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Theory of nonlinear whispering-gallery-mode dynamics in surface nanoscale
axial photonics microresonators
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We present a comprehensive model describing the Kerr nonlinear dynamics of an electric field in a cylindrical
microresonator with a small effective radius variation, known as a surface nanoscale axial photonics (SNAP)
device. The proposed system of equations for coupled azimuthal modes takes into account full azimuthal
dispersion as well as the impact of the radiation source on the microresonator parameters. The model comprises
coupling coefficients determined experimentally and appears to be a powerful tool for studying nonlinear effects,
including the generation of axial-azimuthal modes and optical frequency comb generation in SNAP devices. We
highlight the features of nonlinear dynamics that are specific to the SNAP platform and illustrate the power of
the proposed model with optimization of the coupling point of the light source, getting two-orders-of-magnitude

improvement for the nonlinear threshold.
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I. INTRODUCTION

Optical microresonators are currently pushing forward re-
search in photonics in many directions. Due to their small
mode volume and high quality factors, microresonators are
an excellent test bed for probing nonlinear and quantum op-
tics problems [1]. For instance, the optical frequency combs
(OFCs) generated in microcavities unlock spectroscopic de-
vices of exceptional precision [2]. Depending on the free
spectral range of the comb, different applications are pre-
ferred: While high-repetition-rate OFCs are appreciated in
optical communications and subterahertz generation, spec-
troscopy applications such as dual-comb spectroscopy may
benefit from lower-repetition-rate OFCs [3].

There is a microresonator platform possibly facilitating
low-repetition-rate comb generation that is called surface
nanoscale axial photonics (SNAP) [4]. The platform exploits
a cylindrical microresonator, frequently made of standard
optical fiber with removed plastic cladding, with introduced
small-scale radius variations (see Fig. 1). The variation of the
effective radius (the product of the cladding radius r and its
refractive index n) plays the role of an optical potential that
constrains whispering gallery modes (WGMs), splitting each
azimuthal mode with a certain number of azimuthal maxima
into a series of axial modes (with different numbers of ax-
ial nodes). The precise design of tiny variations reduces the
spectral distance between adjacent axial resonances down to
hundreds of megahertz [5], paving the way to a low-repetition
frequency comb, while the high accuracy of the modifications
may help in controlling the dispersion for efficient generation
of the OFCs [6]. Moreover, if the radius variation is large
enough, different series of axial modes overlap making an
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ultrawide low-repetition-rate OFC with hundreds of lines fea-
sible [7].

However, no nonlinear process has yet been observed in
such microresonators, as most experimental attempts have
concentrated on bottlelike resonators [8—10]. Those are sim-
ilar to SNAP cavities but have considerably larger radius
variations and thus lower mode volumes as well as a much
larger free spectral range for axial modes, and so they are not
suitable for low-repetition-rate OFCs. Thus special attention
should be paid to modeling nonlinear properties in SNAP
cavities to reveal the possible obstacles that may prevent the
observation of nonlinear processes.

At first glance, the solution is the well-established
paradigm of the generalized Lugiato-Lefever (LL) equa-
tion [11], which was successfully implemented for bottlelike
resonators [8,12,13]. Though the SNAP cavities imply small
radius variations such that a coupling element, launching light
into the cavity, may noticeably disturb the optical potential
[14], the LL-based models presented earlier are not applica-
ble.

Indeed, in most realized SNAP cavities, the tapered optical
fiber is used as a coupling element, and it is put in direct
physical contact with the microresonator. As a result, two no-
ticeable effects arise [15]. The first is that the taper introduces
a considerable variation in the effective radius that leads to a
shift of the resonant frequencies of the axial modes. In this
case, the shift depends on the position of the taper zy along
the microresonator axis z; so each axial mode experiences
different detuning because of the taper. This brings additional
dispersion having an impact on the nonlinear dynamics.

The second experimentally observed effect brought by
the taper is the introduction of additional scattering losses
that are not related to the escape of radiation into the taper
[15,16]. The different axial modes experience different addi-
tional losses because of the taper and thus must have different
decay times, which also complicates the nonlinear dynamics.

