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Quantum theory of photon emission during strong-laser-field-induced ionization
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We formulate a quantum theory of photon emission during strong-laser-field-induced ionization and show that
such photons can be emitted in a single-step process. The probability of this process is many orders of magnitude
higher than that of the well-known high-order harmonic generation, which is a three-step process. We analyzed
photon emission for various wavelengths and intensities of the laser field and found that the probability of photon
emission is maximal for energies near 5 eV and that it can be shifted to higher energies for higher intensity.
For a bichromatic linearly polarized laser field the photon emission rate can be controlled with the relative
phase between the field components and can be one order of magnitude higher than in the monochromatic case.
For circular laser polarization the rate of photon emission is lower than for the linear one and it depends on
the emitted photon direction (it is much lower if the emitted photon polarization is perpendicular to the laser-
field polarization plane). For the counterrotating bicircular field the rate is much higher than for the corotating
bicircular field, monochromatic circularly and linearly polarized fields, and bichromatic linearly polarized field.
The rate is the highest for orthogonally polarized two-color field for the relative phase π/2.
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I. INTRODUCTION

Over the past few decades the advances in photonic physics
are based on new light sources, from ultrastrong laser pulses
[1] and attosecond light sources [2] to synchrotron radia-
tion and x-ray free electron lasers [3]. At ELI-Beamlines
[4] ultrahigh laser intensities (>1022 W/cm2) are in reach
[5,6]. Particularly interesting is high-order harmonic gener-
ation (HHG), discovered more than a quarter of a century ago
[7,8], since it opened up the era of attoscience [2]. HHG is
a three-step process induced by a strong laser pulse. In the
first step, an electron is temporarily liberated from the atom
and, in the second step, it is driven by the laser field away
from and back to the parent ion. In the third step, this electron
recombines with the parent ion and a harmonic photon is
emitted. The energy of the harmonic photon is equal to the
sum of the ionization potential and the energy accumulated
by the laser-driven electron. In addition, HHG radiation is
coherent and ultrashort. The HHG process is closely related to
another laser-field-induced process, above-threshold ioniza-
tion (ATI), in which more photons are absorbed from the laser
field than is necessary for ionization, thus allowing emission
of high-energy electrons [9]. In most theoretical treatment of
HHG and ATI the laser field is considered a classical electro-
magnetic field. More recently, a fully quantized approach is
developed [10–15] that allows us to consider the dynamics
of these processes from a novel perspective by taking into
account the quantum nature of electromagnetic field. For ex-
ample, light-matter entanglement after ATI was considered in
Ref. [11].

In the present contribution, we will show that during ATI
the high-energy photons can also be emitted in a one-step pro-
cess. This process is schematically presented in Fig. 1 (right
panel: ATI-PhE process), together with the above-mentioned

ATI and HHG processes. For analysis of this process we
will formulate a theory in which the laser field is treated
classically, while the emitted photon field is quantized. This
approach is similar to that developed earlier for treatment of
x-ray–atom scattering in the presence of a laser field [16] and
HHG [17,18] (see also the review article [19]). The general
framework laid out by Rivera-Dean et al. [11] would allow one
to calculate ATI contingent with emission of an arbitrary non-
laser photon, but no explicit expressions have been presented.
Here our focus is the calculation of emission rates of such
photons, rather than expressions for the electron-field entan-
glement. We apply our theory to calculate the corresponding

FIG. 1. Schematic presentation of the strong-laser-field-induced
processes: above-threshold ionization (left panel), high-order har-
monic generation (middle panel), and photon emission during
above-threshold ionization (ATI-PhE; right panel). Induced by a
strong laser field (red curved lines), atom (A) is ionized and an
electron (e−; black solid line) with the momentum p is emitted.
In the HHG process an nth harmonic photon with the wave vector
Kn is emitted, and the temporarily liberated electron returns and
recombines with the parent ion. In the ATI-PhE process both the
electron with the momentum p and a photon with the wave vector
k (pink curved line) are emitted.
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emitted photon spectra. Since the ATI electrons can be emitted
in arbitrary directions, in order to obtain the rate of photon
emission, we have to integrate over all final electron momenta,
which makes numerical calculations more time-consuming.

In Sec. II, using the S-matrix formalism and the strong-
field approximation (SFA), we derive an expression for the
rate of photon emission during ATI. We apply this theory to
obtain numerical results for the photon emission rate, first for
a linearly polarized laser field in Sec. III A and then for a
bichromatic elliptically polarized laser field in Sec. III B. Our
conclusions and discussions are given in Sec. IV. Atomic units
are used (e = h̄ = me = 4πε0 = 1).

