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Masayuki Ochi
Department of Physics, Osaka University, Machikaneyama-cho, Toyonaka, Osaka 560-0043, Japan

and Forefront Research Center, Osaka University, Machikaneyama-cho, Toyonaka, Osaka 560-0043, Japan

(Received 20 January 2023; revised 19 July 2023; accepted 25 August 2023; published 7 September 2023)

It has been well established that the Jastrow correlation factor can effectively capture the electron correlation
effects, and thus, the efficient optimization of the many-body wave function including the Jastrow correlation
factor is of great importance. For this purpose, the transcorrelated + variational Monte Carlo (TC + VMC)
method is one of the promising methods, where the one-electron orbitals in the Slater determinant and the
Jastrow factor are self-consistently optimized in the TC and VMC methods, respectively. In particular, the
TC method is based on similarity transformation of the Hamitonian by the Jastrow factor, which enables the
efficient optimization of the one-electron orbitals under the effective interaction. Through test calculations of
some closed-shell atoms, He, Be, and Ne, we find that the total energy is in many cases systematically improved
by using better Jastrow functions. We find that even a one-shot TC + VMC calculation, where the Jastrow
parameters are optimized at the Hartree-Fock + VMC level, can yield partial benefits from orbital optimization.
It is also suggested that one-shot TC + VMC can be a good alternative method for complex systems. Our study
provides important insights for optimizing many-body wave function including the Jastrow correlation factor,
which would be of great help for development of highly accurate electronic structure calculations.
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I. INTRODUCTION

Accurate description of the electronic structure relies on
whether the theory captures essential aspects of the electron
correlation effects. One important aspect of many-electron
correlation originates from the singular behavior of the
Coulomb interaction at electron coalescence points, which
is represented with the Kato cusp condition [1,2]. From this
viewpoint, an explicit inclusion of the electron-electron dis-
tance r12 into the theory is crucial, as pointed out in pioneering
works by Hylleraas [3–5]. It is now well known that a slow
convergence with respect to the basis-set size for one-electron
orbitals is effectively improved by the R12 [6] and F12 [7]
theories.

Because the R12 and F12 theories aim for an efficient
approach to the complete-basis-set (CBS) limit, the CBS limit
itself is unchanged by the use of r12-dependent functions.
Another attempted idea is to improve the accuracy of the wave
function by including the two-electron variables in the wave
function. A representative example is the Jastrow-Slater-type
wave function, where the Jastrow factor, which depends on r12

and often more complicated coordinates, is multiplied by the
Slater determinant. Quantum Monte Carlo (QMC) methods,
such as the variational Monte Carlo (VMC) and diffusion
Monte Carlo methods [8], successfully handle this kind of
wave function not only for atoms and molecules but also for
condensed matters [9]. A key point here is that evaluation of
physical quantities for the many-body wave function includ-
ing the Jastrow factor requires a 3N-dimensional integration
(N being the number of electrons), which is efficiently per-
formed with the Monte Carlo technique.

An alternative way to handle the Jastrow factor was in-
troduced by Boys and Handy [10,11]: they proposed to use
the Hamiltonian similarity transformed by the Jastrow factor.
Then orbital optimization for the Jastrow-Slater-type wave
function is regarded as the Hartree-Fock (HF) approximation
to the similarity-transformed Hamiltonian, which does not
require the huge-dimensional integration mentioned above.
This is called the transcorrelated (TC) method [10–14]. An
important advantage of the TC method is that one can apply
sophisticated post-HF methods to the similarity-transformed
Hamiltonian. That is, the TC method can be a promising start-
ing point of the wave-function theory instead of HF; electron
correlation effects are partially taken into account already
at the first hierarchy level with respect to the similarity-
transformed Hamiltonian. In fact, previous studies performed
TC calculations combined with the coupled-cluster the-
ory [15,16], Møller-Plesset (MP) perturbation theory [12,13],
and configuration interaction (CI) theory [17–21] for atomic
and molecular systems. The canonical TC method [22] is an
important development in which one employs the idea of the
similarity transformation in the context of the F12 theory. Re-
cently, the canonical TC method was used in conjunction with
the variational quantum eigensolver method [23]. Also, it is
remarkable that the canonical TC method efficiently reduces
the number of required Slater determinants in the full-CI
(FCI) QMC calculation [24,25]. Here similarity-transformed
FCIQMC, the combination of the TC and FCIQMC methods,
has recently been paid much attention [24–31]. A recent study
that combines the TC method with the quantum computational
method is also promising [32,33]. Moreover, an efficient treat-
ment of the correlation effects enables one to apply the TC
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method to solids [34–39], including its combination with the
CI singles [40] and the second-order MP perturbation the-
ory [41]. The TC and related methods were also applied to
the Hubbard model [28,42–44], electron gas [29,34,45–48],
one-dimensional quantum gas with contact interactions [30],
and ultracold atoms [31].

Several post-HF methods focus on improvement over the
single Slater determinant, e.g., by using a linear combination
of many determinants (CI) and taking the perturbative cor-
rection into account (MP perturbation theory). On the other
hand, optimizing the Jastrow factor is another important way
to improve the quality of the many-body wave function. While
a parameter-free (i.e., no degree of freedom for optimization)
Jastrow function sometimes works well (e.g., [12,20,34,46]),
parameters in the Jastrow factor have been successfully op-
timized in the TC method [14,18,19,36,47,49,50]. However,
Jastrow optimization in the TC method still has not been
well investigated: how it affects the accuracy of the total
energy and the pseudoenergy, which is an expectation value
of the similarity-transformed Hamiltonian, what is the effi-
cient way for optimization, how the effective interactions in
the similarity-transformed Hamiltonian are altered by Jas-
trow optimization, and so on. It is noteworthy that recent
studies shed light on the importance of the Jastrow opti-
mization in the TC method [51–53]. While their study uses
the Jastrow parameters optimized for the HF orbitals, fully
self-consistent optimization of both the Jastrow factor and
the Slater determinant is desired. The full optimization of
the Jastrow-Slater-type wave function is also challenging for
QMC calculation [54,55].

In this study, we systematically investigate the fully self-
consistent solution of the TC method, where both the Jastrow
factor and the Slater determinant are optimized. We use the
TC+VMC method [14] because VMC is a well-established
method for optimizing the Jastrow factor in the Jastrow-
Slater-type wave function, using more sophisticated Jastrow
functions compared to the previous study of the TC+VMC
method [14]. We investigate both the TC and biorthogonal TC
(BITC) methods, where the left and right Slater determinants
can be different. Although many previous studies investigate
one of these two formulations, we find that the pseudoenergy
is very different between two formulations. To understand the
nature of the similarity transformation, we also investigate
how the effective interactions in the similarity-transformed
Hamiltonian are altered by Jastrow optimization. We perform
these calculations on some closed-shell atoms, He, Be, and
Ne. We take a sufficiently large number of basis functions
for one-electron orbitals to eliminate the basis-set error and
see how the correlation effects are described in the optimized
Jastrow factor. We find that the total energy is in many cases
systematically improved by using better Jastrow functions. By
improving the Jastrow function, the expectation value of the
non-Hermitian TC Hamiltonian (pseudoenergy) gets closer to
that of the original Hamiltonian for a helium atom. These dif-
ferent estimates of the total energy roughly coincide when one
includes the electron-electron-nucleus terms in the Jastrow
function. We also find that one can partially receive a ben-
efit of the orbital optimization even by one-shot TC + VMC,
where the Jastrow parameters are optimized at the HF + VMC
level. However, such a superiority of the fully-self-consistent

TC + VMC calculation does not take place when our simple
electron-electron-nucleus Jastrow function is used for Be and
Ne atoms, suggesting that an alternate repetition of TC and
VMC optimizations using different guiding principles some-
times causes difficulty in reaching an accurate solution. In
such a case, one-shot TC + VMC might be a good alternative
way to apply the TC orbital optimization to the Jastrow-Slater-
type wave function. This study offers a good clue to know how
one can efficiently improve the quality of a many-body wave
function including the Jastrow correlation factor, which would
be of great help for development of highly accurate electronic
structure calculation.

The paper is organized as follows. In Sec. II we briefly
present a theoretical framework of the (single-determinant)
TC method. Our implementation of the all-electron TC cal-
culation for the closed-shell atom is presented in Sec. III. In
Sec. IV we introduce the TC + VMC method and the Jastrow
functions used in this study. Calculation results are shown in
Sec. V. Section VI is devoted to the conclusion of this study.
Hartree atomic units (a.u.) are used throughout this paper:
h̄ = |e| = me = 4πε0 = 1.

