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Coherent long-range interactions between atoms are a prerequisite for numerous applications in the field of
quantum information science. Here we present an appealing method to dramatically enhance the long-range
atom-atom interaction mediated by a coupled-cavity array that is subjected to two-photon (parametric) drives.
Our method allows one to greatly amplify both the localization length of the single-photon bound-state wave
function and the effective atom-photon coupling strength, resulting in a significant improvement of photon-
mediated coherent interaction between two distant atoms. Additionally, we illustrate this effect by analyzing
how it facilitates the transfer of information and the creation of entanglement between the atoms.
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I. INTRODUCTION

The pursuit of coherent interactions between atomic
emitters, such as neutral atoms, solid-state spins, and super-
conducting qubits, is a central topic of interest in the quantum
information science community [1-4]. In fact, it can acti-
vate a variety of important applications, including quantum
annealing [5], quantum sensing [6], quantum cryptography
[7], quantum computation [8], and quantum simulation [9]. In
particular, strong long-range atom-atom interactions lie at the
heart of this subject, unlocking opportunities for long-distance
quantum logic gates [10,11] and entanglement generation and
distribution [12,13]. Additionally, long-range couplings could
trigger a series of exciting phenomena, such as dynamical
quantum phase transitions [14], nonadditivity in statistical
mechanics [15], exotic long-range order [16], and the viola-
tion of the Lieb-Robinson bound on the speed of information
propagation [17]. To realize long-range interactions between
atoms, a mainstream solution is to interface the atoms with
a photonic waveguide and exploit the exchange of virtual
photons [18-25]. However, in this case, the resulting photon-
mediated interactions are considerably suppressed with the
increase of the atomic separation.

In this work, we put forward a feasible method to sub-
stantially enhance the long-range atom-atom interaction in
a coupled-cavity array. We show that, when each photonic
site of the array is subjected to a two-photon drive, both
the localization length of the single-photon bound-state wave
function and the effective atom-photon coupling strength can
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be amplified greatly. Accordingly, when two distant atoms are
both coupled to the photonic array in the dispersive regime,
the photon-mediated atom-atom interaction is strongly en-
hanced in terms of both range and strength, pushing it from
the weak coupling regime into the strong coupling regime. As
a concrete application, we show that, even with a relatively
large interatomic distance, quantum entanglement and quan-
tum state transfer between two separated atoms can still be
efficiently generated. Finally, we emphasize that our model is
quite general and can be implemented with different kinds of
architectures, such as superconducting qubits coupled to a mi-
crowave cavity array [20,23-27] and atomic emitters coupled
to an optical cavity array [28-32].

II. THE SETUP

As schematically shown in Fig. 1(a), we consider a cou-
pled atom-photon system, where two atoms with excited
state |e,) (x =A,B) and ground state |g,) interact with
a one-dimensional coupled-cavity array. The corresponding
Hamiltonian reads (setting 72 = 1)

H, = w, E a:ga,,—i—a)q E orot
n X

— |:J > dlan — Glalo? +ajo®) + Hci| (1)

n

where a, (ajl) is the bosonic annihilation (creation) operator
of the nth cavity with the index n € [—-N, N], 0 = |gy) (el
(01 = lex)(gx]) is the atomic lowering (raising) operator, and
w, and w, are the resonance frequency of the cavities and
atoms, respectively. J is the cavity-cavity nearest-neighbor
coupling strength, and G is the atom-cavity coupling strength.
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FIG. 1. (a) Schematic illustration of the setup: two distant atom are coherently coupled to a coupled-cavity array that is subjected to

two-photon drives, and the two edge sites of the array are each coupled to an auxiliary damped cavity. (b) Propagating frequency band of
the coupled-cavity array. (c) Schematic diagram of the long-range atom-atom interaction. The parametric drives amplify both the localization
length (o< e”) of the single-photon bound-state wave function and the effective atom-photon coupling strength (o< €'/?), enabling the long-

distance coupling between two atoms.

