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Reduced dynamics with Poincaré symmetry in an open quantum system
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We consider how the reduced dynamics of an open quantum system coupled to an environment is realized
in the Poincaré symmetry. The reduced dynamics is described by a dynamical map, which is a quantum
channel (a completely positive and trace-preserving linear map) given by tracing out the environment from
the total unitary evolution without initial correlations. We investigate the dynamical map invariant under the
Poincaré transformations and discuss how the invariance constrains the form of the map. Based on the unitary
representation theory of the Poincaré group, we develop a systematic way to construct the dynamical map with
the Poincaré invariance. Using this method, we derive such a dynamical map for a spinless massive particle,
and the conservation of the Poincaré generators is discussed. We then find the map with the Poincaré invariance
and the four-momentum conservation. Further, we show that the conservation of the angular momentum and the
boost operator makes the map of a spinless massive particle unitary.
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I. INTRODUCTION

It is difficult to isolate a quantum system perfectly, which
is affected by the inevitable influence of a surrounding envi-
ronment. Such a quantum system is called an open quantum
system. Since we encounter open quantum systems in a wide
range of fields such as quantum information science [1,2],
condensed-matter physics [3,4], and high-energy physics [5],
it is important to understand their dynamics. In general, the
dynamics of an open quantum system, the so-called reduced
dynamics, is very complicated. This is because the environ-
ment may have infinitely many uncontrollable degrees of
freedom. One needs the effective theory with relevant degrees
of freedom to describe the reduced dynamics of an open
quantum system [2].

As is well known, symmetry is a powerful tool for captur-
ing relevant degrees of freedom in the dynamics of interest.
For example, let us focus on the symmetry in the Minkowski
space-time, which is called the Poincaré symmetry. Imposing
the Poincaré symmetry on a quantum theory, one finds that
quantum dynamics in the theory is described by the funda-
mental degrees of freedom such as a massive particle and a
massless particle [6]. The approach based on symmetries may
provide a way to get the effective theory of open quantum
systems.

In this paper we discuss the consequences of the Poincaré
symmetry on the reduced dynamics of an open quan-
tum system. This is motivated by the desire to understand
relativistic theories of open quantum systems (see, for
example, [7-15]) and the theory of quantum gravity. At
the present time, quantum mechanics and gravity have not
been unified yet. This situation has prompted the pro-
posal of many models of gravitating quantum systems. In
Ref. [16] the model of a classical gravitational interaction
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between quantum systems was proposed, which is called the
Kafri-Taylor-Milburn model. In addition, the Di6si-Penrose
model [17-19] and the Tilloy-Di6si model [20] were ad-
vocated, for which gravitating quantum system intrinsically
decoheres. The above models are formulated in nonrela-
tivistic theories of open quantum systems. One concern is
how they are incorporated in relativistic theories. This paper
would help to obtain a relativistic extension of the above
models.

For our analysis, we describe the reduced dynamics of an
open quantum system by a dynamical map. The dynamical
map is a quantum channel obtained by tracing out the environ-
ment from the total unitary evolution with an initial product
state. It is known that the dynamical map (the quantum
channel) is a completely positive and trace-preserving linear
map and has an operator-sum representation given by Kraus
operators [2,21-23]. We consider the condition of a dynamical
map invariant under the Poincaré transformations. It is first
shown that this condition is satisfied for unitary evolution in
quantum theory with the Poincaré symmetry. We then con-
sider how the condition restricts the form of Kraus operators
associated with the dynamical map. With the help of the repre-
sentation theory of the Poincaré group, we obtain a systematic
way to deduce the Kraus operators.

Applying this method, we get a model of the dynamical
map of a spinless massive particle. Discussing the conser-
vation of the Poincaré generators, we obtain the following
consequences. (i) There is the nonunitary dynamical map (i.e.,
nonunitary channel) with the Poincaré invariance and the four-
momentum conservation. (ii) If we impose the conservation
of the Poincaré generators, then the map of a spinless massive
particle is reduced to the unitary map (i.e., unitary channel)
generated by the time-translation operator. These imply that
the Poincaré symmetry can strongly constrain the reduced
dynamics of an open quantum system. We further discuss a
covariant formulation of the dynamical map with the Poincare
invariance.
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The structure of this paper is as follows. In Sec. II we
discuss the dynamical map describing the reduced dynamics
of an open quantum system and introduce the invariance of
the dynamical map. In Sec. III we derive the condition that
the dynamical map is invariant under the Poincaré group.
In Sec. IV, focusing on the dynamics of a spinless massive
particle, we present a model of the dynamical map with the
Poincaré invariance. We then investigate the model in terms
of the conservation law of the Poincaré generators. Section V
discusses a covariant formulation of our theory. Section VI
provides a summary. The natural unit 2 = ¢ = 1 is used in
this paper.

II. QUANTUM DYNAMICAL MAP AND ITS SYMMETRY

In this section we consider the reduced dynamics of an
open quantum system and discuss the symmetry of the dy-
namics. The reduced dynamics is given as the time evolution
of system density operator. The evolution from a time slice
T =ty to T =t is assumed to be given by

p(t) = ;4 [p(t0)] = Tre[U (1, 10)p(10) ® pU7 (2, 19)], (1)

where p(t) is the system density operator, pg is the den-
sity operator of an environment, and U (¢, o) is the unitary
evolution operator of the total system. In this paper the map
®, ;, is called a dynamical map, which has the property of
being completely positive and trace preserving [2,21-23]. The
dynamical map ®; ,, is rewritten in the operator-sum represen-
tation

@, 1 [p(t0)] = Y F " p(to)F "7, )
A

where 15/{ ™ are the Kraus operators. Note that this generally
follows from Eq. (1) (see Appendix A). The Kraus operators
satisfy the completeness condition

dOEME =1, ©
s

which  guarantees  the  trace-preserving  property
Tr{®, ,, [p(to)]} = Trlp(t)]. In the operator-sum representa-
tion, A takes a discrete value. When A is a continuous value,
we should replace the summation ), with the integration
f d (i) with an appropriate measure (). It is known that
two dynamical maps @ and @', with

Olpl =) FipF, @lpl=) FpE', 4
A A

are equivalent to each other (i.e., ®[p] = ®'[p] for any den-
sity operator p) if and only if there is a unitary matrix U4,/
satisfying ) _, Us n U5 5 = 830, = > Ui, U, and

F = Z Ui Fy. (5)
—

This is the uniqueness of a dynamical map [2,21-23].

