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Multicenter continuum distorted wave with eikonal initial state model for single ionization in
ion-molecule collisions: Differential electron emission from water under energetic ion impact
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A multicenter continuum distorted wave with eikonal initial state model for single ionization of molecules by
energetic ion impact is developed. The multicenter nature of the molecular ion is explicitly taken into account,
within the framework of the independent electron approach, where the interaction between the ejected electron
and the residual molecular ion is described by an anisotropic model potential. The method is employed to
calculate doubly and singly differential cross sections of the water molecule by energetic H+, C6+, and O8+

projectiles. The discussion of the results is primarily focused on the emission of low-energy electrons, where the
evaluated cross sections are compared with experimental and available theoretical data.
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I. INTRODUCTION

Ionization of atoms and molecules by fast charged parti-
cles has been the subject of active research in the last few
decades [1–4]. A number of experimental and theoretical stud-
ies have been devoted to revealing mechanisms responsible
for the ejection of one or more electrons [5–9]. The great
interest is partially motivated by increasing applications, as
plasma physics, ion therapy, and radiation protection. Mo-
tivation for understanding the collision governed large-scale
processes in space and in planetary atmospheres is also get-
ting stronger [10]. It has been shown for atomic targets that
theoretical models formulated within the continuum distorted
wave with eikonal initial sate (CDW-EIS) approximation [11]
with Hartree-Fock description of bound and continuum elec-
tronic orbitals yield very good agreement with experiments
[1,12,13]. For molecules, an equivalent scheme for the cal-
culation of scattering quantities is a nontrivial task. The
well-known GAUSSIAN program [14], which provides multi-
center wave functions, can generally be applied to describe the
ground state properties of molecular targets. The central field
model, applied to the description of bound and continuum
electronic states of atoms, enables the factorization of the
wave function in its radial and angular parts [15]. Extension
of the model to the multicenter molecular quantities is known
as the single-center-expansion (SCE) method [16]. The SCE
method extends the application of procedures introduced in
the treatment of atomic collisions to the analysis of molecular
processes. However, one of the main obstacles to adaptation
lies in a precise description of the wave function for the
ejected electron that explicitly takes into account the multi-
center nature of the recoiling molecular ion. Accounting for
the interaction between the ejected electron and the residual
molecular ion is a rather complex problem, and the potential
field in which the ejected electron moves is often modeled
as the sum of the local electrostatic potential, the nonlocal
exchange contribution, and the equally non-local polarization-
correlation potential [16,17]. Therefore, in the vast majority

of applications, in order to reduce the computational task, the
interaction between the molecular core and the released elec-
tron is approximated by a Coulomb potential with an effective
charge corresponding to the ionization energy of the ejected
electron [9,18–21]. Obviously, in all of these calculations,
the molecular orbitals in the initial and final channels are
not orthogonal. The importance of orthogonality, the evalu-
ation of electron orbitals on the same potential both in the
entry and exit channels, is well known in the case of atomic
collisions [12].

Adaptation of the CDW-EIS method to molecular colli-
sions, where the molecular continuum orbital is described
in the multicenter field of the residual molecular ion, was
done by Nascimento et al. [22]. The molecular orbital in the
continuum has been calculated with the Swinger variational
iterative method, where the multicenter static-exchange po-
tential acting on the ejected electron has been derived using
the ground state density (CDW-EIS-SVIM model). The or-
thogonality between the initial and final molecular orbitals
is ensured. The method has been applied to the single ion-
ization of hydrogen molecule by energetic bare ion impacts.
The calculated doubly differential cross section (DDCS) re-
vealed nice agreement with the experiment for all the studied
quantities. In the CDW-EIS-SVIM model the ground state
molecular orbitals have been expanded over the internuclear
center of mass, and application of the method to other more
complex molecules is straightforward. However, to the best of
our knowledge, application of the model to molecules other
than the H2 molecule is not available in the literature.

In this work, we generalize the CDW-EIS method to
molecular collisions and apply it to evaluate DDCSs for the
single ionization of H2O by energetic bare ion impacts. As in
our previous application of the method [23], the initial ground
state molecular orbitals are described with the GAUSSIAN

quantum chemistry program package [14] at the Hartree-Fock
level. However, the SCE procedure is used not only for the
initial orbitals, but also for the ground state electron den-
sity, with which the static and exchange contributions to the
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potential accounting for the multicenter interaction between
the unbound electron and the target core are derived. That
is compared to our previous application of the CDW-EIS
model, where the continuum orbital was evaluated on the
spherically averaged static potential [23]; a more realistic
anisotropic potential is considered to account for the inter-
action of the released electron with the residual ion in the
present treatment. The nonlocal nature of the exact exchange
potential requires the solution of integrodifferential equations.
One way to simplify the solution and to reduce the computa-
tional task is the use of local exchange potential [24]. The
local energy-dependent exchange potential proposed by Hara
[25] is applied in the present study, and is able to reproduce
the essential characteristics of the interaction between bound
electrons and the ejected electron.

