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The accelerated optical lattice has emerged as a valuable technique for the investigation of quantum transport
physics and has found widespread application in quantum sensing, including atomic gravimeters and atomic
gyroscopes. In our study, we focus on the adiabatic evolution of ultracold atoms within an accelerated op-
tical lattice. Specifically, we derive a time bound that delimits the duration of atomic adiabatic evolution in
the oscillating system under consideration. To experimentally substantiate the theoretical predictions, precise
measurements to instantaneous band populations were conducted within a one-dimensional accelerated optical
lattice, encompassing systematic variations in both lattices’ depths and accelerations. The obtained experimental
results demonstrate a quantitatively consistent correspondence with the anticipated theoretical expressions.
Afterwards, the atomic velocity distributions are also measured to compare with the time bound. This research
offers a quantitative framework for the selection of parameters that ensure atom trapped throughout the accelera-
tion process. Moreover, it contributes an experimental criterion by which to assess the adequacy of adiabatic
conditions in an oscillating system, thereby augmenting the current understanding of these systems from a
theoretical perspective.
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I. INTRODUCTION

Bloch electrons that are accelerated by an external static
electric field have been long discussed in solid-state physics
since Bloch and Zener’s formula in the 1930s [1–4]. Many
striking phenomena are predicted due to the interplay between
the quantum effects and the translation symmetry [5–11].
However, observing these in experiments is very challenging
owing to the poor control of the lattice defects, impurities,
interactions between particles, etc. in solid-state materials
[12]. Afterwards, due to the rise of Bose-Einstein conden-
sates (BECs) and laser techniques, the optical lattice became
an ideal system to simulate the Bloch electrons using neu-
tral atoms with nearly all parameters being controlled [13].
The one-dimensional (1D) static optical lattice is created by
two counterpropagating lasers with identical frequencies. The
accelerated lattice can be realized by properly scanning the
phase difference between the lattice beams [14,15].

Nowadays, the accelerated optical lattice can be used to re-
semble the Wannier-Stark Hamiltonian in order to study Bloch
oscillations, the Landau-Zener transition, Wannier ladders,
etc. [11,16–32]. In addition, the accelerated optical lattice can
be used in gravimeters, where the atoms can be accelerated
against gravity in order to improve sensitivity [14,33]. During
this process, many atoms escape from the lattice and only a
few are left for the following interference if the acceleration is
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large or the well depth is small. It can be caused by quantum
tunneling and the number of escaped atoms is typically an
exponential function of time. The number of left atoms is
usually balanced against the time of acceleration based on
researchers’ experience.

Here, we derive a time bound of atomic adiabatic evolution
in an accelerated optical lattice and observe it in the exper-
iment. Within this time bound, the atoms will be trapped in
the initial band and cannot escape from the lattice. The time
bound is measured with different lattice depths and lattice
accelerations after using our proposed shortcut method to load
atoms into the S band of the optical lattice, and the exper-
imental results agree well with the theoretical predictions.
Meanwhile, this time bound is derived as a part of adiabatic
conditions in accelerated optical lattice which possesses an
oscillating Hamiltonian. The general sufficient adiabatic con-
ditions of such Hamiltonian are still implicit in theory. Thus,
the experimental evidence of this time bound can contribute
to a judge for various adiabatic conditions from different
theories.

This paper is organized as follows: Section II formulates
the atoms in an accelerated optical lattice. In Sec. II A, a time
bound of adiabatic evolution is derived, where the Hamilto-
nian is simplified by a two-state approximation. In Sec. II B,
the time bound is explained together with the known decay
mechanisms in this system. Section III illustrates the exper-
imental procedures of measuring the number of atoms in
the instantaneous band. Section IV shows the experimental
results. In Sec. IV A, the time-resolved distribution of atoms
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in the instantaneous S band PS (t ) with different parameters
is shown (the atoms are initially prepared in the S band).
In Sec. IV B, the times when PS (t ) decreases are found and
compared with the expression of time bound. Then we give
a discussion on the time bound and the atomic velocity in
Sec. V. The conclusions are summarized in Sec. VI.

