (p)e−i(Ep−�−Ep)a = C
,ξ (p)e±iκa.

Noting the fact that Ep−� − Ep ± κ 
= 0, we get C
,ξ (p) = 0
and

C
,ξ (p′, p) = 0.

Combined with the above analyses on A
,ξ , B
,ξ (p), and
C
,ξ (p′, p), the Kraus operator Ê
,ξ vanishes:

Ê
,ξ = 0 ∴ Êq,ξ = NqV̂ (Sq)Ê
,ξV̂ †(Sq) = 0. (C3)

Case III: 
μ = [0, 0, 0,w], N2 > 0. We focus on the spec-
trum 
μ = [0, 0, 0,w], N2 > 0. From Eq. (B1) for all aμ =
[0, a], we have

A
,ξ = e−i�·aA
,ξ ∴ A
,ξ = 0.

Equation (B2) for all aμ = [a, 0, 0, 0] leads to

B
,ξ (p)eiEpa = B
,ξ (p) ∴ B
,ξ (p) = 0,

where note that Eq =
√

q2 + m2 
= 0. From Eq. (B3) for all
aμ = [0, a], we deduce

C
,ξ (p′, p)ei(p′−p)·a = C
,ξ (p′, p)e−i�·a

∴ C
,ξ (p′, p) = C
,ξ (p)δ3(p′ − p + �),

where � = [0, 0,w]T. From Eq. (B3) for all aμ = [a, 0, 0, 0],
we get

C
,ξ (p′, p)e−i(Ep′−Ep)a = C
,ξ (p′, p),
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and substituting C
,ξ (p′, p) = C
,ξ (p)δ3(p′ − p + �) into the
above equation, we have

C
,ξ (p)e−i(Ep−�−Ep)a = C
,ξ (p)

∴ C
,ξ (p) = C
,ξ (p⊥)δ(pz − N/2).

Substituting this into C
,ξ (p′, p) = C
,ξ (p)δ3(p′ − p + �), we
obtain

C
,ξ (p′, p) = C
,ξ (p⊥)δ2(p′
⊥ − p⊥)δ(p′z + N/2)δ(pz − N/2).

With the above results of A
,ξ , B
,ξ (p) and C
,ξ (p′, p), the
Kraus operator Ê
,ξ is written as

Ê
,ξ =
∫

d2 p⊥C
,ξ (p⊥)â†(p⊥,−N/2)â(p⊥, N/2).

By the completeness condition of the Kraus operators
[Eq. (34)], the above Kraus operator Ê
,ξ should satisfy
Ê†


,ξ Ê
,ξ � Î. Concretely, Ê†

,ξ Ê
,ξ is evaluated as

Ê†

,ξ Ê
,ξ =

∫
d2 p′

⊥C∗

,ξ (p′

⊥)â†(p′
⊥, N/2)â(p′

⊥,−N/2)

×
∫

d2 p⊥C
,ξ (p⊥)â†(p⊥,−N/2)â(p⊥, N/2)

= δ(0)
∫

d2 p⊥[C
,ξ (p⊥)â(p⊥, N/2)]†

× [C
,ξ (p⊥)â(p⊥, N/2)],

where the term given by the linear combination of â†â†ââ
vanishes on H0 ⊕ H1. To satisfy Ê†


,ξ Ê
,ξ � Î, we find that∫
d2 p⊥[C
,ξ (p⊥)â(p⊥, N/2)]†[C
,ξ (p⊥)â(p⊥, N/2)] = 0,

which leads to C
,ξ (p⊥) = 0 and 〈�|Ê
,ξ |〉 = 0 for
all |〉, |�〉 ∈ H0 ⊕ H1. Hence, the Kraus operator Êq,ξ

vanishes,

Êq,ξ = N∗
q V̂ (Sq)Ê
,ξV̂ †(Sq) = 0, (C4)

on the Hilbert space H0 ⊕ H1.
Case IV: 
μ = [0, 0, 0, 0]. We consider the case where


μ = [0, 0, 0, 0]. Before computations, let us discuss the uni-
tary irreducible representations D(	) of the Lorentz group
[37,38]. Let J and K be the generators of D(	), which
give rotations and boosts, respectively. The unitary irreducible
representation D(	) is classified by two parameters j0 and
ν, by which the eigenvalues of the two Casimir operators
I1 = J 2 − K2 and I2 = J · K are determined. The value
j0( j0 + 1) gives the minimum eigenvalue of J 2. The pa-
rameters j0 and ν are decomposed into two parts called
(i) the principal series −iν ∈ R and j0 = 0, 1

2 , 1, . . . and
(ii) the complementary series 0 � ν2 � 1 and j0 = 0. We
denote by D j0,ν (	) the unitary irreducible representation with
j0 and ν. In particular, D0,±1(	) is the trivial one-dimensional
representation D0,1(	) = D0,−1(	) = 1 and the others are
infinite-dimensional representations.