About two-thirds of the human body is water, and the
recent developments in the field of hadron therapy using pro-
tons or fast heavy ions require an increasingly throughout
knowledge of mechanisms responsible for the electron ejec-
tion [3,8,26–28]. Precise stopping power cross sections for
the collisions of ion beam with H2O molecules are needed
to plan therapeutic treatment during a Monte Carlo simulation
[29]. Electrons from the direct ionization can cause secondary
interaction with the biological medium. It is known that the
total yield of electrons are dominated by electrons with low
ejection energy. For example, 70–75% of the total electron
yield is given by electrons with an energy of less than 40 eV
when the impact energy of protons ranges from a few hundred
keV to a few MeV. DDCS measurements at low electron
energies are extremely difficult due to various influencing
factors, such as the Earth’s magnetic field, etc. [5,30], and
discrepancies between the measured and the calculated data
of as much as 50% are not uncommon [21,31]. Therefore,
accurate and reliable theoretical knowledge and predictions in
this area are of great importance. Furthermore, the anisotropic
potential field of the molecule is expected to have a significant
effect on the movement of low-energy electrons, which also
motivated our present discussion of the DDCS focused on
the low electron emission energies. It is worth mentioning the
recent advances in the theoretical study of electron molecule
collisions under a similar scenario [32–34].

The paper is organized as follow: the generalization of
the CDW-EIS model for molecular collisions is described in
Sec. II. In Sec. III A DDCS for various bare projectile im-
pacts are presented. Single differential cross sections (SDCSs)
and total cross sections (TCSs) are considered in Sec. III B.
The conclusion is drawn in Sec. IV. Atomic units are used
throughout unless indicated otherwise.

II. THEORY

Let us consider the single ionization of the water molecule
by bare X q+ ion impact,

X q+ + H2O → X q+ + H2O+ + e−, (1)

where the projectile is one of the bare ions H+, C6+, and O8+.
The impact energies considered here are high enough so that
the vibrational and rotational periods of the target are much
larger than the characteristic time of the collision. It is then
possible to assume that the molecular nuclei remain fixed in

their initial positions during the reaction. In order to reduce
the description of the multiparticle collision to the reaction
of three particles, it is supposed that each electron is ionized
independently of the other electrons, whose states are consid-
ered to be frozen during the collision. The wave function of
the ejected electron, in the impact parameter approximation
[35], could be obtained by solving the Schrödinger equa-
tion defined through the electronic Hamiltonian

Hel = Tel + VT (x) + VP(s), (2)

where x (s) denotes the position vector of the active electron
with respect to the center of mass of the target (projectile).
Tel is the electron kinetic-energy operator and VP(s) is the
Coulomb interaction of the projectile. VT = Vst + Vexc, where

Vst (x) =
∫

ρ(r)
1

|x − r|dr −
∑

n

Zn

|x − Rn| (3)

is the static potential of the core electrons and the nuclei. ρ(r)
stands for the one-electron charge density [16,24] and Rn is
the position of the nth nucleus with charge Zn. Vexc is the
nonlocal exchange potential. Different models are available
to approximate Vexc with a local potential [24,36], and here
we use the method proposed by Hara [25] based on the free-
electron-gas model as

Vexc(k, x) = 2

π
kF (x)

(
1

2
+ 1 − η2

4η
ln

∣∣∣∣1 + η

1 − η

∣∣∣∣
)

, (4)

with

η(x) =
√

k2 + 2I + k2
F

kF
, (5)

where kF = [3π2ρ(x)](1/3) is the Fermi momentum, I is the
ionization potential of the molecular ion, and k = (k, θk, ϕk )
is the momentum of the ejected electron. Note that VT due to
the spatial arrangement of the nuclei possesses a multicenter
nature and has angular distributions, which complicates the
description of the process.

Molecular wave functions are more conveniently evaluated
in the coordinate system fixed to the molecule [body frame
(BF) of reference], where the coordinates are marked with
primes. In order to reduce the complexity of the problem, as
far as possible, full account is taken of the restrictions imposed
on the problem by the symmetry of the molecule. Bearing
in mind that a molecule possesses point group symmetry in
the molecular frame, the symmetry-adapted angular function
X p,μ

hl (θ ′, ϕ′) would be the prior choice and is employed in this
work, where p and μ label one of the relevant irreducible rep-
resentations and one of its components, respectively [16,37].
Index h labels a specific basis, at a given angular momen-
tum l , for the pth irreducible representations considered. The
symmetry-adapted angular function can be transformed from
the spherical harmonics with the symmetry-dependent trans-
formation matrix [16,37]

X pμ
hl (x̂′) =

∑
m

bpμ
hlmY m

l (x̂′). (6)

Taking into account the symmetry of the molecule and em-
ploying the single-center expansion method, a given �i(x′)
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multicenter bound molecular orbital, defined with GAUS-
SIAN16, can be written as [16]

�i(x′) =
∑
hili

uhili (x
′)X pμ

hili
(x̂′), (7)

where the coefficients are evaluated as

uhili (x
′) =

∫
d x̂′[X pμ

hili
(x̂′)

]∗
�i(x′), (8)

and x′ refers to the center of mass of the molecule. The
potentials (3) and (4) can also be expanded over the symmetry
adapted spherical harmonics belonging to the A1 irreducible
representation as

Vsx(x′) =
∑
lm

v
A1,sx
lm (x′)X A1

lm (x′), (9)

where sx refers to st or exc.
The continuum orbital of the ejected electron is obtained

with the partial-wave-expansion method as

�k′ (x′) = 1

x
√

k′
∑
pμ

∑
hl

∑
h′l ′

il e−iδl uh′l ′,hl (k
′, x′)

× [X pμ
h′l ′ (x̂

′)]X pμ
hl (k̂′) (10)

where uh′l ′,hl (k′, x′) is the solution of the radial equation[
d2

dx′2 − l ′(l ′ + 1)

x′2 + k′2
]

uh′l ′,hl (k
′, x′)

= 2
∑
h′′l ′′

V pμ
h′l ′,l ′′h′′ (k′, x′)uh′′l ′′,hl (k

′, x′), (11)

where the potential matrix elements is given by

V pμ
h′l ′,h′′l ′′ (k

′, x′) = 〈
X pμ

h′l ′ (x̂
′)
∣∣Vst (x′) + Vexc(k′, x′)

∣∣X pμ
h′′l ′′ (x̂

′)
〉
.