II. TIME BOUND OF ADIABATIC EVOLUTION

A. Theoretical model

The noninteracting atoms in a constantly accelerated lattice
can be described by a single-particle Hamiltonian,

Ĥ (t ) = P̂2

2m
+ V0 sin2

[
kL

(
x − at2

2

)]
, (1)

where P̂ is the momentum operator, V0 is the well depth, m
is the mass of atom, a is the acceleration of optical lattice,
kL = π/d is the wave number of lasers, and d is the lat-
tice constant. The atom evolves with the time-dependent
Schrödinger equation, i.e., ih̄∂t |�(t )〉 = Ĥ (t )|�(t )〉 where
�(t ) is the atom’s wave function.

Suppose the initial state is the ground state. With a small
acceleration, the atom will move adiabatically, i.e., the atom
will stay in the instantaneous ground state. To give a better
illustration, we derive the adiabatic conditions. The wave
function is expanded by momentum basis, i.e., |�(t )〉 =∑

p cp(t )|p〉 = ∑
n,k cn,k (t )|n, k〉 where the momentum p is

split by a reciprocal vector index n and a quasimomentum k.
Then the entries of Hamiltonian (1) become

Hn,n;k,k′ = 4n2Erδk,k′ , Hn,n±1;k,k′ = V0

4
e±ikLat2

δk,k′ , (2)

where Er = h̄2k2
L/(2m) is the recoil energy. The quasimomen-

tum k which is preserved along dynamics is set to zero for
simplicity. If the atoms perform a Bloch oscillation, there will
be a momenta transfer from 0 to 2h̄kL within a Bloch period
defined by

TB ≡ 2h̄kL

ma
. (3)

These two momenta states outperform the others during
t � TB. Thus, it is legal to simplify the Hamiltonian Eq. (2)
using the two-state approximation. The simplified Hamilto-
nian becomes

h =
(

0 V0eikLat2
/4

V0e−ikLat2
/4 4 Er

)
. (4)

It is similar to the Schwinger’s Hamiltonian but with a
quadratic time-dependent form. Following the results in
Ref. [34], the adiabatic condition for this oscillating Hamil-
tonian can be obtained by solving inequalities

‖�−1‖‖�‖ � 1, (5a)∫ t

0
dt ′

(
‖�‖

∥∥∥∥d�−1

dt ′

∥∥∥∥ + ‖�−1‖
∥∥∥∥d�

dt ′

∥∥∥∥
)

� 1, (5b)

where � = h22 − h11, � = 2h12, and the subindices represent
the row and column of matrix h. Equation (5a) is derived
from the commonly used approximate adiabatic criterion for

nonoscillating Hamiltonians, which gives V0 � 8Er . Typi-
cally, the optical lattice requires that the well depth V0 has the
same order with Er . Thus, one cannot expect that the atoms
move adiabatically “forever.” Equation (5b) is used to limit
the fast-oscillating phase in �, which can be solved as

t � τ �
√

8Er

V0kLa
, (6)

where τ is the time bound for adiabatic evolution with the
finite V0/Er .

B. Escape mechanisms

In the above section, the time bound τ is derived as a part
of adiabatic conditions and can be used to predict the time
when adiabatic evolution breaks down. Suppose the atoms are
initially prepared in the S band. The instantaneous S band
evolves with a space translation for at2/2 from the initial S
band. This space translation is exactly the displacement of
optical lattice. Thus, roughly speaking, atoms that stay in the
instantaneous S band are also trapped in the lattice.

When the acceleration a increases, the time bound τ ex-
hibits a decrease characterized by a square root dependence
on a. As a goes to infinity, the Hamiltonian (1) can be reduced
into the effective time-independent Hamiltonian:

Heff � 1

�t

∫ τ+�t

τ

dt ′Ĥ (t ′)
a→∞−−−→ P̂2

2m
+ V0

2
, (7)

which is exactly the free particle Hamiltonian with constant
potential V0/2. Additionally, the wave functions of instanta-
neous bands collapse into the eigenstates of (7), i.e., plane
waves. Literally, the atoms cannot “feel” the lattice. Before
deriving the benchmark to scale the magnitude of acceleration
a, we need to explain why the atoms can escape from the
lattice.

From previous knowledge [23,30], the decay of trapped
atoms originates from two mechanisms. One is the quan-
tum tunneling. Consider an atom is localized at a certain
well. When the optical lattice is accelerated, the barriers will
successively scatter this atom. In each scattering, the atom
possesses a nonzero probability to tunnel through. And, the
tunneled components are not accelerated by the lattice. When
atomic relative velocity against the lattice increases, the tun-
neling probability increases polynomially. Thus, one could
expect that, in the following scatterings, the atom becomes
easier to tunnel through. As a result, the accumulation of
tunneling contributes to a decay of trapped components.

