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The achievement of a larger magneto-optical Kerr effect (MOKE) in nanoscale layered structures is ex-
tremely important for both theoretical understandings and practical applications. However, nanoscale layered
structures may not always exhibit enhanced MOKE under certain geometries. In this paper, we present a
scheme based on weak-value amplification (WVA) for simultaneously detecting and enhancing the Kerr sig-
nals in nanoscale layered structures. The Kerr signals can be effectively amplified as the parameters of the
preselection in WVA. We numerically investigate the dependence of the thickness d of Co in the sample
HfO2(10 nm)/Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si and the sample Co(d nm)/Si in the range of 5 nm < d <

50 nm. Our results indicate that the combination of the cavity and WVA can simultaneously amplify the MOKE
signals when compared to the application of WVA on the sample Co(d nm)/Si and the application of traditional
MOKE setup (TMOKES) on the two samples. Importantly, our results highlight that WVA maintains its ability
to amplify MOKE signals even in cases where the cavity in the TMOKES scheme fails to enhance the Kerr
signals. This signifies the exceptional advantage of WVA in amplifying Kerr signals over TMOKES, regardless
of the sample structures and specific MOKE geometries employed.
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I. INTRODUCTION

The small rotation in a beam’s polarization state by reflec-
tion from a magnetic surface, known as the magneto-optic
Kerr effect (MOKE) [1], is widely used as a probe of magnetic
materials. This effect originated in 1877, when Kerr exam-
ined the polarization of the light reflected from a polished
electromagnet pole and found that the linear polarized light
transforms into an elliptically polarized light as the conse-
quence of MOKE [2]. In principle, MOKE is characterized by
the complex magneto-optical (MO) Kerr angle φk = θk + iε,
where θk is the Kerr rotation, and ε is the Kerr ellipticity.
Thus, the first application of MOKE was to study ultrathin
Fe films grown epitaxially onto a single crystalline substrate
of Au (100). Characteristic loops in MOKE due to hysteresis
were measured with atomic layer sensitivity as a function
of the Fe film thickness and temperature [3]. Furthermore,
with the rapid advancement of modern surface science and
nanoengineering [4–6], MOKE has been widely applied in
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studying the magnetization dynamics of magnetic materials
[7,8], investigating the structure of the surface and interface
[9–11], and even looking for the topological electromagnetic
phase of matter [12,13].

Many approaches pursue higher precision for large Kerr
angles in both theoretical understandings and practical appli-
cations. Melle et al. reported a strong increase of the MO
properties of hexagonally arranged Ni nanowires with high
absorption due to surface plasmon polariton excitation [14].
Jenkins et al. reported the first terahertz Kerr rotation on the
topological insulator Bi2Se3 at extreme experimental con-
ditions (T = 10 K, B = 8 T) [15]. The multilayer structures
[16] like HfO2/Co/HfO2/Al/Si [17], SnO2/Co/SnO2/Al/Si
[18], and glass/Al/SnO2/PtMnSb/SnO2 [19] have shown the
advantages for increasing the Kerr angle. Furthermore, the
recent development of MO all-dielectric resonators and meta-
surfaces show promising potential for enhancing the MOKE
in continuous films by observing surface plasmon resonance
modes [20–22]. Their performance is highly dependent on the
unique structures and the specific wavelength range. There-
fore, it is challenging to ensure that the chosen measurement
conditions or schemes will consistently achieve MOKE en-
hancement across diverse nanoscale structures. While the
enhancement of MOKE in traditional cavities and magneto-
plasmonics is an exciting field of study, this paper primarily
focuses on advancing the sensitivity of measurements for a
broader range of nanoscale layered structures.
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Weak-value amplification (WVA) has established itself as
a powerful and widely adopted technique in the field of
precision metrology [23–30]. WVA with postselection was
initially introduced by Aharonov et al ., demonstrating its
ability to amplify the measurement outcome of a spin-1/2
particle by a factor of 100 [31]. Subsequently, numerous stud-
ies confirmed the effectiveness of WVA in amplifying small
parameters for the detection of various physical properties
[32–37]. Therefore, WVA as a novel signal-enhanced tech-
nique can potentially strengthen the MOKE [38–42]. Li et al.
studied an enhanced spin Hall effect (SHE) of light in MO
oxide thin films under the transverse MOKE configuration
[39]. Wang et al. obtained the precision of about 10−6 rad
for hysteresis loop measurement under ordinary experimental
conditions by using the SHE and WVA [40]. He et al. pro-
posed a nonlinear weak measurement scheme for MO Kerr
signals in single-layer MO structure with a frequency pointer
[41]. Luo et al. demonstrated the Kerr angle can be directly
obtained using the product of the light intensity and the ampli-
fied displacement shift in a weak measurement method using
two pointers [42]. While the application of WVA to MOKE
measurements has been explored extensively for simple sam-
ple configurations in previous studies [38–42], research is
increasingly focused on complex magnetic heterostructures,
which may contain cavity structures to enhance the optical
response. A complete understanding of the practical use of
WVA for MOKE measurements must therefore consider more
complicated structures in addition to the simple monolayers
of previous research. In this case, it is possible to obtain an
enhanced sensitivity due to either WVA or the resonant re-
sponse, or a combination of both, depending on the particular
parameters of the sample and the probe beam.

In this paper, we theoretically investigate both the MO
polar Kerr properties and the MO longitudinal Kerr prop-
erties in nanoscale layered structures based on WVA. The
interaction described by the boundary and transmission ma-
trix [43] between the light and the magnetic films can be
regarded as parameters of the preselected state [40,41,44],
then Kerr rotation θk and Kerr ellipticity ε can be simulta-
neously amplified by choosing the appropriate postselected
state and the coupling strength in WVA. Furthermore, we
show the amplification of the Kerr signals in WVA when
compared with both the traditional MOKE setup and the
cavity technique [1]. Specifically, we model the dependence
on thickness d of Co in sample HfO2(10 nm)/Co(d nm)/
HfO2(30 nm)/Al(40 nm)/Si and sample Co(d nm)/Si in the
range of 5 nm < d < 50 nm. The results of the dependence
of thickness d of Co in various structures indicate that the
postselected state needs to be carefully prepared to avoid
the nonmonotonicity between the measurement result and the
thickness of Co film. The final simulation results confirm that
the combination of the cavity and WVA can further amplify
the MOKE signals, and the enhancement in various cases is
more prominent with higher sensitivities at a measurement
range of 5 nm < d < 15 nm. It is worth noting that WVA
shows the ability to enhance the MOKE signals, even when
the cavity fails to amplify the Kerr signals.

The paper is organized as follows. In Sec. II, we in-
troduce the standard WVA with the longitudinal pointers
for MOKE detection in nanoscale layered structures. In
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FIG. 1. (a) The directions of the magnetic field (M) in the polar
geometry and the longitudinal geometry for the MOKE detection.
(b) Schematic of the nanoscale layered structure HfO2(10 nm)/
Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si films. (c) Scheme of WVA
for MOKE detection. Laser, Gaussian-shaped laser with central
wavelength λ0 = 632.8 nm; HWP, half-wave plate; P1, P2, and
P3, polarizers; BS, beam splitter (ratio 50 : 50); SBC1 and SBC2,
Soleil-Babinet compensators; PD, Photo diode.

Sec. III, we briefly review the application of WVA to
the Kerr signals and compare the WVA setup to the tra-
ditional MOKE measurement scheme. In Sec. IV A, we
give the results of numerical modeling of WVA with the
various postselections when applied to the layered struc-
ture HfO2/Co/HfO2/Al/Si. In Sec. IV B, we investigate
the dependence on thickness d of Co with the sam-
ple HfO2(10 nm)/Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si. In
Sec. IV C 3, the advantage of the WVA technique is studied.
Section V consists of a summary.

II. WVA FOR THE MOKE DETECTION

For the numerical modeling of the MOKE enhance-
ment in nanoscale layered structures, the multilayer of
HfO2/Co/HfO2/Al films on Si substrates is studied and the
structure is shown in Fig. 1(b). There are two Fabry-Perot
cavities [45] to enhance the Kerr effect in this structure. The

033724-2



WEAK-VALUE-AMPLIFICATION ENHANCEMENT OF THE … PHYSICAL REVIEW A 108, 033724 (2023)

first cavity is composed of HfO2 and the optically anisotropic
Co layer and the other one consists of two metallic layers
Co and Al which act as two mirrors with the interlayer HfO2

acting as a dielectric medium. In addition, the directions of the
magnetic field (M) in the polar MOKE and the longitudinal
MOKE geometries are displayed in Fig. 1(a). The transverse
geometry for the MOKE has been seldom investigated be-
cause the polarization of the reflected light does not change
and only the relative change in intensity can be measured
in the transverse MOKE [46,47]. Note that the work [1] in-
dicated that the larger the incident angle θ0 is in the polar
geometry and the smaller θ0 is in the longitudinal geometry,
the weaker the MOKE. To highlight the advantages of WVA,
the MOKE system is working in the polar geometry with
θ0 = 80◦ and the longitudinal geometry with θ0 = 3◦. The
specific scheme of WVA for the MOKE detection is shown
in Fig. 1(c), WVA includes the initial preparation of the mea-
sured system (pre-selection), a weak coupling between the
system and the pointer (weak-coupling), a postselection on
the system (postselection) and a projective measurement on
the pointer to read out the measurement results (readout of
weak value). In sequence, the following sections of our article
will cover the four steps in detail.