II. THEORY

S-matrix formalism is usually used in scattering theory
[20,21]. It can also be applied to strong-field physics. It is
particularly useful for ATI (see, for example, Ref. [9] and
references therein; important was the application of the S-
matrix theory to the development of the SFA, which is often
called Keldysh-Faisal-Reiss theory [22–24]). This formalism
was also successfully applied to HHG [17–19]. More recently,
in Ref. [25], which addressed the SFA and quantum orbits,
we applied the S-matrix theory to ATI and HHG in a unified
way. In the present work, we apply this theory to a situation
where a photon is emitted (like in HHG), but the final state,
instead of a bound state (as in HHG), is a continuum state,
i.e., a photoelectron is emitted (like in ATI). We will follow
the formalism of Ref. [25]. The general S-matrix element for
transition from an initial state i (in state) to a final state f (out
state) is

S f i = i lim
t→∞ lim

t ′→−∞
〈�out (t )|G(+)

tot (t, t ′)|�in(t ′)〉, (1)

where the total Green’s operator G(+)
tot (t, t ′) corresponds to the

Hamiltonian

Htot (t ) = H (t ) + Vph(t ), H (t ) = H0 + Vle(t ) + Vat (r). (2)

Here Vph(t ) = r · Eph(t ) is the interaction (in length gauge and
dipole approximation) of our system (atom or molecule or the
corresponding ions; for simplicity, we will refer to our system
as an atom) with the quantized photon field [26],

Eph(t ) =
∑

k

ck
(
a†

keiωkt ê∗
k − ake−iωkt êk

)
, (3)

where ck = −i(2πωk/V )1/2, with V the quantization volume,
and ak and a†

k the annihilation and creation operators of the
emitted photon having the frequency ωk = k2/2 (k = |k|),
wave vector k, and complex unit polarization vector êk. In
the second equation in (2) it is H0 = −∇2/2 with ∇ ≡ ∂/∂r,
Vle(t ) = r · E(t ) is the interaction of the laser field [described
by the electric field vector E(t )] with the electron, and Vat (r) is
the atomic interaction. Strong laser field, with a large number
of photons in a mode, is treated classically, while the weak
emitted photon field, having one or zero photons in a mode, is
quantized. We further suppose that the in and out states are

|�in(t )〉 = |ψb〉eiIpt |0k〉, |�out (t )〉 = |ψp〉e−iEpt |1k〉, (4)

where |ψb〉 and |ψp〉 are the solutions of the laser- and photon-
free stationary Schrödinger equation with the Hamiltonian

Hat = H0 + Vat (r), Ip is the ionization potential of the atomic
bound state, and Ep = p2/2 is the emitted photoelectron ki-
netic energy (p ≡ |p|, with p the electron momentum). The
interaction with the laser field is off for the in and out states.
There is no photons in the in state and the corresponding ket
vector is |0k〉, while one new photon with the wave vector k
and the ket vector |1k〉 is generated in the out state. The total
Green’s operator satisfies the Lippmann-Schwinger equation,

G(+)
tot (t, t ′) = G(+)(t, t ′) +

∫
dτG(+)

tot (t, τ )Vph(τ )G(+)(τ, t ′).

(5)

Inserting this into Eq. (1), using Eqs. (2) and (3), and the
relations ak|0k〉 = 0, a†

k|0k〉 = |1k〉, and 〈1k|G(+)
tot (t, τ )|1k〉 =

G(+)(t, τ ), we get

S f i = −ick

∫ ∞

−∞
dteiωkt ê∗

k · d f i(t ), (6)

where d f i(t ) is the time-dependent dipole matrix element be-
tween the initial and final laser-dressed states,

d f i(t ) = 〈�(−)
f (t )|r|�(+)

i (t )〉, (7)

with

〈�(−)
f (τ )| = i lim

t ′→∞
eiEpt ′ 〈ψp|G(+)(t ′, τ ),

|�(+)
i τ )〉 = i lim

t→−∞ G(+)(τ, t )|ψb〉eiIpt . (8)