II. TC METHOD

Here we briefly describe a theoretical framework of the
TC method, a detail of which was presented in previous
papers [10,12,14]. Hamiltonian H for an N-electron system
under an external potential vext (r) is written as

H =
N∑

i=1

(
−1

2
∇2

i + vext (ri )

)
+

N∑
i=1

N∑
j>i

1

|ri − r j | . (1)

First, we formally factorize the many-body wave function �

as � = F� where F is the Jastrow factor,

F = exp

⎡
⎣−

N∑
i, j(>i)

u(xi, x j )

⎤
⎦, (2)

and � is defined as � ≡ �/F . Here x = (r, σ ) denotes a set
of spatial and spin coordinates associated with an electron.
Here we assume the Jastrow function u(xi, x j ) to be symmet-
ric, u(xi, x j ) = u(x j, xi ), without loss of generality. Next, we
introduce a similarity-transformed Hamiltonian,

HTC ≡ F−1HF, (3)

by which the Schrödinger equation is rewritten as

H� = E� ⇔ HTC� = E�. (4)

In this way, electron correlation effects described with the
Jastrow factor are incorporated into the similarity-transformed
Hamiltonian HTC, which we called the TC Hamiltonian here-
after. HTC can be explicitly written as

HTC =
N∑

i=1

[
−1

2
∇2

i + vext (ri )

]
+

N∑
i=1

N∑
j>i

v2body(x1, x2)

−
N∑

i=1

N∑
j>i

N∑
k> j

v3body(x1, x2, x3), (5)
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where v2body(x1, x2) and v3body(x1, x2, x3) are the effective in-
teractions in the TC Hamiltonian defined as

v2body(x1, x2) ≡ 1

|r1 − r2| + 1

2

{∇2
1 u(x1, x2) + ∇2

2 u(x1, x2)

− [∇1u(x1, x2)]2 − [∇2u(x1, x2)]2
}

+ ∇1u(x1, x2) · ∇1 + ∇2u(x1, x2) · ∇2 (6)

and

v3body(x1, x2, x3)

≡ ∇1u(x1, x2) · ∇1u(x1, x3) + ∇2u(x2, x1) · ∇2u(x2, x3)

+ ∇3u(x3, x1) · ∇3u(x3, x2). (7)

It is characteristic that the TC Hamiltonian does not include
four- or higher-body effective interactions as long as a Jastrow
factor including only up to two-electron correlations is used.

By approximating � to be a single Slater determi-
nant consisting of one-electron orbitals: � = det[φi(x j )], the
following one-body self-consistent-field (SCF) equation is de-
rived (see, e.g., [14]):(

−1

2
∇2

1 + vext (r1)

)
φi(r1)

+
N∑

j=1

∫
dr2 φ∗

j (r2)v2body(x1, x2)det

[
φi(r1) φi(r2)

φ j (r1) φ j (r2)

]

−
N∑

j=1

N∑
k> j

∫
dr2 dr3 φ∗

j (r2)φ∗
k (r3)v3body(x1, x2, x3)

× det

⎡
⎢⎣

φi(r1) φi(r2) φi(r3)

φ j (r1) φ j (r2) φ j (r3)

φk (r1) φk (r2) φk (r3)

⎤
⎥⎦ =

N∑
j=1

εi jφ j (r1), (8)

where the orthonormal condition, 〈φi|φ j〉 = δi, j , is imposed.
The TC one-electron orbitals φi(r) are optimized by solv-
ing Eq. (8). � can be systematically improved over a single
Slater determinant by applying the post-HF theories to the
similarity-transformed Hamiltonian [12,13,15,40,41], which
is an important advantage of the TC method. This feature
is validated by the equivalency between the two eigenvalue
problems presented in Eq. (4): that is, the exact eigenstate of
the original Hamiltonian H can be immediately constructed
from the exact eigenstate of HTC by � = F�. In this study,
however, we concentrate on the case when � is approximated
as a single Slater determinant.

The total energy,

E = 〈�|H|�〉
〈�|�〉 , (9)

equals the TC pseudoenergy,

ETC = Re

[ 〈�|HTC|�〉
〈�|�〉

]
, (10)

when � is the exact eigenstate of HTC. While this is of course
not true for an approximate �, we can still approximately
evaluate the total energy by ETC, which does not require
N-dimensional integration. For example, when � is a single
Slater determinant, ETC can be calculated by nine-dimensional

(three-body) integration. This is another great advantage of
the TC method from the viewpoint of computational cost.
However, accuracy of the approximation ETC � E should be
carefully checked, which is one of the main objectives of this
study.

We also mention the biorthogonal formulation of the TC
method, which we called the BITC method. The BITC method
was applied to molecules [13] and recently also to solids [41].
A detailed description of the BITC method can be found in
these papers. In the BITC method, we use left and right Slater
determinants consisting of different one-electron orbitals,
X = det[χi(x j )] and � = det[φi(x j )], respectively, with the
biorthogonal condition 〈χi|φ j〉 = δi, j and the normalization
condition 〈φi|φi〉 = 1. Then a one-body SCF equation be-
comes slightly different from Eq. (8) as follows:[

−1

2
∇2

1 + vext (r1)

]
φi(r1)

+
N∑

j=1

∫
dr2 χ∗

j (r2)v2body(x1, x2)det

[
φi(r1) φi(r2)

φ j (r1) φ j (r2)

]

−
N∑

j=1

N∑
k> j

∫
dr2 dr3 χ∗

j (r2)χ∗
k (r3)v3body(x1, x2, x3)

× det

⎡
⎢⎣

φi(r1) φi(r2) φi(r3)

φ j (r1) φ j (r2) φ j (r3)

φk (r1) φk (r2) φk (r3)

⎤
⎥⎦ = εiiφi(r1). (11)

By rewriting Eq. (11) as ĥφi = εiiφi, we can solve this equa-
tion by diagonalization of the operator ĥ. Since the one-body
SCF equation for the left orbital χ is ĥ†χi = ε∗

iiχ , we can
simultaneously get χ as the left eigenstates of ĥ in the above
diagonalization. The BITC pseudoenergy is defined as

EBITC = Re

[ 〈X |HTC|�〉
〈X |�〉

]
. (12)

Because the similarity transformation of Hamiltonian intro-
duces non-Hermiticity, such a formulation yields a different
result from the ordinary TC method presented above. A dif-
ference between the TC and BITC methods is also an issue
that we shall investigate in this paper.

III. ALL-ELECTRON TC CALCULATION FOR AN ATOM

Here we describe how we perform the all-electron cal-
culation of the TC method. In this study we focus on the
nonrelativistic treatment of the closed-shell atom with a nu-
cleus charge Z placed at the origin.

A. One-electron orbitals and a basis set

We represent the left and right one-electron orbitals by the
spherical harmonics Yli,mi and the radial functions as follows:

φni,li,mi,σi (r) = Ylimi (�)
φrad

ni,li,σi
(r)

r
, (13)

χni,li,mi,σi (r) = Ylimi (�
′)

χ rad
ni,li,σi

(r)

r
, (14)

032806-3



MASAYUKI OCHI PHYSICAL REVIEW A 108, 032806 (2023)

where ni, li, mi, σi denote the principal, azimuthal, magnetic,
and spin quantum numbers, respectively. We often abbreviate
φrad

ni,li,σi
as φrad

i hereafter. We expand the radial functions with
the azimuthal quantum number li using a following basis
function (see, e.g., [56,57]):

f li
n (r) = (2α)li+ 3

2

√
n!

(n + 2li + 2)!
rli+1L(2li+2)

n (2αr)e−αr,

(15)
where α = √−2εHO is a scaling factor using the eigenenergy
of the highest occupied orbitals, εHO, and L(k)

n is an associated
Laguerre polynomial:

L(k)
n (x) ≡ exx−k

n!

dn

dxn
(e−xxn+k ), (16)

some examples of which are L(k)
0 (x) = 1, L(k)

1 (x) = −x + k +
1, and so on. This basis function satisfies correct asymptotic
behaviors of the radial function [58]: f li

n (r) → e−αr for r →
∞ and f li

n (r) → rli+1 for r → 0. Hence, any orbitals that can
be represented by a product of rli+1e−αr and a polynomial
of r can be expanded with this basis set. Orthonormality of
this basis set is readily verified (see Appendix A). Note that
the scaling factor α is updated in each SCF loop because it
depends on εHO [60].

B. TC-SCF equation for the radial function

The TC-SCF equation for the radial function of the right
orbitals reads[

−1

2

d2

dr2
+ li(li + 1)

2r2
+ V̂ [φ, χ ]

]
φrad

i (r) =
N∑
j

εi jφ
rad
j (r),

(17)
where V̂ denotes the one-, two-, and three-body potentials as
described in more detail later in this paper. Equations for the
left orbitals can be obtained in the same way and so are not
shown here.

We solved the TC-SCF equation (17) by evaluating the ma-
trix elements of the left-hand side of this equation with respect
to the basis functions defined in Eq. (15), and diagonalizing
the matrix [61]. Since we assume that the one-electron orbital
is a product of the spherical harmonics and radial function,
diagonalization is separately performed for each (l, m, σ ).
This procedure is repeated until the self-consistency with re-
spect to the orbitals is achieved, because V̂ [φ, χ ] depends on
the orbitals φ and χ . The matrix elements are evaluated on
the real-space grid points. To describe a rapid oscillation of the
wave functions near a nucleus, we used a log mesh ρ = ln(r)
for the real-space grid. We applied a sufficiently large cutoff
for the range of ρ with the boundary condition that φrad and
χ rad go to zero at the both end points.

Here we comment on the Gram-Schmidt orthonormaliza-
tion of the orbitals. Because of the non-Hermitian character

of the similarity-transformed Hamiltonian, the eigenstates
of the TC-SCF equation are not orthogonalized. Thus, the
actual calculation is proceeded as follows. First, we diago-
nalize the TC-SCF matrix and get its eigenstates. Next, we
perform Gram-Schmidt orthonormalization of the orbitals to
satisfy the orthogonality. Note that the orbitals with differ-
ent (li, mi, σi ) are orthogonal even when the non-Hermiticity
takes place, and hence this orthogonalization is performed
within the same (li, mi, σi ). These orthonormalized orbitals
are the TC one-electron orbitals shown in this paper. Because
the Gram-Schmidt orthonormalization (i.e., linear combina-
tion within the occupied orbitals) does not change the Slater
determinant except a constant factor as is guaranteed by the
antisymmetry of the determinant, this procedure does not
change the many-body wave function. By using the orthonor-
malized orbitals, we can derived the TC-SCF equation (8).
The detail of this procedure was explained in Ref. [14]. For the
BITC method, the biorthogonal condition is imposed instead
of the orthogonal condition, and so this issue does not take
place.