©2023 American Physical Society
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Since the taper has a strong influence on the nonlinear
mode generation, it is extremely important to include these
effects in the model.

The impact of the taper has been accounted for in the model
based on the stationary Schrodinger equation describing axial
mode distribution [14]. The model is useful for designing
the necessary effective radius variations. In Refs. [6,17] this
model was dynamically extended to describe the evolution
of a single azimuthal mode, as well as for two azimuthal
modes [18]. However, this extension does not account for an
arbitrary number of azimuthal modes. Moreover, uncertainty
in the normalization of the wave functions of axial modes in
Ref. [14] does not allow one to find the exact relationship be-
tween the coupling parameters and experimentally measured
values in the dynamical model. Therefore this model is hardly
applicable to determine the real threshold values of the power
of nonlinear generation.

In our recent work [19] we presented a mathematical model
of nonlinear dynamics of axial-azimuthal modes in a mi-
croresonator coupled to a source. However, this model does
not comprise the real experimental parameters either, thus not
allowing us to judge the feasibility of the optical frequency
comb in the experiment. Thus none of the existing models
makes it possible to describe the nonlinear interaction of axial-
azimuthal modes in SNAP at a quantitative level.

In this paper, we present a system of equations derived
from first principles that is a complete, generalized model for
describing the SNAP system. The dynamical model includes
the nonlinear interaction of azimuthal modes, the total disper-
sion of axial-azimuthal modes (including material dispersion),
and the influence of the radiation source on the propagation
of modes in the microcavity. Using the proposed model, we
expose the importance of the impact of the coupling element
on the nonlinear threshold and demonstrate that large axial
extension of SNAP modes allows optimization of a coupling
point, reducing the threshold from a hundred watts to ex-
perimentally achievable values of the order of hundreds of
milliwatts.

II. MATHEMATICAL MODEL

A. System of nonlinear equations for the dynamics
of azimuthal modes

To derive the model, we start with Maxwell’s equations and
obtain the wave equation under the condition of propagation
of radiation in homogeneous isotropic dielectric matter. We
neglect (VE) due to the smallness of the nonlinearity and con-
sider only a linear polarization [either a transverse magnetic
(TM) or a transverse electric (TE) mode]:

wz
AE(F, ) + n(w)’ —E(F, »)
C
= —pow* (PaL(F, ) + Py(F, ®)). (1)

For SNAP cavities, small effective radius variations Aregs
are supposed; so Arer < 7o, Where ro, is the undisturbed
effective radius of the cylinder. In this approximation, the
electric field either in the time or frequency domain is rep-
resented as an expansion into the series of azimuthal modes

of an infinite cylindrical resonator:

EF 1) =) An(z. t)exp (iwmt)en(r, @) + c.c.,
EF,0) =) An(z Awy)en(r, ) +c.c. )

Here, A, (z,t) is the slowly varying amplitude of the az-
imuthal mode containing information about the dynamic of
axial modes along the z axis, Aw, = w — w,, and w,, is
the resonance frequency of the azimuthal mode. e, (r, ¢) is
the spatial transverse field distribution of an azimuthal mode
with azimuthal number m with max |e,,(r, ¢)| = 1. A detailed
description of the modes of an infinite cylindrical microres-
onator is given in Appendix A.

Starting with Eq. (1), we sequentially derive a linear
stationary equation for WGMs, then take into account the
radiation source, and then take into account Kerr nonlinear
terms. The detailed derivation of the dynamic model can be
found in Appendix B. As a result, we have obtained a system
of nonlinear dynamic equations of azimuthal modes coupled
through the Kerr nonlinearity:

A, wn %A O ATer(2)

i— — Ap +iTA
at  2Kk2K, 922 K ron, "
3wmx® .
— =2 F(A) + D, f,(2)A
Ko22s, m(A) + Dy fp(2)An
Pin ;
=\ 3 g Cnfp(2)e =", (3)
gon2 Sy, 7

where the nonlinear term F;, (K) is determined by Eq. (C4).

Here, k,, = M, m=1+ ‘,;’—;:'g—:;(wm) is the coefficient
of material dispersion, n,, = n(w,,) is the refractive index,
Sw = [ lew(r, ¢)|*d’r is the effective mode cross section, x ®
is the nonlinear susceptibility, I is the internal losses of the
microresonator, Py, is the pump power, and w, is the pump
frequency.

