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We construct two strong-field path integral methods with full Coulomb distortion, in which the quantum
pathways are mimicked by interfering electron orbits: the rate-based CQSFA (R-CQSFA) and the hybrid
forward-boundary CQSFA (H-CQSFA). The methods have the same starting point as the standard Coulomb
quantum-orbit strong-field approximation (CQSFA), but their implementation does not require preknowledge of
the orbits’ dynamics. These methods are applied to ultrafast photoelectron holography. In the rate-based method,
electron orbits are forward propagated and we derive a nonadiabatic ionization rate from the CQSFA, which
includes sub-barrier Coulomb corrections and is used to weight the initial orbit ensemble. In the H-CQSFA, the
initial ensemble provides initial guesses for a subsequent boundary problem and serves to include or exclude
specific momentum regions, but the ionization probabilities associated with individual trajectories are computed
from sub-barrier complex integrals. We perform comparisons with the standard CQSFA and ab initio methods,
which show that the standard, purely boundary-type implementation of the CQSFA leaves out whole sets of
trajectories. We show that the sub-barrier Coulomb corrections broaden the resulting photoelectron momentum
distributions (PMDs) and improve the agreement of the R-CQSFA with the H-CQSFA and other approaches.
We probe different initial sampling distributions, uniform and otherwise, and their influence on the PMDs. We
find that initial biased sampling emphasizes rescattering ridges and interference patterns in high-energy ranges,
while an initial uniform sampling guarantees accurate modeling of the holographic patterns near the ionization
threshold or polarization axis. Our results are explained using the initial to final momentum mapping for different
types of interfering trajectories.
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I. INTRODUCTION

Ultrafast photoelectron holography is an important appli-
cation of strong-field ionization and brings together phase
information, high currents, and subfemtosecond resolution
[1,2]. For those reasons, its potential for attosecond imaging
of matter has been widely explored since the past decade.
Examples of holographic patterns are the fan-shaped fringes
that form near the ionization threshold [3–5], the spider-like
structure that occurs near the polarization axis [1,6–8], a
fishbone structure with fringes nearly perpendicular to the
polarization axis [9–11], and the interference carpets [12,13]
and spiral-like fringes [14,15] that arise for scattering angles
perpendicular to the laser-field polarization.

Throughout, an underlying theme is how to retrieve dif-
ferent types of quantum interference from the holographic
patterns, bearing in mind that the phase difference between
interfering pathways provides information about the target.
This question has been central to a variety of orbit-based
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approaches, which draw upon the physical description of
strong-field phenomena as the result of laser-induced colli-
sions of an electron with its parent ion [16]. They range from
early models in which phase differences have been incor-
porated into classical trajectories [6,9] and well-established
methods such as the strong-field approximation (SFA) [17] to
path-integral methods [11,18–31].

In its standard form, the SFA approximates the contin-
uum by field-dressed plane waves and is constructed like a
Born-type series, in which acts of rescattering take place at
the origin and are incorporated in higher-order terms (for
seminal papers see, e.g., Refs. [32,33] and for reviews see,
e.g., Refs. [34–37]). This allows a clear distinction between
“direct” orbits, which reach the detector without further in-
teraction with the core, and “rescattered” orbits. Typically,
the boundaries between “direct” and “rescattered,” as well
as classical constraints associated with acts of rescattering
can be clearly seen in the resulting photoelectron momentum
distributions (PMDs). They manifest themselves as sudden
drops in the photoelectron yield and as classical ridges, which
can be traced back to different sets of rescattering orbits. For
a detailed discussion of these ridges in connection with the
fork-type structure experimentally observed in Ref. [38], see
Ref. [39].

Nonetheless, many studies have revealed that models with
a Coulomb-free continuum do not suffice to describe the
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wealth of holographic structures or explain how they form.
For instance, the fan-shaped fringes require the interference
of orbits which reach the detector directly with orbits which
are lightly deflected by the long potential tail [26,27]. Simi-
larly, the spider results from the quantum interference of two
types of field-dressed Kepler hyperbolas, which have no SFA
counterpart [27]. The hyperbolas interfere with orbits that go
around the core, leading to the spiral [15]. All this shows that
the interplay between the external laser field and the binding
potential is essential for modeling photoelectron holography
accurately and interpreting the observed patterns using orbit-
based methods. For a systematic study of the differences
introduced by the Coulomb potential in the ionization times,
see Ref. [40]. In other words, one must consider a Coulomb-
distorted continuum even for relatively simple, one-electron
systems.

For that reason, since the past decade, there has been an
upsurge in approaches beyond the SFA, which are orbit-based,
and yet retain quantum interference and tunneling. Among
them, there are the trajectory-based Coulomb SFA (TC-SFA)
[41], the Quantum Trajectory Monte Carlo (QTMC) [11,18–
23], the Semiclassical Two-Step Model (SCTM) [25,31], and
the Coulomb Quantum-Orbit Strong Field Approximation
(CQSFA) [26–30,40]. Recently, there have also been efforts
to retrieve this information directly from experiments [42] or
ab initio computations [43] using filtering techniques. For a
detailed account of these approaches and a critical assessment
of their advantages and shortcomings see Sec. 3 in our review
article [2]. Thereby, path-integral methods are very powerful,
as they account for the laser field and the binding potential
on the same footing. Most path-integral methods launch a
huge ensemble of classical trajectories, propagating them in
the continuum to find their final momentum and bin them
according to their final momentum to evaluate the transition
amplitude. This type of implementation characterizes a “for-
ward approach.” Although this procedure renders the methods
applicable to a wide range of field shapes and potentials, they
may require a large number of orbits, typically 108–109, for
the PMDs to converge. Furthermore, in a forward approach,
it may be difficult to identify specific types of interfering
trajectories.

An exception is the CQSFA, which solves a boundary
problem that matches a given final momentum to an elec-
tron’s initial momentum in the continuum relying on physical
intuition, the orbit classifications in [41], and the SFA orbits
as initial guesses. This formulation avoids a large ensemble
of trajectories, making it straightforward to disentangle spe-
cific holographic structures. These distinctive characteristics
enabled important breakthroughs by (1) showing unambigu-
ously how well-known holographic structures such as the fan
and the spider form [26,27], (2) ruling out misunderstand-
ings associated with interference carpets, which were brought
about by the SFA [15], (3) revealing a multitude of other
holographic structures, some of which have been observed
experimentally [29], and (4) allowing the study of multipath
holographic interference [44]. However, this huge predictive
power comes at a cost: the solving algorithm is less adaptable
and requires some preknowledge of the orbits’ dynamics.
This means it may leave out whole sets of orbits and require
substantial changes should the external field be modified. So

far the CQSFA has been mainly implemented for linearly
polarized monochromatic fields, but recent studies for bichro-
matic fields [45] or elliptical polarization [46] have revealed
some of these challenges. Recently, a semiclassical “hybrid”
approach was developed that used a forwards shooting method
and a clustering algorithm to solve the inverse boundary
problem [47].

Furthermore, for the parameter range taken into considera-
tion in this work, the prevalent ionization mechanism through
which the electron reaches the continuum is tunnel ionization.
Thus, it must traverse classically forbidden regions, which is
not trivial to model in an orbit-based framework. However,
this is an important piece of the puzzle, as the tunneling
probability will influence the contributions of specific path-
ways to the resulting PMD. In order to incorporate sub-barrier
dynamics in a path-integral framework, one may follow two
widespread strategies. One possibility is to split the problem
into sub-barrier and continuum propagation and, using con-
tour integrals in the complex plane, to compute the sub-barrier
corrections to the transition amplitude [27,28,35,48,49]. Al-
ternatively, one may avoid a complex problem altogether and
employ ionization rates, which will weigh the initial distribu-
tions of orbits. The ionization rates may either be constructed
or borrowed from earlier models. This rate-based procedure is
a key element in forward propagation methods such as SCTM
[25], QTMC [18,22], or recently developed hybrid approaches
using clustering algorithms to solve the inverse problem [47].
Both strategies have advantages and shortcomings. Solving
the integral under the barrier in the complex plane makes the
approach more robust with regard to the initial conditions,
but will require dealing with singularities and nontrivial limits
[30,35,50–52].

On the other hand, rate-based methods are critically depen-
dent on the initial conditions. The standard implementations
[18,25,31] utilize adiabatic ionization rates [Ammosov-
Delone-Krainov (ADK) model] [53,54], applicable only in the
limit of very small Keldysh parameters γ � 1.1 However, in
typical experimental conditions, nonadiabatic effects must be
considered. Such effects have been studied in Refs. [22,56]
looking at the subcycle dynamics obtaining nonadiabatic in-
stantaneous rates. In particular, within the nonadiabatic theory
in Ref. [22], those rates led to a broader longitudinal momen-
tum distribution at the detector, and an accurate prediction
of the cutoff in the momentum distribution of rescattered
electrons, in agreement with the numerical solution of the
time-dependent Schrödinger equation (TDSE).

This work proposes two methods developed using the
CQSFA initial formulation. The first method is a rate-
based forward approach, where we construct a nonadia-
batic ionization rate which includes Coulomb corrections
from the CQSFA transition amplitude, using its sub-barrier

1The Keldysh parameter is defined by γ = √
Ip/(2Up), where Ip is

the target’s ionization potential and Up is the ponderomotive energy,
proportional to the driving-field intensity and inverse proportional to
its frequency. For a Keldysh parameter smaller than one, tunneling
is the prevalent ionization mechanism. If the field frequency is very
low (γ � 1), it is reasonable to assume that the driving field can be
considered as being static [55].
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contributions. The second approach is a hybrid forward-
boundary CQSFA implementation in which, instead of using
preassumed dynamics for the existing orbits, one launches
a large ensemble of Coulomb-distorted trajectories, which,
subsequently, are taken as guesses in order to solve a bound-
ary problem. Both methods are then applied to photoelectron
holography, starting from a proof of concept and assessing
what specific momentum regions and holographic patterns are
probed, depending on the initial sampling. For the rate-based
method, the sampling affects the initial trajectory weighting,
while for the hybrid forward-boundary CQSFA it influences
whether trajectories in specific momentum regions will be
used or discarded when calculating the sub-barrier complex
integral. We also illustrate the subtleties involved in orbit clas-
sification, which help to clarify possible sources of confusion
in forward approaches.

This article is organized as follows. In Sec. II we provide
the general expressions for the CQSFA transition amplitude
and the standard orbit classification. Subsequently, in Sec. III
these expressions are employed as a starting point for the rate-
based method (Sec. III A) and the hybrid forward-boundary
CQSFA (Sec. III B). In Sec. IV these methods are used to
compute PMDs, and, after establishing a good agreement
with ab initio methods, we focus on single-orbit distributions
and different initial sampling regions (Secs. IV A and IV B,
respectively). These results are interpreted with the help of
the initial-to-final momentum mapping presented in Sec. V.
Finally, in Sec. VI we state our main conclusions.

II. BACKGROUND AND GENERAL EXPRESSIONS

The transition amplitude for the ionization of a single
electron from the ground state of a Hydrogen atom |ψ0(t0)〉
to a continuum state with final momentum p f , |ψp f (t )〉 is
〈ψp f (t )|U (t, t0)|ψ0〉. The time evolution operator here is of
the form

U (t, t0) = T exp

[
i
∫ t

t0

H (t ′) dt ′
]
, (1)

where the Hamiltonian in the argument of this time ordered
exponential can be written as

H (t ) = Ha + HI (t ). (2)

This consists of the field-free part

Ha = p̂2

2
+ V (r̂) (3)

and a gauge-dependent interaction term HI (t ). In the case
of the length gauge, which is used throughout, this has the
form HI (t ) = r̂ · E(t ). The atomic potential is V (r) = −1/|r|.
However, we have used the potential

V (r) = −1/
√

r2 + a2 (4)

with a very small parameter a (of the order of 10−6) to soften
the Coulomb singularity for practical purposes and atomic
units are used throughout unless otherwise stated.