A. Preselection

The preselection is achieved by the beam with central
wavelength λ0 passing through an HWP, a polarizer (P1) and
the interaction between the light and the MO sample, where
the HWP is used to adjust the intensity of the incident light,
and P1 is designed to prepare the system at the horizontally
polarized state

|�i〉 = sin(α)|H〉 + cos(α)|V 〉, (1)

with α = π/2. Here, |H〉 and |V 〉 represent the horizontally
and vertically polarized states, respectively. Note that the
states |H〉 and |V 〉 are obtained in the basis

|H〉 = (|↗〉 + |↘〉)/
√

2,

|V 〉 = (|↗〉 − |↘〉)/
√

2.
(2)

Figure 2 shows the location in the Poincaré sphere, where the
states |↗〉 and |↘〉 are orthogonal. The state |↗〉(|↘〉) rep-
resents the linearly polarized light beam, which is at an angle
of +π/2(−π/2) to the horizontal state |H〉 in the Poincaré
sphere representations in Fig. 2.

When the light is reflected from the MO sample, the state
|�i〉 will change slightly to the state |�w〉 (shown in Fig. 2)
on the Poincaré sphere due to the MOKE. In the MOKE
study for layered structures, the universal approach to calcu-
late MO coefficients in a multilayered system is based on the
boundary matrix A and the transmission matrix D [1,43,48].
The boundary matrix A is a 4 × 4 matrix, which relates the
tangential components of the electric and magnetic with the s
and p components of the electric field. The transmission 4 × 4
matrix D relates the s and p components of the electric field at
two surfaces of a film of thickness d [1]. The boundary matrix
A and the transmission matrix D for both the longitudinal
(L) case and polar (P) case are displayed in Appendix A. In
this paper, each layer is characterized by its refractive index

FIG. 2. The Poincaré sphere showing the preselected state
|�w〉 and postselected states |� f 0 〉, |� f 1 〉, and |� f 2 〉 with various
strategies.

(Ni = n + ik), MO coupling constant (Qi = Qr + iQi) and the
layer thickness di. Thus, the total reflective matrix for the
nanoscale layered structure can be calculated as follows:

M = A−1
Air

∏
i

AiDiA−1
i A f =

(
G H
I J

)
. (3)

Here, AAir and A f are the boundary matrices for the interface
of air and the final layer. The comprehensive definitions of
matrices A and D can be found in Appendix A. The matrices
G and I are 2 × 2 block matrices and correspond to a portion
of the final calculation result of Eq. (3). In the MOKE study,
because of the optical anisotropy, the Fresnel coefficients (in-
cluding rpp, rps, rsp, and rss) can be calculated from

IG−1 =
(

rpp rps

rsp rss

)
. (4)

Thus, the polarization state after the light passes through the
MO sample is defined as

|�w〉 = rpp|H〉 + rsp|V 〉

≈ 1√
2

rpp(eθk +iε|↗〉 + e−θk −iε|↘〉). (5)

Then the Kerr rotation θk and the Kerr ellipticity ε can be
calculated from the Fresnel coefficients rsp/rpp = θk + iε.
Note that the approximation in Eq. (5) is obtained with the
limit rsp/rpp = θk + iε 	 1, the weak-coupling limit in which
WVA works. Meanwhile, the pointer’s wave function is pre-
pared and simultaneously shaped in the time and frequency
domains by the laser system. The laser in the time domain has
the Gaussian profile

|〈t |	i〉|2 =
(

1

2π (
t )2

) 1
2

e− (t−t0 )2

2(
t )2 . (6)
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At the same time, the pointer in the frequency domain is
simultaneously determined according to the Fourier transform

|〈ω|	i〉|2 =
∣∣∣∣
∫

dt |〈t |	i〉|eiωt

∣∣∣∣
2

= π (
t )2

(
1

2π (
t )2

) 1
2

e−2(
t )2(ω−ω0 )2

=
(

π

8(
ω)2

) 1
2

e− (ω−ω0 )2

2(
ω)2 , (7)

where 
t and 
ω represent the width of the Gaussian wave
packet in the time and frequency domains, respectively. Note
that Eq. (7) indicates that the time-bandwidth product 
t ×

ω must satisfy the transform-limited relationship 
t ×

ω = 1/2 for a Gaussian-shaped laser [49–52]. Meanwhile,
considering the relationship ω = c/λ between the frequency
and the wavelength of light, the variances of the temporal
pulse and its spectrum will always interact by


t
ω = 
t
(
c
λ/λ2

0

) = 1/2. (8)

Therefore, the widths of the laser in the time and the frequency
domains need to be carefully chosen for measuring the two
pointer shifts.

B. Weak coupling

The combination of two half-wave plates [HWP2 and
HWP3 in Fig. 1(c)] has been successfully applied as the
“weak coupling” in standard weak measurement [53–55].
Conceptually, the weak interaction is achieved by placing two
identical true zero-order HWPs, one perpendicular and one
almost perpendicular but with a tiny tilt βw [53]. Therefore,
the weak interaction between the polarization and the tem-
poral degrees of freedom of photons is described by a unitary
operator Û = exp(−igp̂ ⊗ Â) , where the momentum operator
p̂ is the frequency in the spectrum of the pointer light. The
weak-coupling strength g = χw/p0 is related to the phase shift
χw and p0 is the photon momentum p0 = 2π/λ0. In addition,
the phase shift χw and the tiny tilt βw has the following
relationship, as given by Ref. [53]

χw = π

(
1

(1 − sin2βw/n2
0)1/2

− 1

)
≈ πβ2

w

2n2
0

, (9)

where n0 = 1.54 is the refractive index of the HWPs. The
small phase χw 	 1 rad is required to keep the measurement
working on the “weak-coupling” domain.

C. Postselection

In principle, by preparing the appropriate final state |� f 〉,
the degree of the amplification is quantified by the so-called
weak value, which is defined as Aw := 〈� f |Â|�w〉/〈� f |�w〉
with Â = |↗〉〈↗| − |↘〉〈↘|. When the states |�w〉 and |� f 〉
are nearly orthogonal, the weak value can significantly exceed
the normal eigenvalue and lead to an amplified pointer shift,
at a cost that the probability �w = |〈� f |�w〉|2 of successful
postselection decreases. In this paper, the small Kerr rota-
tion θk and the Kerr ellipticity ε regarded as parameters of
|�w〉 are related to the weak value and amplified by choosing

the appropriate postselection state |� f 〉. It can be found that
numerous studies [40,41,44] also chose the amplification of
parameters regarded as the preselected angle in WVA, which
is only related to the imaginary part of the weak value in the
frequency domain. Note that this scenario differs from the
traditional parameters amplification of the coupling strength
in WVA [31,32,35,55]. The amplification by the factor Aw of
Kerr signals θk and ε with various postselections is discussed
in the following. Furthermore, Sec. III shows the amplification
of the Kerr signals in WVA when compared to the traditional
MOKE setup.

Normally, the postselection state |� f 〉 is given by |� f 0〉 =
|V 〉 = (|↗〉 − |↘〉)/

√
2, where |� f 0〉 is orthogonal to the pre-

selection state |�i〉 and the states |�w〉 and |� f 0〉 are nearly
orthogonal. This paper calls this strategy “fully orthogonal”
(FO) postselection. However, we reselect |� f 〉 and mark the
different strategy as non-FO postselection, where |� f 〉 slightly
deviates from |� f 0〉 as shown in Fig. 2. The preselection state
|�w〉 and postselection state |� f 0〉 lead to a weak value

Aw0 = 〈� f 0 |Â|�w〉
〈� f 0 |�w〉

= e+θk +iε + e−θk −iε

e+θk +iε − e−θk −iε = ReAw0 + iImAw0, (10)

where ReAw0 and ImAw0 represent the real part and the imag-
inary part of the weak value, respectively. It is not convenient
to directly measure the imaginary part of the physical quanti-
ties (e.g., the Kerr ellipticity ε and the imaginary part of Aw0)
with the traditional methods [1]. In the previous work [1,41],
another measurement, conducted by placing a quarter-wave
plate before the analyzing polarizer, is needed to interchange
the Kerr rotation and the Kerr ellipticity, i.e., the quarter-
wave plate will produce a π/2 phase difference between the
s and p components so that the analyzing polarizer will see
i(−θk − iε) = −ε − iθk . In addition, we show the traditional
MOKE setup (TMOKES) for detecting the Kerr ellipticity ε

in Sec. III. Another way to measure the imaginary part is
to conduct the WVA in the momentum domain (here, a role
played by frequency) [23]. Building on this, we introduce and
study simultaneous time and frequency measurements to find
the real and imaginary parts, the Kerr rotation and ellipticity.

