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The nonadiabatic holonomic quantum computation based on three-level systems has wide applicability
experimentally due to its simpler energy level structure requirement and inherent robustness from the geometric
phase. However, in previous conventional schemes, the states of the calculation subspace have always leaked
to the noncomputation subspace, resulting in less robustness than anticipated. Recent efforts to address this
problem are at the cost of excessively long gate time, which will lead to more decoherence-induced errors. Here,
we propose a solution to the problem without the severe limitation of the much longer gate time. Specifically,
we implement arbitrary holonomic gates via a three-segment Hamiltonian, where the gate time depends on the
rotation angle, and the smaller the rotation angle, the shorter the gate time will be. Compared with the previous
solutions, our numerical simulations indicate that the decoherence-induced gate errors of our scheme are greatly
decreased and the robustness of our scheme is also better, particularly for small-angle rotation gates. Moreover,
we provide a detailed physical realization of our proposal on a two-dimensional superconducting quantum
circuit. Therefore, our protocol provides a promising alternative for future fault-tolerant quantum computation.
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I. INTRODUCTION

Quantum computers have the potential to solve some of
the hard problems for classical computers [1]. Meanwhile,
the superiority of quantum computers has been proved experi-
mentally [2–4], and thus the research of quantum computation
has attracted much attention in the last several decades. To
build a universal quantum computer, a set of high-fidelity
and robust universal gates is necessary [5]. To this end, a
large amount of research has been carried out in a variety
of physical systems [6–9], among which the development of
superconducting circuit systems is quite rapid in the current
[10–14]. However, the physical implementation of large-scale
quantum computers is still affected by the decoherence effect
and operational-induced errors. Therefore, utilizing geometric
phases [15–19] to construct gates has attracted researchers’
attention [20–26], because it only depends on the overall evo-
lution path but not on the specific evolution details, and thus
provides an alternative for high-fidelity and robust universal
gates. In the beginning, the Abelian geometric phase was used
to implement quantum computation [22,23], which was subse-
quently extended to exploit the non-Abelian geometric phase
due to its noncommutative characteristic [25,26]. Also, nona-
diabatic holonomic quantum computation (NHQC) [25,26]
based on the non-Abelian geometric phase is typical because
of the shorter gate time than the adiabatic case. Moreover,
NHQC’s robust performance has been verified theoretically
[27–32] and experimentally [33–37].

However, in the traditional NHQC schemes [25,26], the
states of the calculation subspace have always leaked to the
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noncomputation subspace, resulting in less robustness than
expected. To overcome this drawback, it was proposed [38]
to impose a super-robust condition, but this solution can only
be used to realize the π -angle rotation gates. Later, in another
experimental work [39], to realize arbitrary rotation gates, a
super-robust nonadiabatic holonomic quantum computation
(SR-NHQC) scheme was realized by six-segment Hamilto-
nian, where the quantum gates have fourth-order resistance to
the global control error, which is greatly improved compared
with the conventional single-loop NHQC schemes [40,41].
However, this scheme has a shortcoming, that is, the gate
time is twice that of the single-loop scheme [40,41], and is
independent of the rotation angle. This shortcoming leads to
poor gate performance when taking the decoherence effect
into consideration, which is quite fatal in practical applica-
tions. Therefore, this paper introduces a method to accelerate
the SR-NHQC scheme, termed the ASR-NHQC, to solve the
problem of excessively long gate time.

Our scheme is based on a detuned �-type three-level sys-
tem by piecewise Hamiltonian to realize arbitrary holonomic
quantum gates. Compared with the previous SR-NHQC
scheme [39], our scheme has the following advantages.
Firstly, it only needs a three-segment Hamiltonian to construct
arbitrary rotation gates, which is a six-segment Hamiltonian
in the previous scheme [39]. Secondly, our gate time depends
on the rotation angle. The smaller the rotation angle, the
shorter the gate time; even our longest gate time is much
shorter than the previous scheme. Through numerical simu-
lations, we found that our scheme has a great improvement
in decoherence performance compared to previous schemes
because of the shortening of our gate time. Finally, when
considering the coupling strength and the detuning errors (all
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errors can be classified into these two types of error), our
scheme is more robust than the previous scheme, especially
in small-angle rotation gates.

Furthermore, we propose a comprehensive physical real-
ization of a two-dimensional (2D) superconducting quantum
circuit for the ASR-NHQC. From our numerical simulations,
the single-qubit gate fidelity can be above 99.50% and the
two-qubit CZ gate fidelity is 99.30%. Besides, two-qubit
gates here are constructed by only two physical qubits, which
is a different implementation on superconducting quantum
circuits. Therefore, our scheme provides a fast and imple-
mentable alternation for the SR-NHQC and thus is promising
for future fault-tolerant quantum computation.