A. CQSFA transition amplitude

Using the integral form of the time-evolution operator, the
transition amplitude can be written as

M(p f ) = −i lim
t→∞

∫ t

−∞
dt ′〈ψp f (t )

∣∣U (t, t ′)HI (t ′)eiIpt ′ ∣∣ψ0〉,
(5)

where Ip is the ionization potential, and U (t, t ′) is the time
evolution operator associated with the full Hamiltonian (2),
given by Eq. (1). In the CQSFA, the transition amplitude is
written as a phase-space path integral by a time slicing method
[24,57],

M(p f ) = − i lim
t→∞

∫ t

−∞
dt ′

∫
dp̃0

∫ p̃ f (t )

p̃0

D′p̃
∫ Dr

(2π )3

× eiS(p̃,r,t,t ′ )〈p̃0|HI (t ′)|ψ0〉 . (6)

Equation (6) represents an integral over all possible paths
beginning at the core and with a fixed asymptotic momen-
tum. Thereby, D′p̃ and Dr give the integration measures for
the path integrals, and the prime indicates a restriction. The
tildes over the initial and intermediate momenta designate
field dressing, i.e., p̃0 = p0 + A(t ′) and p̃ = p + A(τ ), with
t ′ � τ � t .

The semiclassical action derived from the time slicing is

S(p̃, r, t, t ′) = Ipt ′ −
∫ t

t ′
[ṗ(τ ) · r(τ ) + H (r(τ ), p(τ ), τ )] dτ,

(7)

with a Hamiltonian

H (r(τ ), p(τ ), τ ) = 1
2 [p(τ ) + A(τ )]2 + V (r(τ )). (8)

Next, Eq. (7) is calculated using saddle-point methods,
which will require computing complex integrals. The specific
contour used here considerably simplifies the problem and
is along two straight lines. The first starts at t ′ = t ′

r + it ′
i

and extends vertically down to the real axis at t ′
r = Re(t ′).

The second is along the real axis from Re(t ′) to t . This
choice of contour has been widely employed in the literature
[48,49,58,59] and allows us to neatly separate the action into
two distinct parts as shown in Eq. (9). The parts represent the
two distinct physical aspects of the problem: tunneling and
continuum propagation,

S(p̃, r, t, t ′) = Stun(p̃, r, t ′
r, t ′) + Sprop(p̃, r, t, t ′

r ). (9)

The contribution from under the barrier is

Stun(p̃, r, t ′
r, t ′) = Ip(it ′

i ) − 1

2

∫ t ′
r

t ′
[p0 + A(τ )]2 dτ

−
∫ t ′

r

t ′
V (r0(τ ))dτ, (10)

which follows the tunnel trajectory,

r0(τ ) =
∫ τ

t ′
[p0 + A(τ ′)] dτ ′. (11)

In Eqs. (10) and (11) the under the barrier momentum has
been taken as constant, which is a reasonable approxima-
tion given the assumption that the dynamics are happening
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practically instantaneously by keeping Re[t ′] constant. The
contribution from the continuum propagation is

Sprop(p̃, r, t, t ′
r ) = Ipt ′

r − 1

2

∫ t

t ′
r

[p(τ ) + A(τ )]2 dτ

− 2
∫ t

t ′
r

V (r(τ )) dτ, (12)

where the factor of 2 before the potential integral is due to the
fact that for a Coulomb potential, r · ṗ = V (r) [24,25,27].

Another important quantity is the tunnel exit z0, which,
roughly speaking, gives the point in space at which the elec-
tron reaches the continuum. Under the assumption that the
tunnel exit is real and directed along the polarization axis, we
can state that

z0 = Re[r0||(t ′
r )], (13)

where r0(t ′
r ) is the tunnel trajectory (11) for τ = t ′

r and
the subscript indicates its component along the driving-field
polarization direction. The tunnel exit is used to solve the
CQSFA boundary problem and in the orbits’ classification.

One should note that the reality of Eq. (13) is an approx-
imation, which leads to real trajectories in the continuum.
More rigorous formulations of Coulomb-distorted strong-field
approaches in which this assumption is relaxed exist, but the
differences observed in the PMDs are subtle. Furthermore,
complex trajectories in the continuum require dealing with
branch cuts upon rescattering, which is not without difficulties
[30,52].

B. Saddle-point equations

The evaluation of the integral in Eq. (6) using the saddle-
point approximation requires looking for solutions for t ′, r(τ )
and p(τ ), such that the action is stationary. This yields the
following saddle-point equations, for the ionization time,

[p(t ′) + A(t ′)]2 = −2Ip, (14)

and the continuum trajectories must solve the system of PDEs

ṙ(τ ) = p(τ ) + A(τ ), (15)

ṗ(τ ) = −∇rV (r(τ )), (16)

for the intermediate momentum and position. This leads to the
CQSFA transition amplitude

M(p f ) ∝ −i lim
t→∞

∑
s

{
det

[
∂ps(t )

∂ps(t ′
s )

]}−1/2

C(t ′
s )eiS(p̃s,rs,t,t ′

s ),

(17)

where t ′
s, rs, and ps are given by Eqs. (14), (15), and (16),

respectively, and the sum is over the distinct saddle point
trajectories which have final momentum p f . The prefac-
tor det[∂ps(t )/∂ps(t ′

s )] comes from the quadratic fluctuations
around the saddle points and

C(t ′
s ) =

√
2π i

∂2S(p̃s, rs, t, t ′
s )/∂t ′2

s

〈p + A(t ′
s )|HI (t ′

s )|ψ0〉 (18)

is the same as the SFA prefactor. The stability factor
det[∂ps(t )/∂ps(t ′

s )] arises due to a Legendre transformation

via the p0 integral in Eq. (6), full details may be found in
Ref. [60].

Equation (17) is derived under the assumption that the
saddle points remain well separated and that the stability
factor does not pass through zero in a so-called focal point
for the entirety of the domain considered. If this is not the
case, then some trajectories can pass through focal points
which accumulate additional Maslov phases, or asymptotic
expansions must be constructed that account for groups of
saddles collectively (for an example, see Ref. [61]). A second
assumption is that the physics of the system is fully captured
by considering a two-dimensional model. This can lead to
problems as by reducing the dimension of the system one can
“hide” focal points that would have led to an accumulation
of Maslov phases in the full dimensional system. In such
reduced dimensionality models, this is known as a Gouy phase
anomaly [47]. Hence, different trajectories may have different
relative phases than that described by Eq. (17) which will alter
their interference. For example, in [44] the “legs” of the spider
are found to be shifted perpendicular to the polarization direc-
tion to more closely align with experiments. In the original
CQSFA, with predetermined trajectory types, it is relatively
straightforward to identify focal points and incorporate Gouy
phases by hand due to the dynamics of the trajectories being
known. However, for semiclassical models employing a broad
range of trajectories, such as forward-propagating or hybrid
methods, it requires a more involved computation, which is
beyond the scope of this work. An implementation of Maslov
phases was presented in [47], and also for a recent more
general implementation of the CQSFA in Ref. [60], where an
explicit recipe was given. Here we consider that the dynamics
are restricted to the xz plane, with the laser field polarized
along z.

C. Orbit classification

In its standard form, the CQSFA restricts the sets of
trajectories considered to include exactly one of a specific
predefined type based on an understanding of the initial to
final momentum mapping. Typically, for a linearly polarized
monochromatic field, four distinct types of trajectories are
solved for at each grid point. These types of trajectories were
first introduced in [41] and are classified according to the
product �z = z0 p f z of the tunnel exit and the final momen-
tum component parallel to the driving-field polarization, and
the product �x = p0x p f x of the initial and final momentum
components perpendicular to the driving-field polarization. A
positive product �z means that the direction of the tunnel
exit and that of the detector coincide, which is the case for
orbits type 1 and 4. In contrast, a negative �z implies that the
electron left on the opposite side with regard to the detector,
which occurs for orbits 2 and 3. The product �x provides
insight into how the transverse momentum component has
changed during the electron propagation. If �x < 0, the elec-
tron has been deflected in such a way by the central potential
that its final and initial momentum components p f x and p0x

have opposite signs. This behavior is triggered by the presence
of the Coulomb potential and is observed for orbits 3 and 4,
while for the remaining orbits �x > 0.
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TABLE I. Orbit classification used in the standard, boundary-
type CQSFA for monochromatic linearly polarized fields. The
labeling 1 to 4 classifies the orbit with two different conditions, the
sign of �z = z0 pf z and �x = pf x p0z. The behavior in the fourth
column indicates the expected dynamics of the specific types of
orbits, and the fifth column indicates the expected imprints in the
photoelectron momentum distributions and final momentum maps.

Orbit �z �x Behavior Imprint

1 + + Direct Direct cutoff
2 − + Hyperbola Direct cutoff
3 − − Hyperbola Caustic
4 + − Rescattered Ridges

The standard CQSFA makes significant assumptions about
these orbits’ dynamics in order to solve the boundary problem.
Type 1 orbits are expected to leave the atom and reach the
detector directly, orbits 2 and 3 are assumed to behave like
field-dressed Kepler hyperbolas, and orbit 4 is predicted to
exhibit a slingshot-type behavior, leaving from the same side
as the detector and going around the ion.

One also expects different types of trajectories to leave
specific imprints in the photoelectron momentum distribu-
tions. For instance, orbit 1, and, to some extent, orbit 2 will
behave like a direct SFA trajectory, so that the maximal kinetic
energy they carry will be given by the direct classical ATI
cutoff 2Up. Beyond that energy, the signal will be suppressed.
Orbit 4 will behave like a rescattered SFA ATI trajectory, and
will give rise to ridges whose maximal energy will be 10Up

Orbit 3 has a hybrid character, with no counterpart in the
Coulomb-free SFA, and will lead to a caustic. For a detailed
discussion of these features in the Coulomb-free scenario see
the review articles [34,36]. These features will also manifest
themselves in the CQSFA single-orbit distributions and in
the final momentum mapping. Studies in the context of the
standard CQSFA are presented in [27] and deviations from the
Coulomb-free SFA constraints are discussed in [28], together
with analytic approximations for the CQSFA. For clarity, a
summary of the conditions upon �x and �z, together with the
expected dynamics and the imprints expected in the photo-
electron momentum distributions, are provided in Table I.

For some trajectories which are known to not interact
strongly with the core, such as orbit 1, the SFA solution can be
used as an initial guess and then, by an incremental increase
of the Coulomb strength, perturbed towards the genuine semi-
classical trajectory. After this, nearby trajectories are found
by considering previously solved trajectories on adjacent grid
points as initial guesses. There is some subtlety to this step
as the exact prescription for which initial guesses should be
used to solve which grid points will influence the types of
trajectories found. In this case, for a sufficiently small ring
around p f = 0, no caustics, which would halt the progress of
the solver, are encountered.

The requirement of such a prescription reduces the versa-
tility of this method. It is necessary to alter it for even the
simplest deviations from a monochromatic field, and it will
fail when required to find different types of trajectories or
for more general field types. For examples of how the stan-

dard classification in Table I must be altered for bichromatic
and elliptically polarized fields, see our previous publications
[45,46], respectively. Furthermore, in Ref. [29] it was first
evidenced that other distinct orbit types may satisfy the con-
ditions highlighted in the second and third columns of Table I,
and one should not presuppose that the standard behavior
will always hold. Nonetheless, we have observed that is not
possible for an orbit to fail to satisfy one of the classifications
in Table I unless it remains bound. Thus, these conditions,
although exhaustive, do not provide a unique identification
for the trajectories that should be included in the computation
of the transition amplitude, and a more flexible approach is
called for. The issue is that the classifications do not always re-
main true to the spirit of the dynamics highlighted in Ref. [41]
and used in the standard, boundary version of the CQSFA.