With the above knowledge on the unitary irreducible
representation of the Lorentz group, we proceed with compu-
tations. In the following, we drop the label 
. Equation (B1) is
identical for all aμ. Since the little group associated with 
μ is

SO(3, 1), Eq. (B4) for W = 	 ∈ SO(3, 1) is given as

Aξ =
∑
ξ ′

D∗
ξ ′ξ (	−1)Aξ ′ . (C5)

For the one-dimensional representation, since the representa-
tion is trivial D0,1(	) = D0,−1(	) = 1, Aξ is a scalar, Aξ =
A. Then Eq. (C5) trivially holds. For the infinite-dimensional
representation, Aξ = 0 from Eq. (C5).

Equation (B2) for all aμ = [a, 0, 0, 0] gives the condition

Bξ (p)eiEpa = Bξ (p) ∴ Bξ (p) = 0,

where note that Ep =
√

p2 + m2 
= 0. From Eq. (B3) for all
aμ, we obtain

Cξ (p′, p)ei(p′μ−pμ )aμ = Cξ (p′, p)

∴ Cξ (p′, p) = Cξ (p)δ3(p′ − p).

Equation (B6) for W = 	 ∈ SO(3, 1) is written as√
Ep′

	
Ep	

Ep′Ep
Cξ (p′

	, p	) =
∑
ξ ′

D∗
ξ ′ξ (	−1)Cξ ′ (p′, p).

The equation Cξ (p′, p) = Cξ (p)δ3(p′ − p) and the fact that
the invariant delta function is Epδ

3(p − p′) yield

Cξ (p	) =
∑
ξ ′

D∗
ξ ′ξ (	−1)Cξ ′ (p). (C6)

Choosing p = 0 and 	 = Sq with (Sq)μνkν = qμ for kμ =
[m, 0, 0, 0], we have

Cξ (q) =
∑
ξ ′

D∗
ξ ′ξ (S−1

q )Cξ ′ (0). (C7)

Using Eq. (C7), Eq. (C6) is written as

Cξ (0) =
∑
ξ ′

D∗
ξ ′ξ (Q)Cξ ′ (0), (C8)

where
∑

ξ ′′ Dξξ ′′ (	)Dξ ′′ξ ′ (	′) = Dξξ ′ (		′) and D∗
ξ ′ξ (	) =

Dξξ ′ (	−1) were used and Q = Q(	, p) = S−1
	p	Sp ∈ SO(3).

For the trivial representation D(	) = D0,±1(	) = 1, the
label ξ is removed and we should use C(p) instead of Cξ (p).
Equation (C8) is then automatically satisfied. From Eq. (C7)
we find that C(q) is just a constant C:

C(q) = C(0) = C.

For the infinite-dimensional representation D(	) = D j0,ν (	)
with ( j0, ν) 
= (0,±1), we have Cξ (p′, p) = Cξ ; j0,ν (p′, p)
with

Cξ ; j0,ν (p′, p) = Cξ ; j0,ν (p)δ3(p′ − p),

where the dependence of j0 and ν was explicitly indicated.
For a spinless massive particle, the equation

Cξ ; j0,ν (0) =
∑
ξ ′

D j0,ν∗
ξ ′ξ (Q)Cξ ′; j0,ν (0)

is satisfied from Eq. (C8), where Q ∈ SO(3). To get a non-
trivial solution, j0 must be zero and Cξ ;0,ν (0) belongs to the
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representation space with j0 = 0. Hence, Cξ ;0,ν (0) = Cνδξξ0

with D0,ν
ξξ0

(Q) = δξξ0 for Q ∈ SO(3). Equation (C7) gives

Cξ ;0,ν (q) = CνD0,ν∗
ξ0ξ

(
S−1

q

)
, (C9)

where note that Sq is not an element of SO(3).
The above analysis for the case 
μ = [0, 0, 0, 0] tells us the

Kraus operators

Ê = AÎ + CN̂, Êξ ;0,ν =
∫

d3 pCνD0,ν∗
ξ0ξ

(
S−1

p

)
â†(p)â(p),

where A and C are complex numbers and N̂ is the number
operator defined in (64). A part of the dynamical map Et,t0 is
given as