To introduce symmetry in the above formulation, we
schematically consider the differential equation of the density
operator

dp(t) =dL[p(T)], (6)

whose solution is p(¢) = @, ,[0(f)] from a time slice T = 1,
to v = t. For example, if d£; = dt L with a Lindbladian L,
then ®,,, = e~~) which is nothing but the superoperator
of the quantum dynamical semigroup [2,21,22,24,25]. The
differential equation (6) is called covariant if the equation

dp'(v) =dL,[p'(v)] (7

holds under a transformation with p(t) — p'(t) and dL, —
d L. The map d L, is invariant under the transformation when
dL. = dL,. This leads to the equation

dp'(v) =dL.[p'(T)]. ®)

We adopt the transformation rule given by p'(t) =
U, (g)p(t)f]j(g), where U, (g) with g € G is the unitary repre-
sentation of a group G. Substituting p’(t) = U,(g),o(r)f]:(g)
into dp'(t) = dL.[p'(7)] and solving the differential equa-
tion, we get

Ui(9) @11, [p(10)10, (8) = @14, [Us (@)U, ()] (9)

This defines the dynamical map ®; ,;, as being invariant under
the group G, which was introduced in Refs. [23,26,27]. In the
next section we will see that Eq. (9) holds for unitary evolution
in quantum theory with the Poincaré symmetry. Our aim is to
extend this to a general dynamical map and to construct the
map which is invariant under the Poincaré group.

III. DYNAMICAL MAP WITH POINCARE INVARIANCE

In this section we consider a quantum theory with the
Poincaré symmetry and introduce the dynamical map with the
Poincaré invariance. The generators of the unitary representa-
tion of the Poincaré group [6] are given by

Pt = / dx T, v = / d*x M"Y, (10)
where 7"’ is the energy-momentum tensor of a system and
M*™? is defined as

MHP = xFVP — XV He, (11)

In the Schrodinger picture, the components of the generators
are

gzwszﬂmmw, (12)
pi :/d%cf“"(x, 0), (13)
Ji — %Ejkijjk _ /‘dSXEjkixjka(x’ 0), (14)

Ri@t)=J° = /d3x[x"f°"(x, 0) — 7%, 0], (15)

where we note that the boost generator K'() explicitly de-
pends on a time ¢. The operators satisfy the Poincaré algebra,

(B, Pl =0, (16)
[P, H] =0, (17)
[J;, H] = 0, (18)
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[, Jj] = ieijf*, (19)
[Ji, Pj] = i€y P", (20)
[J:. Kj] = ie;ju K", 1)
[K:, Pj] = i8;;H, (22)
[Ki, H] = iP,, (23)
[Ki, K] = —ieijpd*. 24)

For later analysis, we clarify the explicit time dependence of
the boost generator K(t) = [K'(t), K*(t), K*(¢)]. Since the
boost operator is conserved during the evolution generated
by the system Hamiltonian H, we have the conservation law
dKu(t)/dt = 0, with Ky () = ¢ K(t)e . The solution of
dkH(t)/dt =0is RH(I) = kH(O) = k(O) and hence we get

K@) = e 'R (0)e !, (25)
where

k() = / xxT®(x, 0). (26)

Let us assume that the system dynamics is described by
a dynamical map &, from p(f) to p(t) = P, ,[p(t0)],
where p(t) is the system’s density operator. According to
Eq. (9), the Poincaré invariance of the dynamical map is
formulated as

U/(A, @)@, 4, [p(t0)]T/ (A, @)
= ., [0 (A, @)p(t0)T} (A, @), 27)

where the unitary operator U;(A, a) depends on the proper
(detA = 1) orthochronous (A%, > 1) Lorentz transformation
matrix A*, and on the real parameters a** of space-time trans-
lations. The unitary operator U,(A, a) generated by H, P =
[P', P2, P3), J =[J', J%, ]3], and K(r) has the group multi-
plication rule

U, (A, d)O (A, a) = U, (AN, d + Na), (28)

where we adopted the nonprojective unitary representation of
the Poincaré group [6]. The time dependence of U, comes
from the boost generator K ).

Here it is worth discussing the present approach and em-
phasizing the scope of this paper. One may imagine that the
reduced dynamics of a system is not Poincaré invariant even
if the total dynamics of the system and its surrounding en-
vironment (1) are Poincaré invariant. In the present analysis,
we just investigate the form of the dynamical map satisfy-
ing (27) and we do not care about how such a dynamical
map is derived from the total dynamics of the system and
the environment. In general, the system’s reduced dynamics
depends not only on the interaction Hamiltonian between
the system and its surrounding environment but also on the
initial state of the environment. Hence, it is possible to find
equivalent reduced dynamics obtained from different models
of environment. From this viewpoint, the approach based on
a dynamical map (quantum channel) is independent of how

the map is derived from possible models. Nevertheless, it is
important for discussing what model of environment gives the
dynamical map with the Poincaré invariance. This would help
us to grasp a physical picture of the present approach. In this
paper we do not investigate such a model.

Before we start analyzing the dynamical map consistent
with (27), let us understand how the condition (27) holds for
the unitary map,

Uy 1 [p(t0)] = €™M0 p(1g)e™ =10, (29)
According to the Poincaré algebra and Eq. (25), we have
O(A, @) = e M0y (A, a)e™, (30)

where Uy(A, a) is the unitary representation of the Poincaré
group with the generators H, P, J, and K(0). Using Eq. (30),
we can check the invariance condition (27) of the unitary
map as

U o[ Ui (A, 2)p(10)T, (A, )]
= ¢ M0, (A, a)p(10)U] (A, a)e™
= 10, (A, @) U, 4 [pli)le
X U;)(A, a)e’ﬁ(”t“)
= Ui(A, )l 1, 001U (A, a).

Let us extend the invariant property of the unitary map to
a general dynamical map. In the operator-sum representation,
Eq. (27) is written as

O(A, @)Y Eplto) B "TO (A, a)
A

=Y B0, (A, a)p0)Tf (A, )
A

The uniqueness of the Kraus operators F)\’ 0 [see Eq. (5)]
yields

U7 (A, )BT,y (A, a) =) U (A, @B (31)
-

We can always choose £ so that {£}"}, is the set of lin-
early independent operators. This linear independence and the
group multiplication rule of U (A, a) given in (28) lead to the
multiplication rule of U, (A, a) as

Y U (N, d Wy (A, @) = Uy (N A, Aa+d). (32)
)‘1/
Hence, the unitary matrix U(A,a) with the components
U,,o(A,a) is a representation of the Poincaré group.
Equation (30) helps us to simplify the invariance condition

(31) on the Kraus operators. Defining the Kraus operators £ o
as

E"v)t\,to — ethva)‘t,toeftho7 (33)
which have the completeness condition

D ESEN =1, (34)
A

we can rewrite Eq. (31) as
U5 (A, EUy(A, a) = U(A, @)E. (35)
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Here we introduced the vector E with the A component E}{”“.
Let the dynamical map &, ,, be given by

Enlpl =) E["pEL". (36)
A

The condition (35) implies that the map & 4, is invariant under
the Poincaré group in the sense that

Uo(A, @)& 1 [p104 (A, a) = & 1, [Oo(A, @)pUJ (A, @)]. (37)

Then the dynamical map &, ,, is written with the unitary map
U, 1, and the dynamical map &, ;, as

@, [p] =) F0pF
A

— e—iﬂt ZE;,toeimope—iﬂzoE;,to’reil{n
A
_ e_’ﬁ’&,fo [eiﬂzgpe—iﬁto]eiﬁt
_ efiH(zfzo)guo [p]eil:l(l*to)
= ut,to o gt,to [o], (38)

where in the fourth equality we used the condition (37) and
the fact that e’’’ is the unitary transformation representing the
time translation. Our task is to determine E satisfying Eq. (35)
[or & 4, satistying Eq. (37)]. The irreducible unitary represen-
tation of the Poincaré group is useful for our analysis because
Eq. (35) is decomposed into equations for each irreducible
representation subspace.