(12)

Equation (11) is solved numerically, where the asymptotic so-
lutions are constructed satisfying the real K matrix boundary
conditions [38]

uh′l ′,hl (k
′, x′)

x′→∞−−−→
√

2

πk
[sin(θh′l ′ + δc)δhh′δll ′

+ cos(θh′l ′ + δc)Khl,h′l ′], (13)

where θhl = k′x′ − lπ/2 − η ln(2k′x′), with η = 1/k′ and δc

is the Coulomb phase shift.
The above description of the wave functions are given in

the molecular BF of reference. However, the scattering quan-
tities are evaluated in the laboratory frame (LF) of reference.
Therefore, we need to transform the BF expressions of the

orbitals into the LF one, where the coordinates are without
prime. The molecular orientation is defined by the Euler an-
gles ωE = (α, β, γ ), and the molecular wave function in the
laboratory frame can be obtained by applying the transforma-
tion properties of the spherical harmonics

Ylν (x̂) =
∑

m′
Dl

m′ν (�)Ylm′ (x̂′) (14)

and the symmetry adapted spherical harmonics

X pμ
lh (x̂) =

∑
m′

b̄pμ
l ′h′m′Dl

m′ν (�)Ylm′ (x̂′), (15)

where b̄ denotes the appropriate expansion coefficient [16,37].
Considering the single center expansion of the molecular

orbitals and their transformation properties to the LF frame of
reference, we are now able to describe the dynamics of the
collision within the frame of the CDW-EIS model as derived
previously for atomic systems [12]. The effect of the projectile
on the electronic orbital is taken into account by using eikonal
distorted wave function

ξ+
i,ωE

(x, t ) = e−iεit�i,ωE (x)E∗
v (s, ηi ) (16)

for the initial channel, and by the Coulomb distorted wave
function

ξ−
k,ωE

(x, t ) = e−iεkt�−
k,ωE

(x)Dp(s, ηP ) (17)

for the ionization channel. The distortion factors Dp(s, ηP )
and E∗

v (s, ηi ) are given by

Dp(s, ηp) = eπηp/2�(1 + iηp)1F1( − iηp, 1,−i(ps + p · s))

(18)

and

Ev(s, ηi ) = (vs + v · s)iηi , (19)

respectively, where ηi = ZP/v, ηP = ZP/p, p = k − v, s =
x − R, and 1F1 is the confluent hypergeometric function. ωE

reflects the fact that the orbitals were originally derived in
the BF frame and transformed to SF frame of reference; see
Eqs. (7), (10), (14) and (15).

The transition amplitude as a function of impact parameter
ρ, in the prior form of CDW-EIS, can be written as [11,39]

a−
ik(ρ, ωE )

= −i
∫ ∞

−∞
dt

〈
ξ−

kωE
(x, t )

∣∣∣∣
(

Hel(x, t ) − i
∂

∂t

)
ξ+

iωE
(x, t )

〉
,

(20)

where

(
Hel(x, t ) − i

∂

∂t

)
ξ+

i,ωE
(x, t ) = −e−iεit

[
�i,ωE (x)

1

2
∇2

x E∗
v (s, ηi ) + ∇x�i,ωE (x) · ∇sE

∗
v (s, ηi )

]
. (21)

In the impact parameter model it is more convenient to evaluate the transition amplitude as a function of the transverse
momentum transfer (η) as

Ri f (η, ωE ) = 1

2π

∫
dρ exp(iηρ)ai f (ρ, ωE ). (22)
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For a given ith initial orbital that belongs to the μith ir-
reducible representation, taking into account Eq. (15), the
transformation of the BF orbitals [Eqs. (7) and (10)] to the
SF orbitals, Ri f (η, ωE ), can be written as

Ri f (η, ωE ) =
∑
pμ

∑
lihiνi

∑
l ′h′ν ′

∑
lhν

b̄piμi

lihiνi
b̄pμ

l ′h′ν ′ b̄
pμ
lhν

Dli
νimi

(ωE )

× Dl ′
ν ′m′ (ωE )Dl

νm(ωE )Rlimil ′m′lm
i f (η). (23)

The formulation and the expression of Rlimil ′m′lm
i f (η) is similar

to that presented in [12] for the case of an atomic target when
the principal and angular quantum numbers of atomic orbitals
are related to those appearing in the expressions of �i,ωE (x)
and �k,ωE (x).