III. FORWARD AND HYBRID METHODS

Below we construct two alternative approaches that use the
CQSFA formulation allowing for more flexible solutions. The
first starts from the CQSFA transition amplitude (17), but uses
the sub-barrier part of the CQSFA to build a nonadiabatic
ionization rate with Coulomb corrections. Subsequently, we
solve the forward problem by launching an ensemble of tra-
jectories, whose initial conditions are sampled from that rate.
The second is a hybrid forward-boundary CQSFA method,
which starts by launching a large set of Coulomb-distorted
trajectories. These trajectories are then used as guesses for the
boundary problem instead of relying on preexisting assump-
tions about the contributing orbits.

Throughout, unless otherwise stated, we consider a linearly
polarized monochromatic field

E(t ) = E0 sin(ωt )ẑ. (19)

That leads to a vector potential

A(t ) = A0 cos(ωt )ẑ = 2
√

Up cos(ωt )ẑ, (20)

where ẑ is the polarization direction of the electric field, and
Up is the ponderomotive energy. This field choice ensures that
the classification in Table I holds and facilitates comparison
with the standard, boundary-type CQSFA.

A. Rate-based forward method

In our rate-based forward approach, we will evaluate the
distribution at the detector by using a “shooting method”
[22,25,31] to launch a large ensemble of trajectories. After-
wards, we will bin the final momentum of the trajectories and
add coherently the ones lying within the same bin centered
at p f in momentum space. The ionization probability P (p f )
then is

P (p f ) =
∣∣∣∣∣

nb∑
j=1

C j (t
′
s )eiS j (p̃s,rs,t,t ′

s )

∣∣∣∣∣
2

. (21)

The sum is carried over all the trajectories nb arriving at
a given bin. The determinant in the preexponential factor in
(17), usually called the stability factor, cannot be correctly
included in our “shooting method.” As previously pointed out
in [31,47], the sampling of the trajectories yields a weight
that is 1/ det, instead of the 1/

√
det, predicted here. The term
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C j (t ′
s ) will be included subsequently in our calculations when

computing PMDs. However, as our system is ionized from a
1s state, we expect it to have a minor influence on the final
momentum distribution. This influence will be significant for
bound states with angular dependence, but this issue will
not be addressed in the present work. For a discussion, see
Ref. [62].

The action in Eq. (21) can be split into its real and imagi-
nary parts,

S j (p̃s, rs, t, t ′
s ) = ReS j (p̃s, rs, t, t ′

s ) + ImS j (p̃s, rs, t ′
r, t ′

s ).
(22)

The imaginary contribution comes only from the complex
integral under the barrier as Sprop(p̃s, rs, t, t ′

s ) (12) is real due
to the approximation made upon the tunnel exit. Hence,

ImS j (p̃s, rs, t ′
r, t ′

s ) = ImStun
j (p̃s, rs, t ′

r, t ′
s ), (23)

where Stun is given in Eq. (10). Then we can write the ioniza-
tion probability (21), with exponential accuracy, as

P (p f ) ≈
∣∣∣∣∣

nb∑
j=1

√
Wj (p̃s, rs, t ′

r, t ′
s )eiReS j (p̃s,rs,t,t ′

s )

∣∣∣∣∣
2

, (24)

with

ReS j (p̃s, rs, t, t ′
s ) = Sprop

j + ReStun
j (25)

and

Wj (p̃s, rs, t ′
r, t ′

s ) = e−2ImS j (p̃s,rs,t ′
r ,t

′
s ) (26)

is the instantaneous ionization rate [53,63], determined by the
dynamics under the barrier. The arguments on the right-hand
side of Eq. (25) have been omitted for simplicity.

The above equation is similar to those encountered in the
implementations of the QTMC [22] and the SCTM [25,31]
to find the total ionization probability after binning the final
momentum distribution. The main difference between these
models and our present implementation will be the derivation
of a Coulomb-corrected nonadiabatic ionization rate based on
the CQSFA approach, as described in the next section.

1. Nonadiabatic ionization rate

The derivation of the ionization rate for the field, given
by Eqs. (19) and (20), will follow the procedure described in
Ref. [22]. As mentioned before, we will restrict ourselves to
a two-dimensional problem with the initial canonical momen-
tum p0 = (p0z, p0x ). Solving the saddle point equation (14),
expressing the complex time t ′

s = t ′
r + it ′

i , and separating into
real and imaginary parts, we obtain the longitudinal canonical
momentum at the tunnel exit,

p0z = −E0

w
cos(ωt ′

r ) cosh(ωt ′
i ), (27)

and the real part of the tunnel exit (13) explicitly,

z0 = E0

w2
sin(ωt ′

r )
[
1 −

√
1 + γ 2

(
t ′
r, p2

0x

)]
, (28)

with the effective Keldysh parameter given by [22]

γ (t ′
r, p0x ) = ω

√
p2

0x + 2Ip

|E (t ′
r )| ,

which depends on the amplitude of the electric field at the
ionization time and the initial transverse momentum. Further-
more, we can find the relation between the real and imaginary
components of t ′

s,

sinh(ωt ′
i ) = γ (t ′

r, p0x ). (29)

We have expressed both the initial longitudinal momen-
tum and the tunnel exit as a function of the transverse
momentum and the ionization time; hence only t ′

r and
p0x remain as independent variables. Next we will obtain
an analytical expression for the instantaneous ionization
rate W (t ′

r, p0x ). Using the above relations and our partic-
ular choice of the electric field together with Eq. (10),
Eq. (23) gives

ImS(t ′
r, p0x ) = E2

0

2ω3

{[
cos2(ωt ′

r ) + γ 2(t ′
r, p0x ) + 1

2

]

× sinh−1 γ (t ′
r, p0x )

− γ (t ′
r, p0x )

2
[2 cos2(ωt ′

r )+1]
√

1+γ (t ′
r, p0x )2

}

−
∫ t ′

r

t ′
s

ImV (r0(τ ) dτ. (30)

To derive an analytical expression for

IV0 =
∫ t ′

r

t ′
s

V (r0(τ )) dτ, (31)

we use the long-wavelength approximation, as in [27] to ex-
pand the tunneling trajectory r0 (11) around the imaginary
component, so that

r0(τ ) = (τi − t ′
i )

[
i[p0 + A(t ′

r )] − 1
2 Ȧ(t ′

r )(τi + t ′
i )

]
, (32)

where τi = Im[τ ]. Finally, we obtain the regularized expres-
sion as computed in [28],

IV0 (t ′
r, p0x ) = i/

√
−p2

0x + χ2

× ln

⎡
⎢⎣ 2t ′

i

(
χ2 − p2

0x

)
χη − p2

0x +
√

η2 − p2
0x

√
χ2 − p2

0x

⎤
⎥⎦
(33)

with

η = i(p0z + A(t ′
r )) − 1

2 t ′
i Ȧ(t ′

r ), (34)

χ = i(p0z + A(t ′
r )) − t ′

i Ȧ(t ′
r ), (35)

with p0z and t ′
i given by Eqs. (27) and (29).

Combining Eq. (26) and Eq. (30) we can express the
Coulomb-corrected nonadiabatic ionization rate WC (t ′

r, p0x ) as

WC (t ′
r, p0x ) = e−2ImS(t ′

r ,p0x ) = WV0 (t ′
r, p0x )W0(t ′

r, p0x ), (36)
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where WV0 (t ′
r, p0x ) is the Coulomb contribution to the rate given by

WV0 (t ′
r, p0x ) = e−2ImIV0 (t ′

r ,p0x ) =
∣∣∣∣∣
[

2t ′
i

(
χ2 − p2

0x

)
χη − p2

0x +
√

η2 − p2
0x

√
χ2 − p2

0x

] 1√
−p2

0x+χ2

∣∣∣∣∣
2

, (37)

and W0(t ′
r, p0x ) contains the rest of the contribution from Eq. (30)

W0(t ′
r, p0x ) = exp

{
−E2

0

ω3

[
cos2(ωt ′

r ) + γ 2(t ′
r, p0x ) + 1

2

]
sinh−1 γ (t ′

r, p0x ) − 1

2
γ (t ′

r, p0x )[2 cos2(ωt ′
r ) + 1]

√
1 + γ (t ′

r, p0x )2

}
,

(38)

which is the nonadiabatic rate without Coulomb correction,
only different from the one derived in [22] because of the
particular choice of the electric field.

Furthermore, the real part of the action along the first part
of the contour reads

ReStun = E0

ω2
p0z sin(ωt ′

r )[cosh(ωt ′
i ) − 1]

+ E2
0

8ω3
sin(2ωt ′

r )[cosh(2ωt ′
i ) − 1] − ReIV0 , (39)

with IV0 given by Eq. (33) in the long wave limit. This will
be added to the continuum action according to Eq. (25). Our
method is similar to that presented in [22,25,31]. Our main
contribution is the Coulomb sub-barrier correction included
in the ionization rate, based on the CQSFA transition am-
plitude. We have also added the additional phase coming
from the real part of the integral under the barrier (39). This
contribution from the Coulomb sub-barrier integral has been
shown before [48] as responsible for shifting the holographic
fringes’ positions, leading to a better agreement with the
TDSE calculations. Studies of such contributions and analyti-
cal approximations are also given in our previous paper [28].

In our rate-based method, we use accept-reject sampling
to obtain the initial transverse momentum p0x and ionization
time t ′

r from the distribution
√

WC (t ′
r, p0x ) (36). By doing

this, we require fewer trajectories to resolve the interference
patterns, as we sample from the regions where the ionization
probability is relevant. Furthermore, it allows us to evaluate
the photoelectron momentum distributions at the detector sim-
ply by adding the contribution of the phase in the continuum
within the different bins in momentum space as

P (p f ) ≈
∣∣∣∣∣

nb∑
j=1

eiReS j (p̃s,rs,t,t ′
s )

∣∣∣∣∣
2

. (40)

To avoid contributions from ATI rings we restrict the sam-
pling of the ionization time to one field cycle. Once we have
the initial transverse momentum and ionization times, we
obtain the longitudinal momentum and tunnel exit positions
from Eq. (27) and Eq. (28). This gives the complete set of
initial conditions to propagate the classical trajectories in the
continuum defined by Eqs. (15) and (16). To integrate the
equation of motion numerically, we use an adaptive step-size
fourth-order Runge-Kutta integrator [64].

We use an eight-cycle trapezoidal pulse with two ramp-
on, four constant amplitude, and two ramp-off cycles.

Subsequently, the electron moves only under the influence
of the Coulomb potential. If, after the pulse is switched off,
the electron energy is negative, that is, E < 0, we interpret
this as it is captured in a Rydberg state. Therefore, it will not
contribute to the PMD. If, on the other hand, E > 0 at the end
of the pulse, the electron is freed and will reach the continuum.

The asymptotic momentum pa of free electrons is calcu-
lated from the momentum p(Tf ) and position r(Tf ) at the end
of the laser pulse (t = Tf ) using Kepler’s solutions [65],

pa = p
p(L × a) − a

1 + k2L2
, (41)

where L = r(Tf ) × p(Tf ), and a = p(Tf ) × L − r(Tf )/r
(Tf ). Then we evaluate the photoelectron momentum distribu-
tion by binning the final asymptotic momentum of the ionized
electrons and adding them coherently within each bin using
Eq. (40).

2. Analysis of the Coulomb sub-barrier correction

In this section we study how the initial momentum distribu-
tion changes due to the influence of the Coulomb sub-barrier
correction included in the rate. Figure 1 shows the density
plot of the ionization rates, W0 and WC , as a function of the
initial transverse momentum p0x and the laser phase ωt ′

r . The
latter can be mapped into the initial longitudinal momentum
p0z using Eq. (27), so that broader (narrower) ranges of laser
phases correspond to broader (narrower) ranges of p0z.