Equation (10) indicates that θk and ε can be evaluated from
the real part ReAw0 and the imaginary part ImAw0:

θk = 1

ReAw0 − 2 + ImA2
w0

ReAw0
+ 1

ReAw0

ReAw0/ImAw0�1−−−−−−−−−→
ReAw0�1

θk ≈ 1

ReAw0
, (11)

ε = −1

2
ArcTan

⎛
⎝ 2

− 1
ImAw0

+ ReA2
w0

ImAw0
+ ImAw0

⎞
⎠

ReAw0/ImAw0	1−−−−−−−−−→
ImAw0�1

ε ≈ − 1

ImAw0
. (12)

Equations (11) and (12) show the principle of the amplifi-
cation of the Kerr rotation θk and ellipticity ε. For this FO
postselection, θk is amplified and equals to 1/ReAw0 with
the conditions ReAw0/ImAw0 � 1 and ReAw0 � 1, namely,

033724-4



WEAK-VALUE-AMPLIFICATION ENHANCEMENT OF THE … PHYSICAL REVIEW A 108, 033724 (2023)

the tiny θk will lead to a large ReAw0. Similarly, ε can
be amplified and equals to −1/ImAw0 with the conditions
ReAw0/ImAw0 	 1 and ImAw0 � 1. Apparently, the simulta-
neous achievement of the two conditions ReAw0/ImAw0 � 1
and ReAw0/ImAw0 	 1 is a contradiction in this FO postse-
lection. Therefore, to simultaneously measure θk and ε with
the two different approximation conditions, the postselection
state needs to be reselected with a different strategy.

Then, we further study the optimal state |� f 〉 with the
strategy of non-FO postselection. There are three reasons
why we need to optimize |� f 〉 beyond the FO postselec-
tion described above. First, Eq. (10) indicates that Aw is
inversely proportional to the probability �w. Therefore, WVA
cannot be arbitrarily large in practice, |� f 〉 needs to be
carefully prepared for satisfying the detection limit. Sec-
ond, within the dynamic range of the measurement, there
should be a monotonic relationship between the measured
quantity and the result. Third, two different postselection
strategies need to be conducted for satisfying the approxi-
mation conditions ReAw0/ImAw0 � 1 and ReAw0/ImAw0 	
1, respectively. Therefore, we use different postselection
schemes to get the nearly pure real Aw in the time domain
and the nearly pure imaginary Aw in the frequency domain
as shown in Fig. 1(c). Specifically, the light path with SBC1
and P2 postselects the system at state |� f 1〉, and the path with
SBC2 and P3 postselects the system at state |� f 2〉:

|� f 1, f 2〉 = 1√
2

cos
(π

4
+ γ1,2

)
eiη1,2 |↗〉

− 1√
2

sin
(π

4
+ γ1,2

)
e−iη1,2 |↘〉, (13)

where the phase difference η1 (η2) between |↗〉 and |↘〉
is induced by the SBC1 (SBC2), and γ1 (γ2) represents the
angle between the polarization direction of P2 (P3) and the
orthogonal polarization direction of P1. The final polarization
|� f 1, f 2〉 leads to two different weak values

Aw1,w2 = 〈� f 1, f 2 |Â|�w〉
〈� f 1, f 2 |�w〉

= cos(�1,2)e−iη1,2+φk + sin(�1,2)eiη1,2−φk

cos(�1,2)e−iη1,2+φk − sin(�1,2)eiη1,2−φk
, (14)

where φk = θk + iε is the complex MO Kerr angle and �1,2 =
π
4 + γ1,2. Note that the relationship of the amplification of θk

and ε based on weak value is more complicated than Eqs. (11)
and (12) with the FO postselection. The approximate solutions
of θk and ε are derived in Appendix C. So we obtain the ap-
proximate solutions with different approximation conditions

θk ≈ 1

4

2[1 + cos2(2γ1)]

ReAw1 − 2 + ImAw1
2

ReAw1
+ 1

ReAw1

ReAw1
ImAw1

�1
−−−−−→
ReAw1�1

θk ≈ 1 + cos2(2γ1)

2ReAw1
, (15)

ε ≈ η2 − [1 + cos2(2γ2)]/2

− 2 cos2(2γ2 )
ImAw2

(
ReAw2

2 + 1
) + ImAw2 + ReAw2

ReAw2
ImAw2

	1
−−−−−→
ImAw2�1

ε ≈ η2 − 1 + cos2(2γ2)

2ImAw2
. (16)

The first approximations in Eqs. (15) and (16) are achieved
with the condition cos(4γ ) = 1 when γ → 0. The sec-
ond approximation in Eq. (15) is obtained by assuming
ReAw1/ImAw1 � 1 and ReAw1 � 1, while the second ap-
proximation in Eq. (16) requires ReAw1/ImAw1 	 1 and
ImAw1 � 1. Therefore, we can conclude that, for simultane-
ously detecting the Kerr signals, the weak value Aw1 will be
expected as a nearly pure real number with ReAw1/ImAw1 �
1 for the amplification of θk , while the amplification of ε can
be conducted by finding a nearly pure imaginary Aw2 with
ReAw1/ImAw1 	 1.

D. Readout of weak value

In WVA, the real part of Aw characterizes the pointer’s
time shift δt and the imaginary part of Aw characterizes the
pointer’s frequency shift δp. Following the study in Ref. [56],
the expectation value of the pointer shifts both in the two
domains can be calculated from

δt =
g
c Re Aw

1 + 1
2 (e−2g2
p2 − 1)(1 − |Aw|2)

≈ g

c
Re Aw (g
p 	 1), (17)

δp = 2(
p)2g Im Awe−2g2
p2

1 + 1
2 (e−2g2
p2 − 1)(1 − |Aw|2)

≈ 2(
p)2g Im Aw (g
p 	 1). (18)

Note that the clearer and concise forms of δt and δp are
obtained with g
p 	 1. In addition, the tiny tilt βw [defined
in Eq. (9)] satisfies the above condition and makes WVA
working in the linear-like region [57]. Using the relation-
ship between the momentum and the wavelength λ = 2π/p,
δp = −(2π/λ2)δλ, the shift of the central wavelength can be
calculated by

δλ = −4πg Im Aw(
λ)2/
(
λ2

0

)
. (19)

According to the calculation of δt (17) and δλ (19), ReAw can
be obtained on the PD by measuring the temporal shift, while
ImAw can be obtained on the spectrometer by measuring the
wavelength shift.

III. COMPARISON OF WVA
AND THE TRADITIONAL MOKE SETUP

There are several ways to build a MOKE setup for ob-
taining Kerr signals [1,4–6]. The simplest scheme, is found
in Ref. [1] and shown in Fig. 3. In this section, we review
the basic operation of the WVA measurement, which is then
examined in more detail in Sec. IV.

The previous studies [39–41] showed that the WVA tech-
nique could strengthen the MOKE by detecting the transverse
displacements of the WVA pointers. In this paper, we fur-
ther numerically investigate the amplification of the MOKE
in WVA when compared to the traditional MOKE setup
(TMOKES) [1]. Figures 3(a) and 3(b) show the schematic
with TMOKES of the Kerr rotation θk measurement and the
Kerr ellipticity ε measurement, respectively. Note that the
schematic in Fig. 3(a) is part of the WVA scheme in Fig. 1(c)
without the “weak coupling” and “postselection.” Therefore,
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FIG. 3. Schematic of MOKE detection with the traditional sim-
ple MOKE setup. (a) The measurement of the Kerr rotation θk ; (b) the
measurement of the Kerr ellipticity ε; QWP1, a quarter-wave plate.
Other components are the same as those used in Fig. 1(c).

the state of light after passing the MO sample is also prepared
at |�w〉 in Eq. (5). Then the two components |↗〉 and |↘〉 are
separated by the polarizing beam splitter (PBS). Finally, the
Kerr rotation θk can be estimated by calculating the ratio of
the intensity I

θk
1 detected on PD1 to the intensity I

θk
2 detected

on PD2

I
θk
1

I
θk
2

= |eθk +iε|2
|e−θk −iε|2 = e4θk . (20)

Similarly, the Kerr ellipticity ε can be measured by inserting a
quarter-wave plate (QWP) between the MO sample and PBS
as shown in Fig. 3(b). Where QWP will produce a π/2 phase
difference between |↗〉 and |↘〉 components. Then, the Kerr
ellipticity ε can be estimated by calculating the ratio of I

ε

2

to I
ε

1 :

I
ε

2

I ε

1

= |e−iθk +ε|2
|e+iθk −ε|2 = e4ε. (21)

Equations (20) and (21) show the simplest way to measure
the Kerr signals with TMOKES, where θk and ε are measured
by the qualities I

θk
1 /I

θk
2 and I

ε

2 /I
ε

1 , respectively. When compar-
ing the measurement of WVA in Sec. II, θk and ε are related
to the real and imaginary parts of weak value with an arbitrary
postselection

ReAw = [cos(γ ) − sin(γ)]2e2θk − [cos(γ) + sin(γ)]2e−2θk

[cos(γ) − sin(γ)]2e2θk + [cos(γ) + sin(γ)]2e−2θk + 2 cos(2γ) cos(ε − η)
,

ImAw = −2 cos(2γ ) sin[2(ε − η)]

[cos(γ) − sin(γ)]2e2θk + [cos(γ) + sin(γ)]2e−2θk + 2 cos(2γ) cos(ε − η)
.