Here, f,(z) is the normalized spatial distribution of the
source radiation [ f fp(2)dz = 1], which for the case of the
thin taper with a waist of a few micrometers can be considered
as delta shaped: §(z — zg), where zq is an axial coordinate of
the contact between the taper and the cavity.

Coupling parameters C,, and D,, are defined as

2
Xw €0
Cpn = ——F2— E,(r, p)e’d*r,
" szwmnm\/ansmf P @)en
w,

" /Ar,(r,w)e:qdzr 4)

D, =—

1<m VOEH

determined by the overlap integral of the guided mode of a ta-
per and transverse distribution of the whispering gallery mode
at the cross section of the cylinder. C,, contains information
about the pump power and coupling strength. The real part of
D,, leads to an additional effective radius variation, and the
imaginary part contributes to the losses experienced by the
mode owing to the taper. Importantly, the parameters C,, and
D,, are not dependent on the position of the coupling element
zo. Note that coefficients C,, and D,, have different dimensions
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compared with those introduced in the earlier version of the
stationary model based on the Schrodinger equation [14,15].

The system of equations (3) is a complete model that
describes the dynamics of interacting modes in a cylindri-
cal microcavity coupled to an exciting element. To use the
model, coupling parameters D,, and C,, should be specified.
Calculating the integrals in Egs. (4) in the general case might
be meaningless, as the mode distribution within a coupling
element usually is not controlled precisely. Therefore it is
necessary to relate D,, and C,, with quantities determined in
the experiment, which will be done in the next section.

B. Determining the coupling parameters C,, and D,

To link C, and D,, with observables, one may deduce
the transmission spectrum 7 (1) of the microresonator-taper
system, which is an experimentally measurable function, from
the system (3). For this, one can reduce the model (3) to the
simple equation for coupling between the guided mode of the
taper and a particular whispering gallery mode [20,21]. Note
that the taper is assumed to be a single mode. Within this
coupled-mode theory, the transmission spectrum 7' (X, 8¢, §.)
is defined, giving a way to gather the coupling strength co-
efficient 8, and the losses ) experienced by the whispering
gallery mode in an experiment (see Appendix D).

Since measurements of the transmission spectrum are per-
formed at low powers, shrinking (3) to the form of Eq. (D1)
may be done for the linear case. If a single azimuthal-axial
mode with the azimuthal number m and axial number ¢ is
excited, the amplitude is represented in the form A,,(z,1) =
am(t)ei(“’l”“’m)’Zq(z) with normalization max Z,(z) =1, and
the dynamical equation is reduced to

0ay, W BZZq
o fa T @ m OndanZy = et

m

W Areff (Z)

Kn 1 Ocfp

~ %#Smﬁ@ 5)

Multiplying Eq. (5) by Z,(z) and integrating over z, one
at

gets
Wiy 822 W Areff (Z)
— Z il Z, Zy |dzan
/( qZk,%,Km 072 + qu F0egr ! “

+ iFan,;l = —SCmZ (ZO) (6)
V oy,

Here, L, = [ Z}(z)dz is the effective mode length.

The term with the integral can be represented as (g|H |q),
2,("‘22”,'% (% +2k2 %:“ ). According to the station-
ary Schrodinger equation (B6), this matrix element expresses
the energy of the mode with the number ¢:

(qlH|q) = E;Ly = (0 — ©ng)Ly. (7)

amZy + iU Zyay + Dy [ (2)Zgan

oa,,

i_Lq - (wp - C‘)m)anm + DmZ(?(ZO)am

where H =

As the source detuning Aw, ;= wp — Wy g — R [Q =
Re(Dy)Z; (20)/Lyl, We get
dap, . ' ,
l? — AWy qam + iTa,, + llm(Dm)Zq (20)/Lqam

‘/—CS Z4(20)/Lq- ®)

Equaling each term in Egs. (D1) and (8), we get the rela-
tionship between C,, and D,, and experimentally observable
80, 8¢, and €2, which is the resonance frequency shift owing to
additional effective radius variations introduced by the taper:

Re(D,,) = Q——2—,
(D) Z2(20)

L
Im(D,,) = (8 + 8. — F)Zzéo), 9)
q

1

L 2

Cp=—i|8:——] .
Z2(20)

C. Measurement of coupling parameters: An example

As per Egs. (9), to find C,, and D,, within the proposed
model, one should not only define 6. and 8y from a trans-
mission spectrum of a cavity-taper system, but also know the
mode intensity at the coupling point Z; (z0) and the effective
length L, for the azimuthal-axial cavity mode under test. For-
tunately, it can be derived from measurements of §. and &y for
different excitation points zy. Indeed, from Eqgs. (9) it follows
that

2
Qz) = Re(Dy) L,
q
$u(e0) = G L0, (10)
Lq
2
80(20) = (Im(Dy) — Gl 2 4

q

Interestingly, 8o and é. depend on zy and are proportional to
the axial mode spatial distribution Zj (z). Firstly, this relation
was revealed in Ref. [14] with the emphasis on transmission
spectrum properties. The experimental dependencies 8.(zo)
and 8y (zp) for a mode g, derived from the transmission spec-
trum 7' (z9, A) at different positions of the taper along the z
axis (see Appendix D) thus can be fitted to get C,,, D,,, and IT".

We demonstrate the feasibility of the method, carrying out
measurements of coupling parameters for a 1-um taper that
is in physical contact with a SNAP cavity based on a piece
of standard optical fiber (SMF-28) with ry = 62.5 um. To
localize modes along the z axis, we introduced a bell-shaped
effective radius variation Ars with local heating by a CO,
laser [4].

The measured spectrogram 7T (zg, A) represents spatial dis-
tribution of the axial modes with numbers ¢ =0---3 (see
Fig. 2). The spectral resolution was not worse than 5 MHz.
The first consequence of Eqgs. (10) is that the linewidth of
the resonance &y + . is maximal at the mode antinodes. The
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Microresonator ‘

Ar(z)

FIG. 1. SNAP platform: a cylindrical microresonator with an
effective radius variation based on standard optical fiber coupled to
an input-output taper.

second is that the typical resonance width for a mode with a
lower number ¢ is larger, as the effective mode length L, is
smaller.

We chose the first axial mode with ¢ = 0 [see Fig. 3(a)]
to determine the coupling parameters 6.(z9) and 80(zp). For
this mode, one can suppose a Gaussian function for the
axial distribution Zg(z) and so decrements §.(z) = |Cm|2/
Loe=@/%" and 80(z) = (Im(Dy) — |C|?)/Loe™ @/ +
I" [see Fig. 3(b)]. By fitting the two lines d8.(zo) and 80(zo)
jointly with Gaussian shapes, we determined coupling param-
eters Im(D,,) = (7.6 x 10%) & (1.7 x 10°) m/s and |C,,|* =
(2.1 x 10*) & (5.3 x 10?) m/s. The upper bound for internal
losses is determined as I < 30 us’l , defined by the resolution
of the optical spectral analyzer.

Defining Re(D,,) by fitting equations jointly (10) is
problematic because of the low absolute resolution of the
optical spectrum analyzer used. Nevertheless, one can esti-
mate the shift of the resonant frequency Q2 = —Aw,, /Ay =
Re(Dm)Zg(zO =0)/Ly [see Fig. 3(b)], finding Re(D,,) =
—9.7 x 10* m/s.

It should be noted that the dependence of the width and
shift of axial resonances and their connection with the cou-
pling parameters has already been studied in Ref. [14]. In
this paper, the coefficients D and |C |2 are presented, which,
in essence, are also coupling parameters determined by the
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FIG. 2. The measured spectrogram 7 (zo, A) of the SNAP cavity
with a bell-shaped effective radius variation.
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FIG. 3. (a) The spectrogram of the SNAP system: the axial mode
with g = 0. (b) The approximation of the experimental decrements
8. and §y.

overlap integral of the taper and resonator modes and thus
proportional to the parameters D,, and C,, defined in the
current model. However, the uncertainty in the normalization
of the wave functions of axial modes in Ref. [14] does not
allow using parameters D and |C|? in the dynamical model or
determining the nonlinear thresholds.