In the SFA we approximate the state |�(−)
f (τ )〉 with the

Volkov state,

|χp(τ )〉 = |p + A(τ )〉e−iSp(τ ), dSp(τ )/dτ = [p + A(τ )]2/2,

(9)

which is a solution of the time-dependent Schrödinger equa-
tion with the Hamiltonian H0 + Vle(τ ), |p + A(τ )〉 is a ket
vector such that 〈r|p + A(τ )〉 = ei[p+A(τ )]·r/(2π )3/2 is a plane
wave, and A(τ ) = − ∫ τ dtE(t ). The state |�(+)

i (τ )〉 satisfies
the Lippmann-Schwinger equation,

|�(+)
i (τ )〉 = |ψb(τ )〉 +

∫
dtG(+)(τ, t )Vat (t )|ψb(t )〉, (10)

and, in the lowest order, it can be approximated by the atomic
bound state, so that our final result for the S-matrix element in
the SFA is

Sp(ωk, êk ) = −ick

∫ ∞

−∞
dteiωkt 〈χp(t )|ê∗

k · r|ψb(t )〉. (11)

We suppose that the fundamental frequency of the
laser field is ω = 2π/T , with T the period of the laser
field, and introduce the notation α(t ) = ∫ t dt ′A(t ′), U1(t ) =∫ t dt ′A2(t ′)/2 − Upt , with Up = ∫ T

0 dtA2(t )/2 the pondero-
motive energy, so that Sp(t ) = Ept + p · α(t ) + U1(t ) + Upt .
For a T -periodic laser field, we can expand the T -periodic
part of the subintegral function in Eq. (11),

T p(t ) = 〈p + A(t )|r|ψb〉ei[p·α(t )+U1(t )], (12)
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into a Fourier series as

T p(t ) =
∞∑

n=−∞
Tp(n)e−inωt , Tp(n) =

∫ T

0

dt

T
T p(t )einωt .

(13)

Denoting E = ωk + Ip + Up + Ep, we can rewrite the integral∫ ∞
−∞ dt · · · in Eq. (11) as

∑∞
n=−∞

∫ (n+1)T
nT dt ê∗

k · T p(t )eiEt =∫ T
0 dt ′ ê∗

k · T p(t ′)
∑∞

n=−∞ eiE (t ′+nT ), where we made the sub-
stitution t ′ = t − nT and used the T -periodicity of the
function T p(t ′), T p(t ′ + nT ) = T p(t ′). Using the relation∑

n eiEnT = ω
∑

n δ(E − nω) and Eq. (13), we finally get

Sp(ωk, êk ) = −2π ick

∑
n

δ(E − nω)ê∗
k · Tp(n). (14)

Further, we have |Sp(ωk, êk )|2 = 4π2|ck|2
∑

n δ(E −
nω)ê∗

k · Tp(n)
∑

n′ δ(E − n′ω)êk · T∗
p(n′), so that, us-

ing the relations |ck|2 = 2πωk/V and δ(E − n′ω) =
limτp→∞

∫ τp/2
−τp/2 dtei(E−n′ω)t , which is equal to τp/(2π ) for

n′ω = E and vanishes elsewhere (τp is the laser pulse
duration), we get

|Sp(ωk, êk )|2
τp

= 4π2 2πωk

V

1

2π

∑
n

δ(E − nω)|ê∗
k · Tp(n)|2.

(15)

We want to obtain the rate (probability per unit time)

wp(ωk, êk ) = d

d�k̂

∑
k′

′|Sp(ωk′ , êk′ )|2/τp (16)

of emission of a photon, having the frequency within the
interval (ωk − ε, ωk + ε) and the polarization êk, into a solid
angle d�k̂, with simultaneous emission of an electron with the
momentum p. For this purpose we use the connection

∑
k′

′ →
V

∫ ′d3k′/(2π )3 = V
∫ ωk+ε

ωk−ε
dωk′ω2

k′
∫

d�k̂′/(2πc)3, where the
prime over the sum and over the integral denotes that we
selected an interval around the frequency ωk = kc such that
ε is small enough so that ω2

k′ |Sp(ωk′ , êk′ )|2 is almost constant
in the interval of integration. The delta function in (15) cancels
both the integral over dωk′ and the sum over n, retaining only
the energy-conservation term, so that the final result is (for a
similar derivation for the case of x-ray–atom scattering in the
presence of a laser field see Ref. [16])

wp(ωk, êk ) = ω3
k

2πc3

∣∣ê∗
k · Tp(n)

∣∣2
/n=(ωk+Ip+Up+Ep )/ω

. (17)

Here Tp(n) is the T -matrix vector for emission of a photon
with the frequency ωk during ionization from the initial bound
state to the final continuum state with the electron momentum
p. In this process n photons are absorbed from the laser field
and the energy-conservation condition is

ωk = nω − Ip − Up − Ep. (18)

Since we are interested only in the photon emission, we inte-
grate over the electron momenta and get the (total) rate,

W (ωk, êk ) =
∫

d3p wp(ωk, êk ). (19)