II. SUPER-ROBUST HOLONOMIC QUANTUM GATES

We consider a Hilbert space of (M + N) dimensions,
spanned by {|ψk (0)〉}M+N

k=1 , where the M- and N-dimensional
subspaces belong to the computational subspace and the
noncomputation subspace, respectively, and |ψk (t )〉 sat-
isfy the Schrödinger equation i|ψ̇k (t )〉 = H(t )|ψk (t )〉, setting
h̄ = 1 hereafter. The time-evolution operator is U (t ) =
T e−i

∫ t
0 H(t ′ )dt ′

, with T being the time-ordering operator. The
traditional NHQC scheme [25,26] works as follows. Choos-
ing a different set of time-dependent auxiliary basis vectors
{|ψ̃k (t )〉}M

k=1 in the computation subspace, the |ψk (t )〉 in the
computation subspace can be expressed by {|ψ̃m(0)〉}M

m=1,
i.e., |ψk (t )〉 = ∑M

m=1 Cmk (t )|ψ̃m(t ), with Cmk (t ) being time-
dependent coefficients. When the |ψk (t )〉 in the computation
subspace meets the cyclic evolution condition and the parallel
transport condition, i.e.,

M∑
k=1

|ψk (τ )〉〈ψk (τ )| =
M∑

k=1

|ψk (0)〉〈ψk (0)|, (1)

〈ψk (t )|H(t )|ψl (t )〉 = 0, k, l = 1, ..., M, (2)

with τ being the evolution time, the obtained operator

U (τ ) =
M∑

m,l=1

[
T ei

∫ τ

0 A(t )dt
]

ml |ψ̃m(0)〉〈ψ̃l (0)| (3)

is a holonomic matrix acting on the computation sub-
space, where Aml (t ) = i〈ψ̃m(t )|d/dt |ψ̃l (t )〉 and |ψ̃m(τ )〉 =
|ψ̃m(0)〉 = |ψm(0)〉.

Now, we introduce a global static control error to the
system, i.e., Her (t ) = (1 + ι)H(t ), with ι being a small error
fraction. The evolution operator with error can be expressed
as Uer (τ ) = T e−i

∫ τ

0 Her (t )dt , which is difficult to solve an-
alytically. But, with the Magnus expansion [42–44], we
can perturbatively process the evolution operator Uer (τ ) =
exp

∑∞
k=1 �k (τ ), where �k denotes the terms of the Magnus

expansion [38]. In this way, we can obtain the gate fidelity
[45,46] under the error as

F = 1

M
|Tr[U (τ )U †

er (τ )]|

≈ 1 − ι2

2M

M∑
m=1

M+N∑
k=1

|Dmk|2 − O(ι4), (4)

where Dmk = ∫ τ

0 〈ψm(t )|H(t )|ψk (t )〉dt with m ∈ M and k ∈
M + N . For the SR-NHQC schemes [38,39], they demand
Dmk = 0, and thus the quantum gates have fourth-order resis-
tance to this error. However, we note that, since the parallel
transport condition leads to Dmk = 0 with m, k ∈ M, the
super-robust condition can be simplified as∫ τ

0
〈ψk (t )|H(t )|ψl (t )〉dt = 0, k ∈ M, l ∈ N. (5)

Moreover, the super-robust condition can suppress the cou-
pling of states in the computational and noncomputational
subspaces, thus further improving the implemented gate
robustness, which has been verified experimentally [39].
However, the previous SR-NHQC scheme [39] requires twice
the gate time than the single-loop NHQC scheme [40,41],
which leads to poor decoherence performance, so it is not
conducive to the application of future experiments.

Next, we propose a scheme to overcome the long gate
time drawback, with a three-level system consisting of
{|0〉, |1〉, |2〉} considered. In this case, three orthogonal aux-
iliary basis vectors can be set as

|ψ̃1(t )〉 = cos
θ

2
|0〉 + sin

θ

2
eiϕ |1〉,

|ψ̃2(t )〉 = cos
χ (t )

2
sin

θ

2
e−iϕ |0〉

− cos
χ (t )

2
cos

θ

2
|1〉 + sin

χ (t )

2
eiζ (t )|2〉,

|ψ̃3(t )〉 = sin
χ (t )

2
sin

θ

2
e−i[ϕ+ζ (t )]|0〉

− sin
χ (t )

2
cos

θ

2
e−iζ (t )|1〉 − cos

χ (t )

2
|2〉, (6)

where θ and ϕ are constants, and χ (t ) and ζ (t ) are time-
dependent parameters with χ (τ ) = χ (0) = 0 and ζ (0) =
ζ0, where ζ0 can take any value. Besides, we set that
|ψ̃1(t )〉 = |ψ1(t )〉 is decoupled from the system and |ψ̃k (t )〉 =
e−iγk (t )|ψk (t )〉, with k = 2, 3. Here, the target Hamiltonian is
reversely constructed by auxiliary basis vectors [47], i.e.,

H(t ) = [i〈ψ̃2(t )|d/dt |ψ̃3(t )〉|ψ̃2(t )〉〈ψ̃3(t )| + H.c.]