The double differential cross section for ejection of an
electron with energy ε (= 1/k2) into solid angle �k =

[sin(θk )dθkdϕk] can be written as

d2σ

dε d�kdωE
=

∫
dη|Ri f (η, ωE )|2. (24)

The molecules have an arbitrary orientation in the experiments
that will be discussed in the next section, therefore we average
the cross sections in Eq. (24) over the Euler angles,

d2σ

dε d�k
= 1

8π2

∫
dωE

d2σ

dε d�kdωE
, (25)

where the integral over ωE (
∫

dωE = ∫ 2π

0 dα
∫ π

0 dβ

sin β
∫ 2π

0 dγ ) is analytic owing to the orthogonal properties
of the Dm

l,μ functions [40]. We take advantage of the addition
theorem of the Wigner D functions and write the amplitude in
the jt angular momentum transfer basis [41],

d2σ

dε d�k
=

∑
jt mt nt

∫
d dη

∣∣d jt
mt nt

(η)
∣∣2

, (26)

where
d jt

mt nt
(η) =

∑
pμ

∑
lihiνi

∑
l ′h′ν ′

∑
lhν

∑
j1m1n1

b̄piμi

lihiνi
b̄pμ

l ′h′ν ′ b̄
pμ
lhm(−1)m′−|ν ′|+m1−n1+mt −nt

×
(

l ′ l j1
−m′ m m1

)(
j1 li jt

−m1 mi mt

)(
l ′ l j1

−|ν1| |ν2| n1

)(
j1 li jt

−n1 |νi| nt

)
× Rlimil ′m′lm

i f (η). (27)

Single differential and total ionization cross sections are ob-
tained as

dσ

dε
=

∫
d�k

d2σ

dεd�k
, (28)

dσ

d�k
=

∫
dε

d2σ

dεd�k
, (29)

σ =
∫

dε
d2σ

dε
, (30)

The symmetry of the H2O molecule is represented by the
C2v point group having the A1, A2, B1, and B2 irreducible
representations, and the ground state of the molecule is de-
scribed by the (1a1)2(2a1)2(1b2)2(3a1)2(1b1)2 configuration
[42,43]. In the present calculations, all the bound molecular
orbitals are evaluated within the Hartree-Fock level using the
6-311G basis sets provided by the GAUSSIAN16 program pack-
age [44]. The 2a1, 1b2, 3a1, 1b1 orbitals were found to give
the dominant contributions to the evaluated cross sections. In
the SCE description of the initial orbitals [see Eq. (7)], the
partial waves up to the angular momentum li = 4–5 were
found to be sufficient to the get convergent DDCS values in
(24). The radial functions upμ

hl,h′l ′ are determined by numerical
integration of (11) with the Numerov algorithm. The num-
ber of partial wave expansion terms in the continuum wave
function required to achieve the convergence in the DDCS
calculation depends on the energy of electrons. The maximum
values of l (lmax) were set to 5, 8, and 15, respectively, for
electron energies of ε = 2, 10, and 40 eV. The computation
time increases significantly with the increase of lmax. For ε =
2 eV the DDCS, at a given emission angle, can be determined
in about 40 minutes, which increases by 4–5 times at ε =

30 eV on a single node of a 2.4 GHz PC class workstation.
At electron energies greater than ε = 40 eV, as will be shown
below, calculations with spherically averaged potentials give
realistic DDCS results. In our previous study for the ionization
of H2O, the wave functions of the ejected electrons were
evaluated on a screened Coulomb potential, the spherically
averaged potential of the H2O+ ion [23]. The spherically
averaged potential is the v

A1,st
00 term in the expression (9) of

the static potential. Applying v
A1,st
00 in the present calculation,

we obtained the same DDCS results as presented in [23].
As further check of the code and the numerical methods,
we evaluated DDCSs for the single ionization of H2 induced
by 95 keV H+ and 1 MeV/amu C6+ projectiles, and close
agreement was found with results reported in [22].

III. RESULTS AND DISCUSSIONS

The above generalization of the CDW-EIS model is ap-
plied to study the angular and energy distribution of electrons
ejected under the impact of H2O by energetic bare projectiles.
As mentioned above, our interest is primarily focused on the
ejection of low-energy electrons whose emission properties
are very sensitive to the quality of the potential modeling the
interaction of the released electron with the nuclei and the
passive electrons. Three types of the e−-H2O+ interaction are
taken into account in the evaluation of the continuum orbital
of Eq. (10): (i) both static and exchange interactions are con-
sidered, (ii) only the multicenter static potential is included,
(iii) only the spherically averaged static potential governs the
ionized electron in the residual field of the target as in the
case of the previous application of the CDW-EIS method to
molecules [23]. Hereafter, these potentials are referred to as
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FIG. 1. DDCS for single ionization as a function of the electron emission angle for different electron energies for the 1 MeV H+ projectile
impact. Present CDW-EIS results are shown as heavy solid line, solid line, and dashed line, obtained with static-exchange, static, and spherical
static potentials, respectively. The experimental data are shown as symbols [45].

static-exchange, static, and spherical static potentials, respec-
tively.