Let us present how to classify the unitary representations
of the Poincaré group [6]. An arbitrary four-momentum g*
is represented by a standard momentum £ and the Lorentz
transformation matrix (S,)*, with

q" = (S e". (39
The unitary matrix U (A, a) is written as
UA,a) =UU, a)U(A,0) = T(a)V(A), (40)

where [ is the identity matrix, (I, a) = T (a) = e~ @, and
U(A, 0) = V(A). We define the vector v, ¢ as

Vg = N V(S)vee, 41)

where P,v, ¢ = £, ¢, Ny is the normalization, and the label
& describes the degrees of freedom other than those deter-
mined by £#. The vector v, ¢ follows the transformation rules

T(@vge = Nye P V(S ¢
= NV(S,)e 1S Frany, o
= NV(S,)e S Hany, o
= N,V(S,)e ", ¢
= e Wy, . (42)
and
V(A)vge = NV(AV(S,)ve e
= N,V(AS,)ve ¢
= NyV(Sag)V(SygASq)vee

TABLE 1. Classification of the standard momentum ¢* and the
little group associated with ¢#, composed of Q*, with Q" ¢V = ¢*.

Standard momentum £* Little group
=M, 0,0,0], M >0 SO(3)

¢+ =[-M,0,0,0], M >0 SO(@3)

0 =1k,0,0,k], «k >0 1ISO(2)

0t =[—k,0,0,«], «k >0 1ISO(2)

* =10,0,0,N], N> >0 SO(2,1)

¢+ =10,0,0,0] SO@3.,1)

= N,V(Saq) Z Ders (Q(A, @))ve g

S/
N,
= —L 3 "D (Q(A, P)vager (43)
NAq £

where Q(A, ¢) = Sy} AS,. The matrix Q(A,q) satisfies
Q" ,£" = £* and the set of such matrices forms a group called
the little group. In Eq. (43), Dge(Q) forms a unitary matrix
D(Q) and gives a unitary representation of the little group.
The irreducible unitary representations of the Poincaré group
are classified by the standard momentum ¢ and the irre-
ducible unitary representations of the little group. Table I lists
the standard momenta ¢# and the little groups. For simplicity,
& is regarded as the label of basis vectors of the irreducible
representation subspaces of the little group.

We investigate Eq. (35) restricted on each irreducible rep-
resentation. For convenience, we separately focus on the
Lorentz transformation and the space-time translation in
Eq. (35). The unitary operator Uo(A, a) is written as

Uo(A, a) = Uy, a)Uy(A, 0) = T(@)V(A),  (44)

where 0@(1 ya)=T(a) = e“"j’ﬂ”" with the four-momeptum
operator P* and Uy(A, 0) = V(A) with the generators J and
K(0). From Eq. (35) for A = I we have

T (@ET (a) = T(a)E. (45)
Equation (35) for a* = 0 gives
VIMEV(A) = V(AE. (46)

Introducing Eq.g = vT!EE', we obtain the following equa-
tions from Egs. (45) and (46):

TH(@)EysT(a) = e Eq (47)
and
N*
. . o
1% (A)qugV(A) = N_* E 'Dg,s(Q(A ,q))EA—lq,S/.

A’lq S/
(48)
Here we used Egs. (42) and (43) and Q(A, q) = SK;ASq.

The label & can take discrete or continuous values. For the
continuous case, the summation ZS is replaced with the in-

tegration f d (&) with a measure u(&). Focusing on Eq. (48)
for A = §,, we get

VISPEeV(S)) = N Ey . (49)
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where note that N; = 1 and Q(Sq_', q) = SS?I,qu“Sq =5 =
I hold by the definition of v, ¢. Equation (4,9) tells us that the
Kraus operators £, ¢ are determined from the Kraus operators
E; ¢ with the standard momentum €*. All we have to do is
to give the form of the Kraus operators E{A’g. To this end, we
present the equations given by Eq. (47) for ¢ = ¢* and by
Eq. (48) for g* = ¢ and A = W with WH,¢" = ¢*, respec-
tively,

T (@)E:T(a) = e By s, (50)

VIW)E VW)=Y Di.(W HE e, 1)
E/

where QA g)=QW~ ', 0)=5.", WS, =W~'. In
the next section we construct a model of the dynamical map
with the Poincaré invariance to describe the reduced dynamics
of a spinless massive particle.

IV. MODEL OF THE DYNAMICAL MAP FOR A SPINLESS
MASSIVE PARTICLE

In this section, based on Egs. (50) and (51), we give a
model of the dynamical map with the Poincaré invariance.
To simplify the analysis, we consider a spinless particle with
a mass m and its Hilbert space Ho @ H;, where H, is the
one-dimensional Hilbert space with the vacuum state |0) and
‘H, is the irreducible subspace with one-particle states. A state
vector W) in H; (W) € H;)is

W) = / d’p¥(p)a' (p))0), (52)

where the vacuum state |0) satisfies a(p)|0) = 0, ¥(p) with
the momentum p is the wave function, and a(p) and a' (p) are
the annihilation and creation operators, respectively, with

[a(p), a(p)] = 0 = [a" (p), &' ()],
la(p),a' (Pl =8 @ —p). (53)

Here [A,B] is the commutator, [A,B]=AB— BA. In
Refs. [6,28], the transformation rules of & (p) are given by

T(a)a" (p)T7 (@) = e " “a" (p), (54)
% AF tal EPA AT
V(M (pyVi(a) = /E—a (PA), (55)
P

where E, = p” = \/p?> + m?, E, = (Ap)’, and p, is the
vector with the components (p, )" = (Ap)".

We consider the Kraus operators EA‘(’E acting on the Hilbert
space Ho @ H;, that is, Eg,g Ho ® Hi — Ho D Hi, which
have the form

Epe =Agel + / d*pBes(p)a(p)

+ / dEpdpCoe(p, p)a’ (pHap).  (56)

The dynamical map given by these operators describes the
reduced dynamics of the particle, which can decay into the
vacuum state. Substituting Eq. (56) into Eqgs. (50) and (51),

we obtain

AZ,S — e_"e”““qug, (57)
Bye(p)e 7' = By g (p)e ", (58)

Coe(p/, p)e?" 7% = Cpe(p/, ple™  (59)

and
Aé,é = ZD;;E(Wil)Agvs/’ (60)
EI
E
\ % D _Beepw) =) Die(W HBre(p), (61)
p o %—/
E, E
gw Epw CeePy. Pw) = ) Die(W )Cop (@, p). (62)
p'=p v

The derivation of these equations is in Appendix B.