As adopted in Ref. [14], we applied the Gram-Schmidt
orthonormalization to the orbitals in ascending order of the
eigenvalues. In other words, the Gram-Schmidt orthonor-
malization starts from the eigenstate with the lowest orbital
energy. Although the order of the orbitals for the Gram-
Schmidt orthonormalization can change the shape of each
orbital, the orbital energies and the total energy are not af-
fected by the following reasons. As for the orbital energies,
we have proved in Ref. [39] that the diagonal element of the
eigenvalue matrix, εii, is not changed by the Gram-Schmidt
orthonormalization. The total energy is also unaffected by
the order because of the invariance of the Slater determinant
against the Gram-Schmidt orthonormalization as mentioned
in the previous paragraph. Thus, what one-body SCF equa-
tions impose, which is formally equivalent to δ�/δφ∗

i = 0 for
all the occupied orbitals i, are not affected by the order of the
Gram-Schmidt orthonormalization. It is an important future
issue, how the orbital shapes are changed by the choice of
the order of the orbitals in the Gram-Schmidt orthonormal-
ization, while all the results shown in this paper including
the 1s orbitals of the helium atom, where no Gram-Schmidt
orthonormalization takes place, are unaffected by it.

C. One-body terms in the TC-SCF equation

A matrix element for the one-body terms in the TC-SCF
equation (17),

∫ ∞

0
f li
m (r)

[
−1

2

d2

dr2
+ li(li + 1)

2r2
− Z

r

]
f li
n (r) dr, (18)

can be rewritten as follows (see Appendix B):

−α2

2
δm,n +

{
−Z + α

(li + 1)[2li + 2min(m, n) + 3]

2li + 3

} ∫ ∞

0
f li
m (r)

1

r
f li
n (r) dr, (19)

and we numerically evaluated the integral 〈 f li
m |1/r| f li

n 〉. By using a log mesh, dr = rdρ removes a diverging behavior (1/r) of
the integrand.
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If one includes a one-body Jastrow function, a one-body
effective potential will appear in the similarity-transformed
Hamiltonian. In this study, we did not include any one-body
Jastrow function in the TC calculation because this is a du-
plicated degree of freedom with one-electron orbitals. That
is, a one-body Jastrow function is not necessary when one
optimizes one-electron orbitals.

Nevertheless, we here make a few notes for including the
one-body Jastrow function, because it can be a useful way
for some purposes, e.g., for imposing the (nucleus-electron)
cusp condition on the one-body Jastrow function instead of
the one-electron orbitals. One-body effective potentials can be
easily obtained by substituting the one-body Jastrow function
for Eqs. (6) and (7). For using a one-body Jastrow function,
one should properly change a basis set of the one-electron
orbitals, Eq. (15), because an asymptotic behavior of the
one-electron orbitals can be altered by the Jastrow factor.
Regarding this point, we note that the localizing property of
the one-electron orbitals near a nucleus can be lost depending
on the one-body Jastrow function, which can induce numer-
ical difficulty in solving the TC-SCF equation. Thus, it will
be better to properly restrict the degree of freedom of the
one-body Jastrow function even if one would like to include it
in the TC calculation.

D. Two- and three-body terms in the TC-SCF equation

The one-body terms in the TC-SCF equation (17) are easily
evaluated because they come down to the one-dimensional
integral of the smooth function. However, the two- and three-
body terms require higher-dimensional integration, involving
the angle coordinates of the orbitals appearing in V̂ [φ, χ ]. In
this study, we performed Monte Carlo integration for the two-
and three-body terms in the TC-SCF equation for simplicity.

The Monte Carlo sampling is performed in the following
procedure. We go back to the SCF equation (8) and define the
two-body matrix element as〈

F lm
n1

∣∣v2body

∣∣F lm
n2

〉
≡

N∑
j=1

∫
dr1 dr2[F lm

n1
(r1)]∗φ∗

j (r2)

× v2body(x1, x2)det

[
F lm

n2
(r1) F lm

n2
(r2)

φ j (r1) φ j (r2)

]
, (20)

where

F l,m
n (r) = Ylm(�1)

f l
n (r1)

r1
(21)

is a basis function of the orbitals. Since we assume that the
one-electron orbital is a product of the spherical harmonics
and the radial function, we consider only the diagonal matrix
element of the quantum numbers (l, m, σ ), while all occupied
(l j, mj, σ j ) are summed over for the state j. 〈F lm

n1
|v2body|F lm

n2
〉

can be regarded as a two-body part of 〈 f l
n1

|V̂ [φ, χ ]| f l
n2

〉.
Monte Carlo sampling for Eq. (20) is performed in the (r1, r2)
space. Because we can fix φ2 = 0 (an angle coordinate of r2)
by symmetry of the orbitals, five-dimensional integration is
required. Evaluation of the three-body terms can be done in
the same way, which requires eight-dimensional integration.

We note that the two-body terms like ∇1u(x1, x2) ·
∇1φi(r1) depend on the gradient of the orbital. For handling
these terms, we used

∇φi(r) =
(

−φrad
i (r)

r2
+ 1

r

dφrad
i (r)

dr

)
Ylimi (�)er

+ φrad
i (r)

r2

(
∂Ylimi (�)

∂θ
eθ + imi

sin θ
Ylimi (�)eϕ

)
,

(22)

and the following formula (see Appendix C):
∂Ylimi (�)

∂θ
= sgn(mi )

√
(li − |mi|)(li + |mi| + 1)

× Yli,mi+sgn(mi )(�)e−isgn(mi )ϕ

+ |mi|cos θ

sin θ
Yli,mi (�), (23)

where sgn(mi ) = +1 (mi � 0), −1 (mi < 0), for evaluat-
ing the derivative of the spherical harmonics. For evaluating
the derivative of the radial functions in Eq. (22), we simply
adopted the finite-difference method.

We note that the Jacobian r2 sin θ removes the diverging
function (1/r and 1/ sin θ ) in Eq. (22) and other potential
terms, by which numerical difficulty is avoided. Derivative of
the Jastrow function in the effective potentials presenting in
Eqs. (6) and (7) is evaluated analytically (see Appendix D).
The Jastrow function used in this study is shown in Sec. IV A.

IV. TC + VMC METHOD

By performing the TC calculation presented in Sec. III,
one can optimize the one-electron orbitals for a given Jas-
trow function. To optimize the Jastrow function for given
one-electron orbitals, we performed the VMC calculation. In
VMC calculations, one can minimize the total energy (9) or
the variance,

σ 2 = 〈�|(H − EVMC)2|�〉
〈�|�〉 , (24)

both of which are evaluated with the Monte Carlo integration.
In this paper, we do not describe technical details of VMC,
and instead refer readers to a review article [8].

In the TC + VMC method, one repeats the TC and VMC
calculations alternately for optimizing both the one-electron
orbitals and the Jastrow function. We stopped this iteration
when one finds that an additional VMC calculation no longer
improves the Jastrow function. Calculation procedure of self-
consistent TC + VMC is shown in Fig. 1(a). In Fig. 1 we also
present the calculation procedure for one-shot TC + VMC,
which shall be investigated in Sec. V E.

We should mention a small difference between our TC +
VMC calculation and that studied by Umezawa et al . [14] In
Ref. [14] the variance defined for the TC Hamiltonian,

σ 2
TC = 〈�|(H†

TC − ETC)(HTC − ETC)|�〉
〈�|�〉 , (25)

is minimized instead of σ 2. Both guiding principles should
work because both σ 2 and σ 2

TC become zero for the ex-
act ground state. We shall briefly discuss their difference in
Sec. V.
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Evaluate             (Eq. (9))

(a) self-consistent TC+VMC

(b) one-shot TC+VMC

TC
Solve the SCF eq. (Eq. (8))

→ determine  

TC orbitals

Jastrow parameters

VMC

Optimize Jastrow parameters 
 (Eq. (26))

Evaluate          (Eq. (10))

HF
Solve the SCF eq. 

(Eq. (8) with           )
→ determine  

HF orbitals VMC
Optimize Jastrow parameters 

 (Eq. (26))

TC
Solve the SCF eq. (Eq. (8))

→ determine  

Evaluate          (Eq. (10))

Jastrow parameters

Evaluate             (Eq. (9))

VMC (one-shot)

TC orbitals

FIG. 1. Calculation procedure for (a) self-consistent TC + VMC
and (b) one-shot TC + VMC.

We found that TC + VMC calculation often fails to con-
verge (i.e., each of TC and VMC gives a converged result
while an alternate repetition of TC and VMC calculations
does not reach convergence) when the energy is minimized
in VMC calculation. In that case, one-electron orbitals be-
come more and more localized near the nucleus by repeating
TC and VMC calculations. In principle, it is not guaranteed
that the convergence is achieved by repeating TC and VMC
calculations based on different guiding principles for each.
Although it is difficult to pin down the cause for the fail-
ure in TC + VMC (energy minimization), in our experience,
variance optimization in VMC works well in TC + VMC cal-
culation. Thus, we adopted variance minimization for VMC
calculation in this study. However, we also found that, TC +
VMC (energy minimization) can reach convergence in some
cases by including one-body terms in the Jastrow function for
VMC. We shall discuss this issue in Sec. V G, while VMC
(variance minimization) was adopted in other sections.