A. Doubly differential cross sections

1. Proton impact

In Figure 1 DDCS results for the 1 MeV H+ + H2O
collision system are presented as a function of the electron
emission angle θk for fixed values of ejection energies ε,
where the present prior CDW-EIS results are confronted with
the experimental results [45]. Considerable discrepancies can
be observed between results obtained with the different H2O+
model potentials, especially at the lowest electron ejection
energies. DDCSs derived with static and spherical static po-
tentials are close to each other for all the studied electron
ejection energies. The differences between them fall within
the range of experimental errors; however, they give realistic
description of the mechanism only at ε � 15 eV. For the
lower electron energies the agreement with the measurement
is limited to forward or backward emission angles. Electron
emissions in the forward direction are described properly for
ε = 2 and 5 eV, while for ε = 10 eV better results are provided
at backward angles. Calculations involving exchange interac-
tions overestimate the measured data at low electron energies,
which is particularly significant below 5 eV. Unlike the other
two model calculations, calculation with the static-exchange
potential gives a good account of the experiment for ε =
10 eV in the forward direction. The best agreement with the
measured data, taking into account the other two calculations,
is reported at ε = 39 eV and at higher electron energies (not
presented in the figure).

In Figure 2 angular distributions of the DDCS are shown
for three electron energies in the case of 250 keV pro-
ton impact. The present calculated results are compared
to the recent experimental data of Bhogale et al. [31] and
to the other theoretical results obtained in the prior form of
the CDW-EIS [9] and in the classical-trajectory Monte Carlo
(CTMC) [46] approximations. As for the case of 1 MeV
impact energy the present calculations with static-exchange
potential slightly overestimate the measured data, and better
agreements are reported when only the static potentials are
included in the calculations. As in Fig. 1, the differences are
minor between values of the DDCS derived with spherical and
nonspherical static potentials. The CDW-EIS model reported
in [31] overestimates the measured DDCS values at the for-
ward and medium emission angles for all the studied electron
energies. Let us first consider the results at ε = 3 eV, where the
largest discrepancy can be observed between the theories, and
where the CTMC of [46] reveals a relatively good agreement
with the measurement. Different predictions about the slope
of DDCS distributions can be observed between the present
and the other theoretical results. At low ε, the classical picture
loses its validity as the dipole mechanism governs the process
and the momentum transferred to the electron is small [47].
The slow electron spends a relatively long time in the field of
the residual H2O+ ion in order for its movement to be signif-
icantly affected by the anisotropic character of the potential,
which is also manifested in the shape of the angular distri-
bution. It is also worth drawing attention to the significant
differences in magnitude between results of the present prior
CDW-EIS calculation obtained on the spherically static po-

tential and of the prior CDW-EIS one presented in [31]. In the
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FIG. 2. DDCS for single ionization as a function of the electron emission angle for different electron energies for the 250 keV H+ projectile
impact. Present CDW-EIS results are shown as heavy solid line, solid line, and dashed line, obtained with static-exchange, static, and spherical
static potentials respectively. Symbols are the experimental data, while red and blue lines are the theoretical prior CDW-EIS and CTMC results,
respectively, all taken from [31].

applications of the CDW-EIS methods by Bhogale et al. [31],
the initial orbitals were described by the complete neglect of
differential orbitals (CNDO) approximation and the electron
in the continuum was represented by the Coulomb potential
with effective charge [9]. Both the CNDO and the effective
Coulomb potential approximations neglect the multicenter
nature of the ionization process, and together are responsible
for the observed discrepancies between the present and earlier
[31] applications of the CDW-EIS method. At higher electron
energies, the shapes of the DDCS distributions are very simi-
lar in the different calculations, the trend of which matches the
experiment. At ε = 40 eV, discrepancies between the theories
are in the range of experimental errors; however, all of them
highly overestimate the measurement at the extreme forward
emission angles.

2. O8+ and C6+ impacts

In Fig. 3 theoretical and experimental DDCS results for
the ionization of water by impact of 4.5 MeV/amu O8+
ions are shown as a function of the electron emission an-
gle at some electron emission energies. Pronounced peaks
dominating the angular distributions at θk ≈ 60◦ can be
observed in the measured data at the lowest electron emis-
sions energies [48]. At the same time the present theoretical
model calculations, as for the proton projectile (Sec. III A 1),
predict a rather flat angular distribution. Results obtained
with the static-exchange model potential are in agreement
with the measured data within the limits of experimental
errors in the region of medium ejection angles when ε �
11 eV, while the other two model calculations show acceptable
results only at the backward electron emission angles. For
ε > 11 eV, calculations based on the spherical potentials show
almost the same results and all the present model calculations
give similar account of the binary peak at ε = 40 eV.

Other theoretical results, available for ε = 20 and 40 eV,
in both prior and post forms of the CDW-EIS approximation
[9] and in the three Coulomb wave (3CW) model [20] are
also shown in Fig. 3. In all of these calculations the bound
state molecular orbitals have been represented in terms of
Slater-type wave function centered on the the oxygen atom as

proposed by Moccia [49]. Note the single center wave func-
tions of Moccia [49] give a precise description of a multicenter
orbital simialr to the ones presented in Eq. (7) for the case
of XHn type molecules [50]. However, in the description of
the final channel the multicenter character of the molecule has
been neglected, as the ejected electron in the field of the H2O+
ion has been represented by Coulomb wave function with an
effective nuclear charge; see [9,20]. It is seen that the prior
version of the CDW-EIS model describes properly the DDCS
in the binary region, while the post form presents lower DDCS
values at θk ≈ 60◦. The observed post-prior discrepancies be-
tween the two CDW-EIS results of [9] can be attributed to
the fact that in the prior version the influence of the passive
electrons on the dynamical evolution of the ejected electron
is implicitly included, whereas in the post version it is only
partially taken into account [9]. The results of the 3CW model
show a nice agreement with the experiment in the whole
angular region. As mentioned above, the interactions of the
active electron with the target core, in both the initial and final
channels, is considered similarly in the CDW-EIS [9,48] and
in the 3CW [20] models. Therefore, the slopes of the DDCS
distributions at the forward and backward emission angles
predicted differently by the CDW-EIS and the 3CW calcula-
tions are mostly related to the intrinsic feature of the collision
dynamics considered in various ways in these applications.