On the other hand, the atoms may fall down freely from
the lattice due to its smooth shape when the acceleration a
is larger than some critical value. It can be illustrated by
a classical model. In the comoving frame of reference, the
potential that an atom feels is V0 sin2(kLx) + max. Thus, the
acceleration of atom can be obtained by Newton’s second law,
namely, ẍ = −a + acl sin(2kLx) where acl ≡ kLV0/m. For a
classical atom, when a < acl , it is trapped in a certain well and
cannot escape and is accelerated all the time; when a > acl , it
escapes from this well. Therefore, acl is the critical acceler-
ation to identify the two escape mechanisms. When a < acl ,
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the decay of trapped atoms is caused by quantum tunneling;
when a > acl , the atoms classically fall down from the lattice.

The critical acceleration acl can be used as a benchmark to
scale the magnitude of acceleration a. Suppose that a 	 acl ,
the atoms will quickly become untrapped, since then the mo-
menta distributions of atomic wave function become static.
After that, the Hamiltonian (1) can be effectively replaced
by a free particle Hamiltonian Heff . As a result, the adiabatic
conditions in Eqs. (5a) and (5b) are satisfied for Heff . It can
also be understood by using the condition a 	 acl in the
expression of time bound τ , i.e.,

a 	 acl ⇔ τ 2 	 T 2
B , (8)

where the right-hand side (r.h.s.) of the arrow shows a square
comparison of time bound and Bloch period. Back to our
original motivation, we expect that the time bound of adiabatic
evolution faithfully reflects the time duration when atoms
are trapped and accelerated. Thus, a large acceleration, i.e.,
a 	 acl should be forbidden; then, the Hamiltonian (1) cannot
be replaced by Heff . Therefore, the inequality Eq. (6) should
be altered by adding a condition that a � acl , which gives

t � τ, τ 2 � T 2
B . (9)

These inequalities generally limit the time bound less than
one Bloch period. Within this time bound, the atoms are
totally trapped and undergo adiabatic evolution. It should
be stressed that Eq. (9) does not conflict with the fact
that the atoms can perform many Bloch oscillations with a
small enough a/acl where the escape mechanisms are nearly
negligible.

The above analysis can be visualized in Fig. 1. The atoms
can be initially prepared in the S band, as shown in Fig. 1(a).
Within the time bound (9), the atoms are trapped and accel-
erated, as shown in Fig. 1(b). When the inequality (9) is not
fulfilled, the atoms can populate either in higher bands [shown
in Fig. 1(c1)] or in the free space [shown in Fig. 1(c2)].

III. EXPERIMENTAL PROTOCOL

To measure the time bound, we perform the experiments
with the ultracold atoms in the 1D accelerating optical lat-
tice. We first prepare a dilute BEC of approximately 3×105

87Rb atoms in a harmonic trap [29,35,36]. Then we load the
BEC into the S band of the optical lattice using our proposed
shortcut method [22], where the optical lattice is created by a
laser beam and its reflected beam with wavelength 1064 nm as
shown in Fig. 2(a). The shortcut method requires continuously
turning on and off the lattice beams in order to modulate the
initial state to the target state, where the whole process costs
hundreds of μs with the fidelity near 1. For example, if the
well depth is 6Er and the target state is in the S band, the
time sequence of operations is set as 42, 6, 54, 24 μs with
fidelity 99.95%. In this process, the acousto-optic modulator
(AOM) is used to realize the sharp variation of lattice depth in
tens of microseconds with several pulses. Furthermore, we use
the feedback control circuits to ensure that the laser intensity
fluctuation is below 0.2% at 1 s.

After the shortcut loading, we accelerate the optical lattice
with a fixed acceleration a. It is achieved by using an electro-
optic modulator (EOM), in Fig. 2(a) to modulate the phase

≪

= 0(a)

(b)

(c1)

(c2) ≫ , >

≫ , <

FIG. 1. The schematic diagram of the relation between time
bound and escape mechanisms. The blue solid lines represent the
optical lattice. The gray lines represent different bands. The red
shadows represent the atoms’ distribution in space. The atoms are
initially prepared in S band, as shown in panel (a). The evolution of
atoms bounded by inequality Eq. (9) is shown in panel (b). When the
inequality (9) is not fulfilled, the atoms can populate either in higher
bands [shown in panel (c1)] or in the free space [shown in panel (c2)].