A. Jastrow functions used in this study

In this study we used the following Jastrow function:

u(x1, x2) =
∑

(i, j,k)∈S

cσ1σ2
i jk r̄i

12r̄ j
1 r̄k

2, (26)

where S is a combination of (i, j, k) considered in this Jastrow
function, and r̄12 and r̄i (i = 1, 2) are defined as

r̄12 = r12

r12 + a12
, r̄i = ri

ri + a
(i = 1, 2), (27)

with r12 = |r1 − r2| and ri = |ri|. This Jastrow function is
often used in VMC studies [62,63]. For simplicity, we set
a12 = a. Since u is a symmetric function, cσ1σ2

i jk = cσ2σ1
ik j is

imposed. We also assume c↑↑
i jk = c↓↓

i jk and c↑↓
i jk = c↓↑

i jk since we
consider non-spin-polarized atoms here. For satisfying the

cusp conditions [1,2], we set

c↑↑
100 = c↓↓

100 = a12

4
, c↑↓

100 = c↓↑
100 = a12

2
, (28)

and cσ1σ2
1 jk = 0 except j = k = 0 for simplicity. Note that this

Jastrow function is actually spin contaminated and does not
satisfy the cusp condition. This deficiency can be avoided
by constructing the Jastrow factor with the permutation op-
erator, but this procedure introduces nonterminating series
of interaction in the TC Hamiltonian [64]. Thus, we adopt
this approximate cusp condition here. Fortunately, a VMC
study reported that an effect of spin contamination on accu-
racy of the wave function and its energy is small [65]. We
also imposed cσ1σ2

i1k = cσ1σ2
i j1 = 0 since our one-electron orbitals

satisfy the nucleus cusp condition, and cσ1σ2
000 = 0 since this

component plays no role in improving a quality of the wave
function.

In this study, we investigate the following three cases:
(1) Sminimal = {(1, 0, 0)}
(2) See = {(i, 0, 0)|1 � i � 4}
(3) Seen = See ∪ {(0, 2, 2), (2, 2, 0), (2, 0, 2), (2, 2, 2)}.
Sminimal represents the minimal Jastrow function satisfy-

ing the cusp conditions, which has only one free parameter
a. See corresponds to an electron-electron Jastrow function,
and a few electron-electron-nucleus terms are added for Seen.
In total, Sminimal, See, and Seen contain zero, six, and 12,
respectively, independent optimizable parameters (excluding
a) across spin-pair combinations. One-body Jastrow func-
tions, (i, j, k) = (0, j, 0) and (0, 0, k), were not included in
this study because these are duplicated degrees of freedom
with one-electron orbitals as explained in Sec. III C, except
in Sec. V G. In Sec. V G we shall see that including one-
body Jastrow functions in VMC calculations can improve the
convergence of TC + VMC calculations where energy mini-
mization was adopted in VMC. In that case we additionally
included the cuspless one-body terms, (i, j, k) = (0, j, 0) and
(0, 0, k) with 2 � j, k � 4 only in VMC calculations.

V. RESULTS

In this paper we first applied the TC + VMC method to
a helium atom as a test case. While a helium atom can be
regarded as one of the simplest “many-body” systems, it in-
cludes essential aspects of the electron correlation effects. We
also used the BITC method, as described in the following
sections. We also applied the TC + VMC method to beryllium
and neon atoms for comparison, as shown in Sec. V F.

A. Computational details

For the HF, TC, and BITC calculations, a radial mesh
for one-electron orbitals was set in the range of 1.2 × 10−4

bohrs � r � 4.0 × 102 bohrs for He, 1.2 × 10−4 bohrs �
r � 1.1 × 103 bohrs for Be, and 4.5 × 10−5 bohrs � r �
4.0 × 102 bohrs for Ne. Within this range, a log mesh with
mesh points of Nmesh was taken in the HF, TC, and BITC
calculations, while Ncoarse times coarser grid (i.e., the number
of mesh points is Nmesh/Ncoarse) was used as an input orbital for
VMC for efficient Monte Carlo sampling in VMC. For He and
Be, Nmesh = 80 000 and Ncoarse = 500 (i.e., Nmesh/Ncoarse =
160 for VMC) were taken. For Ne, Nmesh = 100 800 and
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Ncoarse = 840 (i.e., Nmesh/Ncoarse = 120 for VMC) were taken.
The number of mesh points for each angle coordinate was
5000. The number of Monte Carlo samplings in the integral
calculations of the HF, TC, and BITC methods was up to 2.56
billion for each SCF iteration. These large numbers might
be improved by efficient implementation of the Monte Carlo
sampling, while it is not the scope of this study. An interesting
alternative way for grid integration is using Treutler-Ahlrichs
integration grids [67,68] without Monte Carlo sampling, as
discussed in Ref. [53]. The number of SCF cycles was set to
30. Since it is not easy to judge whether the self-consistency
is reached because of the statistical error, we estimated the
total energy as a statistical average for the last 10 SCF loops
in the way described later in this section. Jastrow functions
described in Sec. IV A were used. For a helium atom, only the
Jastrow function for the antiparallel spin pairs is required.

For the VMC calculation, we used CASINO code [66].
We minimized the unreweighted variance in the Jastrow-
parameter optimization [69]. We took at most 500 000 Monte
Carlo steps and 20 cycles for each optimization. These rela-
tively large values are required because of the high sensitivity
of the TC and BITC results on the Jastrow parameters as we
shall see later. We note that the final total energy was evaluated
in a separate VM run using at most 800 million Monte Carlo
steps.

For the TC + VMC self-consistent loops, we judged that
the self-consistency is reached when the Jastrow parameters
are not optimized further. That is, the variance is not lowered
in further VMC calculations. Typically 10–20 iterations were
required to reach the self-consistency between the TC and
VMC calculations.

We show the VMC energy with an error bar estimated by
the CASINO code. For the HF, TC, and BITC methods, we
calculated the standard error of the total energies for the last
10 SCF iterations and show it as an estimated error for the
Monte Carlo sampling and the self-consistency within the HF,
TC, and BITC calculations.

In the TC + VMC method, we can use both the TC and
BITC methods in the orbital optimization. However, for a
helium atom, we found that the right one-electron orbitals are
almost the same between the TC and BITC methods as long
as the same Jastrow factor is used. Thus, in this study, we
optimized the one-electron orbitals by the TC method until
the TC + VMC self-consistent loop is converged, and finally
evaluated ETC and EBITC using the optimized Jastrow function
by performing the TC and BITC calculations. Also for other
atoms, since we found that right one-electron orbitals are very
similar between the TC and BITC methods, we adopt the same
way for calculation. We also found that the imaginary part of
the orbitals and eigenvalues are within statistical uncertainty
of zero for closed-shell atoms investigated in this study. At the
moment, we only numerically verified this and do not have a
proof for it, which is an important future issue.

Note that one-electron orbitals used in VMC calculation
should be orthonormalized (see Sec. III A for theoretical detail
of the orthonormalization in the TC and BITC calculation).
Thus, we should perform Gram-Schmidt orthonormalization
also for the BITC orbitals if one would like to use the BITC
orbitals as an input for VMC calculations, while the orthonor-
malized orbitals are not used in the BITC calculation itself.

-2.8944

-2.8942
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 0  0.1  0.2

-2.8618

-2.8616

-2.8614
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FIG. 2. Total energy of a helium atom plotted against the inverse
of the number of basis functions, N−1

basis, (a) for the HF method
and (b) for the TC method (ETC) using the S = Sminimal = {(1, 0, 0)}
Jastrow function in Eq. (26) with a = 1.5 bohrs. Lines are guides for
eyes.

This kind of orthogonalization is validated by the invariance
of the Slater determinant against a linear combination within
the occupied orbitals.

B. Convergence with respect to the number of basis functions

We first checked convergence with respect to the number
of basis functions, Nbasis. In this section, we took a twice
larger number of Monte Carlo sampling in the HF and TC
calculations than that shown in Sec. V A (i.e., that used in
other sections) to reduce the statistical error.

Figure 2 presents the total energy of a helium atom plotted
against the inverse of the number of basis functions, N−1

basis,
for the HF method [Fig. 2(a)] and for the TC method (ETC)
[Fig. 2(b)] using the S = Sminimal = {(1, 0, 0)} Jastrow func-
tion in Eq. (26) with a = 1.5 bohrs. Based on these plots,
we determined to set Nbasis = 50 from the next section for
the HF, TC, and BITC calculations, by which an expected
basis-set error is sufficiently small (∼0.1 mHt). We note that
our Hartree-Fock energy of a helium atom with N−1

basis → 0
(i.e., Nbasis → ∞) is consistent with the complete-basis-set
limit reported in older literature (−2.861679995612 Ht) [70].
A small difference mainly comes from the statistical error in
Monte Carlo sampling and possibly also from the number of
spatial mesh points in our calculation, while it is not the scope
of our study to see the convergence at the level of 0.1 mHt. We
do not show the BITC result since it shows the same trend as
the TC result. We verified that Nbasis = 50 is sufficiently large,
i.e., the error is ∼0.1 mHt, also for beryllium and neon atoms.