+ [i〈ψ̃3(t )|d/dt |ψ̃3(t )〉 − γ̇3(t )]|ψ̃3(t )〉〈ψ̃3(t )|. (7)

Setting γ̇3(t ) = [3 + cos χ (t )]ζ̇ (t )/2, we obtain a �-type
three-level system with detuning, as shown in Fig. 1(a), which
is controlled by

H(t ) = �(t )|2〉〈2| + [
02(t )|2〉〈0| + 
12(t )|2〉〈1| + H.c.],

(8)

where 
02(t ) = 
(t ) sin(θ/2)eiϕ and 
12(t ) = −
(t ) cos
(θ/2) drive |0〉 ↔ |2〉 and |1〉 ↔ |2〉, respectively, with
the detuning �(t ) = −ζ̇ (t )[1 + cos χ (t )], in which 
(t ) =
[iχ̇ (t ) + ζ̇ (t ) sin χ (t )] exp[iζ (t )]/2.

By defining a bright state |b〉 = sin(θ/2)e−iϕ |0〉 −
cos(θ/2)|1〉, the Hamiltonian can be rewritten as

H(t ) = �(t )|2〉〈2| + [
(t )|2〉〈b| + H.c.], (9)

where there exists a dark state |d〉 = |ψ̃1(t )〉 = cos(θ/2)|0〉 +
sin(θ/2)eiϕ |1〉 decoupled from the system. Due to the inverse
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(a) (b)

FIG. 1. Illustration of our scheme. (a) A �-type three-level sys-
tem with detuning, where two pulses 
02(t ) and 
12(t ) drive |0〉 ↔
|2〉 and |1〉 ↔ |2〉, respectively. (b) Description of the |ψ̃2(t )〉 evolu-
tion path on the Bloch sphere composed of {|b〉, |2〉}, where χ (t )
and ζ (t ) represent the change of polar angle and azimuth angle,
respectively. In the beginning, |ψ̃2(0)〉 starts from the North Pole,
evolves along the meridian (red dashed line), and arrives at χ (τ1) at
time τ1, then evolves along the latitude (black solid line) for a circle
and returns to χ (τ1) at time τ2, and finally, evolves along the meridian
(blue dashed line) back to the North Pole at time τ .

construction, after the evolution period, the time evolution
operator acting on the computation subspace is

U (τ ) = |d〉〈d| + e−iγ |b〉〈b|
= exp

(
i
γ

2
n · σ

)
, (10)

where γ = −γ2(τ ) = 1
2

∫ τ

0 [1 − cos χ (t )]ζ̇ (t )dt is the rota-
tion angle, n = (sin θ cos ϕ, sin θ sin ϕ, cos θ ) is a unit vector,
and σ = (σx, σy, σz ) are Pauli operators of {|0〉, |1〉}. Obvi-
ously, U (τ ) is an arbitrary nonadiabatic holonomic quantum
gate by choosing specific parameters {θ, ϕ, γ }.

For examples, the H , S, and T gates can be constructed by
setting {θ, ϕ, γ } = {π/4, 0, π}, {0, 0, π/2}, and {0, 0, π/4},
respectively. Subsequently, applying the super-robust con-
dition in Eq. (5), we demand

∫ τ

0 〈ψk (t )|H(t )|ψ3(t )〉dt = 0
(k = 1, 2). Since |ψ1(t )〉 is decoupled from the system, the
super-robust condition is reduced to

∫ τ

0
〈ψ2(t )|H(t )|ψ3(t )〉

=
∫ τ

0

1

2
e−i[γ2(t )−γ3(t )]e−iζ (t )[iχ̇ (t ) + ζ̇ (t ) sin χ (t )]dt

=
∫ τ

0

1

2
eiζ (t )[iχ̇ (t ) + ζ̇ (t ) sin χ (t )]dt = 0, (11)

which is a specific parameter requirement for our scheme to
implement SR-NHQC. In order to satisfy Eq. (11), we divide
the Hamiltonian into the following three segments:

H1(t ) = 1
2 iχ̇ (t )eiζ0 |2〉〈b| + H.c., t ∈ [0, τ1],

H2(t ) = −ζ̇ (t )[1 + cos χ (τ1)]|2〉〈2|
+ [

1
2 ζ̇ (t ) sin χ (τ1)eiζ (t )|2〉〈b| + H.c.