Et,t0 [ρ(t0)] ⊃ (AÎ + CN̂ )ρ(t0)(AÎ + CN̂ )†

+
∑
ξ,ν

Êξ ;0,νρ(t0)Ê†
ξ ;0,ν

= (AÎ + CN̂ )ρ(t0)(AÎ + CN̂ )†

+
∫

d3 p d3q D(p, q)â†(p)â(p)ρ(t0)â†(q)â(q),

(C10)

where
∑

ν is defined by∑
ν

Fν =
∫

−1<ν<1
dν Fν +

∫
−iν∈R

d (−iν)Fν

and D(p, q) is

D(p, q) =
∑
ν,ξ

|Cν |2D0,ν∗
ξ0ξ

(
S−1

p

)
D0,ν

ξ0ξ

(
S−1

q

)
. (C11)

This function D(p, q) is non-negative and Lorentz invariant in
the sense that∫

d3 p d3q f ∗(p)D(p, q) f (q) � 0, D(	p,	q) = D(p, q),

(C12)

where f (p) is a complex function of the particle’s four-
momentum and 	 is the Lorentz transformation matrix. It is
easy to show the former condition, and the latter equation is
shown as

D(	p,	q) =
∑
ν,ξ

|Cν |2D0,ν∗
ξ0ξ

(
S−1

	p

)
D0,ν

ξ0ξ

(
S−1

	q

)

=
∑
ν,ξ

|Cν |2D0,ν∗
ξ0ξ

(
Q(	, p)S−1

p 	−1
)

× D0,ν
ξ0ξ

(
Q(	, q)S−1

q 	−1)
=

∑
ν,ξ

|Cν |2
∑
ξ ′

D0,ν∗
ξ0ξ ′ (Q(	, p))D0,ν∗

ξ ′ξ

(
S−1

p 	−1
)

×
∑
ξ ′′

D0,ν
ξ0ξ ′′ (Q(	, q))D0,ν

ξ ′′ξ

(
S−1

q 	−1
)

=
∑
ν,ξ

|Cν |2D0,ν∗
ξ0ξ

(
S−1

p 	−1
)
D0,ν

ξ0ξ

(
S−1

q 	−1
)

=
∑
ν,ξ

|Cν |2
∑
ξ ′

D0,ν∗
ξ0ξ ′

(
S−1

p

)
D0,ν∗

ξ ′ξ (	−1)

×
∑
ξ ′′

D0,ν
ξ0ξ ′′

(
S−1

q

)
D0,ν

ξ ′′ξ (	−1)

=
∑

ν

|Cν |2
∑
ξ ′,ξ ′′

D0,ν∗
ξ0ξ ′

(
S−1

p

)
δξ ′ξ ′′D0,ν

ξ0ξ ′′
(
S−1

q

)

=
∑
ν,ξ

|Cν |2D0,ν∗
ξ0ξ

(
S−1

p

)
D0,ν

ξ0ξ

(
S−1

q

)
= D(p, q),

where we used the equations Q(	, p) = S−1
	p	p,∑

ξ ′′ D0,ν
ξξ ′′ (	)D0,ν

ξ ′′ξ ′ (	′) =D0,ν
ξξ ′ (		′), D0,ν∗

ξ ′ξ (	) =D0,ν
ξξ ′ (	−1),

and D0,ν
ξ0ξ

(Q) = δξ0ξ for Q ∈ SO(3).
Summary from cases I–IV. Let us summarize the analysis

of a spinless massive particle. The above results given in
Eqs. (C2)–(C4) and (C10) provide the following form of Et,t0 :

Et,t0 [ρ(t0)] = |B|2
∫

d3 p â(p)ρ(t0)â†(p)

+ (AÎ + CN̂ )ρ(t0)(AÎ + CN̂ )†

+
∫

d3 p d3q D(p, q)â†(p)â(p)ρ(t0)â†(q)â(q).

Here B
 is denoted by B for simplicity. For the Hilbert space
H0 ⊕ H1 of the vacuum state and one-particle states of the
massive particle, the completeness condition of the Kraus
operators gives

Î = |B|2
∫

d3 p â†(p)â(p) + (ÂI + CN̂ )†(ÂI + CN̂ )

+
∫

d3 p d3q D(p, q)â†(q)â(q)â†(p)â(p)

= |A|2Î + [|B|2 + AC∗ + A∗C + |C|2 + D]N̂ . (C13)

where we note that the equations

N̂2 = N̂, â†(q)â(q)â†(p)â(p) = â†(p)â(p)δ3(p − q)