C. Total energy and orbital energy (He)

1. Total energy

Before presenting our calculation results, here we define
a notation of the total energies estimated in several different
ways, as summarized in Table I. For HF + VMC calculation,
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TABLE I. Notation of the total energies estimated in several dif-
ferent ways. As noted in the main text, for simplicity, we optimized
one-electron orbitals by the TC method even for calculating ETC+VMC

BITC

in this study. For calculating ETC+VMC
BITC , the BITC calculation was

performed only once after TC + VMC optimization finished.

Eq. of the total energy Orbital opt. Jastrow opt.

EHF+VMC
VMC Eq. (9) (EVMC) HF VMC

ETC+VMC
VMC Eq. (9) (EVMC) TC VMC

ETC+VMC
TC Eq. (10) (ETC) TC VMC

ETC+VMC
BITC Eq. (12) (EBITC) TC VMC

we evaluated the total energy (9) by VMC, which is denoted
as EHF+VMC

VMC . On the other hand, for TC + VMC calculation,
we have three ways to estimate the total energy. The total
energy (9), evaluated by VMC is denoted as ETC+VMC

VMC , and
those evaluated by Eqs. (10) and (12) are denoted as ETC+VMC

TC
and ETC+VMC

BITC , respectively. These different estimates of the
total energy coincide when the many-body wave function is
the exact eigenstate.

We compare the calculated total energies described in the
previous paragraph for a helium atom in Fig. 3. These val-
ues are also listed in Table II, where a = 1.5 bohrs for the
See and Seen Jastrow functions are chosen as representative
cases. Figure 3(a) shows that the orbital optimization by the
TC method successfully improves a quality of many-body
wave functions, because ETC+VMC

VMC is lower than EHF+VMC
VMC .

This improvement is also found for the See Jastrow func-
tion as shown in Fig. 3(b). Because higher-order polynomial
terms are included for the See Jastrow function, the total en-
ergy depends less on the Jastrow parameter a (shown as the
horizontal axis) in Fig. 3(b) unlike in Fig. 3(a). It is also
noteworthy that the best a parameter in Fig. 3(a) provides a

similar EVMC to that in Fig. 3(b), which might be due to a
simplicity of the Jastrow function for a helium atom. When
using the Seen Jastrow function, ETC+VMC

VMC and EHF+VMC
VMC are

very similar as shown in Fig. 3(c). This is not necessarily
the case for other atoms where nodal one-body wave func-
tions are included in the Slater determinant, because a nodal
structure cannot be represented with the Jastrow factor. The
case of other closed-shell atoms are discussed in Sec. V F.
In Table II the total energy obtained using one-body and
electron-electron Jastrow terms reported in Ref. [72] is sim-
ilar to that obtained in our TC + VMC calculation using See

Jastrow. This is naturally understood because the effect of or-
bital relaxation can be included through the one-body Jastrow
terms for He where one-electron orbitals are nodeless. The
total energy obtained using one-body, electron-electron, and
electron-electron-nucleus Jastrow terms reported in Ref. [72]
is lower than that obtained in our TC + VMC calculation
using Seen Jastrow because our calculation used fewer number
of variational parameters in the Jastrow factor.

While EVMC is variational, ETC and EBITC are not so be-
cause of the non-Hermiticity of the TC Hamiltonian. Related
to this feature, although evaluated for the same many-body
wave function, ETC+VMC

VMC , ETC+VMC
TC , and ETC+VMC

BITC are much
different in Fig. 3(a). This discrepancy becomes smaller by
improving the Jastrow factor, as shown in Figs. 3(b) and 3(c).
In total, ETC+VMC

TC tends to be too low, i.e., overcorrelated,
for low-quality Jastrow factors, but it is somewhat alleviated
for ETC+VMC

BITC (also see Table II). It is likely because the left
(bra) orbital in the BITC method tends to delocalize compared
with the HF orbital, which is the opposite trend to the right
(ket) orbital in the TC and BITC method, as we shall see
in Sec. V D 2. The TC total energy is overcorrelated also for
solid-state calculation [41].

One important problem we found is a high sensitivity of
ETC+VMC

TC and ETC+VMC
BITC to the Jastrow parameters. This is

(a) minimal (b) e-e (c) e-e-n
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FIG. 3. Calculated total energies of a helium atom using the Jastrow functions with (a) S = Sminimal, (b) S = See, and (c) S = Seen,
respectively. The broken lines show the exact total energy (Eexact = −2.90372 Ht) estimated in Ref. [71].
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TABLE II. Total energy (Ht) and the ratio of the correlation energy retrieved (%) for a helium atom. For evaluating the latter quantity, the
HF energy calculated using Nbasis = 50 [EHF = −2.8617(3) Ht] and the exact total energy (Eexact = −2.90372 Ht) estimated in Ref. [71] were
used. For all data except those taken from Ref. [14], a = 1.5 bohrs was used in the Jastrow factor. For data taken from Ref. [14], a = 1.92
bohrs was used as the best value obtained by variance (σ 2

TC) minimization. The statistical error for our calculation results is not shown ecause
it is much less than the expected basis-set error ∼0.1 mHt. We note that the variational principle breaks down for ETC and EBITC, which can
result in the ratio of the correlation energy retrieved less than 0% or larger than 100%. For VMC calculations in Ref. [72], a detail of variational
parameters is shown there.

Method Jastrow EVMC (%) ETC (%) EBITC (%) Ref.

HF + VMC See −2.8889 64.8 – – – – –
Seen −2.9020 95.9 – – – – –

TC + VMC See −2.8999 90.9 −2.9079 110.0 −2.8992 89.2 –
Seen −2.9030 98.4 −2.9032 98.7 −2.8994 89.8 –

HF + VMC Sminimal −2.8873(8) 61 – – – – [14]
TC + VMC Sminimal −2.8997(4) 90 −2.8942 77 – – [14]

VMC (one-body and e-e Jastrow) −2.900010(9) 91.17(2) – – – – [72]
VMC (one-body, e-e, and e-e-n

Jastrow)
−2.903693(1) 99.926(2) – – – – [72]

seen, e.g., from a large variation of ETC+VMC
TC and ETC+VMC

BITC
for 2 � a � 3 bohrs in Fig. 3(a), while ETC+VMC

VMC evaluated
using the same right one-electron orbitals is almost unchanged
against the a parameter. We speculate that such high sen-
sitivity is to some extent relevant to the non-Hermiticity of
HTC discussed above that breaks the variational principle,
and then the variation of ETC+VMC

TC and ETC+VMC
BITC is not re-

stricted by the lower bound, i.e., the exact total energy. The
energy curves of ETC+VMC

TC and ETC+VMC
BITC in Fig. 3(c) are not

very smooth against the a parameter, because of the high
sensitivity of those energies to the Jastrow parameters cσ1σ2

i jk ,
which creates a difficulty in achieving the self-consistency
for the TC + VMC calculations. This is the reason for not
optimizing the a parameter in VMC calculation. By taking
the a parameter as the horizontal axis in Fig. 3, we can check
whether the self-consistency between the TC and VMC opti-
mizations was successfully achieved and the solution did not
fall into peculiar local minima. If something goes wrong in
achieving self-consistency, the energy will exhibit an abrupt
change against the a parameter. One possible way to evade
this instability is non-self-consistent approach where the Jas-
trow parameters optimized for the HF orbitals are used in
the TC calculation, as adopted in Ref. [51]. We shall discuss
the effect of the iterative TC and VMC calculations (i.e., the
self-consistency in the TC + VMC calculation) in Sec. V E.

We here make a few comments on the consistency with the
previous study by Umezawa et al . [14] They calculated the
total energies, EHF+VMC

VMC , ETC+VMC
VMC . and ETC+VMC

TC , by using
the Sminimal Jastrow function with the best a parameter (a =
1.92 bohrs). The ratio of the retrieved correlation energies
were reported as 61%, 90%, and 77% for EHF+VMC

VMC , ETC+VMC
VMC ,

and ETC+VMC
TC , respectively. We calculated these values using

the same Jastrow function, and obtained 53.5%, 90.3%, and
106.8%, respectively. They are roughly consistent except for
ETC+VMC

TC . One possible reason for the difference of ETC+VMC
TC

is a basis-set error for the one-electron orbitals in the previous
study. Because of the coincidence of EVMC and ETC in the
Seen Jastrow function as shown in Fig. 3(c), we consider that
ETC+VMC

TC calculated by us using a larger number of basis

functions is reliable. Another important difference between
Umezawa et al . and ours is that the fact that σ 2

TC is mini-
mized in their calculation, as mentioned in Sec. IV. Regarding
this point, the best a parameter for Sminimal in Ref. [14],
a = 1.92 bohrs, seems to be consistent with our calculation
[see Fig. 3(a)], which suggests that σ 2

TC minimization also
works well as a guiding principle for Jastrow optimization.
In fact, it was recently reported that σ 2

TC minimization in
VMC offers accurate and stable optimization of the Jastrow
parameters [53].

2. Orbital energy

Because the TC and BITC method can be regarded
as a single-Slater-determinant (HF) approximation for the
similarity-transformed Hamiltonian, we can naturally obtain
the orbital energies in Eq. (8), and Re[εii] satisfies the Koop-
mans’ theorem as proved in Ref. [14]. In this section we
investigate the accuracy of the orbital energy of a helium
atom. From this section we consider the See and Seen Jastrow
functions using a = 1.5 bohrs as representative cases, because
of a small a dependence of the total energy in Figs. 3(b)
and 3(c).