We can analyze the form of A ¢, By ¢ (p), and C; ¢ (p', p) for
a spinless massive particle. The long computations presented
in Appendix C give the dynamical map with the Poincaré
invariance @, [p(to)] = Us 4, © & 4,[p(20)], with the unitary
map U 4, given in (29) and &, as

Enlpto)] = B f d*pa(p)p(to)d’ (p)
+ (ﬁ + Vt,toAA/),O(ltO)(]T + Vt,tolv)+
+ / d*p / d’q8,.,(p, @)a’ (p)a(p)

x p(to)a’ (g)a(q), (63)

where N is the number operator defined by

N = / d*pa’ (pap). (64)

The function &, 4, (p, g) is non-negative and Lorentz invariant
in the sense that

/ d’pd*q £*(p)8: (P, 9 f (@) = 0,

and
8t,to(Apv AQ) = 5r,to(17, CI)- (65)

Hence, & ;,(p, p) does not depend on the three-momentum of
the particle. In the following, & ;,(p, p) is simply denoted by
84,- The parameters B, 4, 1.1, and &, ,, satisfy

N 2
,Bz,tg =0, ﬂt,to + Vito + Vi, + |Vt,t0| + 5r,10 =0, (66)

where the inequality is required from the fact that the density
operator & ;,[po(fp)] should be positive and the latter condi-
tion in (66) is yielded from the completeness of the Kraus
operators (3).

From the transformation rules of the creation and annihila-
tion operators (54) and (55), we can check that the map &,
satisfies the invariance condition (37). Since the unitary map
U, 4, 1s invariant under the Poincaré group, which is discussed
around Eq. (29), we can confirm that ®, ; is also invariant.

We discuss the conservation laws of the Poincaré genera-
tors H, f’, J , and K (t) in quantum mechanics, which means
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that the all-order moments of each operator are conserved
during time evolution. For this purpose, it is useful to consider
the characteristic function

X0, @) = Trle PRI Op@)), - (67)

where P* = [H, f’] is the four-momentum and the anti-
symmetric tensor J#'(r) is given by J/*(r) = €U*J; and
J®(t) = K'(t), which depends on time in the Schrodinger
picture. For example, the nth-order moment of the energy is
given as Tr[ﬁ”,o(t)] = (—1)"9% x:(0, a)lp=0=q- The time evo-
lution of the density operator is p(t) = @, ,,[0(t)] = Uy 4, ©
5[,1‘0 [o(t0)].

Let us investigate the conservation of the four-momentum
P* for the above model of the massive particle. The charac-
teristic function x, (0, a) is computed as

%0, a) = Trle™ " p(1)]
= %500, @) + B, TIIN (A — e P Yp(1)].  (68)

We thus find that the energy of the particle is not conserved,
x:(0, a) # x5(0,a), even when the map is invariant under
the Poincaré group. Such a deviation between symmetry and
conservation law was discussed in, for example, Refs. [26,27].
If the parameter f;,, vanishes, then x;(0,a) = x;(0, a) and
hence the energy is conserved. For such a case, we find
the dynamical map &, ,, with the Poincaré invariance, which
guarantees the four-momentum conservation.

Under the four-momentum conservation (the condition
Bt.1, = 0), we further examine the conservation of J*(t). The
characteristic function yx,(6, 0) is

x:(6,0)
— Tr[e(i/z)eﬂ“j#"(l)p(t)]

= x5(0,0) — &, T[N /%" p (1))

* Tr( / d*p 8. (p, Ap)a*(p)fz(p)e“‘/z”wf“”%(ro)),

(69)

where A = A(0) is the Lorentz transformation matrix deter-
mined by 6,,. To conserve Jwv @), 8¢ .1, = 6¢.4,(p, Ap) should
hold for all A, and hence 6, (p, g) = & 4. The dynamical
map & ,, for a spinless massive particle becomes

& wlpo)] = (14 v M) pt) X + 1N+ 8,1, N p(t0)N.
(70)

When the density operator p(f) is given by one-particle
states, we have Np(t)) = p(ty) = p(to)N, and then the dy-
namical map &, ,, with the Poincaré invariance is

thA,ro [o()] = ut,to o gt,to [o(t)]
= (14 VeI 4 81 )Us 1y [ p(10)]
= ut,to [o(t0)], (71)

where we used the condition &, = —y;4 — yt’fto — |y,,,0|2
given by setting B, ,, = 0 for the second equation in (66).
Hence, the dynamical map with the Poincaré invariance for
a spinless massive particle is reduced to the unitary map when

the conservation of the Poincaré generators holds. The result
corresponds to an extension of the analysis in [29].

V. COVARIANT FORMULATION

In the preceding section we obtained the form of the dy-
namical map with the Poincaré invariance in Minkowski time
in a special coordinate system. In the following, we rewrite
the previous formulation in a covariant way. We consider
the foliation of Cauchy surfaces {¥;}; and the unit timelike
vector n** normal to X, where the parameter t is generated by
n*. For example, the parameter t is defined by dx* = n*dt
with a constant n* in the Minkowski space. Letting x; be
a constant of integration, the solution of the equation yields
T =—n,x" - x(’)‘), which is invariant in any inertial coordi-
nate system. In the present formulation, the density operator
p(7) of a quantum system is defined on the Cauchy surface
%;. The change of the density operator from a Cauchy surface
3., to another X, is regarded as the time evolution of the
density operator from 7y to T (>1¢).

Since the parameter 7 is coordinate invariant, the Cauchy
surface X, given as a v = constant hypersurface does not
depend on any choice of an inertial coordinate system. On
the other hand, the density operator depends on it. This is
because the density operator of a quantum system is specified
by the statistical outcome of observables such as a momen-
tum and a spin. When the density operator in one inertial
coordinate system is p(t) on X, the density operator of the
same quantum system in another inertial coordinate system is
given as U, ,o(t)lA];f on the same Cauchy surface .. The two
coordinate systems are connected by a Poincaré transforma-
tion, which is represented as the unitary operator U, acting on
the density operator. In the Schrodinger picture, the Poincaré
generators of U, are (see also Ref. [30])

O =-—n,P", M'=P'—n"0, L"=L1e"Pjum,,
Nt = J"n,, (72)
which satisfy the commutation relations
[11,, 1,1 =0, (73)
[11,, 8] =0, (74)
[L.,6]=0, (75)
(L., L] = i€ napn®L?, (76)
(L, 1,] = i€napn®T1P, (77)
(L., N,] = i€napn®NP, (78)
(N, 11,1 = i(n,0 + 1,1,)0, (79)
N, ®] =ill,, (80)
[N, Ny] = —i€ napn®L?. (81)

In the folia}iop with n* =1, 0,0, 0] jn a coqrdinate, tAhe
generators O, IT*, L*, and IA\”‘ are with ® = H, I1* = [0, P],
L* = [0, J], and N* = [0, K], respectively. These are nothing
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but the Poincaré generators for the Minkowski time consid-
ered in the previous sections. Since each generator defined
with the Cauchy surface ¥, is conserved in the flow by
the system Hamiltonian ®, the equation dZ\A/g /dt = 0, with
NI’{‘({) = 97N (7)e~97, holds. This suggests that the oper-
ator N* depends on t as

N*(t) = e OT N (0)e (82)

in the Schrédinger picture. The time dependence of K (1) was
similarly discussed around Eq. (25) in Sec. III. Then the t
dependence of the unitary operator U, (A, a) generated by ©,
[1#, [*, and N”(r) is given by

U.(A, a) = e O Up(A, a)e'®", (83)

where the commutation relations (74) and (75) were used and
the unitary operator Uy(A, a) is generated by ©, [1#, L/, and
N™(0).