(22)

Furthermore, Fig. 4 display the amplification of the Kerr sig-
nals in WVA with the idea approximations of Eqs. (11) and
(12). It can be found in Fig. 4(a) that the real part ReAw is
larger than the ratio I

θk
1 /I

θk
2 in TMOKES when θk < 0.3 rad,

and WVA can estimate the greater magnification when θk

gets smaller. In addition, the same results can be obtained
from Fig. 4(b) for measuring the Kerr ellipticity ε. Note that
the results of WVA in Fig. 4 are calculated with the idea
approximations of Eqs. (11) and (12). The real part ReAw and
imaginary part ImAw are related to the parameters γ and η

and should be evaluated by Eqs. (22), respectively. Therefore,
the amplification of the Kerr signals in WVA with non-FO
postselection will be smaller than the ideal case, and the

FIG. 4. The amplification of Kerr signals in WVA when com-
pared with TMOKES. (a) The measurement of the Kerr rotation θk ;
(b) the measurement of the Kerr ellipticity ε.

results with the most appropriate postselection are discussed
in Sec. IV C 3.

IV. SIMULATION AND DISCUSSION

To demonstrate the advantage of WVA for enhancing
the MOKE in nanoscale layered structures, the simulation
of WVA for measuring the MOKE signals in the polar
geometry with θ0 = 80◦ and in the longitudinal geome-
try with θ0 = 3◦ for measuring the sample HfO2(10 nm)/
Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si films and the sample
Co(d nm)/Si films were investigated. Thereinto, all the opti-
cal constants were taken from the refractive index database
[58]. The MO coupling constants were taken from the litera-
ture [59]. The central wavelength of the incidence light was
chosen at λ0 = 632.8 nm. To simulate more realistic experi-
mental conditions and find the appropriate postselected state,
we considered the limitations of the performance of P2, P3,
SBC1, SBC2, PD, and spectrometer. First, the minimum step
size of the polarizers (P2 and P3) cannot be infinitely small
[60]. In this paper, the minimum step size of the polarizers
is assumed as 0.002 rad, and the rotation of γ = −0.002 rad,
0.000 rad, and 0.002 rad on the final state was investigated.
Second, the Soleil-Babinet compensators (SBC1 and SBC2)
are responsible for inducing continuously variable retardance
from 0 to 2π rad [61]. Third, the detection limit of detectors
is due to the dark current and spectrum. Thus, we assumed
that WVA failed to detect the final signal when the probability
�w < 1.0 × 10−5. To obtain the time shift δt Eq. (17) and
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the wavelength shift δλ Eq. (19), the weak coupling strength
was set at g = 6.6706 × 10−9 when choosing βw = 0.3 rad.
The widths of the laser system were chosen at 
λ = 20 nm
and 
t = 33 fs. In this setup, time shift δt in our simulation
is smaller than the width 
t ; thus δt could be detected by
the autocorrelation measurement for femtosecond laser pulse
[62,63].

Note that one of the advantages of our protocol is the
simultaneous measurement of Kerr rotation θk and Kerr
ellipticity ε by selecting different postselected states. In
Sec. II C, we discussed the reasons behind our choice of
reselecting states |� f 1〉 for θk measurement and |� f 2〉 for
ε measurement. These three criteria, namely, the sensitivity
associated with the value of ReAw/ImAw, the monotonicity,
and the minimum probability �w, were employed to deter-
mine the parameters γ1,2 and η1,2 for the postselected states
|� f 1,2〉. First, we find the appropriate postselections with sam-
ple HfO2(10 nm)/Co(5 nm)/HfO2(30 nm)/Al(40 nm)/Si in
Sec. IV A. Then, we further investigate the WVA enhance-
ment for detecting the MOKE signals dependence of the
thickness d of Co film in the cavity HfO2(10 nm)/Co(5 nm <

d < 50 nm)/HfO2(30 nm)/Al(40 nm)/Si in Sec. IV B. Fi-
nally, in Sec. IV C we demonstrate the advantage of WVA for
MOKE detection in the cavity.

A. Postselection with sample
HfO2(10 nm)/Co(5 nm)/HfO2(30 nm)/Al(40 nm)/Si

In this section, we first find the appropriate postselected
states |� f 1〉 for larger ReAw1/ImAw1 and |� f 2〉 for smaller
ReAw2/ImAw2, when detecting the Kerr signals with the sam-
ple HfO2(10 nm)/Co(5 nm)/HfO2(30 nm)/Al(40 nm)/Si in
the two MOKE geometries. Note that, in this sample, the
thickness of the Co film does not change. Therefore, the
monotonic relationship between the measured quantity and
the result can be disregarded. In other words, we only
need two conditions (the numerical results of ReAw/ImAw

and �w) to determine the values of γ and η. Through
the calculation of the boundary matrix Ai and the trans-
mission matrix Di in the cavity, the Kerr rotation and
the Kerr ellipticity in the polar geometry with the inci-
dent angle θ0 = 80◦ were obtained as θ

(P)
k = 1.0 × 10−3 rad

and ε
(P) = 1.4 × 10−3 rad. Similarly, the simulation results

of Kerr signals in the longitudinal geometry with θ0 = 3◦
were obtained as θ

(L)
k = −2.8 × 10−4 rad and ε

(L) = −2.5 ×
10−4 rad. Subsequently, we calculate the dependence of value
log (ReAw/ImAw) on different postselected states at the pa-
rameters η-γ space in Fig. 5. The values of Aw at the range
of −0.004 rad < η < 0.004 rad with different γ for the two
MOKE geometries are shown in Fig. 6. Finally, we find the
appropriate postselected states from Table I.

Note that the postselected state |� f 〉 should be chosen
to avoid falling below the detection threshold by compen-
sating with a Aw while still guaranteeing the monotonicity;
thereinto the monotonicity depends on the measured param-
eter θK or ε and the choice of |� f 〉. For simultaneously
measuring θK and ε, |� f 1〉 for the amplification of θK

needs to be prepared with the condition ReAw1/ImAw1 � 1,
while |� f 2〉 for the amplification of ε needs to be prepared
with ReAw1/ImAw1 	 1. Figures 5(a) and 5(b) present the

FIG. 5. The dependence of the value log (ReAw/ImAw)
on different postselected states in the parameters η-γ space,
where γ represents the polarization angle of P2 and P3. Pa-
rameter η represents the phase difference induced by SBC1
and SBC2. (a) and (b) show the results with the sam-
ple HfO2(10 nm)/Co(5 nm)/HfO2(30 nm)/Al(40 nm)/Si films. [(c),
(d)] show the results with the sample Co(d nm)/Si films. The color-
coded quantity is the value of log (ReAw/ImAw). The gray ellipse
represents WVA failing to detect signals.