Table III presents the calculated ionization potential (IP)
estimated from the 1s orbital energy for a helium atom. We
can see that IP estimated from HF is the closest to the exact
value, and TC and BITC tend to overestimate it. The reason
can be understood by the following reason. It is well known
that, in the HF method, two errors of IP are partially canceled
out: one is a lack of the correlation effects, and the other one
is a lack of the orbital relaxation that actually takes place
when an electron is removed from an atom. By the lack of the
correlation effects, the HF total energy of He is overestimated
while the total energy of the single-electron system He+ is not,
which results in underestimation of IP [= E (He+) − E (He)].
On the other hand, by the lack of the orbital relaxation, the
total energy of He+ is overestimated, which results in over-
estimation of IP. These two errors are partially canceled in
IP evaluated with the Hartree-Fock orbital energy εii of He.
However, as for TC and BITC, an error of the correlation
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TABLE III. Ionization potential (IP) (Ht) estimated from the 1s
orbital energy for a helium atom. The exact IP is determined from
a difference between the exact total energy of helium atom, Eexact =
−2.90372 Ht, estimated in Ref. [71], and the exact total energy of
He+, −2.0 Ht. For all data except those taken from Ref. [14], a = 1.5
bohrs was used in the Jastrow factor. For data taken from Ref. [14],
a = 1.92 bohrs was used as the best value obtained by variance
(σ 2

TC) minimization. The statistical error for our calculation results
is not shown because it is much less than the expected basis-set error
∼0.1 mHt.

Method Jastrow IP Ref.

HF – 0.9180 –
– 0.9180 [14]

TC See 0.9301 –
Seen 0.9352 –

BITC See 0.9507 –
Seen 0.9531 –

TC Sminimal 0.9179 [14]

Exact – 0.90372 [71]

effects will be smaller, while an error of the orbital relaxation
will still take place, resulting in overestimation of IP. Note that
this is not the failure of the TC and BITC methods themselves,
but rather due to the limitation of the Koopmans’ theorem.
The ionization potentials of 0.9180 Ht for HF and 0.9179
Ht for TC using a = 1.92 bohrs for Sminimal were reported in
Ref. [14], the former of which is consistent with ours, while
we obtained 0.9290 Ht for TC using the same Jastrow factor.
A discrepancy of IP for TC is likely relevant to the difference
in ETC as discussed in Sec. V C 1, the origin of which might
be the basis-set error in the previous study [14].

D. Optimized many-body wave functions (He)

1. Optimized Jastrow functions

Figure 4 presents the optimized Jastrow factor, F (x1, x2) =
exp[−u(x1, x2)], of a helium atom for several conditions.
The position of one electron, r2, is fixed at r2 = (1.65, 0, 0)
(bohrs) as shown in Fig. 4(a). In addition, the z coordinate of
r1 = (x1, y1, z1) is fixed at 0, i.e., z1 = 0, in this plot. The spin
coordinates of two electrons are assumed to be antiparallel
(σ1 = −σ2).

In Figs. 4(a) and 4(c), contour lines are concentric circles
because the Jastrow factor has only a |r1 − r2| dependence.
A small weight of the Jastrow factor near r1 ∼ r2 represents
that electrons avoid each other by strong Coulomb repulsion.
By including the Seen Jastrow terms, in Figs. 4(b)and 4(d), the
Jastrow function can exhibit more complex behavior. Here a
weight of the Jastrow factor near the nucleus increases to some
extent compared with Figs. 4(a) and 4(c), which is a natural
consequence of the electron-nucleus attractive interaction. In
other words the electron-electron-nucleus terms in the Jastrow
function alleviate the overscreening caused by the See Jastrow
function, which does not take into account the position of the
nucleus. We can see this trend also in Fig. 5, where the same
plots constrained on the y1 = z1 = 0 line are shown.

Note that, in Figs. 4 and 5, a constant multiplication of the
Jastrow factor F is physically meaningless because this degree
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FIG. 4. Optimized Jastrow factor F (x1, x2) = exp[−u(x1, x2)],
of a helium atom with constraints of z1 = 0, r2 = (1.65, 0, 0)
(bohrs), and σ1 = −σ2 (see the main text). The See and Seen Jastrow
functions were used for panels (a) and (c) and (b) and (d), respec-
tively. The Jastrow factors optimized by HF + VMC and TC + VMC
are shown in panels (a) and (b) and (c) and (d), respectively. For all
the panels, a = 1.5 bohrs was used.

of freedom is absorbed in the normalization condition of the
many-body wave function. Even though the VMC total en-
ergy, 〈�F |H|F�〉/〈F�|F�〉 is appropriately defined. Also
in the TC and BITC methods, not F but F−1HF appears in
equations, where such a constant multiplication does not play
any role. Therefore, in Figs. 4 and 5, we multiply a constant
for the Jastrow factor F obtained by HF + VMC so that it
has almost the same value at the electron-electron coalescence
point as that obtained by TC + VMC using the same type of
the Jastrow parameters (e-e or e-e-n). For example, in Fig. 5,
Jastrow factors of e-e (HF + VMC) and e-e (TC + VMC)
almost coincide at the electron-electron coalescence point.

Ja
st
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w

 fa
ct

or
   

   

e-e-n (HF+VMC)

 0

 0.5

 1

-6 -4 -2  0  2  4  6

e-e (HF+VMC)

e-e-n (TC+VMC)

e-e (TC+VMC)

FIG. 5. The same plot as Fig. 4 on the y1 = z1 = 0 line. Each line
represents the Jastrow factor F shown in Figs. 4(a)–4(d).
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FIG. 6. TC effective potential Veff (x1, x2) as defined in Eq. (29), with constraints of z1 = 0, r2 = (1.65, 0, 0) (bohrs), and σ1 = −σ2 (see
the main text), for a helium atom. (a) The bare potential, i.e., Veff without ∇2u terms, is shown, instead of the TC effective potential. (b), (c)
The TC effective potential for several conditions, which are the same as those for Figs. 4(c) and 4(d). Contour lines are shown as guides for
the eye.

By comparing the Jastrow factors obtained by HF + VMC
and TC + VMC, we can see that the Jastrow factors obtained
by TC + VMC tend to have a larger weight in the region
where an electron-electron distance is long. On the other hand,
TC one-electron orbitals tend to be more localized than HF
orbitals as we shall see later. Thus, it seems that the Jastrow
factor and one-electron orbitals (Slater determinant) exhibit
an inverse trend to balance it out for well approximating the
exact eigenstate.

To see the role of the Jastrow factor in more detail, in
Fig. 6 we show the TC effective potential of the electron at
x1 = (r1, σ1) defined as follows:

Veff (x1, x2)

≡ − 2

|r1| + 1

|r1 − r2| + ∇2
1 u(x1, x2) + ∇2

2 u(x1, x2)

2
, (29)

where the first and second terms represent the electron-
nucleus and electron-electron Coulomb potentials, respec-
tively. Here we took a part of the TC effective interaction
terms that describes the electron-electron cusp condition, that
is, that exhibits a divergent behavior near the electron-electron
coalescence point. Other effective potential terms have a rela-
tively minor role near the electron-electron coalescence point
since they do not exhibit such a divergent behavior, and are
not shown here for simplicity. Details for plotting, such as the
fixed r2, are the same as those used for Fig. 4.

Comparing with Fig. 6(a), where the “bare” potential (i.e.
Veff without ∇2u terms) is shown, we can clearly see in
Figs. 6(b) and 6(c) that the TC effective potential terms
∇2u successfully cancel out the divergence of the bare
electron-electron Coulomb interaction at the electron-electron
coalescence point. Under the weak effective electron-electron
interaction, the mean-field (HF) approximation of the TC
Hamiltonian is expected to work well. This is how the TC
method takes into account the electron correlation effects. The
same plot constrained on the y1 = z1 = 0 line is shown in
Fig. 7.

In addition to the above-mentioned trend, we can also see
that the effective potential for the Seen Jastrow function is a
bit larger than that for the See Jastrow function, and is rather

close to the bare potential, near the nucleus (e.g., |x1| � 1
bohr). This means that the Seen Jastrow terms alleviate the
overscreening near the nucleus by the See Jastrow function,
as we have seen in Figs. 4 and 5.

2. Optimized one-electron orbitals

Figure 8 presents the optimized one-electron orbitals of the
1s state. Here the left orbital χ is shown for the BITC method
because a difference of φ between TC and BITC is almost
discernible. We can clearly see that the one-electron orbital
is deformed by optimization in the TC and BITC methods.
Overall, the right orbital φ is a bit localized compared with the
HF orbital, while the left orbital χ is rather a bit delocalized.
The reason why the right orbital φ is localized in the TC and
BITC methods is as follows: the electron-electron interaction
is screened by the Jastrow factor, and then an electron is
allowed to become closer to the nucleus to get stabilized. It
seems that the one-electron orbital is a bit over-localized for
the See Jastrow function, while it is somewhat weakened for
the Seen Jastrow function, as is consistent with our observation
discussed in Sec. V D 1. The opposite trend for localization

-6

-4

-2

 0

 2

 4

 6

-4 -3 -2 -1  0  1  2  3  4

Bare
e-e
e-e-n

FIG. 7. The same plot as Fig. 6 on the y1 = z1 = 0 line, corre-
sponding to Figs. 6(b) and 6(c). The Coulomb potential from the
nucleus, −2/x1, is shown as a guide for the eye.
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FIG. 8. The radial wave function for the 1s state of a helium
atom. The left orbital χ is shown for the BITC method. The right
orbital φ for the BITC method is not shown since a difference of φ

between TC and BITC is almost discernible.

between φ and χ originates from the fact that the left orbital
can be regarded as the mean-field solution of FHF−1 rather
than HTC = F−1HF , where the effect of the Jastrow factor is
expected to be inverted.