Moreover, each cavity of the array is subjected to
a two-photon drive, described by the Hamiltonian H; =
ny.,(ai’e~e=® 4+ H.c.), where 7 is the two-photon driv-
ing amplitude, ws is its driving frequency, and ¢ is the
associated phase. Experimentally, the parametric drives have
been implemented with different kinds of architectures,
such as flux-modulated Josephson parametric amplifiers in
the microwave regime [33-37] and x® nonlinear crys-
tals in the optical domain [38—40]. In addition, we assume

that two edge sites of the array are each coupled to an
auxiliary damped cavity, which is described by the Hamil-
tonian Hy = ws(A" yA_y + ALAN) — (A ya_y + Al ay +
H.c.). As discussed below, these two auxiliary cavities
constitute the main dissipative channels of this system
and are used to stabilize a pure squeezed vacuum state
of the internal cavities. In the rotating frame at the fre-
quency w;/2, the Hamiltonian of the whole system takes the
form

J
N+ A;[,AN) + A, Z ajl'a,, + A, Z ool

H=AsA" A

|

where Ay = wy — wy/2, Ay = wg — ws/2, and Ay, = w,; — w,/2 are the detunings. Here we assume that Ay, A,4, and A, are
by far the largest parameters in the system dynamics. This assumption allows us to neglect many nonresonant processes, and
the resulting quasi-resonant dynamics shows highly enhanced atom-field interaction similar to the results of Refs. [41-44].
Specifically, it is convenient to perform the Bogoliubov squeezing transformation a, = f,cosh(r) — e *sinh(r), which
diagonalizes the Hamiltonian of each parametrically driven cavity, where r = iln[(Aa +2n)/(A, — 2n)] is the squeezing
parameter. In this squeezed frame, the detuning of the modes 8, is given by Ay = A,/cosh(2r). Additionally, we assume that
the auxiliary cavities are resonant with these modes, corresponding to Ay = A;. Consequently, the total Hamiltonian can be
expressed as follows:

Hy = AJAT VAN +AJAN) + A D BB+ Ay Y olo”

> Uayan —naje™

n

?) 4+ Jo(Al ya_y + Ajay) — G(alo” + ajo®) + Hec. } 2)

- [J cosh(2r) Y B Bur1 + Jocosh(r)(AT y By + Al By) — Geosh(r)(B]o? + Bo®)

—Jsmh(2r)Z BiBl. e — Josinh(r)AT y B +AN,3N)e*'<”+Gsmh(r)(/3T +B/o )ei¢+H.c.]. 3)

In particular, Hg can be simplified by performing a rotating wave approximation that consists in dropping nonresonant
fast-oscillating terms (which can be easily identified in the interaction picture) characterized by an interaction strength much
smaller than the corresponding frequency. Specifically, in the limit 2A > Josinh(7), Jsinh(2r), and A; + A, > Gsinh(r), the
Hamiltonian (3) can be approximated as

Hf = AAT VAN + AJAN) + A BiB+ Ay Y olo”

- [J > BiBust + Jo(ALyBon + AL By) — G(Bio* + Bfo”) + Hee. ] @)
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where Jy = Jocosh(r), J = Jcosh(2r), and G = Gcosh(r)
are the modified coupling strengths. Remarkably, the cavity-
cavity and atom-cavity couplings can be greatly enhanced due
to the amplified fluctuations of the squeezed photons. This
constitutes the key ingredients for realizing a long-distance
atom-atom interaction.

Let us now introduce the dissipation of the auxiliary cav-
ities, while we assume that the dissipation of the internal
cavities is comparatively negligible. Such a scenario is com-
monly observed in these kinds of systems [25]. Then, the
dynamics of the whole system is described by the quantum
master equation

ps = —ilHg, ps1+y Y _ Llo*ps
+ «k LIA_N1ps + « L[AN]ps, &)

where L[0]p = (20p0" — pOO' — 007p)/2 is the Lind-
blad operator for a given operator O, y is the atomic
spontaneous emission rate, and « is the decay rate of the
auxiliary damped cavity. Here, we consider that the auxiliary
cavities A_y and Ay have a large dissipation, i.e., k > Jy. Af-
ter adiabatically eliminating the auxiliary cavities, we obtain
the reduced master equation

