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Perfect state transfer and maximal entanglement in a trimer of three-level systems
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We analyze a quantum wire that consists of a linear chain of three qutrits with nearest-neighbor interactions

and detuning on the central qutrit. We derive the detuning conditions for perfect state transfer of a double
excitation and for maximal entanglement between the first and third qutrits. We also analytically determine
the times for perfect state transfer and maximal entanglement, which are found to be periodic. We also show that
perfect state transfer is a necessary condition for maximal entanglement, with the first occurrence of maximal
entanglement at half the time for the first occurrence of perfect state transfer.
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I. INTRODUCTION

Quantum information science has emerged as one of the
most critical technologies for the 21st century [1], fuel-
ing new concepts in physics and engineering, and forcing
critical reappraisals of known results [2]. Classical infor-
mation science is typically based around bits due to the
robustness that arises from placing a threshold level between
two distinguishable states. For example, with transistors, a
threshold level between the current levels for on and off
provides a natural form of error suppression. Although most
quantum information technologies are based around qubits,
i.e., the quantum analog of bits, in most quantum sys-
tems there is no analogy of classical thresholding, and most
quantum systems can only be approximated as two-state
systems.

Trimers, which are configurations (e.g., a linear chain) of
three two-level systems (2LSs) or three-level systems (3LSs),
have recently been studied by several authors. Trimers can
exhibit perfect state transfer, which occurs when there is unit
probability of finding the excitation on the end site of the
trimer when starting with the excitation on the first site of
the trimer. Bengtson and Sjoqvist [3] analyzed quantum co-
herence in a trimer of 2LSs. They found that in the trimer,
the Hamiltonian parameters that give maximum coherence in
the site basis are different from those that give perfect state
transfer across the trimer. Wyke et al. [4] considered quantum
excitation transfer and entanglement in a trimer of 2LSs with
detuning on the second 2LS. They found that in the absence
of a bath, the amplitude of the oscillations of the excitation
probability does not change with the detuning on the second
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2LS, whereas the presence of the detuning on the second 2LS
increases the entanglement between the first and third 2LSs.
Christandl et al. [5] examined a linear chain of 2LSs and
showed that perfect state transfer along a chain of arbitrary
length can be obtained by using suitably engineered cou-
plings between the 2LSs without the need for any dynamical
control.

Extending beyond qubits, d-dimensional quantum states
are usually termed qudits, with three-state systems termed
qutrits. Qutrits have certain advantages over qubit systems,
motivating further investigation into systems that use them.
Physical implementations of qutrits occur in several situa-
tions, including a spin-one particle in an external magnetic
field, three states of an atom coupled by lasers, and some
superconducting quantum circuits [6—8]. Such systems can
have a A, V, or E (also called ladder or cascade) energy
level configuration. They exhibit phenomena such as electro-
magnetically induced transparency (EIT) [9], Autler-Townes
splitting (ATS) [10], and stimulated Raman adiabatic passage
(STIRAP) [11].

In certain systems, qutrits can optimize the available
Hilbert space [12] and provide efficiency advantages over
qubit-based systems [13—16]. Qutrits also offer advantages
such as higher channel capacities and noise resilience in
communication systems [17]. Recently, researchers have been
successful in performing experiments with qutrits. Luo et al.
[18] demonstrated quantum teleportation of a photonic qutrit
with a fidelity of 75%. Senko et al. [19] experimentally
realized a linear chain of qutrits with controllable interac-
tions. They observed the time evolution of the system and
entangled a pair of qutrits with 86% fidelity. We expect
that these applications and advantages will also apply in
solid-state systems which utilize quantum wires consisting
of linear chains of qutrits, which forms the basis of this
paper.

Gokhale et al. [16] showed that using qutrits instead
of qubits significantly reduces the resources required for

©2023 American Physical Society
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quantum computations. They also demonstrated exponential
improvements to the generalized Toffoli gate by using qutrits.
Goss et al. [7] generated two universal two-qutrit gates with
a measured process fidelity for a two-qutrit entangling gate
of 97%. They were also able to establish a protocol for
characterizing gate noise and determining the fidelity of gate
operations.

Greentree and Koiller [20] demonstrated qutrit state trans-
fer via dark state adiabatic passage in a chain of qutrits.
Recently, Aiyejina et al. [21] demonstrated numerically near-
perfect state transfer of a double excitation in a chain of
three qutrits, in which the first qutrit is initially excited by
a Gaussian laser pulse and there is a detuning on the second
qutrit.