After including the Coulomb potential, we observe an
overall increase in the distribution of several orders of
magnitude. This is expected from previous work on Coulomb-
corrected rates [63] and Coulomb-distorted approaches such
as the Coulomb-corrected SFA [41], the CQSFA [24] and the
Volkov-eikonal approximation [66,67]; for a review see [35].
Furthermore, there is a significant broadening of the trans-
verse momentum distribution, and a narrowing of the range of
ionization phases ωt ′

r around the times ωt ′
r = (2n + 1)π/2 =

(2n + 1)ωT/4, where T is the field cycle. These times cor-
respond to the maxima and minima of the field, and, for the
monochromatic wave in this work, also give A(t ′

r ) = 0.
For the parameters in Fig. 1, we quantify in Table II

the variance of the initial momenta, tunnel exit, and tunnel
exit position average. The table shows that the Coulomb
corrections cause an increase (decrease) in the transverse
(longitudinal) momentum width, while the widths associated
with the tunnel exit decrease much less. The average tunnel
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FIG. 1. Transverse momentum distribution at the tunnel exit as a
function of the laser phase ωt ′

r/(2π ) from W0(t ′
r, p0x ) (upper panel)

and WC (t ′
r, p0x ) (lower panel). For these plots we use a hydrogen atom

(Ip = 0.5 a.u.) in a laser field of intensity I = 1.5 × 1014 W/cm2 and
wavelength λ = 800 nm. The thick solid yellow (light gray) line
indicates the laser-field amplitude (up to a scaling factor), and the
dashed white lines were drawn at phases ωt ′

r = π/3 and ωt ′
r = π/2.

The distributions W0 and WC are computed in arbitrary units.

exit also decreases if the Coulomb correction is incorporated,
which is a consequence of it restricting ωt ′

r to ranges associ-
ated with larger field amplitudes.

Intuitively, the changes introduced by the sub-barrier
Coulomb correction shown in Fig. 1 may be understood as
follows. The Coulomb potential is pulling the electron back,
so it needs more energy to overcome the barrier. Therefore, a
larger field amplitude will be necessary for it to escape than
if the corrections were absent. This will narrow the ranges of
ωt ′

r around the peak-field times. As the parallel momentum
is close to zero for electrons freed close to the peak of the
field, this translates into higher transverse momentum. Similar
Coulomb shifts to the momentum distribution demonstrated
before [68] have been described as wave packet deceleration.

In terms of the orbit classification provided in Sec. II C, we
expect that the orbits most influenced by the aforementioned

TABLE II. Width of the initial momentum and tunnel exit dis-
tributions (width and average) obtained from WC and W0, using the
parameters in Fig. 1.

Rate σp0x σp0z σz0 〈z0〉
WC 0.28 0.45 0.59 7.16
W0 0.25 0.52 0.60 7.22

FIG. 2. Instantaneous transverse momentum distributions at the
tunnel exit for ωt ′

r = π/2 (upper panel) and ωt ′
r = π/3 a.u (lower

panel) using the same field parameters as in Fig. 1. The upper panel
corresponds to a peak-field time, while for the lower panel, we
have taken an ionization phase so that the distribution W0(t ′

r, p0x ) is
touched tangentially near its width (see the dashed lines in Fig. 1 for
details). For the dashed orange (light gray) lines, we have employed
W0(t ′

r, p0x ), while for the solid purple (dark gray) lines we have
used WC (t ′

r, p0x ). For a better comparison, we have normalized the
distributions so that they will have the same peak value at the times
for which the field amplitude is maximal (upper panel).

broadening will be orbits 1 and 2. An electron along orbit 1
is expected to reach the detector without further interaction
or deflection, so that there will be a minimal escape velocity
[24,27]. This velocity can be achieved either by increasing
p0x or p0z. As orbit 2 is expected to be a field-dressed hy-
perbola along which the electron will be deflected but will
not undergo hard scattering, the initial transverse momentum
must be nonvanishing and relatively large in order for the
electron to escape. In this specific regime, the Coulomb po-
tential will contribute to the electron’s escape [24,27], which
is reflected in an enhancement in the ionization probability.
Orbits 3 and 4 have more restricted initial conditions and are
expected to behave like hybrid (orbit 3) or rescattered (orbit
4) orbits. Thus, the Coulomb potential will have a stronger
influence in the continuum propagation than in the sub-barrier
dynamics. This issue will be discussed in more detail in
Sec. V.

The distribution WC (t ′
r, p0x ) also exhibits two distinct peaks

around p0x ≈ ±0.5 along the peak-field times ωt ′
r = (2n +

1)π/2 = (2n + 1)ωT/4, which will be investigated in more
detail in Fig. 2. In the upper panel of the figure, we plot
W0(t ′

r, p0x ) and WC (t ′
r, p0x ) for ωt ′

r = π/2.
The Coulomb-corrected distribution exhibits two addi-

tional peaks, which come from the branch points of the
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function 1/

√
r2

0, and the branch cuts originated from them.
The components of the tunneling trajectory r0 are

r0z = (τi − t ′
i )

{
i[p0z + A(t ′

r )] − 1
2 Ȧ(t ′

r )(τi + t ′
i )

}
, (42)

r0x = i(τi − t ′
i )p0x, (43)

so that

r2
0 = Re(r0z )2 + Re(r0x )2 − (Im(r0z )2 + Im(r0x )2)

+ 2iRe(r0x )Im(r0x ) + 2iRe(r0z )Im(r0z ). (44)

From Eq. (43) we know that r0x is always imaginary.
Therefore, the second and fourth terms in Eq. (44) vanish.
The branch cuts are located at the points where Imr2

0 = 0
and Rer2

0 < 0. From (44) we see that this is satisfied when
p0z = 0, and ωt ′

r = π/2 mod π . These peaks are absent in
the lower panel of Fig. 2, for which the ionization phase
ωt ′

r = π/3 is far from the field extrema. These sub-barrier
branching points are of minor relevance for the present paper,
as they occur in an initial momentum range far from that of
interest. For discussions of branch cuts see [30,50–52,69].

B. Hybrid forward-boundary CQSFA

Next, we will briefly discuss how the CQSFA has been
modified in order to be made less reliant on presupposing
the orbits’ dynamics. The CQSFA is formulated and solved
as a boundary value problem in which the final momentum is
matched to its initial counterpart at the tunnel exit. The aim is
to find sets of semiclassical trajectories whose final momenta
coincide precisely with the grid points of a grid of final mo-
menta. Prior to solving this problem, one needs appropriate
guesses for the orbits. In general, to construct a procedure for
finding trajectories, one requires a detailed understanding of
the initial to final momentum map. This can be achieved either
by using physical intuition and some preknowledge of the dy-
namics or by direct forward propagation of a great number of
trajectories. However, the forward propagation itself provides
a vast set of initial guesses because the trajectories which have
p f close to a grid point can be readily used as starting points.
This approach leads to a significantly more robust method,
which is not influenced by one’s preconceptions about the
types of relevant trajectories. Computing the relevant orbits
in the H-CQSFA consists of three main steps: (1) solving the
forward problem, similarly to what is done in the rate-based
method described above; (2) discarding duplicate solutions;
and (3) using the remaining final momenta as guesses to
solve a boundary problem, in which the initial momenta are
refined. This binning process was originally developed in [60].
However, this work focused on short pulses and Maslov phase,
and used an adaptive clustering method to find the initial
conditions.

The first step of the hybrid forward-boundary CQSFA (H-
CQSFA) is to numerically calculate the classical trajectories
for a large range of initial conditions. For each value of initial
momentum, there will be a range of associated saddle-point
solutions, which were derived from (14) and correspond to
the various ionization times in the semiclassical picture. For
each initial momenta, ionization time pair, the tunnel exit can
be evaluated from (28). As in the previous model, the triple

FIG. 3. Schematic representation of the binning process em-
ployed in the R-CQSFA (red dots) and the H-CQSFA (black dots).
The left side shows the lines in initial momentum which are mapped
to grid lines in final momentum. This is shown here for two distinct
regions of initial momentum. In the R-CQSFA, all of the red points
correspond to trajectories which are mapped into a single grid square.
The amplitude at the center of the grid square comes from summing
over the amplitudes for all of these red points. In the H-CQSFA, the
red points would be used as initial guesses for the boundary value
problem. The initial guesses are then all refined to the same point
at the center of the grid square. The points which are refined are
chosen to avoid having multiple refinements lead to the same initial
momentum, but in case they do, duplicates are removed. Therefore,
in the H-CQSFA, the amplitude at the center of the grid square
is calculated by summing over only the amplitudes of trajectories
which finish exactly at the center of the grid square.

(p0, z0, t ′) suffices as initial conditions for classical contin-
uum trajectories defined by the saddle-point equations (15)
and (16) to be solved numerically for the duration of the
field, which is taken to span four cycles up to the time Tf .
In order to avoid ATI rings, which may mask the holographic
patterns, we consider ionization times t ′ within a single field
cycle. Following the pulse, the final momenta are calculated
analytically as the asymptotic momenta of the relevant Kepler
hyperbola (41).

Each grid point of the final momenta can be associated with
a bin that has the grid point at its midpoint. The trajectories
whose final momenta fall into each bin are then processed.
Figure 3 provides a schematic representation of the binning
process, where the squares in the initial and final momentum
maps represent bins and the dots the momenta associated
with the saddle-point solutions mentioned above. The red
dots in the initial momentum grid correspond to the whole
trajectory ensemble subset within a bin, which is a common
feature of the rate-based CQSFA and H-CQSFA. For the for-
ward method, these trajectories are propagated until the final,
asymptotic momentum is reached (see red dots in the final
momentum map). In contrast, for the H-CQSFA, trajectories
with initial momenta not sufficiently separated are considered
to be duplicates and ignored. Not being sufficiently separated
here implies that if the final momenta of the two orbits are
continuously deformed to the same value, the initial momen-
tum would be the same value, and, thus, they are duplicates.
In Fig. 3 this means that only the black dot is kept.
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Subsequently, the remaining trajectories are used as initial
guesses for the trajectories which have asymptotic momen-
tum coinciding exactly with the final momentum grid point.
The boundary procedure employed in the standard CQSFA is
then adopted, in which the final momenta are constructed as
functions of the initial momenta at the tunnel exit. The initial
momenta are then refined to match the continuum propaga-
tion. This procedure is described in detail in [24].

The bins are defined arbitrarily, or rather, they are chosen
to cover the range of final momenta we would like to show in
the photoelectron momentum distribution. The final momenta
from the propagation may then fall into one of these bins. It is
then determined, based on the content of the bin, whether this
trajectory will be “refined” so that it lands right in the center of
the bin and can be used to calculate the transition amplitude at
its center. During the refinement process, the initial momenta
will not be confined by the sampling, and will therefore go
wherever it needs to so that its trajectory lands in the center
of the bin. The action and prefactors from Eqs. (10), (12),
and (17) are calculated numerically such that their amplitudes
can be superposed to calculate the probability at a given final
momentum. Unless otherwise stated, we consider an initial
Gaussian momentum distribution

P (p0z, p0x ) = 1

2πσp0xσp0z
exp

[
− p2

0z

2σ 2
p0z

]
exp

[
− p2

0x

2σ 2
p0x

]
,

(45)
for the H-CQSFA, whose widths σp0x, σp0z were chosen to
match those of the rate WC given in Table II.

Sampling the initial momentum distribution within this
approach is more of a matter of including or excluding spe-
cific trajectories, as the imaginary part of the action gives
the initial weighting. Nonetheless, care must be taken as, if
there is a trajectory which was not sampled, and has an initial
momentum which does not lie sufficiently close to any of
the sampled momenta, it will not be found by the refinement
process. Further analysis of the effect of sampling from dif-
ferent distributions will be provided in Sec. IV B by using
initial Gaussian distributions of different widths and the same
number of grid points.