os = —ilHs, ps] +y Zﬁ[Uf]Ps

+ Ksﬁ[,B—N]Ps + Ks»c[ﬂN]Ps’ (6)

where

Hi=Ay) BiBu+Ag) oo’
- |:j218213n+1 —G(Bjo* + o) + Hc:| (7

Here, k; = j02 /k is the effective decay rate of the squeezed
modes S_y and By. This expression entails that, in the
squeezed representation, the dissipation of the auxiliary cavi-
ties drives the array to the vacuum, which is a pure squeezed
state in the original frame [45]. Besides, in the dispersive
regime, the dissipation has a negligible effect on the atoms for
a sufficiently large array. So, the main dynamics of our system
are well described by the Hamiltonian (7) with the array in
the squeezed vacuum. The following analysis exploits this
result.

To better understand the basic system dynamics, here we
assume that the number of cavities is sufficiently large, and it
is much larger than the atomic separation 2N + 1 > |l — j|.
In this case, the auxiliary cavities primarily serve to justify the
utilization of the squeezed vacuum as the state of the array that
mediates the interaction between the atoms discussed below.
However, they do not play any other significant role in the
dynamics of the system. So, we can simplify the model by
assuming periodic boundary conditions for the array and per-
form the Fourier transformation 8, =), Bre * /2N + 1
with k € [—m, r]. Then, the Hamiltonian H; in Eq. (7) can be

transformed into the momentum space
Hyo=Y MBI+ A, Y olo"
k X
+ Z Gi(Blote™ + BiaBe + He),  (8)
k

where Gy = G/+/2N + 1, and Af = Ay —2Jcos(k) is the
dispersion relation, as seen in Fig. 1(b). We stress here that
there is a sharp difference with respect to the previous works
without two-photon drives for the generation of long-range
interactions [18-25]. In our scheme, the presence of para-
metric drives makes both the propagating frequency band 4.7
[see Fig. 1(c)] and the coupling strength G, proportional to a
hyperbolic cosine function of r, so that they both increase with
r. Consequently, as discussed in detail below, on the one hand
the broadened band results in an amplified localization length
of the single-photon bound-state wave function. On the other,
the enhanced coupling corresponds to an enhanced effective
atom-photon coupling strength. These two effects result in the
increased range and strength of the interaction between the
two distant atoms. In the following, we employ the model
of Eq. (8) to analyze the dynamics of the two atoms in the
dispersive regime, which is characterized by a large detuning
between the atomic transition frequency and the band-edge
frequency of the array. In this regime, it is reasonable to expect
that our approximated model faithfully captures the essential
features of the atomic dynamics in a finite system, which can
be realistically achieved in experiments [25].

III. ENHANCING THE LONG-RANGE INTERACTION
BETWEEN TWO ATOMS

Let us first consider the coupling of the single atom A to
the coupled-cavity array. We note that the Hamiltonian (8)
conserves the total number of excitations, and as discussed
above, it is reasonable to assume that in the squeezed rep-
resentation the array is in its vacuum state, so we can focus
on the single-excitation manifold. Specifically, there exists
a bound state |W) = cos(8)|Vac)les) + sin(9) Y, cklli)|ga)
[18,22], where 6 quantifies the degree of atom-photon hy-
bridization, |Vac) is the vacuum state of the modes S, [1x) =
,B,j |Vac) is a single-photon excitation state, and ¢ is the am-
plitude of the single-photon component with momentum k.
This single-photon bound state satisfies the eigenvalue equa-
tion Hy|WV) = Aps|W) with the eigenfrequency Apgg, which
fulfills the relation § = A 4+ G?/+/82 + 4.76. Here, we have
introduced the detunings § = Agg — Ay and A = A, — Ay
with Ay = Ay + 27 the upper band edge. In the following,
we focus on the case of § > 0, i.e., Ags > Ay, such that
the bound state eigenfrequency lies above the propagating
frequency band.