Perfect state transfer has important applications in quantum
information processing. For example, in quantum communi-
cation and cryptography, entanglement is usually generated
between an initial site and an end site of a commu-
nication channel. In solid-state systems, linear arrays of
qubits or qutrits can act as quantum wires, which are the
quantum information channels in devices and quantum net-
works. Perfect state transfer has already been analytically
demonstrated in a quantum wire of qubits, where periodic
perfect state transfer was obtained using specific interqubit
interactions [5].

In this paper, we analytically investigate quantum excita-
tion transfer and entanglement in a trimer of ladder-type 3LSs.
In particular, we examine the transfer of a double excitation
and we use the negativity as a measure of the entanglement
between the first and third 3LSs. In Sec. II, we introduce the
theory for the trimer Hamiltonian, and in Sec. III, we analyt-
ically solve the Hamiltonian and derive analytic expressions
for the excitation probabilities and the negativity describing
the entanglement between the first and third 3LSs. In Sec. 1V,
we derive analytic expressions for the detunings and times
which give perfect state transfer and maximal entanglement.
Finally, in Sec. V, we present simulations for the excitation
probabilities and negativities for various detunings that either
give perfect or imperfect state transfer.

II. THEORY

We examine a chain of three dipole-coupled 3LSs with
ladder configurations having states |0), |1), and |2), as shown
in Fig. 1. We include a detuning of the transition energies
of the second 3LS with respect to the other two 3LSs. The
Hamiltonian for this system is

H=) (oS, +208),)+ AS} +2AS85,

3
i—1

2
H Y [(Sh + V2SL) (S + V285 + Hee], (1)

i=1

where o is the energy separation of adjacent atomic levels
for the first and third 3LSs, A is the detuning of the sec-
ond 3LS, J is the dipole coupling strength of adjacent 3LSs,
and S! = |n);;(m| is the operator for transitions from state

|m) to state |n) of the ith 3LS. This Hamiltonian has been
generalized from the Hamiltonian in Ref. [22] to allow for

|2>—A—<—>|2>—— Q—A— —12)
" \/§J1 xw NG,

|1>—X—<7>'>-—'—A-<7> )

|0) _v_ 0) _v_ —10)

FIG. 1. Energy levels for the trimer system described by the
Hamiltonian in Eq. (1). The energy levels of each 3LS are equally
spaced, with the central 3LS detuned from the other two by A,
as indicated. Excitations hop along the network with coupling
constant J.

interatomic couplings that vary with the atomic transitions. In
order to obtain analytic results, we have chosen the coupling
for transitions involving the states |0) and |1) on both 3LSs to
be J, and the coupling for transitions involving the states |0)
and |1) on one 3LS and the states |1) and |2) on the other
3LS to be +/2J. Finally, we have chosen the coupling for
transitions involving the states [1) and |2) on both 3LSs to
be 2J.

We solve the Schrodinger equation with an initial state of
[Y¥o) = |200), with the first 3LS in state |2) and the other
two 3LSs in state |0). We calculate the probability of double
excitations on the ith 3LS, which is given by

PO() = Trlps|2)a 2], @)

where ps is the density matrix of the system. We also use the
negativity as a measure of the entanglement between the first
and third 3LSs. This negativity, N3, is given by [23]

T3
M3: ||’013||1 1 (3)
2

Here, p13 = Try[ps] is the density matrix describing the first
and third 3LSs after tracing out the second 3LS. Also, p}} is
the partial transpose of p;3 with respect to the third 3LS and
ll; is the trace norm. It is equivalently given by the absolute
value of the sum of the negative eigenvalues of p/3 [23].

III. ANALYTIC SOLUTION

Since the initial state has a total of two excita-
tions and the Hamiltonian conserves the total number
of excitations, we write the Hamiltonian in matrix form
in the two-excitation subspace. In the ordered basis
{|200), |020), |002), [110), [101), |011)}, the Hamiltonian in
the two-excitation subspace is

2w 0 0 V270 0
0 2w+A) 0 V27 0 2
m=| 0 0 2w 0 0 V2J
V27 2 0 20+A J 0
0 0 0 J 20 7
0 V2I V270 J 20+ A
4
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If we define the angle 6 such that 0
5 E; = 20 — 2+/2J tan <§>,
2320 6
anf = T (5) E4 =2w+ 2\/5.] cot <§>,
and 0 < 6 < 7, then we can diagonalize the Hamiltonian H, Es = 2w — +/2J tan <€>,
to give the eigenvalues E;, 2
0
E, = 2w, (6a) Eq =20 +~/2J cot (5)
E, =2w+ 24/2J cot 6, (6b) with corresponding eigenvectors |¢;),

J

Ip1) = (|200 +1002) — f|101)

|¢s) = <Sin0|200) — 25in 0]020) + sin #]002) + 2 cos 8]110) + +/2sin 6]101) + 2cos@|011)),