]
, t ∈ (τ1, τ2],

H3(t ) = 1
2 iχ̇ (t )eiζ (τ2 )|2〉〈b| + H.c., t ∈ (τ2, τ ], (12)

through the following parameter settings:

ζ̇ (t ) = 0, ζ (t ) = ζ0, t ∈ [0, τ1],

χ̇ (t ) = 0, χ (t ) = χ (τ1), ζ (τ2) − ζ (τ1) = 2π, t ∈ (τ1, τ2],

ζ̇ (t ) = 0, ζ (t ) = ζ (τ2) = 2π + ζ0, t ∈ (τ2, τ ], (13)

where the choice of ζ (t ) in H2(t ) determines the mathemat-
ical expression of the detuning and the coupling strength.
It is worth noting that there is a time-independent detuning
� = 2π [1 + cos χ (τ1)]/(τ2 − τ1) if the ζ (t ) in H2(t ) is cho-
sen as ζ (t ) = 2πt/(τ2 − τ1) + ζ0. Under the control of the
piecewise Hamiltonian of Eq. (12), by simple calculation,
we obtain the rotation angle γ = π [1 − cos χ (τ1)] depending
on χ (τ1), and the evolutionary trajectory of |ψ̃2(t )〉 can be
depicted on the Bloch sphere composed of {|b〉, |2〉}, as shown
in Fig. 1(b), where χ (t ) and ζ (t ) represent the change of
polar angle and azimuth angle, respectively. In the beginning,
|ψ̃2(0)〉 starts from the North Pole, evolves along the meridian
(red dotted line), and arrives at χ (τ1) at time τ1, then evolves
along the latitude (black solid line) for a circle and returns to
χ (τ1) at time τ2, and finally, evolves along the meridian (blue
dotted line) back to the North Pole at time τ .

III. ACCELERATION AND GATE PERFORMANCE

In order to quickly find the correlation between the gate
time τ and the rotation angle γ , we set the coupling strength’s
magnitude to the same fixed value for each Hamiltonian, i.e.,

H1(t ) = 1
2 i
eiζ0 |2〉〈b| + H.c., t ∈ [0, τ1],

H2(t ) = −ζ̇ (t )[1 + cos χ (τ1)]|2〉〈2|
+ [

1
2
eiζ (t )|2〉〈b| + H.c.

]
, t ∈ (τ1, τ2],

H3(t ) = 1
2 i
eiζ (τ2 )|2〉〈b| + H.c., t ∈ (τ2, τ ], (14)

and thus the operation time of each Hamiltonian can be calcu-
lated as τ1 = χ (τ1)/
, τ2 − τ1 = 2π sin χ (τ1)/
, τ − τ2 =
χ (τ1)/
. Subsequently, the total gate time is expressed as

τ = 2 arccos (1 − γ /π ) + 2π sin [arccos (1 − γ /π )]



, (15)

where the rotation angle γ ∈ [0, π ] and thus the gate time
τ ∈ [0, 3π/
]. However, the gate time is a fixed value
4π/
 for the previous SR-NHQC [39] (see Appendix A
for details), which is twice the gate time of the single-loop
NHQC schemes [40,41]. In Fig. 2(a), we depict numerically
the gate time τ versus the rotation angle γ for our scheme
and the previous SR-NHQC. Obviously, our scheme greatly
shortens the gate time compared to the previous SR-NHQC.

Furthermore, to evaluate the gate performance under de-
coherence, we numerically simulate the gate fidelity as a
function of the decoherence rate for the H , S, and T gates,
via the master equation

dρ(t )/dt = i[ρ(t ),H(t )] + κ

2
[L(σ1) + L(σ2)], (16)

where ρ(t ) is the density operator of the system,
L(A) = 2AρA† − A†Aρ − ρA†A is the Lindbladian
operator, and the decay and dephasing of the system
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FIG. 2. Numerical evaluation of the gate performance. (a) Varia-
tion trend of the gate time τ with the rotation angle γ for our scheme
(red line) and the previous SR-NHQC (black line). (b) How gate
fidelity is affected by the decoherence rate for the H , S, and T gates.
Different gates in our scheme have different effects (three different
colors’ solid lines) due to different gate times, but different gates in
the previous scheme have only the same impact results (dashed line)
due to the same gate time.

are respectively considered as σ1 = |0〉〈2| + |1〉〈2| and
σ2 = 2|2〉〈2| − |1〉〈1| − |0〉〈0|. The gate fidelity is defined
as F = (1/6)

∑6
k=1〈�(0)|kU †(τ )ρ(τ )U (τ )|�(0)〉k , where

|�(0)〉k = {|0〉, |1〉, (|0〉 + |1〉)/
√

2, (|0〉 − |1〉)/
√

2, (|0〉 +
i|1〉)/

√
2, (|0〉 − i|1〉)/

√
2}, respectively. As shown in

Fig. 2(b), for the previous SR-NHQC, all gates have the
same decoherence performance due to constant gate time, but
for our scheme, the smaller the rotation angle, the shorter the
gate time, and thus the better decoherence performance.