The photonic component of the single-photon bound state
is localized exponentially around the atomic position. By uti-
lizing the Fourier transformation ¢, = ), crekn /2N + 1,
we can work out the amplitude ¢, of the single-photon com-
ponent at position n [see Appendix A for more detail],

In—jl

B (=Dr=ile™ %

Jeoth(1/€) ©)
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FIG. 2. (a) The photonic wave function |c,| in the real space
versus the spatial position n — j. (b) The localization length & and
(c) the effective atom-photon coupling strength G, as a function of
the squeezing parameter . We have set A = 10G and J = 10G.

where the localization length is defined as

1
§= arccosh(1 +68/27)"

(10)

We can see from Fig. 2(a) that the photonic component
extends over multiple sites and exhibits an exponentially
decaying envelope around the atomic position j, which is
characterized by the localization length £. When we increase
the squeezing parameter r at a fixed value of the detuning A
between the atomic transition frequency and the upper band
edge, the localization length & will be extended exponentially
with £ o e”, so that the spatial distribution of the localized
photon is greatly broadened [see Figs. 2(a) and 2(b)]. This
is due to the enhanced cavity-cavity interaction strength J
which, in turn, manifests itself in an enhanced propagating
frequency band [see Fig. 1(b)].

In particular, the photon confined around the single atom
A has the same properties as the mode of a real cavity [21].
Therefore, the coupling of a single atom to the coupled-cavity
array can be well understood by mapping to the Jaynes-
Cummings model with the effective atom-photon coupling
strength

g - Y9G
C 1 +4T/8)

and the effective atom-photon detuning A, = A, —
Dk Arler]> = A + 8/(14+6/27). In Fig. 2(c), we plot
the effective atom-photon coupling strength G, as a function
of the squeezing parameter r. As the squeezing parameter r
increases, the effective atom-photon coupling strength will
exhibit an exponential enhancement with G, e,

Let us now consider two spatially separated atoms inter-
acting with the coupled-cavity array. In the dispersive regime
A, > G, (8 & A), the effective cavity will mediate a coherent
atom-atom interaction via the exchange of virtual photons

(1)
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FIG. 3. (a) and (b) The photon-mediated atom-atom coupling
strength G;; as a function of the atomic separation [ — j. (c) The
absolute value of the coupling strength |G;;| and the cooperativity
C versus the squeezing parameter r for the case of two distant atoms
|l — j| = 6, where we set y = 0.001G. The other parameters are the
same as in Fig. 2.

[18]. By tracing out the modes S; in Hamiltonian (4), we can
obtain the effective Hamiltonian in the interaction picture as
[see Appendix B for more detail]

Hpp = Gj(0lo®? +0%0)) (12)
with
il G? i
Gij = (=D TN (13)

where we have the effective atom-photon coupling strength
G, =+2G/(1+4J/A)s ~G,, and the localization length
& = 1/arccosh(l + A/2J) ~ &. Note that the photon-
mediated interaction between two atoms naturally inherits the
property of the single-photon bound state. Thus, the result-

ing atom-atom interaction is exponentially localized in the
real space with Gjjoce” ¢, which is consistent with previous

studies [18-25]. However, the unique feature here is that both
&’ and G, increase with the squeezing parameter r, and this
will induce a significant enhancement of the photon-mediated
atom-atom coupling strength G, ;. To demonstrate this, we plot
the coupling strength G;; as a function of the interatomic dis-
tance [ — j without and with the parametric driving process in
Figs. 3(a) and 3(b). For the case of r = 0, the photon-mediated
atom-atom coupling decays rapidly as the atomic separation
increases, which results in a short-distance atom-atom inter-
action [see Fig. 3(a)]. This is in stark contrast to r # 0, where
the two-photon parametric interactions significantly suppress
the exponential decay behavior of the photon-mediated atom-
atom interaction [see Fig. 3(b)]. Hence, even if the two atoms
are separated by a relatively large distance, they can still be
strongly coupled to each other.