E. Effect of the self-consistency between the Jastrow
and orbital optimizations (He)

We have investigated the self-consistent TC + VMC
method so far in this paper, where Jastrow parameters and
one-electron orbitals are alternately optimized by VMC and
TC calculations, respectively, as depicted in Fig. 1(a). On
the other hand, a one-shot TC + VMC calculation with the
following procedure is also possible: (1) perform the HF
calculation to get the HF orbitals, (2) perform the VMC
calculation to get the optimized Jastrow factor using the HF
orbitals, (3) perform the TC method using the Jastrow param-
eters obtained in (2), and (4) evaluate EVMC for the Jastrow
parameters obtained in (2) and the TC orbitals obtained in
(3). This procedure is shown in Fig. 1(b). For the one-shot
TC + VMC calculation, we did not perform an alternate rep-
etition of VMC and TC calculations as was done in the

self-consistent TC + VMC calculations shown in the previous
sections. In other words, the Jastrow parameters optimized for
the HF orbitals were used in the one-shot TC + VMC calcu-
lations, as adopted in Ref. [51]. Note that the self-consistency
for solving the one-body SCF equation, Eq. (8), in the HF or
TC method is always satisfied.

Table IV summarizes the calculation results of one-shot
TC + VMC compared with self-consistent TC + VMC. We
can see that one-shot TC + VMC to some extent improves a
quality of the many-body wave function, i.e., lowers EVMC,
and so can be a good alternative way when one would like
to reduce computational cost. On the other hand, it is also
clear that the quality of the many-body wave function for one-
shot TC + VMC is always inferior to that for self-consistent
TC + VMC. For a very simple system like a helium atom,
TC + VMC calculation using the Sminimal Jastrow function
with the optimal a can also be a good alternative for that using
the (self-consistently optimized) See Jastrow function, because
the former does not require a self-consistent optimization of
the Jastrow parameters but offers the same accuracy as the
latter as discussed in Sec. V C 1. Note that this strategy works
well only for simple systems where the Sminimal Jastrow func-
tion well approximates the optimized one.

F. Other atoms (Be and Ne)

In this subsection we present our calculation results for
beryllium and neon atoms. Table V presents the calculated
total energy for beryllium and neon atoms. We can see that
EVMC is systematically improved by improving a quality of
the Jastrow factor, i.e., EVMC using the Seen Jastrow function is
much accurate than that using the See Jastrow function. How-
ever, this is not necessarily the case for ETC and EBITC. Since
these estimations of the total energy, EVMC, ETC, and EBITC,
should coincide for the exact many-body wave function, such
a nonsystematic behavior of ETC and EBITC might originate
from insufficient accuracy in these atoms unlike a helium
atom. Orbital optimization by the TC method seems to work
well for Be and Ne using the See Jastrow factor, but not so for
Ne using the Seen Jastrow factor. The total-energy estimation
by ETC and EBITC is also unsuccessful for Ne using the Seen

Jastrow factor. These observation suggests that insufficient
degrees of freedom in the Jastrow factor can cause nonsys-
tematic accuracy of the TC method or perhaps result in some

TABLE IV. Total energy (Ht), the ratio of the correlation energy retrieved (%), and the ionization potential (IP) (Ht) estimated from the
1s orbital energy for each method for a helium atom. Details are the same as those for Tables II and III. Calculated results for HF + VMC
and self-consistent TC + VMC are taken from Tables II and III. IP was evaluated with HF, TC, or BITC calculations (i.e., not by VMC). The
statistical error for our calculation results is not shown in this table because it is much less than the expected basis-set error ∼0.1 mHt. As
noted in Table I, BITC calculation was performed only once after TC + VMC calculation, i.e., using the Jastrow parameters determined by
TC + VMC calculation.

Jastrow Method EVMC (%) IP IP (BITC)

See HF + VMC −2.8889 64.8 0.9180 –
TC + VMC (one-shot) −2.8974 85.0 0.9239 0.9406

TC + VMC (self-consistent) −2.8999 90.9 0.9301 0.9507

Seen HF + VMC −2.9020 95.9 0.9180 –
TC + VMC (one-shot) −2.9029 98.0 0.9415 0.9500

TC + VMC (self-consistent) −2.9030 98.4 0.9352 0.9531
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TABLE V. Total energy (Ht) and the ratio of the correlation energy retrieved (%) for beryllium and neon atoms. For evaluating the latter
quantity, the HF energy calculated by us, EHF = −14.5731(1) Ht for Be and −128.548(7) Ht for Ne, and the exact total energy, Eexact =
−14.66736 Ht for Be and −128.939 Ht for Ne, estimated in Ref. [71], were used. a = 1.5 bohrs was used in the Jastrow factor. The statistical
error for our calculation results is not shown because it is much less than the expected basis-set error ∼0.1 mHt. We note that the variational
principle breaks for ETC and EBITC, which can result in the ratio of the correlation energy retrieved less than 0% or larger than 100%. For VMC
calculations in Ref. [69], a detail of variational parameters is shown there.

Atom Method Jastrow EVMC (%) ETC (%) EBITC (%)

Be HF + VMC See −14.6072 36.2 – – – –
Seen −14.6403 71.3 – – – –

TC + VMC See −14.6261 56.3 −14.6469 78.3 −14.6202 50.0
Seen −14.6431 74.3 −14.6497 81.3 −14.6058 34.7

Ne HF + VMC See −128.624 19.3 – – – –
Seen −128.832 72.6 – – – –

TC + VMC See −128.745 50.3 −128.999 115.4 −128.651 26.4
Seen −128.825 70.8 −129.077 135.2 −127.149 −357.8

VMC with one linear optimizable parameter [69] −128.6201(3) 18.4 – – – –
VMC with 72 linear optimizable parameters [69] −128.89752(7) 89.4 – – – –

convergence problem, e.g., trapped by the local minimum in
the TC + VMC self-consistent optimization. This can happen
because TC and VMC calculations are based on different
guiding principles for optimizing many-body wave functions.
For Ne, it is natural that EVMC obtained by our HF + VMC
calculations with See and Seen lie between VMC total energies
using very few and many variational parameters in Ref. [69],
as shown in Table V.

Table VI presents the comparison between one-shot and
self-consistent calculation, in terms of the calculated total
energy, EVMC, and IP. For calculation using See, self-consistent
TC + VMC calculations are always superior to HF + VMC
and one-shot TC + VMC. On the other hand, calculation us-
ing Seen, self-consistent TC + VMC can be inferior to them.
Possible causes of this behavior might be insufficiency of the
degrees of freedom in our Seen Jastrow parameters, or the

convergence problem as mentioned in the previous paragraph.
In any case, our results show that one-shot TC + VMC can be
a good alternative way for these cases in terms of computa-
tional cost and the systematic accuracy. This problem might
be alleviated when one uses the Jastrow function with a larger
degree of freedom.

G. TC + VMC (energy minimization)
with one-body Jastrow terms

As mentioned in Sec. IV, we found that an alternate
repetition of TC and VMC calculations does not reach con-
vergence when the energy is minimized in VMC calculations.
Nevertheless, TC + VMC (energy minimization) can reach
convergence in some cases by including one-body terms in
the Jastrow function as we shall see in this section.

TABLE VI. Total energy (Ht), the ratio of the correlation energy retrieved (%), and the ionization potential (IP) (Ht) estimated from the
highest occupied orbital energy for each method, for beryllium and neon atoms. IP was evaluated by HF, TC, or BITC calculations (i.e., not
by VMC). Calculated results for HF + VMC and self-consistent TC + VMC are taken from Table V. The statistical error for our calculation
results is not shown because it is much less than the expected basis-set error ∼0.1 mHt. As noted in Table I, BITC calculation in self-consistent
TC + VMC was performed only once after TC + VMC calculation, i.e., using the Jastrow parameters determined by TC + VMC calculation.

Atom Jastrow Method EVMC (%) IP IP (BITC)

Be See HF + VMC −14.6072 36.2 0.3093 –
TC + VMC (one-shot) −14.6189 48.6 0.3085 0.3104

TC + VMC (self-consistent) −14.6261 56.3 0.3064 0.3120

Seen HF + VMC −14.6403 71.3 0.3093 –
TC + VMC (one-shot) −14.6449 76.2 0.2960 0.3017

TC + VMC (self-consistent) −14.6431 74.3 0.2769 0.2897
Expt. [73] 0.343

Ne See HF + VMC −128.624 19.3 0.851 –
TC + VMC (one-shot) −128.679 33.4 0.913 0.856

TC + VMC (self-consistent) −128.745 50.3 0.797 0.858

Seen HF + VMC −128.832 72.6 0.851 –
TC + VMC (one-shot) −128.854 78.3 0.765 0.833

TC + VMC (self-consistent) −128.825 70.8 0.546 0.816
Expt. [73] 0.792
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TABLE VII. Total energy (Ht) and the ratio of the correlation energy retrieved (%) for helium and beryllium atoms, calculated using VMC
(energy minimization) including the one-body Jastrow functions. For evaluating the ratio of the correlation energy retrieved, the HF energy
calculated by us, EHF = −2.8617(3) Ht for He and EHF = −14.5731(1) Ht for Be, and the exact total energy, Eexact = −2.90372 Ht for He
and Eexact = −14.66736 Ht for Be, estimated in Ref. [71], were used. a = 1.5 bohrs was used in the Jastrow factor. The statistical error for our
calculation results is not shown in this table because it is much less than the expected basis-set error ∼0.1 mHt. We note that the variational
principle breaks for ETC and EBITC, which can result in the ratio of the correlation energy retrieved less than 0% or larger than 100%.