In addition, we numerically simulate the H , S, and T
gates’ robustness by the master equation Eq. (16), where the
Hamiltonian considers the coupling strength error and the
detuning error, i.e., Hε,η(t ) = H(t ) + [ε
/2|2〉〈b| + H.c.] +
η
/2|2〉〈2| with ε and η ∈ [−0.2, 0.2]. And we set the deco-
herence rate κ = 0 to compare only the effect of errors on gate
fidelity. As shown in Fig. 3, for the rotation gate of the π angle
(the H gate), our scheme has a similarly robust performance
as the previous scheme, but on the small angle rotation gates
(the S and T gates), our scheme is significantly more robust.
Due to the unavoidable decoherence effect in experiments, the
gate performance of our scheme will be better, because our
scheme also has an advantage in decoherence.

IV. PHYSICAL REALIZATION

Since our scheme only needs a detuned �-type three-level
system, it can be realized on many platforms [33–37,48–54].
As an instance, here we introduce how our scheme can be
implemented on a superconducting quantum circuit, which is
a rapidly developing platform for the physical implementa-
tion of quantum computation. We consider a superconducting
lattice model composed of transmon qubits [55], where each
qubit (T j) has a �-type energy level structure with the an-
harmonic α j and qubits are capacitively coupled, as shown in
Fig. 4(a). To construct arbitrary single-qubit gates, we only
add two pulses 
ge(t ) and

√
2
e f (t ) with different frequen-

cies to drive |g〉 j ↔ |e〉 j and |e〉 j ↔ | f 〉 j , respectively, as
shown in Fig. 4(b), where 
ge(t ) = 
1(t ) cos [υ1(t ) + φ1(t )]
and 
e f (t ) = 
2(t ) cos [υ2(t ) + φ2(t )]. It is sufficient to

FIG. 3. Comparison of the gate robustness for our scheme and
the previous scheme. For the rotation gate of the π angle (the H gate),
our scheme (a) has a similarly robust performance as the previous
scheme (d). However, for the rotation gate of the π/2 angle (the S
gate), our scheme (b) has a robustness advantage over the previous
scheme (e). Furthermore, for the rotation gate of the π/4 angle (the
T gate), our scheme (c) has a more obvious advantage in robustness
compared with the previous schemes (f).

consider four energy levels for single-qubit gates, and thus the
initial Hamiltonian is

H1(t ) = ω1|e〉〈e| + (2ω1 − α1)| f 〉〈 f | + 3(ω1 − α1)|h〉〈h|
+ [
ge(t ) + 
e f (t )](|g〉〈e| +

√
2|e〉〈 f | +

√
3| f 〉〈h|

+ H.c.). (17)

We choose two drive frequencies as υ1(t ) = ω1 + �1(t ) and
υ2(t ) = ω1 − α1 − �1(t ), where �1(t ) is the detuning.

By making a unitary transformation with exp{−i[(ω1t +∫ t ′

0 �1(t ′)dt ′)|e〉〈e| + (2ω1−α1)t | f 〉〈 f |+(3ω1−3α1)t |h〉〈h|]}
and omitting antirotation wave terms, the Hamiltonian is

HI
1(t ) = −�1(t )|e〉〈e|

+ 1
2
1(t )eiφ1(t )

[|g〉〈e| +
√

2ei[α1t+2�1(t )]|e〉〈 f |
+

√
3ei[2α1t+�1(t )]| f 〉〈h| + H.c.

]
+ 1

2
2(t )eiφ2(t )
[
e−i[α1t+2�1(t )]|g〉〈e| +

√
2|e〉〈 f |

+
√

3ei[α1t−�1(t )]| f 〉〈h| + H.c.
]
, (18)

where there are four leakage terms related to the anharmonic
α1. However, due to the increasing anharmonic of the present
and the derivative removal by adiabatic gate (DRAG) method
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FIG. 4. Illustration of the proposed implementation. (a) A super-
conducting lattice model composed of transmon qubits, where each
qubit (T j) has a �-type energy level structure with the anharmonic
α j and qubits are capacitively coupled. (b) To construct arbitrary
single-qubit gates, we only add two pulses 
1(t ) and

√
2
2(t ) of dif-

ferent frequencies to drive |g〉 j ↔ |e〉 j and |e〉 j ↔ | f 〉 j , respectively.
(c) The energy level diagram of two-qubit coupling.