IV. PHOTOELECTRON MOMENTUM DISTRIBUTIONS

Next, we focus on the photoelectron momentum distribu-
tions computed with the methods in the previous sections.
For simplicity, unless necessary, we will use the notations
px and pz for the final momentum components p f x and p f z,
respectively. The number of trajectories launched in the rate-
based and hybrid methods will vary between 107 and 2 × 108,
depending on the features of interest. Fully converged spectra
are obtained for 2 × 108 trajectories, with only minor changes
in the PMDs observed for more than 108 orbits. This is in
agreement with the parameter range reported in [31].

In Fig. 4 we compare PMDs calculated with the rate-based
method [Fig. 4(a)], the H-CQSFA [Fig. 4(b)], the CQSFA
[Fig. 4(c)] and the outcome of an ab initio computation
[Fig. 4(d)], provided by the freely available TDSE solver
Qprop [70]. In order to concentrate on the holographic pat-
terns, we consider a single cycle of the field, but add different
unit cells incoherently to avoid the arbitrariness associated

with the ionization interval having a finite start and endpoint.
This is performed by considering different offset phases in
Eq. (19), that is, setting ωt → ωt + φ therein, with 0 � φ �
2π , and adding the resulting PMDs incoherently (for details
see [42,44]). Arbitrary endpoints may lead to asymmetries
in the resulting PMDs. For Qprop, we considered a single-
cycle pulse but performed an incoherent CEP average in
order to eliminate asymmetries. If more than one cycle is
added coherently, prominent above-threshold ionization (ATI)
rings stemming from intercycle interference are obtained.
These rings are well known in the literature [2,36] and have
been shown in our previous publications [26,27,29,30]. They
are not of interest in the present work. A hybrid coherent-
incoherent sum was used in [45] for monochromatic and
bichromatic fields.

Overall, the agreement of the orbit-based PMDs with the
TDSE is reasonably good. All panels in Fig. 4 show the key
holographic structures, such as the fan, the spider and the
carpets, a high-energy ridge associated with rescattering and
a caustic whose apex is located at the px axis. These features
are signposted on the right column [Figs. 4(e) to 4(h)], while
on the left [Figs. 4(a) to 4(d)] the full structures can be seen
for each method. Different coherent superpositions of orbits
lead to the distinct holographic patterns. For instance, the
interference of orbits 1 and 2 leads to the fan, that of 2 and
3 to the spider and the interference of orbits 3 and 4 to the
spiral. These structures have been analyzed in detail in pre-
vious publications using the standard, boundary-type CQSFA
[14,27–29,44,45]. Therefore, we will keep these discussions
as brief as possible in the present article without resorting
to specific figures. Sub-barrier Coulomb corrections will also
lead to shifts in the interference fringes, but this has been
analyzed elsewhere and will detract from the main objective
of this work (for discussions, see, e.g., [48]).

The fan and the spider are present throughout, although
there are differences in their contrast, and slopes, but the
differences are subtle. They are highlighted in the right col-
umn by a solid thick circle and a dashed yellow rectangle,
respectively. The remaining structures exhibit less subtle dif-
ferences, depending on the method in question. For instance,
the rate-based method and the H-CQSFA [Figs. 4(a) and 4(b)]
exhibit secondary ridges at lower energies, and a richer inter-
ference structure in the carpet close to the px axis, which are
absent in the standard CQSFA [Fig. 4(c)]. A richer structure
for the carpet [see structure highlighted by the dashed-dotted
circles in the right column] is also observed in the TDSE
computation [Fig. 4(d)], although secondary ridges are harder
to identify. We also see that the H-CQSFA exhibits additional
fringes, which follow the rescattering ridges [see the dotted
ovals in the right column]. These fringes are present in the
TDSE results, but not in the rate-based method or the standard
CQSFA computations. Furthermore, the signal in the outcome
of the rate-based method seems to decay much faster away
from the pz axis than for the remaining orbit-based PMDs,
which leads to a slightly suppressed interference carpet and a
weaker signal close to the rescattering ridges.

The discrepancies encountered above require a more de-
tailed assessment of several issues pertinent to specific
methods, such as how the specific modeling of the sub-barrier
dynamics and ionization influence the resulting distributions,
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FIG. 4. Photoelectron momentum distributions computed for hydrogen (Ip = 0.5 a.u.) in a field of intensity I = 1.5 × 1014 W/cm2,
wavelength λ = 800 nm, and ponderomotive energy Up = 0.329 a.u., using the rate-based method (a), the H-CQSFA (b), the CQSFA
(c), and the Schrödinger solver Qprop (d). Panels (e) to (h), on the right column, are replicas of those on the left, with the difference that
the holographic features have been highlighted for clarity. The fan is earmarked by a white thin solid line, the spider by a thick dashed yellow
rectangle, the carpet and the apex of the caustic by a magenta dotted dashed circle, and the annular fringes following the ridges by a dotted
oval. For the orbit-based methods, we look at a single cycle incoherently averaging over different unit cells according to [42,44], while for
Qprop we use a CEP-averaged one-cycle pulse. In the orbit-based methods, we use a total of 108 orbits for each unit cell. The Qprop outcome
was plotted over more orders of magnitude as the rescattering ridges were strongly suppressed for the scale used in the remaining panels.

how rigorously one may rely upon the orbit classification
provided in Table I, and how different initial sampling sup-
presses or enhances particular features. In the results that
follow, we restrict the ionization times to a single field cycle
to avoid the presence of ATI rings. This facilitates the study
of holographic patterns. For simplicity, we consider a fixed
unit cell determined by the electric field (19) with offset phase
φ = 0. This means that the time interval used for defining the
unit cell will start and end when E (t ) = 0.

A. Sub-barrier dynamics and single-orbit contributions

The first question we address in this section is how the
results from the forward rate-based method will improve after
including the Coulomb correction in the ionization rate, com-
paring them with the results from the H-CQSFA. These results
are presented in Fig. 5, for the rate-based method (left column)
and the H-CQSFA (right column). For the first one, the pres-
ence or absence of sub-barrier Coulomb corrections means
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FIG. 5. Photoelectron momentum distributions (PMDs) com-
puted using ionization times restricted to a single cycle, for the same
field and atomic parameters as in Fig. 4 and a unit cell defined by
Eq. (19). The left column has been computed with the rate-based
forward method using the nonadiabatic ionization rate W0 (a) and
the Coulomb-corrected ionization rate WC (c). The right column has
been calculated with the hybrid forward-boundary CQSFA removing
the Coulomb potential from the tunneling part of the action (b) and
with full action (d). For both methods, we have launched an initial
ensemble of N = 2 × 108 trajectories. The solid red (dark gray) lines
serve as a guide for the spider and the fan.

that we consider either the ionization rate WC [Eq. (36)], or the
rate W0 [Eq. (38)], respectively. In the H-CQSFA calculations,
the Coulomb sub-barrier correction is included by integrating
Eq. (31) in the complex plane, instead of being incorporated
in a rate. Nonetheless, this integral can be switched on and off.
The upper and lower row of Fig. 5 display the PMDs without
and with sub-barrier Coulomb corrections, respectively.

For the rate-based method, we see how, when using WC

[Fig. 5(c)], the PMDs broaden along the perpendicular axis
[for comparison, see Fig. 5(a), computed with the rate W0].
This is expected from the Coulomb correction’s effect in the
initial transverse momentum distribution (see Fig. 1). The
widening along the px axis happens throughout but mainly
affects the fan and the spider. In particular, the fan extends
beyond px = ±0.5 a.u, around the pz = 0 axis. This happens
because the fan results from the interference of direct or-
bits with field-dressed hyperbolas, and the spider stems from
the interference of field-dressed hyperbolas (orbits 2 and 3),
whose initial perpendicular momenta may be large. Therefore,
a broader initial transverse momentum will extend the fan to
higher momentum regions. In contrast, the other structures,
such as the rescattering ridges, and the carpet-type pattern
near the perpendicular momentum axis, result from orbits
whose initial momenta are more localized near the polariza-
tion axis. This makes them less sensitive to the sub-barrier
Coulomb correction. More details will be provided in Sec. V,
in which the initial-to-final momentum mapping will be ana-
lyzed for specific orbits.

The H-CQSFA outcome, plotted in the right column
of Fig. 5, shows a similar effect: the Coulomb correction
broadens the PMDs in the direction perpendicular to the
driving-field polarization, and this broadening is particularly
noticeable in the fan [see Fig. 5(d)]. The patterns encountered

are also similar, but in the rate-based method, the features near
the caustic and the carpet near the perpendicular momentum
axis are more suppressed. Furthermore, the slope of the spider
legs is different. In the hybrid CQSFA approach, they are
mostly parallel to the polarization axis, while in the forward
method, they bend slightly up. This can be clearly appreciated
if we look at how one of the spider legs on the left panel plots
cuts the red line, while it seems to cut it tangentially on the
right panel plots. Altogether, these results highlight the im-
portance of including the Coulomb potential in the sub-barrier
dynamics, either as a correction to rate-based methods or as an
extra phase in the semiclassical action for the CQSFA. Several
rescattering ridges are visible in all cases, but the signal is
noticeably stronger in the H-CQSFA.

Next, we look at single-orbit distributions to investigate
how far-reaching the classification introduced in [41] is in
the rate-based or hybrid forward-boundary CQSFA, and also
inspect the influence of the sub-barrier corrections. Single-
orbit distributions were previously studied within the pure
boundary CQSFA approach [27], and in particular, the effect
of the Coulomb integral under the barrier IV0 was addressed in
[28]. These distributions are displayed in Fig. 6, and the orbits
are classified according to the conditions in Table I.

The left column of the figure exhibits the standard CQSFA
results. The contributions of orbits 1 and 2, displayed in
Figs. 6(a) and 6(e), exhibit the expected imprints (see the
fifth column in Table I): The PMDs are centered at (pz, px ) =
(0, 0) and decay around the energy of 2Up. This is consistent
with the expected dynamics of both orbits, which interact
weakly with the core and can be associated with direct or-
bits in the Coulomb-free SFA. The contribution from orbit
3, shown in Fig. 6(i), is bounded by a caustic, which is a
qualitatively different behavior from orbits 1 and 2. Finally,
there is a high-energy rescattering ridge in the contributions
from orbit 4, as shown in Fig. 6(m). This is expected from
the standard definition of this orbit, which is assumed to be
rescattered from the start. Thus, a pure boundary problem
with preselected behaviors allows us to define the dynamics
associated with orbits 1–4 neatly.

In contrast, for the rate-based and hybrid CQSFA, the
conditions upon the tunnel exit and the transverse momentum
component given in Table I are insufficient to enforce the
dynamics typically associated with orbits 1, 2, 3, and 4. This is
evidenced by rescattering ridges and features not necessarily
associated with “direct” orbits, such as caustics, present for
the contributions of orbits 1 and 2. These features occur in
addition to the expected imprints in Table I associated with
orbits 1 and 2, which are also present. Examples are the
primary ridge associated with rescattering at energy 10Up,
which is seen very clearly for orbit 1 [Figs. 6(b) to 6(d)] and
are slightly less intense for orbit 2 [Figs. 6(f) to 6(h)], as well
as secondary ridges at lower photoelectron energies for the
distributions stemming from orbit 2 [Figs. 6(f) to 6(h)].

The PMDs resulting from orbit 3 also exhibit, apart from
the central caustic common to all methods and signposted in
Table I as its typical imprint, interference fringes and sec-
ondary ridges [see Figs. 6(j) to 6(l) compared to Fig. 6(i)]. The
secondary ridges observed at lower photoelectron energies are
associated with longer orbits, which return at least after 1.5
cycles, but, nonetheless, satisfy the conditions imposed upon
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FIG. 6. Single-orbit distributions for orbits 1,2,3 and 4, plotted in the first, second, third, and fourth row, respectively, following the
classification provided in Table I. The distributions were computed for the same parameters as in Fig. 5 using the the standard pure boundary
CQSFA (first column from the left), the forward method with the nonadiabatic ionization rate W0 (second column from the left), the forward
method with the nonadiabatic ionization rate with Coulomb correction WC (third column from the left), and the hybrid CQSFA with full action
(right column). We used N = 2 × 108 initial trajectories in both the rate-based method and the hybrid CQSFA.

orbits 2 and 3. This implies that care must be taken with
the standard CQSFA orbit classification if forward or hybrid
methods are used.