FIG. 2. The experimental setups and sequence. (a) The experi-
mental setups. The 1064 nm laser beam is reflected by mirror to
form the optical lattice, where the acousto-optic modulator is to
control the laser power and a minority of light is transmitted for feed-
back to stabilize the laser power. A phase modulation between the
counterpropagating lattice beams is shaped through an electro-optic
modulator. The red solid lines with arrow indicate the optical path.
(b) The time sequence diagram of instantaneous band measurements.
The blue line represents the intensity of the lattice beam. It first
performs the shortcut sequence from t1, then keeps for the evolution
time, and finally adiabatically turns off. The green line shows the
phase of the lattice beam, and the phase is changed as at2/2. The
origin line expresses probe light that gives the absorption imaging
after the time of flight.
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FIG. 3. The typical images of atomic instantaneous band distri-
butions. q is defined as the quasimomentum. The indices s, p, d , f ,
g represent the corresponding bands, respectively. Due to the small
gap, the atoms that occupied in P band and F band are collected to-
gether in experiments. The white dashed lines represent the values of
time bound τ and the white dot-dashed lines represent the values half
of the Bloch period in panel (a) and the Bloch period in panel (b). In
panel (a), V0 = 6Er , a = 20 m/s2, and τ/TB ≈ 0.24, a/acl ≈ 0.06. In
panel (b), V0 = 2Er , a = 200 m/s2 and τ/TB ≈ 1.35, a/acl ≈ 1.82.

of reflected lattice beam, ϕ. The mode of modulation can be
carefully chosen so that ϕ = at2/2, i.e., the lattice is acceler-
ated constantly, as shown in Fig. 2(b). There, the phase noise
of the accelerated optical lattice is attributed to the noise of the
EOM control voltage within 50 mV peak-to-peak, which gives
rise to the acceleration uncertainty below 0.02%. Afterwards,
the band distributions are observed using the band-mapping
technique, where the intensity of lattice beams is adiabatically
ramped down as an exponential curve in 1 ms. Finally, after
the time of flight for 32 ms, the absorption imaging is taken to
detect the atomic imaging.

In the experiment, to observe the obvious time
bound, V0/Er ranges from 100 to 101 and a ranges from
100 to 104 m/s2; as a result, the values of time bound τ vary
from 100 to 104 μs. Each distribution will be measured five
times to obtain the statistical means and corresponding errors.

IV. EXPERIMENTAL RESULTS

A. Instantaneous band distributions

To observe the adiabatic evolution of atoms in the ac-
celerated optical lattice, the instantaneous band distributions
of atoms are measured. The typical samples with selected
parameters are shown in Fig. 3. In Fig. 3(a), the acceleration
a of the optical lattice is 20 m/s2 and the lattice depth V0

is 6Er . Under these parameters, the time bound τ is about
0.24TB; the acceleration a is about 0.06acl . When the time
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FIG. 4. The instantaneous S-band distributions with different pa-
rameters. Red stars, blue triangles, and green circles represent the
experimental data with well depth 2Er , 4Er , and 6Er , respectively.
The solid lines represent the correspond numerical results from
Eq. (1). The arrows point out the drop point of ln PS (t ) of experi-
mental results. The accelerations used in panels (a) and (b) are 20
and 200 m/s2, respectively.

t is smaller than the time bound τ , the atoms almost distribute
in the instantaneous S band, and the atoms are adiabatically
accelerated by the optical lattice. As the time t increases to
about half of Bloch period, TB/2, an instantaneous interband
transition takes place and the atoms tunnel to higher bands.

In Fig. 3(b), the acceleration a of the optical lattice is
200 m/s2 and the lattice depth V0 is 2Er . Under these parame-
ters, the time bound τ is about 1.35TB, and the acceleration a
is about 1.82acl . With the evolution time increasing, the atoms
seem almost stay in the instantaneous S band no matter if the
time t is smaller than time bound τ . It is because the accel-
eration a is so large that the instantaneous S-band function
nearly collapses into plane waves after the time bound τ , as
illustrated in Sec. II B.