[56,57], the four leakage terms can be well suppressed, and
thus the effective Hamiltonian can be reduced to

Heff
1 (t ) = −�1(t )|e〉 j〈e| + 1

2

[

1(t )eiφ1(t )|g〉 j〈e|

+
√

2
2(t )eiφ2(t )|e〉 j〈 f | + H.c.
]
. (19)

When we choose the {|g〉, | f 〉} subspace as the single-qubit
logical space, i.e., {|g〉, | f 〉} = {|0〉L, |1〉L}, by setting 
c(t ) =√


2
1(t ) + 2
2

2(t ), tan(θ/2) = 
1(t )/[
√

2
2(t )], and ϕ =
φ2(t ) − φ1(t ) + π , Eq. (19) has the same mathematical form

FIG. 5. The state population for the X gate (a) and Z gate
(b) with the decoherence effect, where the initial state of both gates
is (|0〉L + i|1〉L )/

√
2, and the gate fidelities are 99.53% and 99.52%,

respectively.

as Eq. (8), and thus the arbitrary super-robust holonomic
single-qubit gates can be realized by the piecewise Hamil-
tonian of Eq. (14). Through numerical simulations, we show
the state populations and the gate fidelities with decoherence
effect for the X and Z gates in Fig. 5, where the gate fidelity
is 99.53% for the X gate, in which the decoherence effect and
the leakage terms lead to the infidelity of 0.40% and 0.07%,
respectively, and the gate fidelity is 99.52% for the Z gate, in
which the decoherence effect and the leakage terms lead to the
infidelity of 0.39% and 0.09%, respectively (see Appendix B
for details).

Under the {|g〉, | f 〉} coded logical subspace, it is difficult to
implement a nontrivial two-qubit gate with only two physical
qubits because of the severe leakage terms. Here, we introduce
a method to realize the two-qubit phase gate in the available
experimental conditions with only two physical qubits and
obtain a gate fidelity exceeding 99%. Let us use two adjacent
transmon qubits T1 and T2 as an example, and then the log-
ical space for two qubits is {|gg〉12, |gf 〉12, | f g〉12, | f f 〉12} =
{|00〉L, |01〉L, |10〉L, |11〉L}. By adding a two-tone driv-
ing to T1, i.e., ω1(t ) = ω1 + μ1(t ) + μ2(t ) with μ j (t ) =
ε j cos [υ ′

jt + φ′
j (t )], the quantum system consisting of two-

qubit coupling is controlled by

H2(t ) =
2∑

j=1

[ω j |e〉 j〈e| + (2ω j − α j )| f 〉 j〈 f | + 3(ω j − 3α j )|h〉 j〈h| + (4ω j − 6α j )|k〉 j〈k|]

+ g12[(|g〉1〈e| +
√

2|e〉1〈 f | +
√

3| f 〉1〈h| + 2|h〉1〈k|) ⊗ (|e〉2〈g| +
√

2| f 〉2〈e|) +
√

3|h〉2〈 f | + 2|k〉2〈h|) + H.c.],

(20)

where five energy levels for each qubit are considered, and the energy-level diagram of a two-qubit coupling is shown in Fig. 4(c).
In the interaction picture, the Hamiltonian containing the logical subspace is

HI
2(t ) =

√
2g12e−i�12t

∏
j=1,2

e−iFj (t )
{(|01〉L〈ee|e−iα2t + |ee〉L〈10|eiα1t

) +
√

3
[|eh〉L〈11|ei(α1−2α2 )t + |11〉L〈he|ei(2α1−α2 )t

]} + H.c.,

(21)

where �12 = ω1 − ω2 and Fj (t ) = β j sin [υ ′
jt + φ′

j (t )], with
β j = ε j/υ

′
j . And there are two three-energy structures, i.e.,

{|01〉L, |ee〉12, |10〉L} and {|eh〉12, |11〉L, |he〉12}, that can be

used to achieve the two-qubit phase gate. When driving one
of the three-level structures, the other becomes the source of
the leakage terms. Due to the larger coupling coefficient for
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higher energy levels, we construct the two-qubit phase gate in
the subspace of {|eh〉12, |11〉L, |he〉12} by selecting two drive
frequencies as υ ′

1 = �12 − 2α1 + α2 + �2 and υ ′
2 = �12 −

α1 + 2α2 − �2 − υ ′
1, where �2 is the detuning.

Applying Jacobi-Anger expansion and omitting the high-
frequency oscillation terms, we can obtain

HI
2(t ) =

√
2J11g12ei[φ′

1(t )+φ′
2(t )]|01〉L〈ee|ei(α2−α1−�2 )t

−
√

2J10g12e−iφ′
1(t )|10〉L〈ee|ei(α1−α2−�2 )t

+
√

6J11g12ei[φ′
1(t )+φ′

2(t )]|eh〉L〈11|e−i�2t

−
√

6J10g12e−iφ′
1(t )|he〉L〈11|e−i�2t + H.c., (22)

where Jmn = Jm(β1)Jn(β2) and there are two low-frequency
leakage terms dominated by |α1 − α2|, which leads to serious
leakage from the logical space, and thus it is hard to realize a
high-fidelity holonomic two-qubit gate with only two physical
qubits. However, within current experimental achievable g12

and |α1 − α2|, we can adjust parameters β j to minimize the
influence of the leakage terms. Under the unitary transfor-
mation with exp{i�2t (|ee〉12〈ee| + | f f 〉12〈 f f |)}, the effective
Hamiltonian after omitting leakage terms is

Heff
2 (t ) = �2|11〉L〈11| + [

g1e−iφ′
1(t )e−iϕ′ |eh〉L〈11|

− g2e−iφ′
1(t )|he〉L〈11| + H.c.