To manifest covariance, we use the Lorentz invariant
measure du(p), with du(p) = d*ps(p> + m*)0(p°), for a
massive particle. Also, we introduce the annihilation and cre-
ation operators A(p) and AT (p) satisfying

[A(f), A(g)l = 0 = [AT(f), A ()],
= / du(p)f(p)g*(p), (84)

[A(f), AT (9)]

where f(p) and g(p) are complex functions and
A = [ s, (85)

The Poincaré transformation rule of A¥(p) is
Uo(A, )AT(p)U (A, a) = e PV u AT (Ap). (86)

In the previous formulation, the annihilation operator A(p)
corresponds to \/Ej,&(p). We can use the same procedure as in
the previous sections and Appendix C to write the dynamical
map with the Poincaré invariance in a covariant way. The
dynamical map &, = U, o0&, for a massive spinless
particle is given by

Uy [p] = 7O pel 0 (87)

and
el =Brry / du(p)A(p)pA’(p)
+ (@ + ye Mo + ye M)
+ / dp(p)d(q)8r., (. DA (PA(P)pAT (AT (),
(83)

where the number operator N is

N = / du(pApPAT (p). (89)

For the Minkowski time in a special coordinate, in which n#* =
[1,0,0,0], T =1, and 1y = 1y, the above dynamical map is
reduced to that derived in the preceding section.

We briefly comment on what may happen if the obtained
dynamics is described in another foliation of Cauchy surfaces

{£,}, with a normal vector m* = A*,n", where A", is a
Lorentz transformation matrix. Here note that m* is not given
by a Lorentz (coordinate) transformation but is a different ob-
jective vector from n*. In the another foliation, the dynamics
may give the action at distance, that is, induce the violation
of causality. To investigate this conceptual problem clearly, a
local description of the dynamics would be required. This is
because we should carefully specify each description of the
dynamics in different foliations by a local quantity at a space-
time point in the intersection of two Cauchy surfaces X, and
3,.. Elucidating what constraints to the present framework are
derived from causality and locality remains a challenge for the
future.

VI. CONCLUSION

We discussed how a dynamical map describing the reduced
dynamics of an open quantum system is realized under the
Poincaré symmetry. The unitary representation theory of the
Poincaré group refines the condition for the dynamical map
with the Poincaré invariance. We derived the model of the
dynamical map for a spinless massive particle. In the model,
the particle can decay into the vacuum state, and we found
a model of the dynamical map with four-momentum conser-
vation. Further, we showed that the map is unitary under the
conservation of the Poincaré generators if the map is restricted
to density operators of one-particle states of the spinless mas-
sive particle. In this way, it was exemplified that the Poincaré
symmetry strongly constrains the possible dynamics of an
open quantum system. We also formulated the dynamical
map with the Poincaré invariance in a covariant way. In the
present analysis, we did not clarify how the total dynamics of
the system and the environment lead to the dynamical map
obtained here. This is left for future work.

In this paper we assumed an open system with a single
particle. It is possible to extend our analysis to the case with
many particles. Considering interactions among many parti-
cles, we can understand more general effective theories of
open quantum systems in terms of the Poincaré symmetry.
For the particles interacting via gravity, we can also discuss
the models with intrinsic gravitational decoherence, which
have been proposed in [16-20]. These models are written in
the theory of open quantum systems. In the weak-field regime
of gravity, the Poincaré symmetry may provide guidance for
establishing the theory of gravitating particles.

This paper has the potential to lead to the development
of a relativistic theory of open quantum systems. To de-
scribe the reduced dynamics of an open quantum system, a
Markovian quantum master equation is often adopted. How
such a master equation is consistent with relativity has been
discussed [15,31,32]. Applying the present approach, it will
be possible to discuss the quantum Markov dynamics with the
Poincaré invariance. In doing so, it is also worth considering
the description of the dynamics in quantum field theory and
examining relativistic causality. The previous works [33—-36]
discussed the consistency between the measurements of local
observables and the relativistic causality in quantum field
theory. It may be interesting to understand the dynamics of an
open quantum system with the Poincaré symmetry as a causal
measurement process by an environment.
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APPENDIX A: DERIVATION OF EQ. (2)

We here give the derivation of Eq. (2) starting from Eq. (1).
For simplicity, we assume that the initial state of the environ-
ment is pure, pg = |0)g(0|. We then find

p(t) = Tre[U (¢, t0)p(to) ® [0)E(0|U (¢, 10)]
=Y Enl0 . 10)p(to) ® 0)e (010 (2, 10)In)e

=Y 6|0, 1)|0)e]p(t0)[e 01T (2. to) n)e]

=D Ei )by, (A1)

where £ = g(n|U(t, t5)|0)g is the Kraus operator acting on
the system density operator p(#y). Replacing n with X, we get
Eq. (2).

Even when the environment is initially in a mixed state pg,
for example, a thermal state, we can derive the operator-sum
representation (2). Equation (1) is rewritten as

p(t) = Tre[U(t, t)p(to) ® peU (¢, 19)]
= Tre[U (1, 19)p(to) ® /pe/PEU (2, 10)]

=Trg (U(h 10)p(to) ® «/EZ Im)g(m|/pe0 " (t, to))
=Y enl0, 1)) ® /oE Y _ Imhe

x (ml/oeU" (1, o) In)g
= Y 6|0, 10)/pElm)Elp(t0)

n,m

x [e(ml/peU (¢, t0)In)E]

=Y Ellp(to)En", (A2)
n,m

where in the second line we used the fact that pg is a
non-negative operator and uniquely has its square root ,/0g
and in the third line we inserted the completeness relation
> o Im)e(m| = . Replacing the label (n, m) of the Kraus
operator Fn’;;’ =g(n|0, 10)/PEIm)E acting on p(ty) with A,
we get Eq. (2) again. Here we assumed the initial uncorrelated
state of the system and the environment. In the theory of
an open quantum system, we may consider an initial state
with correlation, which may lead to a more general reduced
dynamics of the system (see, for example, the review [1]). In
this paper we do not discuss such dynamics.

APPENDIX B: DERIVATION OF EQS. (57)-(62)

We present the transformation rules of Ay ¢, By ¢, and Cp ¢
given in Egs. (57)—(62). Using the assumed form of the Kraus
operators Eg,g defined by (56), we can compute the right-hand
side of Eq. (50) as

T (@)E :T(a) = A1 + / d’pByg(ple " ““a(p)

+/d3p’d3p Coe(p, p)e " 7%t (pa(p).