The dependence of the linewidth § = §. 4+ §p and reso-
nance shift €2 on the taper position may drastically affect
the nonlinear mode dynamics. Indeed, in accordance with
Egs. (10), for the given coupling point zo, different axial
modes experience different linewidth broadening and res-
onance shifts since the mode amplitudes differ [Z, (z0) #
Z,4,(20)], as do the effective lengths (L,, # L,,). Thus modes
with smaller effective lengths are highly disturbed, with the
resonance width being orders of magnitude larger than the
resonance width of well-extended modes. The uneven shift
of the resonant frequencies leads to additional axial mode
dispersion with alternating sign. Given the experimental ex-
ample under consideration with Re(D,,) = —9.7 x 10* m/s,
such an alternating dispersion may be of the order of dozens of
megahertz. Both these effects should significantly change the
nonlinear dynamics of axial modes compared with the results
presented in Ref. [13]. A detailed study of these dynamics will
be published elsewhere.

III. OPTIMIZING THE NONLINEAR THRESHOLD

Dependence of the decrements §y and &, on the contact
point zp along the axis of the cylinder is a fundamental fea-
ture of SNAP microresonators that grants control over both
intrinsic and loaded quality factors (Q factors). In contrast,
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~100 0 100
Position zg (um)

FIG. 4. Nonlinear threshold P approximated for different cou-
pling points z, for different axial modes of the SNAP cavity under
study. The taper waist is assumed to be 2 um.

ideal spherical microresonators have a symmetry that imposes
identical decrements for any contact point.

The control over quality factors, in turn, helps in achiev-
ing nonlinear generation. From a simple coupling model, the
power threshold for observing nonlinear effects may be de-
rived using the coupling decrements [22]:

deoKni V2 83

pih = 0% Vg O 1
" 3me (3)‘/mm,qq 8c ()

Here, me,qq = Ommmm fZ;(Z)dZ

Thus, in SNAP microresonators, the nonlinear threshold
also depends on the coupling point zo and might be optimized.

- \)3
Taking into account the dependencies P ~ W and
Egs. (10), we have found that the minimum threshold is
reached when coupling occurs at the point zy defined by
TL

Z4(20) = 3ty

The optimized power threshold is then equal to

9e0K,,nt V2 T2 Im(D,,)

m’m,q
ICul?

To illustrate the capabilities of the coupling optimization,
we determine the minimum power threshold for the axial
mode with ¢ = 0 within the experimentally studied SNAP
cavity [see Fig. 3(a)]. While coupling at the maximum of
the mode distribution would require P, = 61 W to obtain
the nonlinear threshold, the optimized coupling point yields
threshold power as low as P\"™" = 396 mW. Nevertheless,
constraints may make it difficult to take advantage of such
a threshold. Indeed, the point zy corresponding to the minimal
power P™" is three mode widths away from the center of the
mode (see Fig. 4), thus yielding tiny, but still not equal, cou-
pling parameters &, and §y. Thus the corresponding resonance
in the transmission spectrum might be hardly detectable with
a moderate-resolution spectrometer [according to (D2)]. With
this, the strong dependence of the threshold on zy demands
sufficient accuracy of the zj setting.

Generally, for each axial mode with an axial number g
there are 2(g + 1) points along z in which the threshold power
Piﬂ*(zo) achieves the local minimum. In the approximation
f Z(f (@) fp(z)dz = Zj (zo) all minima are equal and are defined
by Eq. (12). In a real system, the taper has a finite size, and

(min) _

" Wm X (3)me,qq

12)

the threshold value (12) must be derived more accurately,
giving minima at the points where the axial mode distribution
function changes slowly. In other words, the minimum will
be reached at the edges of the mode distributions (see Fig. 4).
At other local minimum points, the threshold is higher since
the mode distribution function changes faster, and the overlap
integral with the source of the finite size is larger.

This is an unexpected result. As the taper introduces sig-
nificant additional losses, the undercoupling regime usually is
realized [15]. Therefore one can intuitively assume that the
minimum threshold will be reached at the maximum of the
mode distribution. However, accounting for the dependence
of the losses on the taper position zy shows the assumption to
be wrong: The lowest nonlinear threshold is reached just in
the opposite situation, when the taper is put in contact with
the cavity at the very edge of the mode.