dependence of log (ReAw/ImAw) on different postselected
states in the two geometries. It is intuitive and convenient
to select |� f 1, f 2〉 for larger ReAw1/ImAw1 in the time do-
main and for smaller ReAw2/ImAw2 in the frequency domain
from Fig. 5. Figure 6 shows the weak value at the range
of −0.004 rad < η < 0.004 rad with γ = −0.002 rad (upper
panels), γ = 0.000 rad (middle panels), and γ = 0.002 rad
(lower panels) for the polar geometry (left panels) and for
the longitudinal geometry (right panels). Table I displays the
parameters and some characteristic numerical results from
Fig. 6. The results indicate that the complex weak value
ReAw + iImAw strongly depends on η and γ . It can be found
that the measurement with state |� f 0〉 is difficult to achieve be-
cause of the low probability �w0 of successful post-selection.
Therefore, states |� f 1〉 and |� f 2〉 need to be reselected. In the
polar geometry, |�b

f 1〉(P) is selected to obtain the amplification
coefficient ReAw1 = 452 with ReAw1/ImAw1 = 6.84, while
|� f 2〉 is chosen at |�a

f 2〉(P) for obtaining the amplification
coefficient of ImAw2 = 429 with ReAw2/ImAw2 = 0.07 from
Table I. Meanwhile, in the longitudinal geometry, we choose
|�b

f 1〉(L) in the time domain for obtaining ReAw1 = 433 with
ReAw1/ImAw1 = 24.0, and we select |�a

f 2〉(L) in the frequency
domain for obtaining ImAw2 = 242 with ReAw2/ImAw2 =
0.07. Note that the choice of postselected state |� f 〉 in Table I
is constrained by the minimum step size of the polarizers and
the SBCs. Therefore, when we exceed the limitations of η and
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FIG. 6. Comparison of various postselections in the polar ge-
ometry (left panels) and in the longitudinal geometry (right panels)
for detecting the MOKE on the nanoscale layered structure of
HfO2(10 nm)/Co(5 nm)/HfO2(30 nm)/Al(40 nm)/Si films. Here,
the polar MOKE signal θk + iε = (0.2 + i2.3) × 10−3 rad are mea-
sured with incident angle θ0 = 80◦. The longitudinal MOKE signal
θk + iε = (−0.29 − i0.1) × 10−3 rad are measured with incident
angle θ0 = 3◦. The gray band represents the weak measurement
failing to detect the final signal.

γ , more suitable postselected states |� f 〉 can be identified, as
demonstrated in Fig. 5.

In principle, an effective measurement must be such that
the function between the parameter of interest and the mea-
sured result is monotonic at a certain measurement range.
Therefore, the limit of the monotonic relationship between
the measured quantity (corresponding to the MOKE signals)
and the result (Aw) needs to be further investigated. Mean-
while, the postselected state |� f 〉 needs to be chosen more
strictly when the thickness of Co changes in a nanoscale
layered structure, and the detail will be discussed in the next
section.

TABLE I. Characteristic parameters and results (dimensional
quantities in a unit of 10−3 rad) in the polar (POL) geom-
etry and the longitudinal (LON) geometry using the sample
HfO2(10 nm)/Co(5 nm)/HfO2(30 nm)/Al(40 nm)/Si. The Kerr an-
gle is calculated as θk + iε = (0.2 + i2.3) ×10−3 rad for the POL
geometry and θk + iε = (−0.29 − i0.1) ×10−3 rad for the LON
geometry.

|� f 〉 γ η Aw
ReAw

ImAw
log(�w)

|� f 0〉(P) 0 0 0.30 × 102 + 4.29 × 102i 0.06 −5.2

|�a
f 1〉(P) 2 −3 4.20 × 102 + 1.32 × 102i 3.18 −4.9

|�b
f 1〉(P) 2 −2 4.52 × 102 + 0.66 × 102i 6.84 −5.0

POL |�c
f 1〉(P) 2 −1 3.37 × 102 + 2.05 × 102i 1.64 −4.9

|�a
f 2〉(P) 0 0 0.30 × 102 + 4.29 × 102i 0.07 −4.9

|�b
f 2〉(P) 0 1 0.14 × 102 + 3.00 × 102i 0.05 −4.6

|�c
f 2〉(P) 0 2 0.08 × 102 + 2.31 × 102i 0.03 −4.4

|� f 0〉(L) 0 0 2.99 × 103 + 1.00 × 103i 2.99 −6.9

|�a
f 1〉(L) −2 −1 3.53 × 102 + 1.69 × 102i 2.08 −5.0

|�b
f 1〉(L) −2 0 4.33 × 102 + 0.18 × 102i 24.0 −4.9

LON |�c
f 1〉(L) −2 1 3.77 × 102 + 1.47 × 102i 2.56 −4.9

|�a
f 2〉(L) 0 −4 0.17 × 102 + 2.42 × 102i 0.07 −4.5

|�b
f 2〉(L) 0 −3 0.31 × 102 + 3.19 × 102i 0.09 −4.7

|�c
f 2〉(L) 0 −2 0.66 × 102 + 4.66 × 102i 0.14 −5.0

B. Application for measuring the thickness
of Co in nanoscale layered structure

The ability to detect changes in the thickness of a MO
object allows the investigation of the geometry and topology
of two-dimensional patterned planar single- or multi-layered
magnetic structures. This is particularly relevant when the
thickness of these structures is on the order of a charac-
teristic magnetic lengthscale [1,10]. Due to the advantage
of the high sensitivity, down to a thickness of an atomic
layer, the MOKE technique may also have the potential to
explore more complex and valuable magnetic phenomena in
three-dimensional nanomagnetism. Therefore, we further in-
vestigate the dependence of WVA enhancement on the Co
thickness in the range 5 nm < d < 50 nm using the sam-
ple HfO2(10 nm)/Co(d nm)/HfO2 (30nm)/Al(40 nm)/Si for
two MOKE geometries. In contrast to the previous sub-
section, where we studied the sample HfO2(10 nm)/
Co(5 nm)/HfO2(30 nm)/Al(40 nm)/Si, we now need to con-
sider the limit of the monotonic relationship between the
measured quantity (corresponding to the thickness as well as
the MOKE signals) and the result (Aw).

Figure 7 displays the dependence of pointer shift and
its sensitivity on the thickness d for detecting the sample
HfO2(10 nm)/Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si films
in the two MOKE geometries. The sensitivities δt/δd and
δλ/δd in Fig. 7(c) and Fig. 7(f) can better represent the
monotony at the certain measurement range, where the curves
marked with “+|� f 〉” represent the positive value of sen-
sitivity, and the curves marked with “−|� f 〉” represent the
negative value of sensitivity. In principle, the sign of the sen-
sitivity should be constant over the entire measurement range.
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FIG. 7. The pointer shift and its sensitivity for detecting the
sample HfO2(10 nm)/Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si in the
polar geometry (left panels) and in the longitudinal geometry (right
panels). [(a),(d)] The time shift with the corresponding probability
�w . [(b),(e)] The wavelength shift with the corresponding prob-
ability �w . [(c),(f)] The sensitivities δt/δd and δλ/δd for the
measurements in the time and frequency domains.

For the polar geometry, the results indicate that δt (d ) and
δλ(d ) with various |� f 〉 are not all monotonic at the measure-
ment range 5 nm < d < 50 nm. Therefore, after considering
the monotonic relationship between the pointer shifts and the
thickness of Co film, only |�b

f 1〉(P) can be selected for de-
tecting δt . For the δλ measurement in the frequency domain,
all states |� f 2〉(P) can be used for the WVA measurement. In
addition, the probability �w in Fig. 7(b) and the sensitivity
δλ/δd in Fig. 7(c) indicate the inherent dilemma of the WVA
measurement: a higher sensitivity is obtained at the cost of the
reduced the probability �w and the lower signal-to-noise ratio
(SNR) [64]. Thus, the choice of the actual state |� f 2〉(P) de-
pends on whether our measurement conditions depend more
on the sensitivity or SNR.

For the longitudinal geometry, similar results can be ob-
tained from the right panels of Fig. 7. When detecting the

temporal shift δt , only the postselected state |� c

f 1〉(L) can be
chosen. For detecting the momentum shift δλ, the results in
Fig. 7(f) indicate that the curves of δλ with all states are not
monotonous in the range of 5 nm < d < 50 nm. Note that
the previous discussion in Sec. IV A indicates that all states
|�a

f 2〉(L) , |�b
f 2〉(L) , and |� c

f 2〉(L) are suitable for the measurement
of the cavity with a determined thickness of Co film; how-
ever, these states lead to the non-monotonicity of the δλ(d )
measurement and fail to detect the thickness d at the range of
5 nm < d < 50 nm. At the very least, if we relax the mea-
surement conditions, for example, reduce the measurement
range to 5 nm < d < 35 nm, all states |�a

f 2〉(L) , |�b
f 2〉(L) , and

|� c

f 2〉(L) can be used for the δλ(d ) measurement in the range of
5 nm < d < 35 nm. Our results suggest that the postselection
states should be selected more carefully when considering the
monotonic relationship.

C. Enhancement of the cavity and WVA

In this study, we present the results of combining the
cavity and WVA techniques, as depicted in Fig. 7. Our aim
is to ascertain the contributions of WVA and the cavity in
inducing time or wavelength shifts with varying Co thickness.
Additionally, we investigate the potential of WVA to enhance
Kerr signals in conjunction with the cavity, particularly when
the cavity alone fails to produce significant enhancement.
To demonstrate the amplification capabilities of WVA in the
cavity setup, we implement four distinct schemes for detecting
Kerr signals as a function of the Co film thickness. The rea-
sons for selecting the four schemes are outlined as follows.