From Eq. (50) we have

Apg =e WAy, (B1)
Bye(p)e 7' = By g (p)e ", (B2)
Coe(p, p)e?" 7% = Cpe(p', ple™™ . (B3)

The right-hand side of Eq. (51) is evaluated as
VIW)E V(W)

. |E, .
= Ayl +/d3PBe,s(P) Ig ~a(py-1)
P
Ey . |E,
+fd3p’d3pcz,g(p’, Py - Dawy-)
4 4
a0 3 Epy ,
=Apel + | d°pBeg(py) z a(p)
P
/ E 4 E A~ A
+/d3pd3pCz,s(P£v,pw)‘/%,/%a*(p’)a(p),
/4 P

where note that the Lorentz invariant measure is d>p/ E, and

hence f(p)d3p = Epf(p)d3p/Ep = EpAf(pA)d3p/Ep. From
Eq. (51) we have

Avg =Y Di(W AL,
-

E
|2 Bespw) = 3 Dic(W™HBre(p),
p 5/

E, E
\ gprW Cos Py pw) = ) Die W Coe (0, p). (B6)
p'Ep ©

APPENDIX C: ANALYSIS OF A SPINLESS
MASSIVE PARTICLE

(B4)

(BS)

We assume that the spectrum of P* on any state | W) in the
Hilbert space of one-particle states, H,, satisfies

PR, = —m? W), (W|P'|W) > 0. (C1)

These equations are equivalent to the fact that the Hamiltonian
H = P° has the form H = v/P,P* + m2, which implies that
|W) is the state of a massive particle. In this Appendix we de-
rive the form of the dynamical map &, ,, of a spinless massive
particle.

Case I: ¢* =[+M,0,0,0], M > 0. We focus on the
spectrum ¢* = [+M, 0,0, 0], M > 0. From Eq. (B1) for all
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a"* =1a, 0,0, 0], A¢ ¢ must vanish,
Ave = e:l:iMaAL%_ . Ape =0.
Equation (B2) for all a* = [0, a] leads to
Bis(p)e """ =Bis(p) . Bus(p) = Bis8 (p).
From Eq. (B2) for all a* = [a, 0, 0, 0], we get
Bee(p)e™® = By g (p)eMa,
and combined with B, ¢ (p) = B, £8°(p) we obtain
Byse™ = By zet™Ma.

Since the mass m is positive, to get a nontrivial result, we
should choose +M with M = m. Using Eq. (B5) forQ =R €
SO(3) and adopting the result By ¢ (p) = By 8% (p), we find

Bie=Y Di(R)Bre.
I
Since Dg¢ is an irreducible (unitary) representation, to get a
nontrivial B ¢, we should choose the spinless representation.

Hence, By ¢ is reduced to By, which has no leg labeled by &.
Therefore, B;(p), which is given by removing the label £ from

By (p), is
Bi(p) = BeS*(p).
From Eq. (B3) for all a* = [0, a], we deduce
Coe(p. p)e'? P =Cpe(p. p)
o Coe@', p) = Coe ()8’ (p' — p).
Equation (B3) for all a* = [a, 0, 0, 0] leads to
Coe(p, ple B =5 = C, o (p', p)e*™-,

and substituting C,¢(p', p) = Crs(p)8*(p' — p) into the
above equation, we find that C,¢(p) vanishes and hence
Cu:(p, p) is zero,

Cee(p) = Cre(p)e™ - Cre(p)=0 . Coe(p/.p)=0.

The above resulAts of Agg, Bee(p), and Coe(p', p) give the
Kraus operator Ey ; with £* = [m, 0, 0, 0] as

Ee = Boa(0).
Equation (49) tells us that
s *Y7 YT * E‘I ~
Eq,g = NqV(Sq)Eg,gV (Sq) = Nqu Za(q),

where E, = (5,¢)° and ¢' = (S,¢)". Choosing the normaliza-
tion of the inner product v;,! Vg as

T 3
vy Vet = 07(q — P,

we have N, = ,/m/E, up to a phase factor and the complete-

ness condition,
3 T
/d quq,qu,s =1.
N

We then derive a part of the dynamical map & ;, as

Enlpto)] D 1Bl / d*qa(q)p(t)a’(@).  (C2)

Case II: t* = [%«, 0,0, k], « > 0. We consider the spec-
trum ¢# = [£k, 0,0, k], « > 0. From Eq. (B1) for all a* =
[a,0,0,0], A ¢ turns out to be zero,

AK,E — e:i:i/caAL$ AZ,E =0.
From Eq. (B2) for all a* = [0, a], we get
Bre(p)e P = Byg(p)e ™ . Bus(p) = Bis8’(p— 0),

where £ = [0, 0, ¥]T. Equation (B2) for all a* = [q, 0, 0, 0]
leads to

B[,E (p)eiEl,a — Bg’g (p)eiil([l,

and substituting By ¢ (p) = B;.:8°(p — £) and Eq = v/ €2 4+-m? =
k% +m? into the above equation, we find that B, ¢ and
By £ (p) are trivial,

Be.geima _ B[yge:tilca o Bue =0 . Bye(p)=0.
Equation (B3) for all a* = [0, a] gives
Cos(p, PP P =Cre(p', ple
o Cos(plp) = Coe(P)S* (P — p+0).
Using Eq. (B3) for all a* = [a, 0, 0, 0], we get
Coe(p, p)e E =B = C, o (p', p)e*i™,

and substituting C ¢ (p', p) = C.£(p)8°(p' — p + £) into the
above equation, we have

CE,S (p)efi(Epfngp)a — CK,E (p)e:til(a'

Noting the fact that E,_y — E, £« # 0, we get Cp¢(p) =0
and

CZ,E(p,7 p) =0.

Combined with the above analyses on Ayg, B¢(p), and
Ce:(p', p), the Kraus operator E, ; vanishes:

Eqe =0 . E,e =N,V(S)OE:V'(S,) =0. (C3)

Case III: ¢* = [0, 0,0, w], N*> > 0. We focus on the spec-
trum ¢* = [0, 0, 0, w], N> > 0. From Eq. (B1) for all a* =
[0, a], we have

Agyg = e—i@-aAqu A[!g =0.
Equation (B2) for all a* = [a, 0, 0, 0] leads to
B e(p)e™r = Bz (p) . Bre(p) =0,

where note that E; = \/g*> +m? # 0. From Eq. (B3) for all
at* = [0, a], we deduce

Cre(p, p)e? P = Cy e (p', pe "
5 Coe@ . p)=Coe(P)S (P —p+0),

where £ = [0, 0, w]™. From Eq. (B3) for all ¢* = [a, 0, 0, 0],
we get

Coe(p/, ple B =5 = C, s (p', p),

042217-9



AKIRA MATSUMURA

PHYSICAL REVIEW A 108, 042217 (2023)

and substituting C; s (p', p) = Ces(p)8°(p/ — p + £) into the
above equation, we have

Coe(p)e " Ert™5) = C, 4« (p)
o Cog(p) = Cre(p)(p° — N/2).

Substituting this into Cy¢(p', p) = Coc(p)8*(p' — p + L), we
obtain

Coe(p', p) = Cre(p )8 (P, — p)S(P° + N/2)3(p° — N/2).