To quantitative analyze atomic adiabatic evolution, we de-
fine the instantaneous band distributions Pband(t ) of atoms as

Pband(t ) = Nband(t )/N, (10)

where N is the total number of atoms, and Nband(t ) is the
atoms number in the target instantaneous band at time t . The
instantaneous S-band distributions PS (t ) along time under
different accelerations of lattice are shown in Figs. 4(a)
(a = 20 m/s2) and 4(b) (a = 200 m/s2). The solid lines are
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FIG. 5. The relation between the time bound τ and the product
aV0. The red line is the theoretical result from Eq. (6) and the black
circles are the experimental results. The error bar is the standard error
of five repeated measurements. The time bound is defined as the drop
points of function ln PS (t ). The drop points are collected using the
crossovers of two straight lines fit by bilateral data points, as shown
in the inserted figure.

the results of numerical simulation on Hamiltonian (1). The
symbols are the results from experimental measurements.

In Fig. 4(a), the atoms are driven by the optical lattice with
acceleration 20 m/s2 and the well depths are selected as 2Er

(red), 4Er (green), and 6Er (blue). The time bound τ defined
in Eq. (6) are shown in the dashed vertical lines. When t < τ ,
PS (t ) are near to value 1. The experimental PS (t ) around the
theoretical time bound are respectively 0.96, 0.95, and 0.93
corresponding to well depth 2Er , 4Er , and 6Er , which means
the instantaneous interband transitions are depressed within
t < τ . Moreover, with an identical acceleration, when the well
depth is larger, the time bound is smaller, and the adiabatic
evolving time is shorter. When t > τ , PS (t ) quickly drops to
the individual converged values and oscillates around them.

In Fig. 4(b), the acceleration of lattice is 200 m/s2. When
t < τ , the decay of PS (t ) is also small, and the values of
experimental data around individual τ are 0.84, 0.80, and
0.82. Comparing with the situation in Fig. 4(a), with the
acceleration increasing, the time bound τ becomes shorter.
Furthermore, with an identical well depth, a larger accelera-
tion of lattice gives a shorter adiabatic evolving time period.
When t > τ , PS (t ) drops quickly, and the increase of ac-
celeration also magnifies the oscillations of PS (t ) with well
depth 4Er (green) and 6Er (blue). But, the oscillations with
well depth 2Er (red) are smaller than the situation with a =
20 m/s2, and the red line shows an oscillating trend around a
value that is approximately equal to 1. For the green and blue
lines, a finite proportion is left in the instantaneous S band.

B. Measurement of time bound

To verify the expression of time bound defined in Eq. (6),
we extract the time bound from the experimental data. We
consider the time bound as the time point where PS (t ) rapidly
decays. The inset of Fig. 5 shows our method to extract time
bound τ . Because the PS (t ) suddenly decays around time
bound, we use two lines to fit the ln(PS ) before and after the
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FIG. 6. The typical images of the atomic velocity distributions.
vL is defined as h̄kL/m. The white dashed lines represent the values
of time bound τ and the white dot-dashed lines represent the values
half of Bloch period in panel (a) and the Bloch period in panel (b). In
panel (a), V0 = 6Er , a = 20 m/s2 and τ/TB ≈ 0.24, a/acl ≈ 0.06. In
panel (b), V0 = 2Er , a = 200 m/s2 and τ/TB ≈ 1.35, a/acl ≈ 1.82.

time bound, respectively, as the blue and orange lines shown
in the inset window of Fig. 5. And, the intersection of two
lines is extracted as the time bound.

Figure 5 compares the experimental time bound and the
theoretical prediction using different experimental param-
eters. The results show that the experimental data align
reasonably well with the theoretical curve. Increasing the
acceleration and lattice depth leads to a decrease in the time
bound. If the product of the acceleration and lattice depth
remains constant, the time bound remains the same regardless
of variations in accelerations and lattice depths. However, it
is important to note that there are still disparities between
the experimental results and theoretical simulations, which
can be attributed to several factors. First, in the experiment,
the error in lattice depth calibration is within 5%, while the
error in acceleration calibration is approximately 2% [29].
These calibration errors contribute to the observed deviations.
Second, fluctuations in optical intensity and imperfections in
the pulse waveform impact the experimental fidelity of the
shortcut method, resulting in lower fidelity compared with the
theoretical predictions. Third, the condensate of 87Rb exhibits
particle interactions that introduce finite nonlinear effects to
the system. To mitigate these effects, we select sufficiently
large lattice potentials as an experimental parameter.