III. NUMERICAL RESULTS

A. Linear polarization

We first illustrate the above results using a linearly polar-
ized bichromatic laser field E(t ) = E (t )ê [27],

E (t ) = E1 sin ωt + E2 sin(2ωt + φ), (20)

with the components amplitudes E1 and E2 and the relative
phase φ. For this field we have A(t ) = A1 cos ωt +
A2 cos(2ωt + φ), α(t ) = α1 sin ωt + α2 sin(2ωt + φ),
Up = Up1 + Up2, Upj = A2

j/4, Aj = Ej/( jω), α j = Aj/( jω),
j = 1, 2, and 4ωU1(t ) = 2Up1 sin(2ωt ) + Up2 sin(4ωt +
2φ) + 8

√
Up1Up2[sin(ωt + φ) + sin(3ωt + φ)/3]. We use

the hydrogen-like atom model from Ref. [28] [see Eq. (45)
therein].

In the spherical coordinates the integral over the electron
momenta

∫
d3p in Eq. (19) can be transformed as

∫ ∞

0
d p p2

∫ π

0
dθp sin θp

∫ 2π

0
dϕp → 2π

∫ ∞

0
dEp p

∫ 1

−1
dx

→ 2π
∑
n>n0

p
∫ 1

−1
dx, n0 = [(ωk + Ip + Up)/ω], (21)

where we supposed that the subintegral function does not
depend on the angle ϕp, made the substitution x = cos θp,
and used the condition (18) to replace the integral

∫
dEp with

the sum over the number of absorbed photons n. In this case
Eq. (19) reduces to

W (ωk, êk ) = ω3
k

2πc3

27

π
(2Ip)5/22π

∑
n>n0

p
∫ 1

−1
dx| fn(x)|2, (22)

with p = √
2(nω − ωk − Ip − Up), êk = ê, and

fn(x) =
∫ T

0

dt

T

[px + A(t )]ei[U1(t )+pα(t )x+nωt]

[p2 + A2(t ) + 2pA(t )x + 2Ip]3
. (23)

Before we present the results for the total rate, Eq. (22), it
is illustrative to present the rate for simultaneous emission of
a photon and an electron with the energy Ep:

WEp (ωk, êk ) =
∫

d�p̂ wp(ωk, êk ). (24)

This rate is presented in Fig. 2 in the ωk-Ep plane for
ATI of argon atoms (Ip = 15.76 eV) by a linearly polar-
ized monochromatic laser field E (t ) = E1 cos ωt , E2 = 0,
Up = Up1, with the intensity 2 × 1014 W/cm2 and the fun-
damental wavelength 1800 nm (upper panel) and 1200 nm
(lower panel). Since Ep = nω − ωk − Ip − Up > 0 the mini-
mum number of absorbed photons is nmin(ωk ) = [(ωk + Ip +
Up)/ω] + 1. We see that the rate is maximum for low pho-
toelectron energies and decreases with an increase of the
photoelectron energy. Also, the rate is maximum for emitted
photon energies ωk below 0.1Up for laser-field wavelength
1800 nm. This maximum is shifted to 0.2Up for 1200 nm.
For higher and lower photon energies the rate decreases
exponentially.

According to the results presented in Fig. 2, we expect
that the total rate W (ωk, ê) as a function of ωk exhibits a
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FIG. 2. Logarithm of the rate WEp (ωk, ê), Eq. (24), presented in
the emitted photon energy ωk-photoelectron kinetic energy Ep plane
(in units of the ponderomotive energy Up) for ATI of argon atoms
by a linearly polarized monochromatic laser field with the intensity
2 × 1014 W/cm2 and the wavelengths 1800 nm (upper panel) and
1200 nm (lower panel). The rate is normalized to unity and the false-
color scale covers five orders of magnitude.

maximum and that this maximum shifts to the higher values
(in units of Up) with a decrease of the laser wavelength. In
order to check this, in Figs. 3–6 we show the results for
the total rate obtained by numerical integration for different
laser wavelengths and intensities but for the same other laser
and atomic parameters as in Fig. 2. First, in Fig. 3 we show
the results for the intensity 2 × 1014 W/cm2, the fundamental
wavelength from 400 to 1200 nm, in steps of 200 nm, and
for the fundamental wavelength 1800 nm. The total rate is
the highest for the shortest wavelength and exhibits an os-
cillatory structure. With the increase of the wavelength this
rate decreases and an isolated maximum appears. With a fur-
ther increase of the wavelength, this maximum is becoming
narrower, having fewer oscillations, and shifts to lower pho-
ton energies. For 600, 800, 1000, and 1200 nm its position
is below 1Up, 0.4Up, 0.25Up, and 0.15Up, respectively. For
comparison we have presented the HHG rate, calculated us-