The DDCS data discussed so far show that the description
of the electron ejection mechanism at electron energies below
10–15 eV poses serious challenges for the theories. Variations
in the results of different model calculations often exceed
the experimental error limits, and their performance varies
for different collision systems. The perturbation strengths of
the projectile, Zp/v, are 0.15. 0.35, and 0.59, respectively
for the 1 MeV H+, 250 keV H+, and 4.5 MeV/amu O8+
projectile ions. The CDW-EIS model is the first order of a
distorted wave series in which the initial and final distorted
waves are proposed by Eqs. (16) and (17), respectively [11].
Consequently, the best performance of the model is expected
at lowest perturbation strength, which has not been fully con-
firmed by the discussions so far. Of course, there may also
appear problems with the absolute and relative normalizations
of experimental data, as noted in [46]. To verify the above
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FIG. 3. DDCS for single ionization as a function of the electron emission angle for different electron energies for the 4.5 MeV/amu O8+

projectile impact. Present CDW-EIS results are shown as heavy solid line, solid line, and dashed line, obtained with static-exchange, static, and
spherical static potentials respectively. Symbols are experimental data from [48]. Solid red and blue lines are the prior and the post CDW-EIS
results, respectively [9]. The solid green line shows the 3CW result [20].

statements and explore more details on the validity of the
model, we are extending the analysis of the DDCS to the
following two collision systems.

Figure 4 presents the DDCS results for 6 MeV/amu C6+
and 3 MeV/amu O8+ projectiles having Zp/v = 0.38 and
0.73 values, respectively. For the weaker perturbation (C6+
projectile), as for the case of the 1 MeV H+ projectile (see
Fig. 1), the present results including the static-exchange in-
teraction potential overestimate the experimental data [21] at
low ε values. Results of the CDW-EIS calculation of Tachino
et al. [9] and of the 3CW model by Mondal et al. [20] are
also presented for ε = 19.2 eV. It is interesting to note that the
prior CDW-EIS not only underestimates the measurement, but
shows significantly smaller DDCS values than the present one
obtained with spherically static potential, which is primarily
due to the different representation of electrons ejected into the
continuum with Coulomb and screened-Coulomb potentials,
respectively. Shapes of the angular distributions are very sim-
ilar in all model calculation, and discrepancies between them
appear mostly on the absolute scale (see the graph for ε =
19.2 eV). Present calculations with static potentials and the
post CDW-EIS of [9] give the best account of the measured
data points in the peak region. However, it should be men-
tioned that all the calculated results are within the range of
the large experimental errors bars. For the other ε = 9.6 and
38.5 eV values, similar to ε = 19.2 eV, present calculations
with spherical or nonspherical static potentials show the best
agreement with the measured data.

For the 3 MeV/amu O8+ projectile impact (lower graphs
in Fig. 4) the CDW-EIS results from [51] are available for

comparison for all the presented ε = 5, 15, and 40 eV ejec-
tions energies. The present calculations with spherical and
nonspherical static potentials underestimate the measured data
for ε = 5 eV. The trend is opposite when the exchange
contribution to the active electron target core interaction is
also included in the description. The CDW-EIS results of [51]
in both prior and post forms show good agreement with the
measurements. The CTMC results from [46] are also available
for comparison, which shows the correct angular shape but
the magnitude is underestimated. At ε = 15 eV the present
calculation including the static-exchange potential also over-
estimates the measurement, and predicts the nearly constant
DDCS values in the forward direction. This prediction, which
is also observed in the case static potentials, is in disagree-
ment with the measurement and also not consistent with the
prediction of the CDW-EIS calculation from [51]. A slight
overestimation of the measurement in the present calculations
at the forward emission angles can also be observed at ε =
40 eV. At this ejection energy the calculation with nonspheri-
cal static potential shows good agreement with the measured
DDCS data. The CDW-EIS model [51] in the prior version
predicts higher DDCS values than in the post form at all
ε values. In the case of ε = 40 eV the former application gives
the best picture of the measurement, while for ε = 15 eV the
latter is best..

A comparison of the present DDCS results with results
of the previous CDW-EIS applications (see Figs. 2–4) sheds
light on the effect of the multicenter nature of the molecule
in the studied processes. As noted above, the wave functions
of Moccia [49], used by Tachio et al. [9] in their CDW-EIS

032815-7



L. GULYÁS PHYSICAL REVIEW A 108, 032815 (2023)

FIG. 4. DDCS for single ionization as a function of the emission emission angle for different electron energies. Present CDW-EIS results
are shown as heavy solid line, solid line, and dashed line, obtained with static-exchange, static, and spherical static potentials, respectively.
Symbols are experimental data from [21] for C6+ and [51] for O8+ impacts. Solid red and blue lines are the prior and the post CDW-EIS results
for C6+ [9] and for O8+ [51] ions, respectively. The green line (C6+, ε = 19.2 eV) shows the 3CW data [20]; the dotted line (O8+, ε = 5 eV) is
the CTMC data from [46].