V. MEASUREMENTS OF ATOMIC
VELOCITY DISTRIBUTIONS

We also perform the measurements of atomic velocity dis-
tributions at different times in order to study its relation with
time bound τ . The typical images are shown in Fig. 6. The
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FIG. 7. The atomic relative velocity against the lattice’s velocity.
The blue lines and the red lines are respectively the experimental
data for well depth 2Er and 6Er . The gray short dash lines represent
the velocity reference of the accelerated lattice. Panels (a)–(d) are set
with different accelerations, i.e., a = 20, 50, 100, 200 m/s2. Inset in
panel (a) shows the numerical simulation of atomic relative velocity
for 10 Bloch periods with a/acl = 0.061.

atoms are initially prepared in the S band, where most of
atoms distribute at a zero-velocity state, and a small part of
the atoms distribute at the ±2vL states. In Fig. 6(a), where
a � acl , the atoms are accelerated, and a velocity eigenvalue
transfer (with amplitude 2vL) can be observed around TB/2
which is regarded as one character of Bloch oscillation.

In Fig. 6(b), where a > acl , the velocity distribution of
atoms preserves the same for more than one Bloch period. It
shows that the atoms are not accelerated by the lattice because
they have almost escaped from the lattice, which is illustrated
in Sec. II B.

The atomic relative velocity against the lattice’s velocity
with different parameters are shown in Fig. 7. In Fig. 7(a), the
blue circles are the relative velocity with a = 0.061acl , and
it oscillates up and down around zero (denoted by the gray
short dash line) for more than one Bloch period. Besides, its
crossover with zero is at the half of Bloch period. It is a sign
that the atoms are performing Bloch oscillations. In the inset
of Fig. 7(a), we calculate numerically further for longer time,
which shows the Bloch oscillations last over 10 Bloch periods
with less distortion. It means that the time bound does not
prevent the Bloch oscillation over many periods under such

small a/acl . In the experiment, due to the limitation by the
maximum control voltage of the EOM, we cannot measure
any more Bloch periods. The red circles are the relative ve-
locity with a = 0.18acl , and they also stay very close to zero.
However, because the crossover is not at the half of Bloch
period, it is not a standard Bloch oscillation and the atoms
are slightly left behind the lattice. In Figs. 7(b) and 7(c), the
acceleration a is near acl . The blue circles show deformed
oscillations with the crossovers drifting because some of the
components have escaped from the lattice. The red circles fall
far behind the lattice and show a trend to keep a finite velocity.
It is a signal that a large component of atoms is not acceler-
ated and they move like free particles with a static velocity
distribution. In this way, the expectation of atoms’ velocity
becomes static since the escape. In Fig. 7(d), a is increased to
200 m/s2, which is larger than the classical critical velocity
acl of the red circles. The clustering of red circles follows the
velocity of lattice without oscillations, which illustrates the
absence of atom acceleration.

VI. CONCLUSIONS

The present study shows that the atomic adiabatic evolution
in the accelerated optical lattice is limited by a time bound
τ . This time bound is obtained through a two-momenta state
approximation and is expressed in Eq. (6). The theoretical
framework is verified through measurements of the instanta-
neous band distributions at different times PS (t ) with varying
lattice’s depths and accelerations, as shown in Fig. 4. The
drop points of PS (t ) are fit and collected to compare with the
theoretical prediction. And it shows that they agree well in
Fig. 5. To further ensure that the atoms keep trapped within
the lattice during the adiabatic evolution, a limit on the ac-
celeration of the optical lattice is necessary. Specifically, it is
recommended that the acceleration be much smaller than a
characteristic acceleration acl , as indicated in Eqs. (8) and (9).
The verification of this condition is demonstrated through the
observation of atomic velocity distributions at various times.

In many experimental cases, the accelerated optical lattice
is used to accelerate atoms. However, during the acceleration
process, most atoms become untrapped and fall freely due to
escape mechanisms. Additionally, the proportion of untrapped
atoms increases as the final atomic velocity becomes larger.
This highlights the challenge of maintaining a high population
of trapped atoms during the acceleration process. The derived
time bound helps to optimize the experimental parameters to
strike a balance between achieving a desirable final atomic ve-
locity and preserving a sufficient population of trapped atoms
for subsequent experiments.

It should be noted that the characteristic acceleration acl is
derived from our understanding of escape mechanisms rather
than detailed calculations. So its validity and limitations need
further discussion in the future studies.
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