(C14)

hold on H0 ⊕ H1 and that D = D(p, p) does not depend on
the three-momentum p due to the Lorentz invariance [the
second of Eqs. (C12)]. Equation (C13) gives

|A|2 = 1, |B|2 + AC∗ + A∗C + |C|2 + D = 0. (C15)

The parameters A, B, and C and the function D(p, q) may
depend on t and t0. Redefining |B|2, C/A, and D(p, q) as
βt,t0 , γt,t0 , and δt,t0 (p, q), respectively, we get the following
dynamical map Et,t0 ,

Et,t0 [ρ(t0)] = βt,t0

∫
d3 p â(p)ρ(t0)â†(p)

+ (Î + γt,t0 N̂ )ρ(t0)(Î + γt,t0 N̂ )†

+
∫

d3 p d3q δt,t0 (p, q)â†(p)â(p)ρ(t0)â†(q)â(q).

(C16)

This is nothing but (63). According to the definitions βt,t0 ,
γt,t0 , and δt,t0 (p, q), we find that the function δt,t0 (p, q) is
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non-negative and Lorentz invariant, that is∫
d3 pd3q f ∗(p)δt,t0 (p, q) f (q) � 0,

and

δt,t0 (	p,	q) = δt,t0 (p, q). (C17)

and that the parameters βt,t0 , γt,t0 , and δt,t0 = δt,t0 (p, p) satisfy

βt,t0 � 0, βt,t0 + γ ∗
t,t0 + γt,t0 + ∣∣γt,t0

∣∣2 + δt,t0 = 0. (C18)

APPENDIX D: COMPUTATION OF THE CHARACTERISTIC FUNCTION

In this Appendix we derive Eqs. (68) and (69). Since ρ(t ) = �t,t0 [ρ(t0)] = Ut,t0 ◦ Et,t0 [ρ(t0)] and Ut,t0 [ρ] = e−iĤ (t−t0 )

ρeiĤ (t−t0 ), we have

χt (0, a) = Tr[e−iaμP̂μ

ρ(t )] = Tr
{
e−iaμP̂μUt,t0 ◦ Et,t0 [ρ(t0)]

} = Tr
{
e−iaμP̂μEt,t0 [ρ(t0)]

}
,

where [Ĥ, P̂μ] = 0 was used. Substituting the form of Et,t0 given in (63) into the above equation, we get

χt (0, a) = βt,t0 Tr

(
e−iaμP̂μ

∫
d3 p â(p)ρ(t0)â†(p)

)
+ Tr

[
e−iaμP̂μ(

Î + γt,t0 N̂
)
ρ(t0)

(
Î + γ ∗

t,t0 N̂
)]

+ Tr

(
e−iaμP̂μ

∫
d3 p

∫
d3q δt,t0 (p, q)â†(p)â(p)ρ(t0)â†(q)â(q)

)
.

Since e−iP̂μaμ N̂eiP̂μaμ = N̂ and e−iP̂μaμ â†(p)â(p)eiP̂μaμ = â†(p)â(p), the characteristic function is written as

χt (0, a) = βt,t0 Tr

(
e−iaμP̂μ

∫
d3 p â(p)ρ(t0)â†(p)

)
+ Tr

[(
Î + γ ∗

t,t0 N̂
)(
Î + γt,t0 N̂

)
e−iaμP̂μ

ρ(t0)
]

+ Tr

( ∫
d3 p

∫
d3q δt,t0 (p, q)â†(q)â(q)â†(p)â(p)e−iaμP̂μ

ρ(t0)

)
.

On the Hilbert space H0 ⊕ H1 of the vacuum state and one-particle states of the massive particle, the following equations hold:

e−iP̂μaμ

â(p) = â(p), N̂2 = N̂, â†(q)â(q)â†(p)â(p) = â†(p)â(p)δ3(p − q). (D1)

Using them, we then find

χt (0, a) = βt,t0 Tr

(∫
d3 p â(p)ρ(t0)â†(p)

)
+ Tr

{[
Î + (

γ ∗
t,t0 + γt,t0 + ∣∣γt,t0

∣∣2)
N̂

]
e−iaμP̂μ

ρ(t0)
}

+ Tr

( ∫
d3 p δt,t0 (p, p)â†(p)â(p)e−iaμP̂μ

ρ(t0)

)

= βt,t0 Tr[N̂ρ(t0)] + Tr
{[
Î + (

γ ∗
t,t0 + γt,t0 + ∣∣γt,t0

∣∣2)
N̂

]
e−iaμP̂μ

ρ(t0)
} + δt,t0 Tr[N̂e−iaμP̂μ

ρ(t0)]