FIG. 3. The total rate W (ωk, ê), Eq. (22), as a function of the
emitted photon energy ωk in units of the ponderomotive energy Up

for photon emission during ATI of argon atoms by a linearly polar-
ized monochromatic laser field with the intensity 2 × 1014 W/cm2

and wavelength in nanometers, as denoted in the legend. The HHG
rate, for the wavelength 1200 nm and other parameters the same, is
shown by a cyan line with circles and is multiplied by the factor 1000.

ing SFA [18,19,25,29,30], by argon atoms for the intensity
2 × 1014 W/cm2 and wavelength 1200 nm. The discrete odd
harmonics form a plateau, having the length Ip + 3.17Up. This
HHG plateau is more than four orders of magnitude lower
than our photon emission rate W (ωk, ê). Therefore, photon
emission during ATI is much more efficient than HHG, the
spectrum is continuous, and the emitted photon energies are
lower.

Let us now further explore how the total photon emission
rate changes with the increase of the laser wavelength and
intensity. From the upper panel of Fig. 4 we see that the rate
slightly decreases with the increase of the wavelength. As in
Fig. 3, the spectrum forms a peak which becomes narrower
and shifts to lower energies (in units of Up) with the increase
of the wavelength. If we present the spectrum in units of
electronvolts (see the lower panel of Fig. 4), then all curves are
in the region from 2.5 to 10 eV (full width at half maximum
is 7.5 eV) with a maximum near 5.5 eV. From Fig. 5 we
see that, with the increase of the laser intensity, the rate can
increase by orders of magnitude, while the peak position is
shifted to slightly lower energies. For the used wavelength of
1030 nm, the ponderomotive energy is Up = 19.81 eV for the
intensity 2 × 1014 W/cm2 ( j = 2 in Fig. 5) and 118.9 eV for
the six-times-higher intensity ( j = 12).

For higher laser intensities we should take into account that
argon atoms can be completely ionized. In Table I we present
the critical intensity according the barrier-suppression ioniza-
tion model [31]. For the intensity below 2.47 × 1014 W/cm2

the ionization potential of the Ar atom should be used,
while for the intensity interval {2.47, 5.83} × 1014 W/cm2

the calculations should be done for the ionization poten-
tial Ip = 27.63 eV of the ion Ar+, etc. In Fig. 6, for the
fixed laser wavelength of 800 nm, we present the results for
the intensities {2, 5, 12, 30, 50, 77, 195, 260} × 1014 W/cm2,
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FIG. 4. The total rate W (ωk, ê) as a function of the emitted pho-
ton energy ωk in units of Up (upper panel) and in units of eV (lower
panel), presented similarly as in Fig. 3 but on a linear scale and for
the fixed laser intensity 3 × 1014 W/cm2. The wavelength changes
from 800 to 3200 nm, in steps of 300 nm.

FIG. 5. The total rate W (ωk, ê), presented similarly as in Fig. 3
but for the fixed laser wavelength of 1030 nm. The laser intensity is
j × 1014 W/cm2, where j = 2, 3, . . . , 12, from the bottom to the top
curve.

FIG. 6. The total rate W (ωk, ê), presented similarly as in Fig. 3
but for a fixed wavelength of 800 nm, and different ArZ+ ions, with
the values of Z denoted in the figure. The corresponding intensities
are given in the text.

which correspond to the charges Z = {0, 1, 2, 3, 4, 5, 6, 7} of
the ArZ+ ion, as denoted in the figure. We see that the total
rates decrease with the increase of Z and that the spectra
become narrower (as a function of Up) with the maximum
shifted to lower energies. In electronvolts the maximum shifts
from 5 eV for Z = 0 to 14 eV for Z = 7.