(1) TMOKES + Single: This scheme represents the tra-
ditional MOKE setup with a single Co film. It serves as the
simplest approach for detecting MOKE signals and can be
used as a benchmark for comparing results obtained from
different schemes.

(2) TMOKES + Cavity: This scheme involves the tra-
ditional MOKE setup with a cavity. While constructing a
multilayer cavity can effectively enhance the MOKE signal of
magnetic films for both theoretical investigations and practical
applications [17–19,65], the degree of enhancement strongly
depends on the wavelength and thickness of the MO subjects.
Therefore, this paper focuses on scenarios where a multilayer
cavity fails to amplify the MOKE signals, as depicted in
Fig. 8(c).

(3) WVA + Single: This scheme involves WVA mea-
surement using a single Co film. It was studied with simple
samples in previous work [39–41]. Note that there is a dif-
ference between the WVA pointers used in their work and
the ones in this paper. In previous studies, the pointer with
the transversal profile is employed to detect transversal shift,
whereas in this work, we employ the standard WVA approach
[23] to detect longitudinal temporal and frequency shifts. The
primary motivation for selecting the longitudinal pointer in
this paper is its ability to exhibit longitudinal shifts in both
the time domain and the frequency domain while utilizing
a Fourier-limited Gaussian pulse. We further investigate the
enhancement of longitudinal shifts using the standard WVA
approach, comparing it with the TMOKES schemes.

(4) WVA + Cavity: This scheme involves WVA measure-
ment in conjunction with a cavity. The primary objective of
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FIG. 8. Comparison of the results of the Kerr rotation θk and the
Kerr ellipticity ε in the schemes “TWVA + Cavity” (blue curves)
and “TWVA + Single” (red curves). [(a),(d)] The dependence of the
Kerr signals on the wavelength. [(b),(e)] The dependence of the Kerr
signals on thickness d when λ0 = 430 nm. [(c),(f)] The dependence
of the Kerr signals on thickness d when λ0 = 632.8 nm.

this paper is to explore the capability of WVA to enhance Kerr
signals simultaneously with the cavity, particularly in cases
where the cavity alone fails to produce significant enhance-
ment. In other words, we aim to determine whether WVA has
the potential to enhance the MOKE signals irrespective of the
sample structures and MOKE geometry.

We calculate the results of “TMOKES + Single” and
“TMOKES + Cavity” by the traditional MOKE approach
in Sec. III. The dependency of ratios on the thickness d
is shown in Fig. 11. The results of “WVA + Cavity” are
shown in Sec. IV B. In Sec. IV C 1, we compare the Kerr
signals between “TMOKES + Single” and “TMOKES +
Cavity” by calculating the Kerr signals for the samples
consisting of Co(d nm)/Si films, as well as the cavity configu-
ration HfO2(10 nm)/Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si
films. Moreover, in Sec. IV C 2, we present the results of
“WVA + Single” obtained by applying the WVA measure-
ment on the samples with Co(5 nm)/Si films. Lastly, in

Sec. IV C 3, we summarize the advantages of the WVA tech-
nique within the cavity setup.

1. MOKE enhancement of the cavity without WVA

To compare “TMOKES + Single” and “TMOKES +
Cavity” schemes and highlight the enhancement of the
cavity without WVA, the Kerr singles with the sample
HfO2(10 nm)/Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si films
and the sample Co(d nm)/Si films are calculated and
displayed in Fig. 8. In addition, the measurement results
of ratios I

θk
1 /I

θk
2 and I

ε

2 /I
ε

1 are shown in Fig. 11.
Figure 8 demonstrates the Kerr rotation θk and the Kerr

ellipticity ε enhancement with the two samples as a function
of the wavelength of incidence of the light and as a function
of the thickness d of Co. Figures 8(a) and 8(d) confirm that
the cavity can effectively enhance both θk and ε. The results
also indicate that the enhancement strongly depends on the
wavelength. For the measurement in the longitudinal geome-
try, the dependency is clear and the enhancement increase as
the wavelength decreases. For the measurement in the polar
geometry, the amplification of θk is strongest at wavelengths
of 430 nm, and the peaks of ε appear at the wavelength of
425 nm and at the wavelength of 430 nm. Note that there are
changes in θk sign and ε sign in Fig. 8(a) with the cavity.
Similarly, the change of the Kerr rotation sign also can be
obtained as a function of the wavelength of the incident light
in the HfO2/Co/HfO2/Al/Si structure [17]. And this change
is due to the phase shift of the Fresnel reflection coefficient
of the multilayer structure jumping about π in the wavelength
region [66].

To investigate the dependence of Kerr signals on the thick-
ness d at a certain wavelength λ, it can be found in Fig. 8(b)
and Fig. 8(e) that the bigger Kerr signals in the two ge-
ometries can be obtained with the cavity at the wavelength
of 430 nm. Furthermore, the enhancement decreases as the
thickness d of Co film increases. When the incident light is
set at a wavelength of 632.8 nm, Figs. 8(c) and 8(f) indicate
that Kerr signals with the cavity are not always greater than
Kerr signals with the sample Co(d nm)/Si films in the range
of 5 nm < d < 50 nm. Specifically, Kerr rotation θk with the
cavity is smaller than that with the sample Co(d nm)/Si films
in the range of 30 nm < d < 50 nm. Note that this is the
situation when the cavity fails to amplify the MOKE signals
and one of the reasons why we investigate WVA for further
enhancing the MOKE signals in this case.

2. WVA for MOKE detection with the sample Co(d nm)

Following the study of “WVA + Cavity”, the results of
“WVA + Single” by applying the WVA measurement with
the sample Co(5 nm)/Si films are simulated. First, the depen-
dence of value log (ReAw/ImAw) on different postselected
states are shown in Figs. 5(c) and 5(d). Then, the appropri-
ate postselected state for WVA with the sample Co(5 nm)/Si
films is selected and displayed in Table II. Finally, the de-
pendence of pointer shift and its sensitivity on the thickness
d are shown in Fig. 9. These states are remarked as |ϒ f 〉 to
distinguish this state from the symbol |� f 〉 in the scheme
“WVA + Cavity”. By considering the larger ReAw1/ImAw1

and the smaller ReAw2/ImAw2, the detectability as well as the
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TABLE II. Characteristic parameters and results (dimensional
quantities in a unit of 10−3 rad) in the polar (POL) geometry and
the longitudinal (LON) geometry using the sample Co(5 nm). The
Kerr angle is calculated as θk + iε = (0.2 + i1.9) ×10−3 rad for the
POL geometry and θk + iε = (0.087 − i0.13) ×10−3 rad for the LON
geometry.

|ϒ f 〉 γ η Aw
ReAw

ImAw
log(�w)

|ϒ f 0〉(P) 0 0 2.89 × 102 + 4.44 × 102i 0.65 −5.4

|ϒa
f 1〉(P) −2 −3 2.70 × 102 + 1.26 × 102i 2.14 −4.6

|ϒb
f 1〉(P) −2 −2 3.23 × 102 + 0.48 × 102i 6.72 −4.7

POL |ϒ c
f 1〉(P) −2 −1 3.18 × 102 + 0.61 × 102i 5.21 −4.7

|ϒa
f 2〉(P) 0 1 1.33 × 102 + 3.34 × 103i 0.39 −4.8

|ϒb
f 2〉(P) 0 2 0.74 × 102 + 2.57 × 102i 0.28 −4.5

|ϒ c
f 2〉(P) 0 3 0.46 × 102 + 2.07 × 102i 0.22 −4.3

|ϒ f 0〉(L) 0 0 3.09 × 103 + 5.03 × 103i 5.50 −7.5

|ϒa
f 1〉(L) −4 −1 2.26 × 102 + 0.63 × 102i 3.58 −4.4

|ϒb
f 1〉(L) −4 0 2.44 × 102 + 0.08 × 102i 30.5 −4.4

|ϒ c
f 1〉(L) −4 1 2.34 × 101 + 0.49 × 102i 4.77 −4.4

LON |ϒa
f 2〉(L) 0 −4 0.05 × 102 + 2.41 × 102i 0.02 −4.4

|ϒb
f 2〉(L) 0 −3 0.08 × 101 + 3.17 × 102i 0.03 −4.7

|ϒ c
f 2〉(L) 0 −2 0.19 × 100 + 4.65 × 102i 0.02 −5.0

monotonicity, the states |ϒ c

f 1〉(P) , |ϒ a

f 2〉(P) , |ϒ c

f 1〉(L) , and |ϒ c

f 2〉(L)

are selected for the “WVA + Cavity” measurement in the
range of 5 nm < d < 50 nm. These states are also chosen by
finding the largest δt for amplifying Kerr rotation and the
largest δλ for amplifying Kerr ellipticity as we discussed in
Sec. IV A.