IV. CONCLUSION

We present a complete, generalized model describing light
evolution in Kerr nonlinear cylindrical microresonators with
slight radius variations disturbed by a coupling element.
The model comprises nonlinear Kerr interactions between
axial-azimuthal modes and takes into account disturbances
introduced by the coupling element, which may drastically
change the light dynamics. We also propose a method to
experimentally determine the coupling parameters. It is shown
that the coupling element may introduce determinant losses
to a mode, as well as additional alternating axial dispersion,
and thus must be taken into account while analyzing nonlin-
ear threshold and dynamics in SNAP resonators. Within the
proposed model, we reveal possibilities for minimization of
the nonlinear Kerr threshold by choosing the proper position
of a thin taper exciting a mode. For a particular SNAP cavity
made of SMF-28 fiber with a mode length of 80 um, optimiza-
tion decreases the threshold from 61 W down to 0.4 W. The
model may become a powerful tool for studying the nonlinear
interactions of azimuthal-axial modes in disturbed cylinders.
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APPENDIX A: MODES OF THE INFINITE CYLINDER

It is known that modes of an infinite cylinder with no radius
variations Ar = 0 may have two different polarizations [24],
TE and TM. In the case of the TM mode, the electric field
vector has only one component, E,. For the TE mode, we
neglect the component of the electric field E, in the case of
m > 1, since it is much smaller than component E,. Thus we
can assume that TE and TM modes have linear polarization
and (1) has the same form for the TE and TM modes. The
electric field can then be represented as

E(?, (,0) = R(mr)gim(peiﬂz’

where k = wn/c.

(AL)
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We solve the following equation:

(Ar + (k2 — ﬂz))R(m},)eim(p -0

In the case of B = 0, the solution of (A2) corresponds
to a distribution of the azimuthal-radial mode at the infinite
cylinder e, ,(r, @) = R(ky, pr)e™?, where R(ky, ,r) = Ai( —
(2/m)1/3(Tm,pr/Zz —m)), Ai(x) is the Airy function, T, , is
the pth zero of the mth Bessel function, @ = ro + P/y, y =
n? — 1wy, p/c, P =1 for TE modes, and P = l/n2 for TM
modes [24].

Here, k,,,, = @y, pii(@m,p)/C, @ p is the frequency of the
azimuthal-radial mode of an ideal cylindrical microresonator
with no radius variations, and m and p are the azimuthal
and radial quantum numbers, respectively. w,, , is determined
from the characteristic equation (A3) in Ref. [24]. It is note-
worthy that the expression for resonant frequencies w,, , may
not only take into account the geometric mode dispersion as
in Ref. [24], but also comprise the material dispersion, if we
assume n = n(wy,,) and solve the implicit equation (A3).

In this paper, we analyze only one radial mode and omit
the index p for simplicity. Generally, the proposed model can
be easily extended to take into account other radial modes.

(A2)

APPENDIX B: DERIVATION OF A SYSTEM OF
NONLINEAR EQUATIONS FOR THE DYNAMICS
OF AZIMUTHAL MODES

1. Stationary model for a single azimuthal mode

At the first stage, we take into account a radius variation
and find the stationary equation for a single azimuthal-radial
mode represented in the following form:

An(z, ®)R(VK2 — B2r)e™? . (BD)

The expansion (B1) is valid for small radius variations
Ar(z): Ar(z) < ry, where rg is an undisturbed radius of the
cylinder. We substituted the expression for the field into (1)
in the linear regime and divided the equation into axial and
transverse parts:

EF) =

(A7 + (K* = BO)R(K: — B2r)e™ Ay (z, )
2
+ (88_22 - ﬂz)Am@, 0)R(/k? — B2r)e™ = 0. (B2)

In the first-order approximation for the amplitude A,,(z),
in the presence of an effective radius variation for m > 1
the wave vector has a small component 8 directed along
the axis z, such that 8 < k,,. In this case, we can assume
that the characteristic equation for frequencies changed up to
replacement /k2 — B2 — k,, and B can be found from the
following expression [4]:

2 2
a)i‘# _ ﬂz. (B3)

OO0 _ v Arz))

We expand w’n?(w) near w,, and ry to the first order, taking
into account the dependence of the refractive index n(w) =
n(w, r(z)) on the coordinate resulting from the introduction

of a radius variation:
Ar(z
g = 2k§,< @,
Iy

Here, Ar(z) and An(z) determine the effective radius varia-
tion.