Let us now present the results for a linearly polarized
bichromatic laser field. We use argon atoms and a laser field
with the fundamental wavelength 1030 nm and the compo-
nents intensities I1 = E2

1 = I2 = E2
2 = 1.5 × 1014 W/cm2. In

Fig. 7 we show how the rate W (ωk, ê) depends on the emitted
photon energy. The total rate exhibits the maximum for the
energy near 0.5Up1 = 7.43 eV for all relative phases. It is
maximal for the phase φ = π/2. We also presented the result
for a monochromatic laser field with I2ω = 0 and two times
higher intensity of the first component (3 × 1014 W/cm2; for
comparison with other results shown in Fig. 7, this result is
presented by a magenta double-dot-dashed line and in units of
the ponderomotive energy which corresponds to the intensity
1.5 × 1014 W/cm2). We see that the rate for the monohro-
matic field is lower by an order of magnitude and that the
maximum is shifted to the lower photon energy. Similarly as
in Fig. 2, in Fig. 8 the present the rate WEp (ωk, ê) for the phase
φ = π/2 (other parameters are the same as in Fig. 7). We see
that the maximum photon energy is shifted to higher values
than in the monochromatic case and that higher photoelectron
energies contribute (compare with Fig. 2).

TABLE I. Ionization potential of ArZ+ ions and the critical
intensity IBSI (109 W/cm2) = [2I2

p (eV)/(Z + 1)]2 according to the
barrier-suppression ionization model [31].

Z 0 1 2 3 4 5 6 7

Ip (eV) 15.8 27.6 40.7 59.6 74.8 91.3 124 144
IBSI (1014 W/cm2) 2.47 5.83 12.2 31.5 50.2 77.2 196 265
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FIG. 7. The total rate W (ωk, ê), Eq. (22), as a function of the
emitted photon energy in units of the ponderomotive energy Up1

for photon emission during ATI of argon atoms by a linearly polar-
ized bichromatic laser field (20) with equal components intensities
I1 = I2 = 1.5 × 1014 W/cm2, the fundamental wavelength 1030 nm,
and the relative phase φ, as denoted in the legend. The result for
the monochromatic field having the intensity 2I1 is presented by a
magenta double-dot-dashed line.

B. Elliptical polarization

As the next example, we present numerical results for an
elliptically polarized monochromatic laser field defined in the
xy plane:

E(t ) = E0√
1 + ε2

(sin ωt êx − ε cos ωt êy). (25)

In this case, the results depend on the angle ϕp and one
should integrate over this angle, i.e., it cannot be replaced

FIG. 8. Logarithm of the rate WEp (ωk, ê), Eq. (24), presented in
the emitted photon energy ωk-photoelectron kinetic energy Ep plane
(in units of the ponderomotive energy Up1 ) for ATI of argon atoms by
a linearly polarized bichromatic laser field with equal components in-
tensities I1 = I2 = 1.5 × 1014 W/cm2, the fundamental wavelength
1030 nm, and the relative phase φ = π/2. The rate is normalized to
unity and the false-color scale covers five orders of magnitude.

FIG. 9. The total rate W (ωk, êk ), Eq. (19), as a function of the
emitted photon energy in units of the ponderomotive energy Up for
photon emission during ATI of argon atoms by a circularly polarized
laser field, Eq. (25), with ε = 1, the wavelength 1030 nm, and with
the intensities I = j × 1014 W/cm2, j = 1, 2, 3, as denoted in the
legend by x j for êk = êx and z j for êk = êz. The results are multiplied
with the factor shown in the legend.

by the factor 2π as in Eq. (21). In addition, the rate depends
on the emitted photon polarization direction êk (in previous
examples we supposed that êk is in the polarization direction
of the linearly polarized laser electric-field vector). In Fig. 9
we show the results for ε = 1 (circular polarization). Pho-
tons are emitted in the direction êk = êx or in the direction
êk = êz. The results are presented for three different intensi-
ties I = E2

0 = j × 1014 W/cm2, j = 1, 2, 3. The rates for the
x component are the same as for the y component and are
orders of magnitude higher than the rates for the z component
which is perpendicular to the polarization plane. Also, the
rates are higher for higher laser intensities and the maximum
of the rate as a function of the ponderomotive energy shifts
to the lower values with the increase of the intensity (from
0.21 to 0.15 and 0.12Up for j = 1, 2, and 3, respectively).
The rates for circular polarization are lower than the rate for
linear polarization which are shown in Figs. 3–7. In addition,
we have checked the results of Fig. 7 using the program
which contains the integration over the angle ϕp and which
calculates the rate for arbitrary polarizations êk. We obtained
the same results as in Fig. 7 for êk in the laser field polarization
direction êx = ê, while for the directions êy and êz we got
much lower photon emission rate (for bichromatic field with
φ = 0 the maximum rate for these directions is lower by the
factor 16 than the rate for the direction êk = êx). Finally,
we present numerical results for the so-called BEOTC field
[32], E(t ) = E1(t ) + E2(t ), which consists of two coplanar
elliptically polarized components in the xy plane. In Fig. 10
we show the results for bicircular field with counterrotating
(sign “−” in the second component) and corotating (sign “+”)
components,