3. Advantage of the WVA technique

Finally, we investigate the advantage of WVA by compar-
ing the results with different schemes. Figure 10 shows the
pointer shifts and their sensitivities in the schemes “WVA +
Cavity” and “WVA + Single” at the most appropriate postse-
lected state, where the most appropriate states |� f 〉 and |ϒ f 〉
are chosen with the standards of satisfying the detectability,
the monotonicity, the larger ReAw1/ImAw1 for amplifying
Kerr rotation and the smaller ReAw2/ImAw2 for amplifying
Kerr ellipticity, and the highest sensitivity. In addition, Fig. 11
displays the measurement of Kerr signals dependency of the
thickness d in the four schemes. Several conclusions can be
obtained.

(i) For the temporal shift measurement in the polar ge-
ometry, Fig. 10(a) indicates that δt with the cavity is bigger
than shift δt with the sample Co(d nm)/Si films. However,
Fig. 10(c) shows that the sensitivity δt/δd with the cavity
is lower than δt/δd with the sample Co(d nm)/Si films in
the range of 20 nm < d < 50 nm. Meanwhile, Kerr rota-
tion θk with the cavity is smaller than that with the sample
Co(d nm)/Si films in the range of 30 nm < d < 50 nm. The
same conclusion can also be found from Fig. 11(a). Therefore,
the fact that δt with the cavity being larger than shift δt
with the sample Co(d nm)/Si demonstrates that WVA can

FIG. 9. The dependence of pointer shift and its sensitivity on the
thickness d for detecting the sample Co(d nm). [(a),(d)] The time
shift with the corresponding probability �w . [(b),(e)] The wave-
length shift with the corresponding probability �w . [(c),(f)] The
sensitivity δt/δd for the time shift measurement and the sensitivity
δλ/δd for the spectral shift measurement.

efficiently enhance θk , especially when the cavity can not
efficiently enhance the Kerr rotation θk .

(ii) For the wavelength shift measurement in the polar
geometry, Fig. 10(b) shows that δλ with the cavity is larger
than the shift δλ with the sample Co(d nm)/Si. In addition, as
shown in Fig. 10(b), Kerr ellipticity ε with the cavity is also
larger than that with the sample Co(d nm)/Si in the range of
5 nm < d < 50 nm. So, both the cavity and WVA can enhance
Kerr ellipticity ε in the polar geometry.

(iii) In Fig. 10(c), both the curves of δt/δd and δλ/δd with
different samples intersect each other. However, δt/δd and
δλ/δd with the cavity are higher than that with the sample
Co(d nm)/Si films at the smaller measurement range, such
as 5 nm < d < 20 nm. Therefore, the combination of WVA
and the cavity can obtain higher sensitivity than the WVA
measurement with the sample Co(d nm)/Si films in the range
of 5 nm < d < 20 nm.
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FIG. 10. Comparison of the schemes “WVA + Cavity” (blue
curves) and “WVA + Single” (red curves). [(a),(c)] The dependence
of time shift and the Kerr rotation θk on thickness d . [(b),(e)] The
dependence of wavelength shift and the Kerr ellipticity ε on thickness
d . [(c),(f)] The dependence of sensitivities δt/δd and δλ/δd on
thickness d .

(iv) For the temporal shift measurement in the longitudi-
nal geometry, both the temporal shift δt in Fig. 10(d) and
its sensitivity in Fig. 10(f) show that δt and δt/δd with the
combination of WVA and the cavity are larger than that with
the application of WVA on sample Co(d nm)/Si films in the
range of 5 nm < d < 50 nm.

(v) For the frequency shift measurement in the longi-
tudinal geometry, it can be found in Fig. 10(e) that δλ

with the cavity is smaller than the shift with the sample
Co(d nm)/Si films in the range of 5 nm < d < 50 nm. How-
ever, the sensitivity δλ/δd with the cavity is larger than δλ/δd
with the sample Co(d nm)/Si films in the range of 5 nm <

d < 15 nm. Meanwhile, Figs. 10(e) and 10(f) indicate that the
cavity may contribute very little to WVA for the frequency
shift measurement in the longitudinal geometry. However, the
combination of WVA and the cavity still shows its advantages
over the application of WVA on sample Co(d nm)/Si films
with higher sensitivity in the range of 5 nm < d < 15 nm.

FIG. 11. The measurement of Kerr rotation θk and Kerr ellip-
ticity ε in the four schemes of “TMOKES + Single” (red curves),
“TMOKES + Cavity” (green curves), “WVA + Single” (blue curves)
and “WVA + Cavity” (black curves). [(a),(c)] The measurement
of the Kerr rotation θk ; [(b),(d)] the measurement of the Kerr
ellipticity ε.

(vi) Figures 10(a), 10(b), 10(d), and 10(e) show that the
pointer shift δt and δλ are inversely proportional to Kerr rota-
tion θk and Kerr ellipticity ε, respectively, which are consistent
with the analysis in Eqs. (15) and (16). The smaller Kerr
signals lead to larger pointer shifts. Therefore, the amplifi-
cation of Kerr signals is more significant when the signals
become smaller. In addition, Fig. 11 indicates that the cavity
contributes very little to the scheme “WVA + Cavity” and
WVA shows a great advantage in amplifying the Kerr signals
over the TMOKES scheme regardless of the structures of the
sample and the MOKE geometries.

Based on the above discussion, we conclude that WVA
can effectively enhance the Kerr signals in two cases: First,
the combination of the cavity and WVA in “WVA + Cav-
ity” can further enhance the MOKE signals, when compared
to the measurement of directly applying WVA to detect
the MOKE signals with the sample Co(d nm)/Si films in
“WVA + Single” and the enhancement in various cases
is more prominent with higher sensitivities at a measure-
ment range of 5 nm < d < 15 nm. What’s more, WVA can
demonstrate the amplification of the MOKE signals, even
when the cavity in “TMOKES + Cavity” fails to amplify
the Kerr signals as shown in the conclusion (i) and in
Fig. 11(a).

V. SUMMARY

In this paper, we investigated the application of WVA
in detecting the MOKE in the nanoscale layered structure
both in the longitudinal geometry and in the polar geometry.
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The Kerr signals are set and amplified as the parameters
in the “preselection” in WVA. The most sensitive relation-
ship between Kerr signals and the pointer shift depends on
finding the most appropriate post-selection state. We nu-
merically model the dependence of the thickness of Co
with the samples of both the nanoscale layered structure
HfO2(10 nm)/Co(d nm)/HfO2(30 nm)/Al(40 nm)/Si films
and the Co(d nm)/Si films in the range of 5 nm < d < 50 nm.
The results indicated that the combination of the cavity and
WVA can effectively and simultaneously amplify the MOKE
signals when compared to the application of WVA on the sam-
ple Co(d nm), and the enhancement in various cases is more
prominent with higher sensitivities at a measurement range
of 5 nm < d < 15 nm, especially when the cavity shows no
advantage for enhancing Kerr signals over the Co(d nm)/Si
films without WVA [see conclusion (i) and Fig. 11(a) in
Sec. IV C 3].

Finally, we highlight the focus of this paper. (i) The limit
of the monotonic relationship between the measured quantity
and the result of the weak measurement is first investigated.
It is constructive that the postselection should be chosen care-
fully to avoid the non-monotonicity (see the result of the state
|�b

f 2〉 in Fig. 7). (ii) Our protocol shows the advantage of si-
multaneously employing amplified temporal and momentum
shifts to enhance Kerr signals by choosing different postse-
lected states. (iii) WVA shows a great advantage in amplifying
the Kerr signals over the TMOKES scheme regardless of
the structures of the sample and the MOKE geometries. (iv)
WVA still has the ability to enhance the MOKE signals, even
when the cavity fails to amplify the Kerr signals. Therefore,
WVA could potentially be used for studying the MO proper-
ties and the topology in more complicated nanoscale layered
structures.

It is crucial to emphasize that our work aims to achieve
simultaneous measurements of Kerr rotation θk and Kerr el-
lipticity ε while assuming a prior knowledge of the refractive
index magnitude of the MO material. However, for a compre-
hensive MO characterization of any sample, the determination
of at least four material constants becomes necessary, as
exemplified in the application of generalized MO ellipsom-
etry [67]. To enable the measurement of these four material
constants using WVA, it is worthwhile to explore beyond
the scope of this study by employing a more sophisticated
pointer, such as the Hermite-Gaussian (HG) state [30,68,69],
for multiparameter estimation. In addition, the comparison of
this work to the lock-in detection technique for noise sup-
pression has not been discussed [1]. Nevertheless, several
existing studies highlighted the robustness of the standard
WVA technique and its effectiveness in mitigating systematic
errors [27,70,71].