The number and intensity of those secondary ridges vary
according to the method employed, being more prevalent
in the rate-based approach. There are up to four secondary
ridges for the distributions associated with orbit 2 in both
rate-based and hybrid methods [Figs. 6(f) to 6(h)]. For orbit
3, four secondary ridges are only visible for the rate-based
approach [Figs. 6(j) and 6(k)], while for the hybrid CQSFA,
there is only a low-energy ridge [Fig. 6(l)]. For the rate-based
method, the primary rescattering ridge is also observed for
orbit 3 [see Figs. 6(i) and 6(j)], while it is absent for the H-
CQSFA [see Fig. 6(k)]. Furthermore, the contributions of orbit
2 also exhibit a caustic near the perpendicular momentum
axis, which traditionally is associated with orbit 3 [27] [see
Figs. 6(f) to 6(h)].

Another noteworthy feature is that, for the rate-based ap-
proaches, the contributions of orbit 3 around the polarization
axis are stronger than those of the CQSFA computations. Let
us remark that the overall shape of orbit 3 distribution within
the CQSFA framework is only obtained when the stability fac-
tor det[∂ps(t )/∂ps(t ′

s )] given in Eq. (17) is incorporated [27].
As discussed in Sec. III A, the forward propagation method
is implicitly taking this into consideration but with a wrong
weight 1/| det | instead of the 1/

√| det | employed in both

CQSFA calculations, being this the cause of the enhanced
contribution around the polarization axis.

Finally, we observe interference patterns in the single-orbit
distribution of orbits 3 and 4 from the rate-based method and
hybrid CQSFA. There are fringes following the caustic whose
extrema are located near (pz, px ) = (0, 1.3 a.u.) for orbit 3,
clearly visible in Figs. 6(j) to 6(l), and annular fringes follow-
ing the low-energy ridge in Fig. 6(l). The interference fringes
indicate that more than one type of orbit can be classified as
“orbit 3,” and that their contributions to the PMD are being
coherently superimposed.

Further annular interference patterns are also present for
orbit 4, following the primary ridge [see Figs. 6(n) to 6(p)].
For the H-CQSFA, these patterns are equally strong through-
out, while for the rate-based method, they are more prominent
near the perpendicular momentum axis. The annular pat-
terns resemble the intracycle interference obtained for the
rescattered Coulomb-free SFA. In fact, it is well known that
rescattered SFA orbits occur in pairs that nearly coalesce close
to the maximum photoelectron energy [61]. This implies there
are two types of orbit 4, one of which is being left out by the
standard CQSFA.

Overall, there is a better agreement of the single orbit
distributions from the rate-based method with the remaining
CQSFA calculations when employing the Coulomb-corrected
rate. This is more noticeable for the contributions of orbits 1
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FIG. 7. Single-orbit photoelectron momentum distributions cal-
culated with the H-CQSFA for the same parameters as in Fig. 6, but
considering a uniform initial sampling of N = 2 × 108 trajectories.
Panels (a), (b), (c), and (d) refer to the contributions from orbits 1, 2,
3, and 4, respectively.

and 2, which get elongated along the px axis and narrowed
along the polarization axis. For orbit 2 we observe a suppres-
sion at pz = 0 and two bright spots, in the rate-based approach
employing WC and in the boundary CQSFA calculations [see
Figs. 6(e) and 6(g)] [28]. These spots are associated with
the branching points that occur for the sub-barrier correc-
tions at the field extrema (see Sec. III A 2). They are more
pronounced for the rate-based approach, as it uses an analyt-
ical approximation that overestimates the contribution from
the first part of the contour [28]. The peaks are washed out
in the H-CQSFA, as a consequence of having the contribu-
tion of several types of orbits falling under the classification
of orbit 2.

B. Initial sampling and holographic patterns

One important difference between the rate-based method
and the H-CQSFA not addressed so far is related to how the
initial conditions are sampled. In the rate-based method, the
initial transverse momentum and ionization time are sampled
either from W0 or WC . This has the advantage that most of
the sampled trajectories are located in the higher probability
region. For the H-CQSFA, so far, we have considered an initial
Gaussian distribution whose parameters mimic those in the
rate WC .

This section aims to assess the impact of sampling from
different initial conditions on the different holographic pat-
terns more systematically. In the rate-based method, sampling
from an arbitrary distribution will require correcting the
weight of the trajectories at the detector, while, in the H-
CQSFA framework, keeping a fixed number of points will
imply that we let in or out certain regions in the initial mo-
mentum space.

As a first test, in Fig. 7, we plot single-orbit distributions
computed with the H-CQSFA, in which the initial conditions
were sampled from a single uniform grid. The distribution
associated with orbits 1 and 2, shown in Figs. 7(a) and 7(b), re-
sembles those obtained with the boundary CQSFA, displayed
in Figs. 6(a) and 6(e). There are no rescattering ridges or
caustics, which leads to the conclusion that the orbits causing

TABLE III. Widths σp0x and σp0z of the initial momentum distri-
butions obtained from WC and W0, respectively, compared with the
width of the arbitrary Gaussian distributions.

Distribution σpox (a.u) σpoz (a.u)

WC 0.28 0.45
W0 0.25 0.52
Gb 0.75 0.75
Gm 0.5 0.5
Gn 0.25 0.25

such features are not being sampled. This is in striking con-
trast to the results shown in Figs. 6(d) and 6(h) obtained with
an initial Gaussian sampling, which shows these structures.
The secondary ridge for orbit 3, displayed in Fig. 7(c), is also
less defined than that obtained with the Gaussian sampling
[Fig. 6(l)], and the annular interference structures associated
with orbit 4 [see Fig. 7(d)] are only present near the per-
pendicular momentum axis, while for the previous sampling
they are visible throughout [see Fig. 6(p)]. This implies that
a narrower initial distribution probes the momentum region
associated with rescattering in more detail. This shows that
care must be taken when sampling, as the initial momenta
lie in different regions and may be densely clustered. Hence,
a single uniform sampling distribution may not include all
relevant initial momentum points or will inefficiently sample
dense clusters. Thus, it is important to investigate alternative
sampling distributions such as a Gaussian, or alternatively use
adaptive sampling such as in [60].

Next, we will sample the initial transverse and longitu-
dinal momentum from a Gaussian distribution as defined in
Eq. (45), whose widths σpox, σpoz will be altered to form a nar-
row Gn, medium Gm, and broader Gb Gaussian. The standard
deviation of the narrow Gaussian along the transverse direc-
tion is equal to the one of W0, for Gm it was chosen close to the
standard deviation of W0 along the polarization axis, and for
Gb an arbitrary value above the width predicted by the rates.
For simplicity, the width was set equal along each direction.
The number of trajectories is kept constant at 108 to illustrate
the issue better. The values for σpox, σpoz are given in Table III,
for clarity we also added the widths of the distributions W0

and WC .
Weighted initial sampling in the H-CQSFA may potentially

increase efficiency. However, care must be taken because,
depending on the sampling, certain types of trajectories may
be included or left out, and this will have an effect on the
overall patterns observed. On the other hand, in the rate-based
method, sampling from an arbitrary distribution will require
correcting the weight of the trajectories at the detector when
calculating the transition probability combining Eqs. (24) and
(36).

In Fig. 8 the photoelectron momentum distributions ob-
tained from the different initial distributions are shown in
order of decreasing width from top to bottom. On the left
column, we have the results from the H-CQSFA while on
the right we have the results from the rate-based method.
Figure 8(a) shows that by using the broad Gaussian Gb

the high-energy ends of the spider, located around parallel
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FIG. 8. PMDs after sampling from a Gaussian function with
different widths Gb (top row), Gm (center row), and Gn (bottom row)
as given in Table III. The left panels were computed with the hybrid
forward-boundary CQSFA, and the right panels with the forward
method, using the same initial Gaussian distributions and correcting
the weight at the detector. The figure uses an initial ensemble of
N = 108 trajectories.

momenta pz = ±1 a.u. and perpendicular momenta |px| <

0.5 a.u., are elongated, compared to the plots with narrower
Gaussians Gm and Gn, for example in Fig. 8(e). Additionally,
the fan, which is the interference structure near the threshold
(pz, px ) = (0, 0) for low parallel momentum and up to around
0.5 in perpendicular momentum, is wider in Fig. 8(a) com-
pared to Fig. 8(c). As the Gaussian distributions narrow, the
spider shortens, losing its high-energy ends, and the fan be-
comes less spread. In contrast, the rescattering ridges and the
interference rings in higher momentum regions become better
defined. For instance, Fig. 8(e), computed for the narrow
Gaussian, exhibits truncated spider-like fringes, a somewhat
blurred fan, but at least two distinct rescattering ridges, and
circular interference fringes following the ridges. There is also
a marked improvement in contrast for the carpet-like structure
forming near the px axis and close to the caustic around the
px axis. Additional interference structures with the shape of
that caustic, which have been identified for the single-orbit
distributions for orbit 3, are also visible regardless of the
initial sampling taken. The reason a more focused sampling
around the core leads to these clearer rings is due to better
sampling of rescattering trajectories, which often start close
to the core. This is explored in more detail in the next section.

These observations compare favorably to the results al-
ready presented in Fig. 5, where the Coulomb-corrected
rate-based model is investigated. They concluded that the
Coulomb correction during tunneling leads to a broader trans-
verse momentum distribution, which allows a better probing
of the fan. An essential difference from the behaviors ob-
served in Fig. 5 is noticed in the legs of the spider. When using
the different ionization rates to sample the initial conditions,
the width of the momentum distribution along the polarization

TABLE IV. Summary of the spatial filtering employed to classify
the orbits’ dynamics (first and second column), together with the
features encountered in the final momentum mapping.

Filtering Dynamics Final momenta

rc > |z0| Direct Spread around the origin
r0 < rc < |z0| Soft scattered Caustics
rc < r0 Hard scattered Ridges and caustics

axis was in both cases above the width selected for the narrow
Gaussian as shown in Table III. Therefore, the high-energy
ends of the spider were not appreciably affected. Overall the
plots on the right column of Fig. 8 show similar effects to
those obtained from the hybrid CQSFA. Finally, we must
highlight that in the bottom panels, the amplitude of the PMD
is significantly lower than in the medium and top panels.

V. MOMENTUM MAPPING

The features discussed in the previous section can be un-
derstood in greater depth by looking at the initial to final
momentum mapping for specific sets of orbits. Here we will
address the question of what momentum ranges p0 at the
tunnel exit lead to specific final momenta p. These studies
are necessary as the joint influence of the driving field and
the binding potential will modify the electron momenta during
the continuum propagation. Moreover, they will shed light on
the initial momenta leading to specific holographic features
and why a certain sampling highlights particular momentum
ranges and structures.

We will perform this mapping for orbits 1 to 4 according
to the classification in Table I, and compare our results with
the single-orbit distributions in Sec. IV A. Because we have
observed, using the single-orbit PMDs, that both for the for-
ward and the hybrid methods there are unexpected features
associated with rescattered orbits, such as ridges for orbits 1,
2, and 3, we will classify the dynamics further using the tunnel
exit z0 and the Bohr radius r0 as parameters. This classification
has been first employed in [29] within the context of the
boundary CQSFA and uses the distance of closest approach rc

of an electron along a specific orbit. If during the continuum
propagation, rc lies within the region r0 < rc < |z0|, where
|z0| is the radial distance from the origin determined by the
absolute value of the tunnel exit, we assume that the electron
has undergone a soft collision. This means that the residual
potential was able to deflect the electron and bring it closer
to the core than the tunnel exit but has not reached a region
for which the potential is dominant. If the distance of closest
approach rc is smaller than the Bohr radius r0, we consider
the electron has a hard collision with the core. Within this
classification, a direct orbit implies rc > |z0| throughout. A
summary of these filtering criteria is provided in Table IV,
together with the features observed for the final momenta. For
the initial momenta, we have observed that a wide range of
fine structures, such as islands concentrated in narrow mo-
mentum ranges, lead to caustics and ridges, but may also be
associated with rare events in which there is barely deflection.
Unless otherwise stated, we will focus on a comparison be-
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FIG. 9. Initial and final momentum of Orbit 1 classified accord-
ing to Table I, left and right panels, respectively. The first row shows
the results from the boundary CQSFA, and the second row the results
from the forward rate-based method using N = 107 initial orbits.

tween the rate-based method and the standard CQSFA. The
conclusions drawn for the rate-based scenario are also valid
for the H-CQSFA.