descriptions, give a description of the bound state orbitals
similar to the present SCE ones of Eq. (7). Therefore, the
observed discrepancies between the DDCS results are mostly
due the differences in the description of continuum sates. It
is also clear from the figures that the choice of the potential
is primarily important in the case of low-energy electrons.
At higher electron energies the role of the active electron
target-core interaction can be well described by an aver-
age field, represented by a Coulomb potential with properly
chosen effective charge. Inclusion of the exchange interaction
has a considerable effect on the evaluated DDCS. Taking into
account this interaction always increases the values of DDCS,
which leads to overestimation of the measured data in several
cases. It should be noted, however, that the large experimental
errors and inaccuracies in the data do not allow us to make
more precise statements on the ability of theories. Note also
that in all of the discussed calculations the initial and final
wave functions for the active electron around the target core
are not orthogonal, which might also have significant effect
on the calculations and so on the conclusions [12].

Figure 5 displays the DDCS as a function electron ener-
gies for various emission angles for the 4.5 MeV/amu O8+
projectile. As can be expected from the study of angular dis-
tributions (see Fig. 3), the largest discrepancies between the
calculations, using different H2O+ model potentials, appear
at electron ejection energies lower than 40–50 eV. Differ-
ences between results derived with the spherical static and
the static potentials are not visible in the graphs, therefore,
results only of the later one are presented in the figure. At

ε � 50 eV all the calculations provide similar DDCS values.
The prior CDW-EIS results of Nandi et al. [48] give a realistic
description of the ejection mechanism for all emission angles.
The present calculation with static potential underestimates
the measurement at the medium emission angles when ε �
20 eV, and good agreement is found in the case of the static-
exchange model interaction potential. In the region of forward
and backward emission angles the performance of these two
model applications depends on θk .

B. Singly differential cross sections

In Fig. 6 SDCSs as a function of emission angle are shown
for the 4.5 and 3 MeV/amu O8+ projectiles. Although the
shapes of the evaluated SDCS distributions are similar to those
of the measured distributions, significant quantitative differ-
ences can be observed between them for both projectile ions.
Present calculations predict similar shapes for the SDCS with
static and static-exchange interactions; however, differences
between them on the absolute scale exceed the error limits of
the experimental points in certain angular ranges. Calculations
with static-exchange interaction show the closest agreement
with the measurement for the case of 4.5 MeV/amu im-
pact energy, while for the 3 MeV/amu projectile energy the
treatment that considers only the static interaction reproduces
better the experimental distribution. The post version of the
CDW-EIS model describes the experimental distribution quite
well for the 3 MeV/amu impact, whereas the prior version
overestimates the data. The situation is not so clear in the
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FIG. 5. DDCS for single ionization as a function of electron
ejection energy for different emission angles for the 4.5 MeV/amu
O8+ projectile impact. Present CDW-EIS results are shown as
heavy solid line and solid line, obtained with static-exchange and
static potentials, respectively. Symbols and the solid red lines
show the experimental and the prior CDW-EIS results, respectively,
from [48].

case of 4.5 MeV/amu collision energy, where result of the
prior form shows a better agreement in the range of medium
angular emission. Similarly, as we found in the analysis of
DDCS data, the discrepancies between the present calculation
with static potential and the prior CDW-EIS [48,51] highlights
also the different treatments of the e−-H2O+ interaction in the
exit channel. The CTMC result from [46], presented for the
3 MeV/amu impact energy, underestimates the measurement
at the medium and backward emission angles. However, it

FIG. 6. SDCS for ionization as a function electron emission an-
gle. The present CDW-EIS results are shown as heavy solid line
and solid line, obtained with static-exchange and static potentials,
respectively. Symbols are experimental data [48,51] and the prior
and post CDW-EIS results are given by solid red and blue lines [48],
respectively. The dotted line is the CTMC results from [46].

FIG. 7. Energy distribution of SDCS for the 6 MeV/amu-C6+

+ H2O collisions. Theory: present CDW-EIS obtained with static-
exchange potential (heavy solid line), static potential (solid line),
FBA from [21] (dot-dashed line), and CTMC from [28] (dashed line).
Experimental results are from [21] (full circle) and [52] (open circle).

should also be pointed out that relatively large experimental
errors do not make measurements suitable for more accurate
evaluation of the validity of the calculations.

Single differential cross sections as a function of electron
ejection energy Eq. (28) are shown in Fig. 7 for the case
of 6 MeV/amu C6+ on impact. Results of the present and
other theoretical calculations are compared with experimental
data by the group of Ohsawa [21,52]. Our calculation, which
includes the exchange interaction between the active electron
and the core electrons, is in agreement with the measure-
ment, except in the the narrow range of electron ejection
energies around ε = 10 eV. The SDCS of (28) is dominated
by electrons emitted in the medium angular range, and at
ε ≈ 10 eV the present calculation, as expected from Fig. 4,
overestimates the measured data. However, the good agree-
ment with the measurement at the lowest ejections energies
indicates the non-negligible role of the exchange interaction
in the process. This is more obvious if one considers that the
calculation incorporates only the static part of the e−-H2O+
potential that presents a good account of the measurement
only at ε � 10 eV. The CTMC result of Jorge et al. [46]
is in good agreement with the experimental data, while the
first Born approximation (FBA) model [21] overestimates the
measurement for all electron ejection energies.