In any WVA scheme, coupling the system to additional
(unmeasured) pointers will lead to the effect of decoherence
in the measured results, which reduces measurement preci-
sion. However, the use of a large imaginary weak value has
been found to be particularly robust to decoherence [70].
Recent work has even shown that a WVA measurement us-
ing a mixture of coherent states can work better than using
a single pure coherent state based on Fisher information
analysis [72].
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APPENDIX A: EXPRESSION OF THE BOUNDARY
MATRIX AND THE TRANSMISSION MATRIX

The transmission 4 × 4 matrix D relates the s and p compo-
nents of the electric field at two surfaces of a film of thickness
d [1]. Based upon a generalization of the formalism of Zak
et al. [43,73], the boundary matrix A and the transmission
matrix D for both the longitudinal (L) case and polar (P) case
can be provided as

A(P) =

⎛
⎜⎜⎜⎝

1 0 1 0
i
2α2

y Q αz
i
2α2

y Q −αz
i
2αzQN −N − i

2αzQN −N

αzN
i
2 QN −αzN

i
2 QN

⎞
⎟⎟⎟⎠, (A1)

A(L) =

⎛
⎜⎜⎜⎝

1 0 1 0
−mzQ αz mzQ −αz
i
2αyQN −N i

2αyQN −N
αzN nzQN −αzN −nzQN

⎞
⎟⎟⎟⎠, (A2)

D(P) =

⎛
⎜⎜⎜⎝

U cos σ P U sin σ P 0 0
−U sin σ P U cos σ P 0 0

0 0 cos σ P

U
sin σ P

U

0 0 − sin σ P

U
cos σ P

U

⎞
⎟⎟⎟⎠, (A3)

D(L) =

⎛
⎜⎜⎜⎝

U cos σ L U sin σ L 0 0
−U sin σ L U cos σ L 0 0

0 0 cos σ L

U − sin σ L

U

0 0 sin σ L

U
cos σ L

U

⎞
⎟⎟⎟⎠, (A4)

with

mz = i

2

αy

αz

(
1 + α2

z

)
,

nz = i

2

αy

αz
,

U = exp[−i(2π/λ)Nαzd],

σ P = (π/λ)NQd,

σ L = (π/λ)NQdαy/αz, (A5)

where αy and αz are the cosine and sine of the incident angle
for the medium, N is the complex refractive index, d is the
film thickness, Q is the MO coupling constant, and λ is the
light wavelength.
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APPENDIX B: APPROXIMATE SOLUTIONS OF KERR
SIGNALS WITH THE FO POSTSELECTION

In this paper, we employ MATHEMATICA as a powerful
computational tool to analytically solve the equation

Aw0 = 〈� f 0 |Â|�w〉
〈� f 0 |�w〉

= e+θk +iε + e−θk −iε

e+θk +iε − e−θk −iε = ReAw0 + iImAw0. (B1)

To simplify the expression of the formula, we introduce a
simplification by defining

a0 = ReA2
w0 + 2ReAw0 + ImA2

w0 + 1,

b0 = ReA2
w0 − 2ReAw0 + ImA2

w0 + 1. (B2)

The derivation of the approximate solution for Kerr rotation
θk with the FO postselection is obtained from Eq. (B1) in the
following:

θk = 1

4
log

(
a0

b0

)
= 1

4
log

(
b0 + 4ReAw0

b0

)
,

e4θk = 1 + 4ReAw0

ReA2
w0 − 2ReAw0 + ImA2

w0 + 1
. (B3)

By employing the approximation e4θk ≈ 1 + 4θk when θk 	
1, we obtain

1 + 4θk ≈ 1 + 4ReAw0

ReA2
w0 − 2ReAw0 + ImA2

w0 + 1

= 1 + 4

ReAw0 − 2 + ImA2
w0

ReAw0
+ 1

ReAw0

,

θk = 1

ReAw0 − 2 + ImA2
w0

ReAw0
+ 1

ReAw0

. (B4)

Then, we can derive an approximate solution for Kerr rotation
θk , along with the expression given in Eq. (11) in the main text

θk ≈ 1

ReAw0
. (B5)

This approximation is valid under the approximate conditions
of ReAw0 � 1 and ReAw0/ImAw0 � 1.

Meanwhile, Kerr ellipticity ε with the FO postselection can
be derived as follows:

ε = 1

2
ArcTan

(
ReA2

w0 + ImA2
w0 − 1√

b0
√

a0
, − 2ImAw0√

b0
√

a0

)

= 1

2
ArcTan

( −2ImAw0

−1 + ReA2
w0 + ImA2

w0

)

= −1

2
ArcTan

⎛
⎝ 2

− 1
ImAw0

+ ReA2
w0

ImAw0
+ ImAw0

⎞
⎠. (B6)

By taking into account the approximate conditions of
ImAw0 � 1 and ReAw0/ImAw0 	 1, we can derive Eq. (12)
in the main text through the following calculation:

ε ≈ −1

2
ArcTan

(
2

ImAw0

)
≈ − 1

ImAw0
. (B7)

APPENDIX C: APPROXIMATE SOLUTIONS OF KERR
SIGNALS WITH THE NON-FO POSTSELECTION

In our investigation of the non-FO postselection scenario,
we also utilize MATHEMATICA to analytically solve Eq. (14)
presented in the main text. To improve the clarity of the
formula, we introduce a simplification by defining

a1 = ReAw1
2 + ImAw1

2 + 1,

b1 = ReAw1
2 − 2ReAw1 + ImAw1

2 + 1,

a2 = ReAw2
2 + ReAw2 + ImAw2

2,

b2 = ReAw2
2 − 2ReAw2 + ImAw2

2 + 1,

c2 = ReAw2 cos2(2γ2),

d2 = ReAw2
2 + ImAw2

2 + 1,

e2 = ReAw2 cos(4γ2) + ReAw2. (C1)

The derivation of the approximate solution of Kerr rotation θk ,
considering the non-FO postselected parameters γ1 and η1, is
presented as follows:

θk = 1

4
log

(
4ReAw1 cos2(2γ1) + [cos(4γ1) + 1]a1

2[sin(2γ1) − 1]2(b1)

)
. (C2)

By approximating cos(4γ1) as 1, the expression in Eq. (C2)
can be further simplified, leading to the following form:

θk ≈ 1

4
log

(
4ReAw1 cos2(2γ1) + 4ReAw1 + (2b1)

2[sin(2γ1) − 1]2b1

)

= 1

4
log

(
4ReAw1 + 4ReAw1 cos2(2γ1)

2[sin(2γ1) − 1]2b1

+ 1

[1 − sin(2γ1)]2

)

= 1

4
log

(
2ReAw1[1 + cos2(2γ1)]

[sin(2γ1) − 1]2b1
+ 1

[1 − sin(2γ1)]2

)
.

(C3)

Subsequently, by taking into account the approximate con-
dition of sin(2γ1) = 0, Eq. (C3) can be simplified to the
following expression:

θk ≈ 1

4
log

(
2ReAw1[1 + cos2(2γ1)]

b1
+ 1

)
,

e4θk = 2ReAw1[1 + cos2(2γ1)]

b1
+ 1. (C4)

By employing the approximation e4θk ≈ 1 + 4θk when θk 	
1, we then obtain

1 + 4θk ≈ 2ReAw1[1 + cos2(2γ1)]

b1
+ 1,

θk = 1

4

[1 + cos2(2γ1)]

ReAw1 − 2 + ImAw1
2

ReAw1
+ 1

ReAw1

. (C5)
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Finally, with the approximate conditions of ReAw1 � 1 and
ReAw1/ImAw1 � 1, we can derive Eq. (15) as follows:

θk ≈ 1 + cos2(2γ1)

2ReAw1
. (C6)

Similarly, we can derive the approximate solution for Kerr
ellipticity, as presented in Eq. (16) in the main text, in the
following:

ε = η2 + 1

2
Arctan

[(
ReAw2

3 − 2ReAw2c2 − 2c2

−ImAw2(2c2 + e2)

+ ReAw2 cos(4γ2)(a2) + ReAw2
2 + ReAw2ImAw2

2

−ImAw2(2c2 + e2)

)−1]
.

(C7)

The expression in Eq. (C7) can be simplified by approximat-
ing cos(4γ1) as 1, resulting in

ε ≈ η2 − 1

2

(
2 ReAw2

2

ImAw2
− 2ReAw2

2

ImAw2
[1 + cos2(2γ2)]

1 + cos2(2γ2)

+ − 2 cos2(2γ2 )
ImAw2

+ ImAw2 + ReAw2

1 + cos2(2γ2)

)−1

. (C8)

Finally, Eq. (16) in the main text can be obtained with the
approximate conditions of ImAw2 � 1 and ImAw2/ReAw2 �
1:

ε ≈ η2 − 1 + cos2(2γ2)

2ImAw2
. (C9)
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