To quantify the enhancement of G;;, we further introduce
the cooperativity C = gfj /y? with the atomic spontaneous
emission rate y. In Fig. 3(c), we plot the photon-mediated
atom-atom coupling strength |G, ;| and the cooperativity C as
a function of the squeezing parameter r for two distant atoms
|l — j| = 6. Without the two-photon driving process (r = 0),
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FIG. 4. Numerical simulations of (a) and (b) the fidelity F' and
(c) and (d) the populations of two separated atoms versus the time
t. The results given in (c) and (d) are for |/ — j| = 6 and the other
parameters are the same as in Fig. 3.

we obtain the relatively small values |G;;| ~ 1.38 x 107%G
and C =~ 0.02, such that the distant atoms are very weakly
coupled. However, these values are strongly enhanced when
r is increased, and for r > 0.723, we have |G;;| > 1 x 103G
and C > 1, i.e., the atom-atom interaction enters into the
strong-coupling regime.

IV. LONG-RANGE ENTANGLEMENT AND QUANTUM
INFORMATION TRANSFER OF TWO ATOMS

As an application, we now discuss how to achieve long-
distance entanglement and quantum information transfer
between two separated atoms. If the two atoms initially are
prepared in the state |¢(0)) = |es)|gp) and the atomic de-
cay is negligible, one can generate a maximally entangled
state |S) = (lea)|gs) — i(—1)""7"ga)|ep))/~/2 at the time 1 =
7 /(4|G;jl). Similarly, the state of the atom A in the initial
state |9 (0)) = (o1]ga) + @2lea))|gp) will be transferred to the
atom B with [$(1)) = |ga)(e1|gs) — i(=1)"laz|ep)) at the
time t = 7 /(2|Gy;1).

In the presence of the atomic decoherence, we can use the
quantum master equation p, = —i[Hup, pr] + ¥ ZX L[o*]p,
to characterize the dynamics of entanglement and popula-
tions of the two separated atoms. The entanglement of two
atoms may be quantified by the fidelity F = Tr(p,|S)(S]|) [46].
Figure 4 illustrates the numerical results of the time evo-
lution of the fidelity and atomic populations, highlighting
the effects of the enhanced cooperativity demonstrated in
Fig. 3(c). Specifically, for the chosen parameters, when the
atomic distance is large and r = 0, entanglement generation
[see Fig. 4(a)] and population transfer [see Fig. 4(c)] are
unfeasible. However, both tasks are made efficient by the
two-photon drives, as shown in Figs. 4(b) and 4(d).

V. DISCUSSION AND CONCLUSIONS

Finally, we discuss the experimental implementations of
our scheme. A promising platform is based on superconduct-
ing circuits with their advanced controllability and versatile
interfaces [47]. Specifically, the cavity array can be made
of superconducting microwave cavities embedded with su-
perconducting quantum interference device (SQUID) loops,
and the two-photon drives can be implemented by modulating
the flux threading the SQUID loops [33-37]. We note that
the strength of the two-photon drives should be quite large,
of the order of A,/2. In this devices, the value of 7 is propor-
tional to the strength of the flux modulation and the ultimate
limit of the two-photon strength is set by the instability of the
parametric process. When the flux modulation at frequency
w;y 1s in resonance with twice the frequency of the microwave
mode w; = 2w,, the strength of the two-photon drive cannot
exceed the relaxation rate of the microwave mode, otherwise
the system becomes unstable. The relaxation rate can be quite
small, so that under these conditions it is clearly not possible
to achieve the values of 1 needed for our proposal. However,
our system works in a different regime. We assume that the
parametric process is not resonant, but it is detuned by the
value A, i.e., wy = 2(w, — A,). In this situation the instabil-
ity is moved to much larger values and the system is stable for
any value of n? that does not exceed A2/4 by more than the
square of the relaxation rate. This is the case in our proposal.
For this reason, it should be possible, in principle, to use suf-
ficiently strong flux modulation and achieve the large values
of n used in this work (see Ref. [48] for a recent theoreti-
cal proposal which employs detuned parametric drives). This
would allow us to achieve long-range interactions between
superconducting qubits [20,23-27] or Rydberg atoms [49,50]
coupled to microwave cavities. Alternatively, in the optical
regime, two atomic emitters could be coupled to an array of
optical cavities [28-32]. In this case, the parametric drives
can be realized by degenerate parametric downconversion
[38—40].