Experimental and theoretical CDW-EIS total cross sec-
tions of Eq. (30) available for the considered collision systems
are tabulated in Table I. The largest discrepancies between
theories and experiments, which can even exceed 50%, can
be observed in the case of the H+ projectile ion. Present
results with static-exchange interaction overestimate the mea-
surement for all cases, while with static potentials, except for
H+, our calculations predict lower TCS values. It can also be
stated that the differences in experimental and theoretical TCS
data are largely due to differences in DDCS distributions at
low electron energies. The fact that our calculations with static
potentials in many cases underestimate experimental TCS

032815-9



L. GULYÁS PHYSICAL REVIEW A 108, 032815 (2023)

TABLE I. TCS values in 10−16 cm2, for different projectiles. The other theories are the CDW-EIS applications presented together with the
referred experimental data.

Present results

Projectile ion Static exchange Static Sph. static Other theory Experiment Ref.

250 keV H+ 3.2 2.61 2.57 2.99 1.62 [31]
6 MeV/amu C6+ 9.92 7.52 7.93 9.2 9.0 [28]
3 MeV/amu O8+ 3.08 2.13 2.20 2.8 2.33 [51]
4.5 MeV/amu O8+ 2.26 1.78 1.69 2.1 2.0 [48]

data suggests that contribution of exchange (or other, e.g.,
correlation) interaction should be included in the description.
However, it seems that the currently used model results in an
overestimation of the exchange contribution, which needs to
be improved in the future development of the theory.

IV. SUMMARY AND CONCLUSIONS

In this paper we have presented an extension of the
CDW-EIS model for computing differential and total cross
sections for ionization of molecules by bare-ion impacts. Ex-
ceeding the limitations of previous applications [9,23], the
wave function of the ionized electron has been evaluated on
a more realistic, multicenter field of the residual target ion.
In addition to the electrostatic interaction between the active
electron and target core, contribution of the exchange inter-
action by a local energy-dependent potential has also been
taken into account in the description. The initial multicenter
molecular orbitals have been obtained at the Hartree-Fock
level provided by the computer code GAUSSIAN16. The single-
electron density on which the static and exchange potentials
are derived has been determined on the ground state configu-
ration of the molecule. The model has been tested for the case
of ionization of the H2O molecule by energetic proton and
bare C and O projectiles.

A comparison of the DDCS and SDCS results evaluated
on multicenter potentials with those in which the interaction
of the ejected electron with the H2O+ ion was described on
spherically symmetric Coulomb or screened Coulomb poten-
tials, showed that the multicenter nature of the collision plays
a determining role primarily in the ejection of low-energy
electrons. It can also be concluded that the exchange potential
plays a significant role in the ejection of low-energy electrons.
For all the studied collision systems, inclusion of the exchange
potential in the calculations increased the cross section values
determined by static potential only. However, this fact does
not always lead to a more accurate description of the measure-
ment; see, e.g., the DDCS results presented in Figs. 1, 3, and
4. In many cases the discrepancies between results with static
and static-exchange potentials exceed the error limits of the
experiments. However, it should be mentioned that the applied
local exchange potential is an approximation of the real one.
It may also limit the performance of the present model that
the initial and final one-electron orbitals are not orthogonal.
A more accurate consideration of exchange interaction is
one of our future plans in the development. However, other
factors, such as the breakdown of the independent particle

picture, etc, might also modify the performance of the theory.
As mentioned in the Introduction, the correlation-polarization
potential might also play an important role in the low-energy
electron emission. Different methods are available to model
the correlation-polarization interaction, and to test the role
of this interaction we have applied the locale correlation-
polarization model potential based on the density-functional
theory [53,54] in our calculation. Calculations for the 1 MeV
H+ projectile have shown that the DDCS values evaluated at
ε = 2 eV varied by less than 10% as compared to the data
shown in Fig. 1, which were obtained only with the exchange
potential.

The present results show that describing emission of the
low-energy electrons in ionization of the water molecule by
energetic bare projectiles poses a major challenge to the theo-
ries. Our model calculations on the studied collision systems
have not provided a consistent picture of the role of the
considered e−-H2O+ interactions. In some cases, the calcu-
lations performed only with static interaction revealed the
best agreement with the measurements, while in other cases
this proved to be insufficient. The nature of the interaction,
symmetric or asymmetric, Coulomb or screened-Coulomb,
has also revealed different pictures in the studied collision
systems. Results of the other theoretical descriptions (three-
center CTMC, single-center CDW-EIS, 3CW, and first Born;
see Figs. 2–7) considered in the discussions, also suggest that
no theoretical method is capable of providing an accurate
description of the low-energy electron emission in energetic
ion molecule collisions. At the same time, we cannot ignore
the fact that measuring low-energy electrons is an extremely
difficult task, as probably highlighted by the unrealistic irreg-
ularities observed in the DDCS angular distributions; see, e.g.,
Figs. 1 and 3.

The great advantage of the present method is that it can
be easily extended to discuss other molecules as well. The
orbitals of the active electron both in the initial and final
channel are treated by the SCE procedure. The symmetry
of the molecule is taken into account in the evaluation of
transition amplitudes, which reduces tremendously the time
of computing.
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