With the above results of Agg, Beg(p) and Cpe(p', p), the
Kraus operator Ey ¢ is written as

Ee= / d*p.Coe(p)a’(p,, —N/2)a(p,,N/2).

By the completeness condition of the Kraus operators
[Eq. (34)], the above Kraus operator Ej¢ should satisfy
E;’§E4_§ < 1. Concretely, E,\‘Zgég’g is evaluated as

El Ee= / d*p\ Cl(p')a" (p', N/2)a(p',, —N/2)
x / piCoe(p )i’ (b1, —N/D)a(p, . N/2)

— 5(0) / pL[Coc(p)alp, N/2T

X [Cegprlalp,, N/2)],

where the term given by the linear combination of a'a'aa
vanishes on Ho @ H;. To satisfy Eé.sEﬁf < I, we find that

/dZPL[Ce,s(PL)&(PpN/Z)]'I'[Cé,s(h)&(h, N/2)] =0,

which leads to C;¢(p,) =0 and (CD|EA4,5|\II):0 for
all |W¥), |®) € Ho ® H,. Hence, the Kraus operator £ ¢
vanishes,

Ee =NV(SPEVT(S) =0, (C4)

on the Hilbert space Ho & H;.

Case IV: ¢* =10,0,0,0]. We consider the case where
£ =10, 0, 0, 0]. Before computations, let us discuss the uni-
tary irreducible representations D(A) of the Lorentz group
[37,38]. Let J and IKC be the generators of D(A), which
give rotations and boosts, respectively. The unitary irreducible
representation D(A) is classified by two parameters j, and
v, by which the eigenvalues of the two Casimir operators
L =J>—K? and L = J - K are determined. The value
joGio + 1) gives the minimum eigenvalue of J2. The pa-
rameters jo and v are decomposed into two parts called
(1) the principal series —iv € R and j, =0, %, 1,... and
(ii) the complementary series 0 < v> < 1 and jy, = 0. We
denote by D/ (A) the unitary irreducible representation with
jo and v. In particular, D®*'(A) is the trivial one-dimensional
representation D%!'(A) = D%~ !(A) =1 and the others are
infinite-dimensional representations.

With the above knowledge on the unitary irreducible
representation of the Lorentz group, we proceed with compu-
tations. In the following, we drop the label £. Equation (B1) is
identical for all a*. Since the little group associated with £# is

SO(3, 1), Eq. (B4) for W = A € SO(3, 1) is given as
As =) Di (A HAg. (C5)
Iz

For the one-dimensional representation, since the representa-
tion is trivial D"!(A) = D"~1(A) = 1, A; is a scalar, A; =
A. Then Eq. (C5) trivially holds. For the infinite-dimensional
representation, A = 0 from Eq. (C5).

Equation (B2) for all a* = [a, 0, 0, 0] gives the condition

Be(p)e'™* = B¢(p) .. B:(p) =0,

where note that E, = \/p> + m? # 0. From Eq. (B3) for all
a*, we obtain

Cg(p/,p)ei(l’m*pﬂ)“” — Cg(P/,P)
S G(pp) = C(p)S (P — p).
Equation (B6) for W = A € SO(3, 1) is written as

E/E A / — /
JE g Ce@hpa) =3 Dhe(ANCe (0, p).
P'=p g

The equation Cs(p/, p) = C:(p)8°(p' — p) and the fact that
the invariant delta function is E,8(p — p') yield

Ce(pp) =) _ Die(A™HCer(p). (C6)
-

Choosing p =0 and A = S, with (S,)",k" = g* for k" =
[m, 0,0, 0], we have

Ce(q) =Y DL (S, )Cer(0). (C7)
g

Using Eq. (C7), Eq. (C6) is written as

C:(0) =) " D;(Q)Ce(0), (C8)
EI

where Zg,, Dggf/(A)Dg/rgf(A/) = 'Dgg/(AA/) and ’Dg/g (A) =
Dgg_/(A_l) were used and Q = Q(A, p) = SXI',AS,, e SO(3).
For the trivial representation D(A) = DOEL(A) =1, the
label & is removed and we should use C(p) instead of C¢(p).

Equation (C8) is then automatically satisfied. From Eq. (C7)
we find that C(q) is just a constant C:

C(g) = C(0)=C.

For the infinite-dimensional representation D(A) = D’V (A)
with (jo, v) # (0, £1), we have C:(p', p) = Ce o0 (P, P)

with
Ce.jow (P P) = Cejy v (P)S (P’ — P),

where the dependence of jy, and v was explicitly indicated.
For a spinless massive particle, the equation

Cejor(0) = > DL (Q)Cerjy. 0 (0)
v

is satisfied from Eq. (C8), where Q € SO(3). To get a non-
trivial solution, jo must be zero and Cx.,,(0) belongs to the
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representation space with jo = 0. Hence, Cz,9,,(0) = C,0¢,
with DO ”(Q) = 8¢g, for Q € SO(3). Equation (C7) gives
Ceo.0(g) = CDLY (S, ). (C9)

where note that S, is not an element of SO(3).
The above analysis for the case ¢* = [0, 0, 0, 0] tells us the
Kraus operators

E=Al+CN, E:p, = /d3pc DO -8, ha' (padp).

where A and C are complex numbers and N is the number
operator defined in (64). A part of the dynamical map &, ,, is
given as

Eulpo)] D (AL + CN)p(1o) (AT 4+ CN )T

+ Y Eeoup L,
Ev

= (Al + CN)p(to)(AL + CN)f

+ / d’pd*qD(p, ¢)a’ (p)a(p)p(to)a’ (g)a(g),

(C10)
where ) is defined by
zU:FV - /—1<v<] i+ /—iueR AR
and D(p, q) is
D(p.q) = Z GIPDLY (S, )DEL(s, ). (€l

This function D(p, ¢g) is non-negative and Lorentz invariant in
the sense that

/ dEpdiq f*(p)D(p, 9)f(q) >0, D(Ap, Ag) = D(p,q),
(C12)

where f(p) is a complex function of the particle’s four-
momentum and A is the Lorentz transformation matrix. It is
easy to show the former condition, and the latter equation is
shown as

D(Ap, Aq) = ZIC DG (Sap) Pese (Sng)
= Z IC P DG (A p)S, " AT

DOV(Q(A @S, A7)
=Z|cv| ZDQO?(Q(A PHDEL (S, AT

XZ%«Q(A DD (S, A7)

_ 210, v
ZICID&S (s,

= ZICI 275 (5

NDL(S, AT

DOV*(A )

0, 0, —1
ZD&; Dga™)

= Z'C i ZD?O?

SH
—ZIC "Dee" (5, ') Dee (57 )

= D(p, q),

where we wused the equations Q(A,p)= ’IA D,
Yo Denn (MDD (N) =D (AN, D “*(A)_Dgg(Afl),
and D}(Q) = 8¢ for Q € SO(3).