E1(t ) = E1√
2

[êx sin(ωt ) − êy cos(ωt )],

E2(t ) = E2√
2

[êy sin(2ωt ) ∓ êx cos(2ωt )]. (26)
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FIG. 10. The total rate W (ωk, êk ), as a function of the emitted
photon energy in units of the ponderomotive energy Up1 for photon
emission during ATI of argon atoms by a bicircular field, Eq. (26),
with the wavelength 1030 nm and the components intensities I1 =
I2 = 1.5 × 1014 W/cm2. For the corotating components the rate is
multiplied by the factor 100 and denoted as “100 corot.” In the legend
we denote by x the rate for êk = êx and by z the rate for êk = êz.

We see that the total rate for the counterrotating bicircular field
is more than two orders of magnitude higher than that for the
corotating field components. The x component of the emitted
photon field is equal to the y component and it is much larger
than the z component. Comparing the units on the ordinate in
Fig. 10 with those of Figs. 3 and 9, we see that the rate for the
counterrotating bicircular field is much higher than the rates
for linearly and circularly polarized fields.

Orthogonal two-color (OTC) field with the components

E1(t ) = E1êx sin(ωt ), E2(t ) = E2êy sin(2ωt + φ), (27)

FIG. 11. The total rate W (ωk, êk ), as a function of the emitted
photon energy in units of the ponderomotive energy Up1 for photon
emission during ATI of argon atoms by the OTC field, Eq. (27), with
the wavelength 1030 nm, the component intensities I1 = I2 = 1.5 ×
1014 W/cm2, and the relative phase in degrees as denoted in the
legend. The rate for êk = êx, êy, êz is denoted by x, y, z, respectively.

is another special case of the BEOTC field. Here êx and êy are
real unit vectors, which span the xy plane, and φ is the relative
phase between the two components. In Fig. 11 we show our
results for the OTC field with various relative phases. We see
that the total rate is the highest for the phase φ = π/2 and for
the x and y components. For the production of the high-energy
photons this case is the most favorable, since it is the highest
from all presented field examples and since the maximum
appears near 0.7Up1.

IV. CONCLUSIONS AND DISCUSSIONS

In strong-laser-field-induced processes in experiments ob-
served are the photoelectrons (in ATI) and photons (in HHG).
We considered the possibility that, in a single-step process,
both photons and electrons are emitted. Using the S-matrix
formalism and the SFA we formulated a theory of photon
emission during ATI. Our main result is the expression for
the rate of simultaneous emission of an electron with the mo-
mentum p and a photon with the energy ωk and polarization
ˆ̂ek, Eq. (17). The (coincidence) experiments which register
simultaneously emission of a photon and of an electron can be
challenging. Therefore, we calculated the total photoemission
rate integrated over the all electron momenta, Eq. (19). We
first considered the case of a linearly polarized laser field,
for which calculations are simplified, and found that the cor-
responding single-atom (microscopic) photon emission rate
is many orders of magnitude higher than the HHG rate. For
a monochromatic laser field, with a typical wavelength of
1030 nm and the intensity close to the saturation intensity
of the Ar atom, the position of the maximum of the total
photoemission rate as a function of the photon energy is near
0.2Up (Up is the ponderomotive energy), i.e., near 5.5 eV,
which is lower than the energy of high harmonics. For higher
laser intensities and for a bichromatic linearly polarized laser
field this peak is shifted to higher energies.

In Figs. 4–6 we have shown that with increasing the laser
wavelength and intensity the emitted photon energy shifts to
lower values, expressed in units of Up. Possible explanation of
this effect is the change of the regime of ATI, from multipho-
ton (for shorter wavelength and lower intensity) to tunneling
regime. It is possible that the electrons resulting from mul-
tiphoton ionization and tunneling ionization do not share
energy with the emitted photon in the same way: Tunneling
electrons are reluctant to share their energy, while electrons
produced in multiphoton ionization share part of their energy
with the emitted photon. A similar effect has been observed
in the case of dissociative ionization of the H+

2 molecular
ion. Joint energy spectra of the electron Ep and nuclear EN

energies were analyzed in [33,34]. These spectra satisfy the
energy-conservation condition EN = nω − Ip − Ep, which is
analogous to our condition (18). It should be mentioned that
simultaneous spectra of ions and electrons can be measured
using reaction microscope technique [35].