Atom Method Jastrow EVMC (%) ETC (%) EBITC (%)

He TC + VMC See −2.9003 91.9 −2.9175 132.9 −2.9065 106.7
Seen −2.9033 99.0 −2.9037 99.9 −2.9024 96.7

Be TC + VMC See −14.6374 68.2 −14.7209 156.7 −14.5598 −14.1
Seen −14.6482 79.7 −14.6678 100.4 −14.5778 5.0

For VMC calculations in this section, we minimized the
total energy with including the cuspless one-body Jastrow
terms, (i, j, k) = (0, j, 0) and (0, 0, k) with 2 � j, k � 4 in
Eq. (26), in addition to See or Seen, as described in Sec. IV A.
On the other hand, for TC calculations, we did not include
these additional one-body terms because these degrees of free-
dom can be considered through the orbital optimization. Since
we considered the convergence of TC + VMC was achieved
when the VMC energy is not further lowered in VMC op-
timization starting from c0 j0 = c00k = 0 (i.e., no one-body
terms), calculation results after convergence shown in this
section do not depend on coefficients of the one-body Jastrow
terms.

Because we did not succeed in reaching convergence for
Ne, we present calculation results for He and Be atoms in
Table VII. Overall, these results exhibit a consistent behavior
with those obtained in TC + VMC calculations based on vari-
ance minimization. For He, the ratios of the correlation energy
retrieved evaluated with EVMC are 91.9% and 99.0% for See

and Seen, respectively, as is consistent with those obtained
by TC + VMC calculations based on variance minimization:
90.9% and 98.4% for See and Seen (see Table II), respec-
tively. We also see the same tendency for Tables II (variance
minimization) and VII (energy minimization with one-body
Jastrow terms) that ETC tends to become lower than EVMC

and vice versa for EBITC. Energy minimization tends to give a
lower energy than variance minimization, which is also known
in QMC calculations without TC orbital optimization. For Be,
the ratios of the correlation energy retrieved evaluated with
EVMC are 68.2% and 79.7% for See and Seen, respectively, as
is consistent with those obtained in TC + VMC calculations
based on variance minimization: 56.3% and 74.3% for See and
Seen (see Table V), respectively. It is problematic that ETC and
EBITC are much different from EVMC. Increasing the number of
the Jastrow parameters might alleviate it because these three
estimates of the total energy coincide for the exact eigenstate.

VI. CONCLUSION

In this study we have investigated how TC + VMC cal-
culation works for small atoms. Important findings are
summarized as follows:

(1) TC + VMC calculation can successfully reach a self-
consistent solution by adopting variance minimization in
VMC, while energy minimization in some cases works well
by including one-body Jastrow terms.

(2) The total energy evaluated by VMC (EVMC) is in many
cases systematically improved by using better Jastrow func-
tions, and the expectation value of the TC Hamiltonian, ETC,
gets closer to EVMC, accordingly. However, it is suggested
that EVMC is a better estimate of the total energy than ETC

and EBITC, when the number of Jastrow parameters is not
sufficient.

(3) One can partially receive the benefit of the orbital
optimization even by one-shot TC + VMC, where the Jastrow
parameters are optimized at the HF + VMC level. One-shot
TC + VMC calculation can be a good compromise in com-
plex systems.

Our study provides important knowledge for optimizing
many-body wave function including the Jastrow correlation
factor, which would be of great help for development of highly
accurate electronic structure calculation.
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APPENDIX A: ORTHONORMALITY OF THE BASIS SET f li
n

Using a formula

∫ ∞

0
xae−xL(a)

m (x)L(a)
n (x) dx = (n + a)!

n!
δm,n, (A1)

032806-14



FULLY SELF-CONSISTENT OPTIMIZATION OF THE … PHYSICAL REVIEW A 108, 032806 (2023)

one can verify that f li
n is orthonormalized as follows:∫ ∞

0
f li
n (r) f li

m (r) dr =
√

m!n!

(m + 2li + 2)!(n + 2li + 2)!

∫ ∞

0
(2αri )

2li+2e−2αrL2li+2
m (2αr)L2li+2

n (2αr)d (2αr) (A2)

=
√

m!n!

(m + 2li + 2)!(n + 2li + 2)!

(n + 2li + 2)!

n!
δm,n (A3)

= δm,n. (A4)

APPENDIX B: CALCULATION OF EQ. (18)

For simplicity, we omit the normalization constant in f li
n here., we evaluate the integral for f̃ li

n = rli+1L(2li+2)
n (2αr)e−αr instead

of that for f li
n . We only consider the m � n case, the other case of which (m < n) is readily derived by Hermiticity. The first term

in Eq. (18) is written as follows:

−1

2

∫ ∞

0
dr f̃ li

m (r)
d2

dr2
f̃ li
n (r)

= −1

2

∫ ∞

0
dr f̃ li

m (r)

[(
d2

dr2
rli+1

)
L(2li+2)

n (2αr)e−αr + rli+1

(
d2

dr2
L(2li+2)

n (2αr)

)
e−αr

+ rli+1L(2li+2)
n (2αr)

(
d2

dr2
e−αr

)
+ 2

(
d

dr
rli+1

)(
d

dr
L(2li+2)

n (2αr)

)
e−αr

+ 2

(
d

dr
rli+1

)
L(2li+2)

n (2αr)

(
d

dr
e−αr

)
+ 2rli+1

(
d

dr
L(2li+2)

n (2αr)

)(
d

dr
e−αr

)]
. (B1)

The first term on the right hand side of Eq. (B1) is rewritten as
∫ ∞

0 dr f̃ li
m (r)−li (li+1)

2r2 f̃ li
n (r), which cancels out the second term in

Eq. (18). The second and sixth terms in Eq. (B1) are zero because of the orthonormalization condition (Eq. (A1)) and the fact
that any lth polynomial can be represented as a linear combination of L(a)

i with i � l . The third term in Eq. (B1) gives the first
term in Eq. (19). For calculating the fourth term, we note(

d

dr
rli+1

)(
d

dr
L(2li+2)

n (2αr)

)
= rli+1 × ((n − 2)-th order polynomial) − 2α(li + 1)rli

(
n + 2li + 2

n − 1

)
(B2)

= rli+1 × ((n − 1)-th order polynomial) − 2α(li + 1)rli
n

2li + 3
L(2li+2)

n (2αr), (B3)

which is derived using the coefficients of the zeroth- and first-order terms in the associated Laguerre polynomial. The first term in
Eq. (B3) makes no contribution to Eq. (B1) because of the orthogonality of the associated Laguerre polynomials and m > n − 1.
The second term in Eq. (B3) yields

2α
(li + 1)n

2li + 3

∫ ∞

0
dr f̃ li

m (r)
1

r
f̃ li
n (r). (B4)

Note that n in the coefficient of this integral should be replaced with min(m, n) when one considers not only the m � n case but
also m < n. The fifth term in Eq. (B1) gives

∫ ∞
0 dr f̃ li

m (r) α(li+1)
r f̃ li

n (r). By summing up all of them, we can obtain Eq. (19) (see
also the Appendix in [56]).

APPENDIX C: DERIVATION OF EQ. (23)

Spherical harmonics are defined as follows:

Yl,m(�) = (−1)
m+|m|

2

√
2l + 1

4π

(l − |m|)!
(l + |m|)!P|m|

l (cos θ )eimϕ,

(C1)
where Pμ

ν (t ) are associated Legendre polynomials satisfying
the following formula:

sin2 θ
d

dt
Pμ

ν (t ) = sin θPμ+1
ν (t ) − μ cos θPμ

ν (t ). (C2)

By using these equations, we can immediately derive Eq. (23).

APPENDIX D: DERIVATIVES OF THE JASTROW
FUNCTION USED IN THIS STUDY

While the analytical derivative of the Jastrow function,
Eq. (26), is straightforward, we present mathematical expres-
sions for reference, which can be helpful in implementing the
TC method. A simple calculation yields

∇1u(x1, x2) =
∑

(i, j,k)∈S

cσ1σ2
i jk r̄i−1

12 r̄ j−1
1 r̄k

2

×
(

r12

r12

ia12

(r12 − a12)2
r̄1 + r1

r1

ja

(r1 − a)2
r̄12

)
(D1)
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and

∇2
1 u(x1, x2) =

∑
(i, j,k)∈S

cσ1σ2
i jk r̄i−2

12 r̄ j−2
1 r̄k

2

(
(i + 1)ia2

12

(r12 + a12)4
r̄2

1 + ( j + 1) ja2

(r1 + a)4
r̄2

12 (D2)

+ r12 · r1

r12r1

2i ja12a

(r12 + a12)2(r1 + a)2

)
, (D3)

by which we can readily write the TC effective potentials represented with ∇u and ∇2u. We note that a sign of the coefficients
cσ1σ2

i jk should be reversed when one defines the Jastrow factor as F = exp[
∑N

i, j( �=i) u(xi, x j )], unlike our notation shown in Eq. (2).
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