In summary, we have proposed an efficient scheme for
enhancing long-range interaction between two atoms medi-
ated by a coupled-cavity array. We show that when each
site of the photonic chain is subjected to a parametric drive,
the localization length of the single-photon bound-state wave
function and the effective atom-photon coupling strength are
significantly increased, enabling a huge enhancement of the
coherent photon-mediated interaction between two distant
atoms. So, long-range entanglement and quantum informa-
tion transfer between two remote atoms can be achieved.
Our proposal is general, and can also be applied to other
quantum systems, such as phononic [51,52] and magnonic
crystals [53,54].
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APPENDIX A: LOCALIZATION LENGTH
OF SINGLE-PHOTON BOUND-STATE WAVE FUNCTION

In this section, we describe the procedure to derive the
single-photon bound-state wave function and corresponding
localization length. If we consider the atom A interacting with
the coupled-cavity array, the single-photon bound state can be
written as

W) = cos(6)|Vac)lea) +sin(®) Y crlle)|ga).  (AD)
k

By substituting |W¥) into the Schrdédinger equation with
H, ¢ |V) = Aps|W), where Hy; is defined in Eq. (8) of the
main text, one can obtain the coupled equations

cos(0)(Aps — A,) = \/% Xk: sin(0)cye ™,
sin(0)(Aps — Af)cx = \/%cos(e)eikj . (A2)
Solving these equations will yield
Ge'ki
C T @nO)WAN T 116 +27) + 2T cos()]
T 2
§=A+ g ﬁ, (A3)
(8 +2T) 42T cos(k) 21
T g2 dk
2 _ -
tan”(9) = /, 16 +27) + 2T cos()P? 27

with§ = Aps — Ay and A = A, — Ay. In Eq. (A3), we sub-
stituted the sums with integrals according to > ,[1/(2N +
D] — ffﬂ (dk/2m). Integrating Eq. (A3) for § > 0 gives us

an@) =G |2+
(82 4+4796):

L@ (A4)
N/
g2

= A + %a

§=A

where G, = V26 /(1+4T /8)% is the effective atom-photon
coupling strength. Substituting Eq. (A4) into Eq. (A3) and
using the Fourier transformation ¢, = ), crekn /2N + 1,
we can obtain the single-photon bound-state wave function in

the real space

P Ge—ik(n—i) dk
= f_ﬂ @an(@)[(8 + 2J) + 2T cos(k)] 2
. (—l)lnfj‘e_mf;j‘ (AS)
Vcoth(1/€)
with
= : (A6)

arccosh(1 +68/27)"

Obviously, the photonic component has an exponentially de-
caying envelope around the atomic position j, and & denotes
the localization length.

APPENDIX B: PHOTON-MEDIATED
ATOM-ATOM INTERACTION

In this section, we show how to derive the photon-mediated
interaction of atoms. In the interaction picture, we can obtain
the coherent interaction between the atoms and the photonic
modes

G L . 4 .
HI — Z [(ﬂuo_Aetk/ + IBTO'BEIM)E_I(A"_AA)
s,k k- k™ —
— W/2N +1
+ (,Bkofe_ik~i + ﬁkafe_ikl)ei(A‘I_Af)].
In the dispersive regime, the bound state gives rise to an
effective dipole-dipole interaction between the two atoms. By

eliminating the photonic modes, the atom-atom interaction is
described by the effective Hamiltonian

Hpp = Gj(0lo® +0%0)),

(BI)

(B2)

where the photon-mediated atom-atom coupling strength is
given by

w G2eik—i) dk
G = ﬁn (A +27) + 27cos(k) 2
2 .
= (=)l g e—";—/‘,
VAT +4AT
1.9 _

PN [V2G/(1 + 47 /A)7] @3

2A
Here &' = —arccosh(ll+ 2757 s the localization length, which

characterizes the interaction range between two spatially sep-
arated atoms. These equations are consistent with the results
of the previous section in the dispersive regime where § ~ A.
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