= βt,t0 Tr[N̂ρ(t0)] + Tr
{[
Î − (

βt,t0 + δt,t0

)
N̂

]
e−iaμP̂μ

ρ(t0)
} + δt,t0 Tr[N̂e−iaμP̂μ

ρ(t0)]

= χs(0, a) + βt,t0 Tr[N̂ (Î − e−iaμP̂μ

)ρ(t0)],

where in the second equality note that δt,t0 (p, p) = δt,t0 is independent of the three-momentum p due to the Lorentz invariance,
δt,t0 (p, p) = δt,t0 (	p,	p), and in the third equality we used γ ∗

t,t0 + γt,t0 + |γt,t0 |2 = −βt,t0 − δt,t0 satisfied by the second of
Eqs. (66). Hence, we get Eq. (68).

Let us compute the characteristic function χt (θ, 0). Using e(i/2)θμν Ĵμν (t ) = e−iĤ (t−t0 )e(i/2)θμν Ĵμν (t0 )eiĤ (t−t0 ), which follows by
K̂(t ) = e−iĤt K̂(0)eiĤt and Ĵ = e−iĤt ĴeiĤt [see also the discussion around Eq. (25)], we have

χt (θ, 0) = Tr[e(i/2)θμν Ĵμν (t )ρ(t )] = Tr{e(i/2)θμν Ĵμν (t )Ut,t0 ◦ Et,t0 [ρ(t0)]} = Tr{e(i/2)θμν Ĵμν (t0 )Et,t0 [ρ(t0)]}.
Substituting Et,t0 into this equation and assuming βt,t0 = 0, we obtain

χt (θ, 0) = Tr
[
e(i/2)θμν Ĵμν (t0 )

(
Î + γt,t0 N̂

)
ρ(t0)

(
Î + γ ∗

t,t0 N̂
)]

+ Tr

(
e(i/2)θμν Ĵμν (t0 )

∫
d3 p

∫
d3q δt,t0 (p, q)â†(p)â(p)ρ(t0)â†(q)â(q)

)
.
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With the help of the invariance of the number operator e(i/2)θμν Ĵμν (t0 )N̂e−(i/2)θμν Ĵμν (t0 ) = N̂ and the transformation rule
e(i/2)θμν Ĵμν (t0 )â†(p)â(p)e−(i/2)θμν Ĵμν (t0 ) = Ep	

Ep
â†(p	)â(p	), the characteristic function χt (θ, 0) is computed as

χt (θ, 0) = Tr
[(
Î + γt,t0 N̂

)
e(i/2)θμν Ĵμν (t0 )ρ(t0)

(
Î + γ ∗

t,t0 N̂
)]

+ Tr

( ∫
d3 p

∫
d3q δt,t0 (p, q)

Ep	

Ep
â†(p	)â(p	)e(i/2)θμν Ĵμν (t0 )ρ(t0)â†(q)â(q)

)

= Tr
[(
Î + γ ∗

t,t0 N̂
)(
Î + γt,t0 N̂

)
e(i/2)θμν Ĵμν (t0 )ρ(t0)

]
+ Tr

( ∫
d3 p

∫
d3q δt,t0 (p, q)

Ep	

Ep
â†(q)â(q)â†(p	)â(p	)e(i/2)θμν Ĵμν (t0 )ρ(t0)

)

= Tr
{[
Î + (

γ ∗
t,t0 + γt,t0 + ∣∣γt,t0

∣∣2)
N̂

]
e(i/2)θμν Ĵμν (t0 )ρ(t0)

}
+ Tr

( ∫
d3 p δt,t0 (p,	p)

Ep	

Ep
â†(p	)â(p	)e(i/2)θμν Ĵμν (t0 )ρ(t0)

)

= Tr
[(
Î − δt,t0 N̂

)
e(i/2)θμν Ĵμν (t0 )ρ(t0)

] + Tr

( ∫
d3 p δt,t0 (p,	p)

Ep	

Ep
â†(p	)â(p	)e(i/2)θμν Ĵμν (t0 )ρ(t0)

)

= χt0 (θ, 0) − δt,t0 Tr[N̂e(i/2)θμν Ĵμν (t0 )ρ(t0)] + Tr

(∫
d3 p δt,t0 (p,	p)â†(p)â(p)e(i/2)θμν Ĵμν (t0 )ρ(t0)

)
,

where the second and third equations of (D1) were used in the third equality, and in the fourth equality the equation γ ∗
t,t0 + γt,t0 +

|γt,t0 |2 = −δt,t0 was substituted. The Lorentz invariance of d3 p/Ep and δt,t0 (p, q) leads to the last equality, which is nothing but
Eq. (69).
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