Summary from cases I-1V. Let us summarize the analysis

of a spinless massive particle. The above results given in
Eqgs. (C2)—(C4) and (C10) provide the following form of & ;,:

)¢ Dy

(Sg")

Enlp(to)] =B / d’pa(p)p(t0)a’ (p)

+ AL + cN)p )AL + cN)T

+ / d’pd’qD(p. )a" (p)a(p)p(t0)a’ (9)a(q).
Here By is denoted by B for simplicity. For the Hilbert space
Ho @ H, of the vacuum state and one-particle states of the

massive particle, the completeness condition of the Kraus
operators gives

i =B) / d*pa’(pa(p) + (Al + CN) (AT + CN)

+ f d*pd*qD(p, ¢)a’ (@)a(g)a’ (p)a(p)
= |APL + [|B]> + AC* + A*C + |C* + DIN.  (C13)

where we note that the equations

a'(@a@)a’ (pap) = &' (p)a(p)s* (p — q)
(C14)

N* =N,

hold on Hy @ H; and that D = D(p, p) does not depend on
the three-momentum p due to the Lorentz invariance [the
second of Egs. (C12)]. Equation (C13) gives

A2 =1, |BP?+AC* +A*C+IC?+D=0. (C15)

The parameters A, B, and C and the function D(p, g) may
depend on ¢ and #;. Redefining |B|, C/A, and D(p, q) as
Bt .ts Veay» and 8 4 (p, q), respectively, we get the following
dynamical map & ,,,

& [p(t0)] = B f & pa(p)p(io)i (p)
+ A+ v o) T + v N

+ f d’pdqé,.,(p, Qd" (p)a(p)p(t)a’ (q)a(q).
(C16)

This is nothing but (63). According to the definitions S ,,
Voo and & 4 (p, g), we find that the function & . (p, q) is
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non-negative and Lorentz invariant, that is 8.1 (AP, Aq) = b;4,/(P, q). (C17)

. and that the parameters B, ;,, ¥.1,, and 8, ,, = 8,4, (p, p) satisfy
/ &*pd’q f*(P)31 (P ) f (@) = O, o e S
d ,Bt,zg =0, ,Bt,to + V;zo + Vi ‘J/t,to} + at,ro =0. (CI8)
an

J

APPENDIX D: COMPUTATION OF THE CHARACTERISTIC FUNCTION

In this Appendix we derive Eqgs. (68) and (69). Since p(1) = @, ,[p(t0)] = U, 0 & .,[p(t0)] and Uy, [p] = e HE—0)
pef=0) we have

%0, @) = Tefe ™ p()] = Tefe U, ,, 0 & 1 [p(t)]} = Trfe ™" & [0},

where [H, P*] = 0 was used. Substituting the form of &, ,, given in (63) into the above equation, we get
x(0,a) = ﬂ,,,oTr<e"“ﬂf"‘ f d’p a(p)p(rom*(p)) + Te[e ™™ (T + 1., p(t0) (T + %, 9)]
+ Tr(e—""uﬁ“ / d’p / d°q 814, (p, q)a*(pm(p)p(ro)a*(q)a(q)).
Since e~ iP" @ NP a = N and e~ at (p)a(p)e” « = &' (p)a(p), the characteristic function is written as
x(0,a) = ﬂz,toTr(e‘f“ﬂﬁ ' f d’p a(p)pao)a*(p)) + e[ (T + 17, ) (E + 7o) e ™ p(19)]

+ Tr( / d*p / d*q 8,4, (p. q)aT(q)Mq)a*(p)&(p)ef"ﬂﬁ“pao)).
On the Hilbert space H, @ 7, of the vacuum state and one-particle states of the massive particle, the following equations hold:
P apy=ap), K =N, a'(@a@a’ (pap) =a paps’p-q. (D1)
Using them, we then find

x:0,a) = ﬁz,znTr< / d3pa(p>p<to)a*(p)) + T[T+ (17, + Vi + 7)) e p10))

+ Tr( / d*p 8.4, (p, p)a-r(,,)&(,,)emmp(to))
N A « 2\ T —ia, PP Xy —ia, P"

= Bra TN p (o)l + Tr{ [T + (v, + e + [viuo| )N ]e " p(t0)} + 8.4 TN e p(80)]

= B TN p(0)] + Te{ [T — (Brsy + 81.) W ]e ™" p(20) } + 8,1, TN e p(19)]

= %50, @) + B, THN (A — =" )p (1)),
where in the second equality note that &, ,,(p, p) = &, is independent of the three-momentum p due to the Lorentz invariance,
8t 4,(p, p) = 61.4,(Ap, Ap), and in the third equality we used y;f‘lo + Vs + |ym0|2 = —PB1, — i, satisfied by the second of
Egs. (66). Hence, we get Eq. (68).

Let us compute the characteristic function x;(6, 0). Using e/20ud" ) = o=if(t=10) i/ 260" (10) il i=10)  which follows by
K@) = e M K(0)e" and J = e JeiH'" [see also the discussion around Eq. (25)], we have

X0, 0) = Te[e 2O p(e)] = Tefe POt 1 0 & 1, [p(t0)]} = Tr{e 2 0E,  [p(to)]).

Substituting &, 4, into this equation and assuming f; ,, = 0, we obtain
x:(0,0) = Tr[e("/m#"f“"("’)(ﬁ 4 Vt,tON)P(IO)(]T 4 ytiktoN)]

+Tr(e<"/2’9wf“”<’°> f d’p / d*q8.4,(p, q)a*<p>a<p>p<ro>a*<q>a<q>).
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With the help of the invariance of the number operator e/2ud" @)\ e=(/26/" W) = i and the transformation rule
: fuv N N (i fuv E, A+ N .. . .
/20w T (p)a(p)e /20 00) — ELpAa’ (pn)a(p, ), the characteristic function y, (0, 0) is computed as

%:(6,0) = Tr[(ﬁ + VMON)e(i/Z)G;vaﬂ”(to)p(to)(ﬁ + VZ*;ON)]

+Tr< / d’p / d*q81(p, ) —22a" (pp)a(p  )e 12! <’°’p(ro>a*(q>a<q))

Ep

= T+ 1 0L+ W) )

E + i fuv
+Tr< / & f B 8,0(p )28 0@ (0D, e <f°>p<ro>)

Ep

= Tr{ []AI + (y:ln + Vig + |yt7t0|2)N]e(i/2)9uvf’“’(ro)p(to)}

E

+Tr</d3p81,fo(pv AP) E
P

= Te[ (T — 8,4, W) /2% @) p(19)] + Tr< / d*pb,.4,(p. Ap)

2o’ (pa)a(pa )e“'/%””('o)p(ro))

1; 2ot (pp)a(py e ““p(to))
P

= X ,0) — (St,tOTl‘[]\?e(i/z)g*‘"J"”(t(’)p(to)] + Tr( f d3P5t,t0 (p, Ap)flT(p)&(p)e(i/2)0“"1""(ZO),O(l())),

where the second and third equations of (D1) were used in the third equality, and in the fourth equality the equation y,, + ¥4, +
|Ve|* = —8,.4, Was substituted. The Lorentz invariance of d°p/ E, and &, ;,(p, q) leads to the last equality, which is nothing but

Eq. (69).
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