We have also investigated how the photon emission rate
changes if the laser field develops in a plane. In this case
numerical calculations are more involved since the integration
over the polar angle ϕp should be performed (for a linearly
polarized laser field it gives only the factor 2π ), and the
emitted photon polarization can be arbitrary. We found that
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for a monochromatic circularly polarized laser field the total
emission rate is lower than in the linearly polarized field case.
The total rate for the emitted-photon-polarization x and y
directions are the same, while for êk = êz the rate is much
lower. We have also shown that the rate for the bicircular
laser field with the counterrotating components is much higher
than the rate for the monochromatic field and the rate for the
bicircular field with the corotating components. Finally, we
found that the rate for the OTC field is maximum from all the
considered cases, in particular for the relative phase φ = π/2,
which makes this field the most favorable for observation of
our photon emission.

Most experimental investigations of HHG are devoted to
the analysis of the high-energy spectrum which consists of
discrete peaks of high harmonics with photon energy equal
to integer multiple of the fundamental photon energy ω. In the
early HHG experiments, low-energy continuous radiation was
observed as a broad background but has not been investigated
(Ref. [36] states the following: “This light emission is inco-
herent and probably isotropic. Whether there is an underlying
continuous background is an open question: these processes
should be studied with better resolution and at another de-
tection angle.”). In Ref. [37] plasma fluorescence in Ar and
Xe gases, called a “2D plasma column,” was observed (using
a filter which is transparent in 300–700 nm spectral region)
and its relationship with the harmonic output signal was in-
vestigated. Therefore, it is possible that our photon emission
was observed as a background radiation, but its characteris-
tics were not investigated in detail. Furthermore, there is an
indication that for the OTC field this background radiation is
stronger [38].

On the microscopic level our photon emission is much
stronger than the HHG radiation. In order to see what we can
expect on the macroscopic level, let us consider a macroscopic
system of Na atoms. The contribution of different atoms add
coherently if the phase-matching condition is fulfilled and the
probability of HHG increases as N2

a . However, for our process,
due to orthogonality of the ground and continuum atomic
states, the number of emitted photons 〈ψfinal|a†

kak|ψfinal〉 [39],
leads to an incoherent sum of atomic contributions and the
probability increases as Na. Therefore, if the phase-matching
condition is fulfilled, then the HHG radiation should be
stronger and our photon emission may be observed as a con-
tinuous background at low energies.

HHG photons are emitted in a three-step process, while the
photons we consider are emitted during ATI, i.e., in only one
step. For HHG it is necessary that the temporarily liberated

electron returns to the parent ion so that a HHG photon can be
emitted during the recombination. For ultrastrong laser fields
the v × B drift of the Lorentz force prevents the return of the
electron and the probability of the HHG process decreases
quickly with the increase of the laser intensity. We considered
this relativistic regime of HHG in Refs. [40,41]. See, for
example, Fig. 2 in Ref. [41], where HHG by Ar8+ ions (Ip =
422 eV), exposed to a Ti:Sa laser (λ = 800 nm) having the
intensity 1.5 × 1018 W/cm2, was considered. In this example
the relativistic HHG rate exhibits a fast decrease (by 100
orders of magnitude in comparison with the nonrelativistic
one) with the increase of the harmonic order. However, in
our case the optimal emitted photon energy is not affected by
this propagation step. The intensities of the order 1019 W/cm2

were achieved in the early 2000s [42] and nowadays ultrahigh
intensity (>1022 W/cm2) is in reach [4,5] and requires new
spectroscopy techniques in the MeV regime [6]. In addition,
since Up1 ∝ Iλ2, for longer wavelengths the ponderomotive
energy can be much higher (for example, the laser with the
wavelength λ = 3.9 μm was used in Ref. [43]).

Incoherent thermal emission in all directions appears
due to scattering process of electron on plasma ions. This
continuum-continuum transition is bremsstrahlung emission
of laser-produced plasma. The question is how one can distin-
guish this continuum radiation from the incoherent continuum
radiation in our one-step-process photon emission (during
ATI). We expect that for lower density of atoms or pro-
duced ions the intensity of our radiation is higher than that
of the bremsstrahlung radiation. For comparison of these two
incoherent emissions a detailed numerical investigation of
dependence on macroscopic condition should be done.

In conclusion, we introduced a quantum theory of photon
emission during strong-laser-field-induced ionization and pre-
sented numerical results for continuous spectrum of the emit-
ted radiation. Since this is the one-step process its probability
is orders of magnitude higher than that of the three-step HHG
process. Furthermore, in our case much stronger laser fields
with longer wavelengths can be used for ionization. The emit-
ted radiation is continuous and incoherent, and a more detailed
experimental investigation of this radiation should be done.
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