An important difference between the forward and hybrid
approaches and the standard CQSFA is that in the former cases
a Gaussian initial sample was taken, while, in the CQSFA, a
radial grid for the final momentum was used. These choices
will reflect themselves in the initial momentum mapping: For
the CQSFA, the occupied regions in the momentum plane
appear as shaded areas, while, for the remaining methods
the density of points is determined by the initial sampling
distribution.

A. Orbit 1

Figure 9 shows the initial Figs. 9(a) and 9(c)] and final
[Figs. 9(b) and 9(d)] momenta for orbit 1 following the clas-
sification given in Table I. The first and the second rows
shows the results obtained with the CQSFA and R-CQSFA,
respectively. Throughout, the initial momentum distributions
exhibit a flame-shaped gap, with the R-CQSFA yielding some
structure inside the flame and rescattering ridges that are not
present in the boundary CQSFA. Further insight is achieved
by applying our spatial filter to the results from the forward
method, as shown in Fig. 10. The upper row of the fig-
ure shows the orbits that reach the detector without getting
closer to the core than the tunnel exit. These are expected to be
direct orbits, which escape the Coulomb attraction and reach
the detector without further interaction with the target. The
initial momenta of these orbits exhibit the flame-shaped gap
displayed in Fig. 9, which can be understood as follows. Be-
cause the Coulomb force pulls the electron back to the core, an
electron with vanishing initial momentum would be trapped.
Thus, to reach the detector with vanishing momentum p = 0,
the electron must escape with a nonvanishing momentum
p0.The corresponding momentum distribution at the detector,
plotted in Fig. 10(b), is centered at (pz, px ) = (0, 0) and, as
expected, does not exhibit rescattering ridges. The Coulomb
attraction has also closed the flame-type gap, as it affects the
orbits with low initial velocity the most and those with high

FIG. 10. Initial and final momenta of orbit 1, left and right
panels, respectively, classified according to the spatial filter using
the rate-based method results with N = 107 initial orbits. The top,
middle, and bottom panels show the direct, soft-colliding, and hard-
colliding orbits, respectively.

initial velocity only marginally. Let us also note that there is
some structure inside the flame in the initial momentum distri-
bution of the direct orbits obtained with the forward method.
These are rare events, and a closer look at the dynamics of
these orbits has revealed that they are slightly deflected by
the core. However, the distance of closest approach is always
above the tunnel exit, and they do not lead to rescattering
ridges.

In the middle panels of Fig. 10, we plot the momentum
mapping for orbit 1 deflected by the core with soft colli-
sions. The initial momenta of these orbits [Fig. 10(c)] occupy
a much more restricted area around the perpendicular mo-
mentum axis and lead to a slightly broader final momentum
map, with a v-shaped structure near (pz, px ) = (0, 1 a.u.) [see
Fig. 10(d)]. This structure is also present in the single-orbit
PMD. Finally, in the bottom panels, we show the mapping
for the hard-colliding orbits. Their initial momenta, displayed
in Fig. 10(e), are located in well-defined regions close to
the polarization axis, namely, a central island similar to that
associated with the softly scattered orbits surrounded by two
islands much more densely populated around larger parallel
momenta. The central island leads to the ridge of energy 10Up.
In this case the initial momentum of the particle is so small
that the only escape route is to obtain enough kinetic energy
via a collision with the core. The peripheral islands lead to a
ridge of much lower energy, associated with a longer return.
These ridges are present in the corresponding single-orbit
distribution [Figs. 6(b) and 6(c)].

One should also note that the initial transverse momenta
of the orbits inside the flame in Fig. 10(a), is around p0x =
0.25 a.u, while the initial momentum of the soft and hard
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FIG. 11. Initial and final momentum of orbit 1, left and right
panels, respectively, from a hybrid CQSFA computation using N =
1 × 107 initial orbits. The initial distribution is sampled from the
Gaussian distributions Gb (a) and Gn (c) which widths are given in
Table III.

colliding orbits lies below this region. This suggests some
kind of cutoff values for the initial transverse momentum,
meaning that if the orbits start with lower momenta, they will
be more influenced by the core. Consequently, they will have
smaller rc, will be detected by our spatial filter and will be
classified as colliding orbits. Furthermore, these observations
indicate that using the tunnel exit as the spatial filter cannot
account for these rare events.

Figure 11 shows the initial to final momentum mapping
for orbit 1 from the hybrid CQSFA approach, without apply-
ing the spatial filtering. The initial conditions were sampled
from the broad Gb [Fig. 11(a)] and narrow [Fig. 11(c)] Gn

Gaussian given in Table III. For the narrower Gaussian, the
initial momentum distribution resembles that obtained with
the rate-based approach. This similarity persists in the fi-
nal momentum distributions, which exhibits a well-defined
high-energy ridge such as in Fig. 10(f) and a structure
around the perpendicular momentum axis px resembling that
in Fig. 10(e). The secondary, low-energy ridge present in
Fig. 10(f) is largely absent, as the narrow Gaussian distribu-
tion does not cover sufficient initial momenta in the peripheral
islands. We can also observe how the density of points in the
different momentum regions changes; when using the broad
Gaussian, they cover uniformly all the momentum space
shown in the plot, while when the width is reduced, they
are denser around vanishing momenta. These findings are in
agreement with those in Fig. 8, which show that, under a
constant number of orbits, narrower initial distributions allow
a better probing of the rescatttered trajectories, thus making
the associated holographic patterns more resolved.

B. Orbit 2

In Fig. 12 we display the initial (left column) and final
(right column) momenta of orbit 2. The top row shows the
results obtained within the standard boundary CQSFA frame-
work. The middle and bottom rows show the results from the
rate-based method using the spatial filter. The CQSFA mo-

FIG. 12. Initial and final momentum of orbit 2, left and right
columns, respectively. Panels (a) and (b) show the mapping from a
boundary CQSFA calculation. The middle and bottom panels show
the mapping from the rate-based method using N = 107 initial orbits.
The second row shows noncolliding (orange) and soft colliding orbits
(purple). The third row displays the hard-colliding ones.

menta, depicted in Fig. 12(a), exhibit the behavior expected
from field dressed Kepler hyperbolas starting from the “wrong
side” with regard to the detector. At the time of ionization,
these orbits need a nonvanishing transverse momentum com-
ponent to be able to escape with at most a soft collision with
the core. For that reason, the bulk of electron trajectories that
are classified as orbit 2 have prominent contributions in the
large transverse momentum region. This becomes relevant in
rate-based or hybrid methods using initially biased distribu-
tions, as shown in Fig. 8: if the initial Gaussian distribution is
too narrow, the fan may be compromised.

In Figs. 12(c) and 12(d) we show the superposition of
direct (orange) and soft-colliding (purple) orbits according
to our classification. The noncolliding orbits 2 are released
with nonvanishing transverse momenta and are mainly located
along the transverse momentum axis. Their momentum at the
detector forms a well-defined structure elongated along the
transverse momentum axis, and also a small region along
the polarization axis of almost vanishing transverse final mo-
menta. The superposition shown in Fig. 12(c) resembles the
initial distribution of orbit 2 obtained within the boundary
CQSFA approach, except for some structures around vanish-
ing momentum, which is not present in the pure boundary
CQSFA calculations. This resemblance is expected, as the vast
majority of such orbits are laser-dressed hyperbolas. Further-
more, the orbits type 2 classified as “direct” are deflected, but
their distance of closest approach is never smaller than that
defined by the tunnel exit. Thus, the deflection is not picked
up by the spatial filter.

On the other hand, if we consider the hard collision con-
dition, the initial momentum distribution [Fig. 12(e)] will
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FIG. 13. Initial and final momentum of orbit 3, left and right
panels, respectively. Panels (a) and (b) show the mapping from a
boundary CQSFA calculation. The middle and bottom panels show
the mapping from the rate-based method using N = 107 initial orbits.
The second row shows noncolliding (orange) and soft colliding orbits
(purple). The third row displays the hard-colliding ones.

be similar to its orbit 1 counterpart. The final momentum
distribution [Fig. 12(f)] will result in a well-resolved sec-
ondary ridge and a caustic. These structures are defined by the
central island. The peripheral islands give rise to the structure
near the perpendicular momentum axis px and remnants of
ridges at higher energies. A noteworthy difference between
the initial momentum of hard colliding orbits 1 and 2 is
observed in the population of the two islands of larger momen-
tum along the polarization axis. Those from orbit 1 are densely
populated and lead to a well-defined rescattering ridge, while
those from orbit 2 are sparsely populated.

C. Orbit 3

Figure 13 represents the mapping for orbit 3. As in the
previous figures, in the top panel, we show mapping from a
boundary CQSFA calculation. The middle panels show direct
(orange) and soft-colliding (purple) orbits, and the bottom
panel shows the hard-colliding ones, after applying the spatial
filter to the results from the rate-based method. An overall
feature is that the transverse momentum component changes
sign during the electron propagation so that negative values
of p0x will map into positive values of px and vice versa.
Therefore, even if the spatial filter classifies some orbits 3 as
direct, they must still be deflected so that the binding potential
will change the transverse momentum in such a way that the
conditions in Table I hold.

Interestingly, the initial maps for the boundary CQSFA and
the direct and soft-colliding orbits, shown in Figs. 13(a) and
13(c), occupy a much more restricted transverse momentum
region than those for the standard orbits 1 and 2, plotted

in Figs. 9(a) and 12(a), respectively. Nonetheless, the initial
parallel momentum component p0z extends up to relatively
large values. This may result in some holographic structures
involving orbit 3 being truncated if the initial distribution
taken is too narrow (see the example of the spider discussed in
Sec. IV B for the Gaussian Gn). The final momentum mapping
obtained for the CQSFA [Fig. 13(b)] is delimited by a caustic
whose apex is located around (pz, px ) = (0, 1.3 a.u.) up to
perpendicular momenta near px = ±0.5 a.u., but occupies a
larger region closer to the field-polarization axis. This region
has been shown in our previous publication [29], and the
nature of the orbits changes beyond the caustic.

Next, we will discuss what happens for the rate-based
method using the aforementioned spatial filters [Figs. 13(c)
to 13(f)]. The initial momentum maps for the direct and
soft-recolliding orbits, displayed in Fig. 13(c), resembles the
CQSFA outcome, while that plotted in Fig. 13(e) exhibits a
central island and two peripheral islands, all of which are close
the field polarization axis. A comparison of the CQSFA and
the rate-based method shows that the direct and soft recol-
liding orbits do not contribute to the caustic [see Figs. 13(c)
and 13(d)]. Instead, in both Figs. 13(a) and 13(e) there exists
an arch-shaped structure near the origin which unites the two
peripheral islands. This structure leads to a caustic in both
Figs. 13(b) and 13(f), but not in Fig. 13(d). On the other hand,
because the direct and soft colliding orbits 3 are present in
the boundary-type CQSFA, they fill the structure inside the
caustic in Fig. 13(b), while there are gaps below the caustic
in Fig. 13(f). This region being filled can also be seen by
inspecting the final momentum map in Fig. 13(d), resulting
from the initial momenta given in Fig. 13(c). The central
island in Fig. 13(e) leads to a rescattering ridge.