In this case, the transverse part in Eq. (B2) is equal to the
zero, according to Eq. (A2), and we receive the equation for a
slowly varying amplitude of the azimuthal mode:

An(z) K Aa),,,) | B4)

n m a)ﬂl

%A (z, ®)
072

Then, we substitute 8 in Eq. (B5) with (B4) and obtain the
Schrodinger equation describing the stationary distribution of
the axial-azimuthal modes and their resonance frequencies.

+ B*An(z, ) = 0. (B5)

9°An(z, )
022
Here, the potential is determined by the effective radius

variation V,,(z) = 2]{2 Arett(z)’ where Arer(@) _ A:(EZ) A;l(z)_
Oefr m

+ Vin(2)An (2, ©) = EpAn(z, 0). (B6)

The resonant frequencies correspond to ?lfle energy levels in
the potential and are related as follows: E,,, = = —2k2 Aw‘”'” K.

Equation (B6) is virtually the same as the equation ob-
tained in Ref. [4]. The difference in the current version of the
equation is that it takes into account the material dispersion
of azimuthal modes through the coefficient K. Despite the
smallness of the correction K, — 1 « 1, it might be crucial
for considering the interactions between different azimuthal
modes, as it imposes additional azimuthal dispersion as well
as dissimilar axial free spectral ranges for different azimuthal
modes for the same Ares(2).

In order to take into account the internal losses in the mi-
croresonator medium, one can modify the energy definition as
follows: E,, = —2k2 A“””K + i’ [14]. Here, losses I may in
principle depend on ammuthal or radial quantum numbers and
are defined by the intrinsic losses within the cylinder media as
well as by the surface quality.

2. Dynamical model with a source and nonlinearity

To generalize the approach presented in the previous sec-
tion to the case of an arbitrary number of azimuthal modes,
the field should be represented as (2). Substituting the field in
the form of (2) into Eq. (1), and taking into account Egs. (A2)
and (B4), one obtains

32 A + Ar(F Aw,,
Z (8 i 2k31< Fetf (2) rz(”)+Km o, ) B iF)
w,

o m

X Ap(z, w)ey(r, )

(3) 2 w2
= L2 B¢ 0) - XE,¢ o), (B7)
C C

We consider the Kerr nonlinearity Py;, = €9x @E3, as the
SNAP cavities are usually assumed to be on silica. The pump
field E,(F, 1) = E,(F)e™r', where w,, is the pump frequency.

Importantly, we here introduce an additional term Ar,(7)
to emphasize the additional effective radius variation that may
appear in the presence of a coupling element, for instance, a
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taper being in contact with the cavity [14,15]. Complex ef-
fective radius variation Ar,(¥) = Ar/(¥) — iAr](¥) accounts
both for the change in the structure of the microcavity eigen-
modes and for additional losses.

To proceed to the dynamic equation, we take the inverse
Fourier transform of (B7) and take out of the brackets the
coefficient ZkiKm [

8 Wi 82 Wy Areff(z)
Z2wm oy
31 sz 972 Km T0u

m

wm A1, (F
_ eman( )—|—iF An(z, ey
Km T0gr
92E?3 .
- lwsz('i) — +ez(w,,—wm)zxw[27Ep(7). (BS)

Multiplying Eq. (B8) by e}, and integrating over the cross
section of the cylinder, implying that modes with different
azimuthal numbers are orthogonal, we obtain

0An  ©n A, wnAr,
[0An 3 eff(Z)Am LTA,
at  2k2K, 39z22 Ky 1oy

D, A
K, 2w,,n2 S, + Dnfp@)Am

Py
=\ 5 Cnlp(@)e .
80}12 S

C,, and D,, are the coupling parameters and are expressed as
4).