]
, (23)

where ϕ′ = −2φ′
1(t ) − φ′

2(t ), g1 = √
6J1(β1)J1(β2)g12, and

g2 = √
6J1(β1)J0(β2)g12. By setting g =

√
g2

1 + g2
2 and

tan(θ ′/2) = g1/g2, Eq. (23) has the same mathematical form
as Eq. (8). With the piecewise Hamiltonian of Eq. (14), we
can add an arbitrary phase in the logical state |11〉L, i.e.,

U ′(τ ) = e−iγ ′ |11〉L〈11|, (24)

where γ ′ = π [1 − cos χ (τ1)]. When we set parameters
as {θ ′, ϕ′, γ ′} = {0, 0, π}, in the logical space of
{|00〉L, |01〉L, |10〉L, |11〉L}, the CZ gate can be obtained
as

U ′(τ ) = diag (1, 1, 1,−1). (25)

In order to investigate the feasibility of our proposed
two-qubit gate, we numerically simulate the state population
and the gate fidelity with the decoherence effect for the
CZ gate via the master equation Eq. (B1), where the
Hamiltonian Eq. (21) is used. Meanwhile, the decay
operator and the dephasing operator are changed to
S1 = ∑

j=1,2 (|g〉 j〈e| + √
2|e〉 j〈 f | + √

3| f 〉 j〈h| + 2|h〉 j〈k|)
and S2 = ∑

j=1,2 (|e〉 j〈e| + 2| f 〉 j〈 f | + 3|h〉 j〈h| + 4|k〉 j〈k|),
respectively. The experimental parameters are set as
g12 = 2π × 5 MHz, β2 = 0, α1 = 2π × 300 MHz,
α2 = 2π × 380 MHz, �12 = 2π × 103 MHz, and
κ = 2π × 2 KHz, which can be obtained experimentally.
We numerically simulate the gate fidelity as a function
of the parameter β1 to search for the optimal operation
point minimizing the influence of the leakage terms, as
shown in Fig. 6(a). And the two-qubit gate fidelity is
defined as F = (1/16)

∑16
k=1〈�(0)|kU †(τ )ρ(τ )U (τ )|�(0)〉k ,

FIG. 6. (a) The gate fidelity as a function of the parameter β1 to
search for the optimal operation point minimizing the influence of
the leakage terms. (b) The state population and the gate fidelity with
decoherence effect for the CZ gate, where the initial state is set as
(|00〉L + |01〉L + |10〉L + |11〉L )/2 and the gate fidelity is 99.30%.

where |�(0)〉k = {|g〉1, (|g〉1 − i| f 〉1)/
√

2, (|g〉1 + | f 〉1)/
√

2,

| f 〉1} ⊗ {|g〉2, (|g〉2 − i| f 〉2)/
√

2, and (|g〉2 + | f 〉2)/
√

2, |
f 〉2}, respectively. Subsequently, setting the optimal
parameter β1 = 2.3, we show the state population for the CZ
gate with the initial state (|00〉L + |01〉L + |10〉L + |11〉L )/2,
and the gate fidelity is 99.30%, as shown in Fig. 6(b). So far,
in the superconducting lattice model composed of Transmon
qubits, our scheme can construct arbitrary single-qubit gates
and a nontrivial two-qubit gate, i.e., forming a set of universal
quantum gates, and thus our scheme provides another option
for realizing quantum computation in superconducting
platforms.

V. CONCLUSION

In summary, we propose an accelerated SR-NHQC scheme
based on a �-type three-level system with detuning. Com-
pared with the previous SR-NHQC, our scheme only needs
the three-segment Hamiltonian to construct arbitrary rota-
tion gates, which requires the six-segment Hamiltonian in
the previous scheme. Besides, our gate time depends on the
rotation angle, and the smaller the rotation angle, the shorter
the gate time, and thus our scheme has a great improvement
in decoherence performance due to the shortening of our gate
time. Moreover, our scheme is more robust than the previous
scheme for the coupling strength error and the detuning er-
ror, especially in small-angle rotation gates. In addition, we
give a comprehensive physical realization method on a 2D
superconducting quantum circuit. From our numerical sim-
ulations, the single-qubit gate fidelity can be above 99.50%
and the two-qubit CZ gate fidelity is 99.30%. Therefore, our
scheme provides a fast and implementable alternation for the
SR-NHQC.
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APPENDIX A: THE HAMILTONIAN OF THE PREVIOUS
SR-NHQC

The previous scheme [39] needs a resonant �-type three-
level system controlled by

HL(t ) = 
(t )|2〉〈b| + H.c. (A1)

In order to satisfy the super-robust condition, the Hamiltonian
is divided into the following six segments:

H1
L(t ) = 1

2 i
(t )eiζ0 |2〉〈b| + H.c., t ∈ [0, τ1],

H2
L(t ) = 1

2 i
(t )ei(ζ0+π/2)|2〉〈b| + H.c., t ∈ (τ1, τ2],

H3
L(t ) = 1

2 i
(t )eiζ0 |2〉〈b| + H.c., t ∈ (τ2, τ3],

H4
L(t ) = − 1

2 i
(t )ei(ζ0+γ )|2〉〈b| + H.c., t ∈ (τ3, τ4],

H5
L(t ) = − 1

2 i
(t )ei(ζ0−π/2+γ )|2〉〈b| + H.c., t ∈ (τ4, τ5],

H6
L(t ) = − 1

2 i
(t )ei(ζ0+γ )|2〉〈b| + H.c., t ∈ (τ5, τ ], (A2)

and requires ∫ τ1

0

(t )dt = π/2, t ∈ [0, τ1],

∫ τ2

τ1


(t )dt = π, t ∈ (τ1, τ2],

∫ τ3

τ2


(t )dt = π/2, t ∈ (τ2, τ3],

∫ τ4

τ3


(t )dt = π/2, t ∈ [τ3, τ4],

∫ τ5

τ4


(t )dt = π, t ∈ (τ4, τ5],

∫ τ

τ5


(t )dt = π/2, t ∈ (τ5, τ ]. (A3)

For a fair comparison with our scheme, we set 
(t ) = 
, and
thus the total gate time τ = 4π/
.

APPENDIX B: THE SINGLE-QUBIT GATES WITH DRAG
IN SUPERCONDUCTING CIRCUITS

Due to the low anharmonic of the Transmon qubits,
the DRAG correction [56,57] is required for gate op-
eration in superconducting circuits, i.e., 
̃1(t ) = 
1(t ) −
ip1
̇1(t )/α1, 
̃2(t ) = 
2(t ) − ip2
̇2(t )/α1, and �̃1(t ) =
�1(t ) + p3


2
1(t )/(2α1) + p4


2
2(t )/(2α1), where {p j} are the

parameters used for optimization and 
 j (0) = 
 j (τ ) =
0 is necessary for the DRAG. By setting the drive
amplitudes 
1(t ) = 
0 sin (θ/2) sin2 (πt/τ ) and 
2(t ) =

0 cos (θ/2) sin2 (πt/τ )/

√
2, we numerically simulate the

FIG. 7. The gate fidelity as a function of 
0 for X gate (a) and Z
gate (b) with the decoherence rate κ = 2π × 2 KHz, where the red
line represents the result of the ideal Hamiltonian Heff

1 (t ), the black
line represents the result of the nonideal Hamiltonian HI

1(t ), and the
blue line represents the result of the nonideal Hamiltonian HI

1(t ) with
DRAG.

gate fidelity as a function of 
0 for the X and Z gates, via
the master equation

dρ(t )/dt = i[ρ(t ),H(t )] + κ

2
[L(S1) + L(S2)], (B1)

where ρ(t ) is the density operator of the system, L(A) =
2AρA† − A†Aρ − ρA†A is the Lindbladian operator, and the
decay and dephasing of the system are respectively consid-
ered as S1 = |g〉〈e| + √

2|e〉〈 f | + √
3| f 〉〈h| and S2 = |e〉〈e| +

2| f 〉〈 f | + 3|h〉〈h|. According to the current experimental con-
ditions, we set the anharmonic α1 = 2π × 300 MHz and
the decoherence rate κ = 2π × 2 KHz. In order to find the
DRAG’s best operation point and investigate sources of in-
fidelity, we numerically simulate the X gate and Z gate by
utilizing the ideal Hamiltonian Heff

1 (t ), the nonideal Hamilto-
nian HI

1(t ), and the nonideal Hamiltonian HI
1(t ) with DRAG,

respectively. Meanwhile, for the X gate, the DRAG’s opti-
mization parameters {pj} are set as p1 = 1.8, p2 = −1, p3 =
−0.4, and p4 = −0.3, and for the Z gate, the optimization
parameters are set as p1 = 0, p2 = 1.6, p3 = 0, and p4 =
−2.8. Moreover, as shown in Fig. 7, the best operation points
for the X and Z gates are 
0 = 2π × 45 MHz and 
0 =
2π × 41 MHz, respectively. Subsequently, we investigate the
state populations and the gate fidelities with decoherence ef-
fect for the X and Z gates by applying the parameters of the
best operation point. As shown in Fig. 5, for the X gate, the
gate fidelity is 99.53%, in which the decoherence effect and
the leakage terms lead to the infidelity of 0.40% and 0.07%,
respectively, and for the Z gate, the gate fidelity is 99.52%,
in which the decoherence effect and the leakage terms lead to
the infidelity of 0.39% and 0.09%, respectively.
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