Both the direct and soft-colliding orbits exhibit a gap at
nonzero transverse momentum. The final momentum distri-
bution of the hard-colliding orbits [Fig. 13(f)] resembles the
orbit 2 counterpart [Fig. 12(f)], except for the empty areas
extending along pz = ±1 a.u. This could be understood by
comparing the initial momenta of both orbits. We can see
how the higher-energy ends of the two islands along the
polarization axis are less populated for the hard-rescattered
orbit 3 [Fig. 13(e)] than for orbit 2 [Fig. 12(e)]. Nonetheless,
the initial and final momentum maps for the hard colliding
orbits 3 resemble their counterparts for orbit 2 [see Figs. 12(e)
and 12(f) for comparison], with the difference that the initial
momenta lie in the opposite half-plane.

D. Orbit 4

Finally, in Fig. 14 we plot the initial to final momentum
mapping of orbit 4. The top panels stem from a boundary
CQSFA calculation, the middle panel shows the direct (or-
ange) and noncolliding (purple) orbits, and the bottom panel
shows the hard-colliding orbit 4, after applying the filter to
the forward method results. Overall, the initial momentum
of these orbits occupies much more restricted momentum re-
gions and low transverse momenta, in the opposite half plane
of the final momenta. This shows that orbit 4 starts close to
the field polarization axis.

The standard CQSFA outcome shows an initial momen-
tum region localized in the vicinity of the origin (p0z, p0x ) =
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FIG. 14. Initial and final momentum of orbit 4, left and right
panels, respectively. Panels (a) and (b) show the mapping from a
boundary CQSFA calculation. The middle and bottom panels show
the mapping from the rate-based method using N = 107 initial orbits.
The second row shows noncolliding (orange) and soft colliding orbits
(purple). The third row displays the hard-colliding ones.

(0, 0) [Fig. 14(a)], which leads to a large final momen-
tum region whose boundary is the high-energy rescattering
ridge [Fig. 14(b)]. In contrast, the mapping from the rate-
based method includes other types of orbit 4. The initial
momenta of the noncolliding orbits within our classifica-
tion [Fig. 14(c)] occupy a small region located around
p0x = −0.2 a.u and (−0.5 a.u. < p0z < 0.5 a.u.), reaching
the detector with small momentum values located along the
transverse momentum axis. The initial momenta of soft-
colliding orbits are also localized within the same region along
the parallel axis (−0.5 a.u. < p0z < 0.5 a.u.), but extend
longer in the perpendicular direction. The initial momentum
distribution of the hard-colliding orbits resembles the dis-
tribution encountered for all the other hard-colliding orbits,
meaning a central island, and two islands of higher parallel
initial momentum. The final momentum distribution exhibits
a high-energy rescattering ridge, typically expected for these
orbits, as shown in the final momentum distribution from the
boundary CQSFA calculation. Comparing the initial momenta
displayed in Figs. 14(a) and 14(e) we observe that only a
small region around vanishing initial momentum is obtained
with the boundary CQSFA calculations, and this is the one
already leading to the high-energy rescattering ridge. The
missing orbits in the boundary CQSFA are the reason behind
the absence of many holographic patterns that are observed for
the rate-based and hybrid approaches associated solely with
orbit 4, such as the annular interference structures following
the primary rescattering ridge.

Interestingly, there is a gap around the vanishing initial
transverse momentum for all orbits except orbit 4. We see this,
both with the rate-based method and the boundary CQSFA

approaches. Also, we observe clear high-energy rescattering
ridges, both for hard-scattered orbits 1 and 4. Looking at the
dynamics of two of the orbits leading to this structure, which
end up classified as orbits 1 and 4, reveals that both start with
small transverse momentum but with opposite signs, and orbit
1 undergoes hard collisions with the core later on, as they are
driven by the field before experiencing hard collisions.

Furthermore, the previous analysis allows us to understand
why the effect of the Coulomb correction added to the ioniza-
tion rate was more noticeable on the single PMDs of orbits
1 and 2. From the momentum mapping, we can see how
the initial momentum of noncolliding orbit 1, the one that
most resembles the expected behavior of direct orbits, and the
soft and noncolliding orbit 2 extend to higher values along
the transverse momentum axis, being more sensitive to the
changes of the width of the distribution in this direction. This
also explains our observations regarding the extension of the
fan, which originates from the interference of direct orbits and
field-dressed hyperbolas.

VI. CONCLUSIONS

In the present work, we develop forward and hybrid
methods that are orbit-based, Coulomb-distorted, and carry
tunneling and quantum interference, and apply them to ul-
trafast photoelectron holography. These methods are more
versatile than the Coulomb quantum-orbit strong-field ap-
proximation (CQSFA) in its original form, as they do not rely
on any preknowledge or assumption about the dynamics of
the contributing orbits. Although they use elements of the
CQSFA, they start by launching an ensemble of Coulomb-
distorted trajectories that are either used as guesses for a
boundary problem, or propagated up to their asymptotic
value. The former strategy is employed in a hybrid CQSFA
(H-CQSFA) and the latter in a forward rate-based method. In
contrast, the CQSFA in its original form is implemented as
a boundary problem in which specific assumptions upon the
orbits are made, the standard, Coulomb-free SFA is used as
a first approximation and the binding potential is introduced
incrementally. The methods agree well with the TDSE com-
putations and among each other, and additional features are
encountered, in comparison with the standard CQSFA, such
as annular interference patterns and additional rescattering
ridges. The main holographic structures, such as the fan, the
spider and the spiral, are present in all cases.

A key finding is that both proposed methods are strongly
dependent on the initial conditions at the tunnel exit, which
are either incorporated as ionization rates or sub-barrier con-
tributions to the semiclassical action. The ionization rate
employed in the present article was constructed using the
sub-barrier contributions of the CQSFA in the low-frequency
approximation. Therefore, besides being nonadiabatic, similar
to the one encountered in [22] it exhibits Coulomb correc-
tions. Our results prove the relevance of including the latter
in the rate by achieving a better agreement with the hybrid
CQSFA calculations. In a previous publication, sub-barrier
corrections have been used to construct analytic approxi-
mations for the CQSFA [28]. However, this was done in a
boundary-type problem instead of being used in a rate. In our
rate-based method, once the trajectories are sampled from a
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given ionization probability, they will carry this weight along
the propagation, and it will contribute to the final PMDs. The
hybrid CQSFA also launches a set of initial conditions, but,
as the boundary problem is solved, the effect of sampling
from different distributions will not affect the weight of the
trajectories at the detector. However, it can impact the stability
of the solver, or for a fixed number of trajectories, it can
change how we resolve the different holographic patterns.

Examples of this influence have been provided in Sec. IV.
Therein it was shown that the sub-barrier Coulomb corrections
broaden (narrow) the initial electron-momentum distribution
in the direction perpendicular (parallel) to the laser-field po-
larization. This will influence holographic patterns such as the
fan, the spider and the carpet (see Sec. IV A). Furthermore, by
choosing an arbitrarily narrow or broad initial sampling, one
may emphasize or leave out groups of orbits and their con-
tributions to the specific holographic structures. For instance,
a narrow Gaussian will produce better rescattering ridges and
interference features in that region, but will result in a coarser
fan and a truncated spider. These outcomes are related to
the orbits whose interference leads to the structures: those
released in the continuum near the polarization axis will be
favored by narrower initial sampling, while those freed with
large initial transverse momenta will be probed better if the
initial conditions are sampled broadly.

In addition, care must be taken with preassuming the
orbits’ dynamics. The conditions upon the tunnel exit and
momentum components used in their classification and given
in Table I are insufficient to guarantee the behavior first
stated in [41] and used in the original, boundary-type CQSFA
[24,26,27]. The underlying assumptions that orbit 1 goes
directly to the detector, orbits 2 and 3 are laser-dressed hy-
perbolas and orbit 4 goes around the core before reaching
the detector leaves out whole classes of orbits, which behave
differently but still fulfill the conditions in Table I. Although
these orbits do not influence standard holographic structures,
such as the fan, the spider or the spiral, they lead to additional
rescattering ridges, low-energy structures and caustics, which
appear both in momentum mappings or single-orbit distribu-
tions. Furthermore, their interference may lead to additional
holographic structures. Examples are the interference of dif-
ferent types of orbit 4, which can be associated with pairs of
short and long rescattered orbits that exist in the Coulomb free
strong-field approximation [32,61,71], forklike structures and
secondary ridges [38,39], and also additional types of orbits
in the spiral. These latter orbits have been identified recently
as multipass trajectories [72].

A further study also calls into question the nature of the
orbits. In the boundary problems solved by us so far, orbits
1 and 2 are direct or at most lightly deflected by potential,
orbit 3 is a hybrid, and orbit 4 is rescattered. However, single-
orbit distributions have revealed rescattering ridges for orbits
1, 2, and 3 as well. For that reason, we have employed the
spatial filter from our previous publication [29] to sort the
orbits launched by the forward and hybrid approaches into
“direct,” “deflected,” and “hard scattered.” Comparing the or-
bits’ distance of closest approach rc with the tunnel exit |z0|

and the Bohr radius r0, we have called direct orbits all those
trajectories for which rc � |z0|, soft scattered those for which
r0 < rc < |z0| and hard scattered if rc is smaller or equal to
the Bohr radius. These assumptions have resulted in all types
of CQSFA orbits, from 1 to 4, having direct, soft scattered,
and hard scattered subsets. Directs orbits 1, and soft scattered
orbits 2 and 3 correspond broadly to those obtained with the
standard CQSFA. Orbit 4 in the standard CQSFA corresponds
to a subset of the hard scattered orbits 4 for the forward and
hybrid methods.

We have explored these types of orbits in detail in initial
to final momentum maps, which revealed several noteworthy
features. First, all hard scattered orbits lead to three islands
along the polarization axis in the p0x p0z plane for the initial
momenta: a central island near the origin and two peripheral
islands centered at nonvanishing parallel momenta. For the
final momenta, the central island leads to rescattering ridges,
whose energy depends on the orbit in question, and the periph-
eral islands lead to caustics and low-energy structures. The
other sets of orbits behave in a less universal way regarding
the initial conditions, but there are similarities. In general,
direct orbits fill the whole final momentum grid, while soft-
scattered orbits fill momentum regions in the vicinity of pz =
0 extending to relatively large perpendicular final momentum.
Particularly similar is the momentum mapping of the soft-
scattered orbits 1 and 4, which start from a central island and
fill a momentum region near the perpendicular momentum
axis.

One should note, however, that spatial filtering using the
distance to the core brings some degree of arbitrariness. For
instance, there are deflected orbits that are classified as “di-
rect” because their perihelion is larger than or equal to the
distance defined by the tunnel exit. This happens to orbits 2,
3, and in particular 4. For orbit 1, there is also a subset of
orbits that start inside the flame-shaped gap and are deflected
but not detected by the spatial filter. Still, it is remarkable how
neat the outcome of the filtering is, in general. Other types
of criteria have been used in the literature to separate soft
from hard collisions, such as, for instance, the scattering angle
[73]. Finally, the method developed in this work is flexible
enough to be applied to photoelectron holography in tailored
fields. Additionally, it enables an in-depth study of caustics,
ridges and low-energy structures in a fully Coulomb-distorted
framework incorporating tunneling and quantum interference,
or may be extended to scenarios with more than one active
electron.
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Paulus, and H. Walther, Above-threshold ionization: From clas-
sical features to quantum effects, Adv. At. Mol. Opt. Phys. 48,
35 (2002).

[35] S. V. Popruzhenko, Keldysh theory of strong field ionization:
History, applications, difficulties and perspectives, J. Phys. B:
At., Mol. Opt. Phys. 47, 204001 (2014).

[36] W. Becker, S. P. Goreslavski, D. B. Milošević, and G. G. Paulus,
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