Finally, with the simplification of the nonlinear term de-
scribed in Appendix C, Eq. (B8) is rewritten in the form (3).

(B9)

APPENDIX C: NONLINEAR TERM F,,(4)

To obtain a system of nonlinear equations from (B9), the
nonlinear integral [ e, %EZ d?r should be rewritten.

For this, the term E° may be expanded:

=Y (AAA, + 3K A4, + 3K KA, + A ALAY). (C1)
ij.k

Here, A; = A’ ei(r, @).

Only a part of the terms constituting the sum will give a
nonzero contribution to the integral [ e i

* &L d?r because of
oscillations in ¢™¢:

f en(Fei(re;(Ren(r)e? =M g2 —ong ()

where Sy = f en(r)ej(r)ej(r)ey(r)rdr. The expression
(C2)is valid for the case i + j =k —m = 0.

It can be assumed that only terms with one conjugate
amplitude will remain from the entire sum, provided that the
number of azimuthal modes satisfies the condition m >> 1 and
also provided that the azimuthal modes have the same order
(in order to define the condition +i + j +k —m = 0, only
one index can have a negative sign, in other words, i + j —
k—m=0):E=3%,  AA;A;. We select from this sum
all terms with A,,, which corresponds to two cases:

m —10

d

| I
v iy VV'

_12. | [ 6c=19.33 s
\| 60 =54.26pus?
_14- v Q factor = 8x10°
~100 0 100 200

w (us™t)

FIG. 5. An example of a measured transmission spectrum with
the Fano profile approximation.

(1) Fori = m, j = m, and k = m, we have 3|Am|fA,g. ~
(2) For i=m and j # m, we have 3 j—x(A,A;A} +
jm

AmAjAk)) =6 ZﬁgmﬂAﬂzAm)'
:l"hu§ we can rewriNte tfge electric ﬁelfl i~n ~the form E3 =
314124, + 63 i 1A iIPAn 433 jzmA;AA;. Substituting
k#m
i

the decomposition of E3 into the nonlinear integral in
Eq. (B9), we obtain

9%E>3 ) ) -

/em o d°r = 3w, F,(A), (C3)

where
Fi&) = | Suldil® +2)_ Sj;ilA;1* |A;
J#i
w; + AC()," 2 i .
+ ( w2 jkl) Z SijklAjAkATel(Awuk])tv (C4)

i J#

ki
1

where Aw;jy = —w; +wj+wp —wyandl = j+k —i.
We have neglected the first and second derivatives of the
amplitude A;(z, t), due to the smallness of x .

APPENDIX D: SIMPLE COUPLED-MODE EQUATION

Within the simple coupling model [20,21], the equation for
a slowly varying mode amplitude in a linear regime with a
spatial distribution e(7) in a microcavity, where the field is de-

fined as E = (a(t)e(¥)e’r" + c.c.)/2, m is the mode number,
and w), is the pump frequency [20], is as follows:

da(r) ,

i 5 Awa(t) + (6o + 6.)a(t) = iF. D1

Here, F = /4Pd./(e0eVesr), where P, is the pump
power, Vg = f le(P)|>dr is the effective mode volume,
max e,,(7) = 1, 8. is the coupling strength coefficient, §y is
the losses experienced by the whispering gallery modes, and
Aw = W, — Wy is the pump frequency detuning. The station-
ary solution of Eq. (D1) leads to the transmission spectrum
T of the microresonator-taper system, which is an experi-
mentally determined quantity, allowing us to determine the
parameters §. and &y. Thus, in the case of a single-mode
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coupling element, the transmission spectrum is described by
the Fano resonance profile [14,25,26]:

2
26,

IT|* = |So|* e — ———— | .
IAw + (89 + d.)

(D2)

Here, Sy = |Sole™ is the nonresonant transmission coeffi-
cient.

Figure 5 shows an example of such a transmission spec-
trum, measured for a particular axial-azimuthal mode in a
SNAP microresonator with approximation with (D2). Ap-
proximation of the transmission spectrum makes it possible
to determine the coupling parameters &y and &., which contain
information about the overlap integrals of the radiation source
field with the resonator mode and can be expressed in terms
of the required parameters D,, and C,,.
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