1
23/2

(6¢)

(6d)

(6e)

(6f)

(7a)

(7b)

|3) = 1[cos <g>|200)+2sin2<§)|020)+00s2 (g>|002)—sin0|110)+\/§cosz<g>|101)—sin9|011)], (7c)

0 0 . 0 . . 0 .
|ps) = |:51n <§>|200) + 2 cos? <§)|020) + sin® <§>|002) + sin 0]110) + V2 sin? <§)|101) + s1n9|011)i|, (7d)

|ds) = %[cos (g) |200) — cos <§)|002) — sin <g>|110) + sin <§)|011)1|,
= Ll (8 200 in (2 002 0 110 0 011
|pe) = E[sm <5>| ) — sin (§>| ) + cos (5>| ) — cos <§>| )i|.

To simplify the expression for the wave function, we introduce

T . o\ 0
() = E[e_z Beot ($)0t g2 <§>+el\/§tan(g)hCOSZ (§> +1}

U et e
ax(1) = —— (e V2 () NI in,
2 2V2

az(t) = 1|:€_1 2c0t( )t sin <€> zftan( )t cos (9) B 11|
2 ) >

(7e)

(7f)

(8a)

(8b)

(8¢

It can be shown that |a;|* + |a2|> + |az|> = 1. As derived in Appendix A, the wave function of the system at time 7, [y (¢)),

starting from the initial state |1) is given by
[¥ (1)) = a?|200) + a2]020) 4 a21002) + +/2a1a;|110) + v/2a,a3|101) + v2a,a3|011).
The double-excitation probability of the ith 3LS is given by
PA) = lail*.

In terms of the detuning A, the double-excitation probabilities are given by

4 824+ A2 2 23872 + A?

€))

(10)

2
2 , [ A =8I+ A2 2J? V8J%2 4+ A2 A—+8IZ4+ A2 (A . [ A/8JF 4+ A2
P~ (t) = | cos t sin® )+ sin Et sin Tt ,

16J¢ 1
PP (t) = ———— sin* (5\/8J2 + A2 z),

(872 + A?)
@) o A—BIF+ A2 2J? V8J% + A v8J2+A2
P;”(t) = | sin t t —t
4 8J2+A2 2 2«/8]2+A2 2
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FIG. 2. Probabilities of the states (a) [200) (P*), (b) [020) (P\?), (c) [002) (P\>), (d) [110) (PT), (e) [011) (P3)), and (f) [101) (P) as

functions of the dimensionless parameter J¢ for A = 0. The first two instances of perfect state transfer occur at Jt =

by the dashed lines in (c).

From Eq. (8), |a;|* is invariant under the transformation
6 — (w — 0). This corresponds to the transformation A —
—A. Therefore, Pi(2) is invariant under a change in sign of A

3z

/2’

L

7 as indicated

and

The probability of a single excitation each on the ith and
Jjth 3LSs is given by

and only depends on the magnitude of A. In the special case Pl.(f)(t) =2|a;a j|2_ (13)
of zero detuning, the probabilities are given by
P(z)(t) — cos® ( J t) (122) Let us now define
1 - = )
V2 _ 8 4 2 4
PO 1., (ﬁ] ) (126) p = laa|” + 10]az["|araz|” + Tlaa3|”, (14a)
t) = —sin t
2 ’ 69
o ! [ g =lal” + 5o lflaal® + Slalflaal - 10l
P () = sin® | —t ). 12¢
(1) ( 7 ) (12¢) (14b)
(a) (b) (c)
1.0 1.0 1.0
0.8 4 0.8 4 0.8 1
pl(Z) 0.6 P2(2) 0.6 p:g?) 0.6
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SIWAIWAWAW) S /AVAVAVAVAVAVAVAVAVAVLY R VIV W WA
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FIG. 3. Probabilities of the states (a) [200) (P>), (b) [020) (P{?), (c) [002) (P\>), (d) [110) (PS), (e) [011) (P3)), and (f) [101) (P) as
functions of the dimensionless parameter J¢ for A = % Perfect state transfer first occurs at Jt = Lz\/ 35, as indicated by the dashed line in

(c).
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FIG. 4. Probabilities of the states (a) [200) (P*), (b) [020) (P\>), (c) 1002) (P{), (d) [110) (P3), (e) |011) (PS), and (f) [101) (P3) as

functions of the dimensionless parameter J¢ for A = 4—%. Perfect state transfer first occurs at Jt = %\/21, as indicated by the dashed line in
(©).

As derived in Appendix B, the negativity is then given by where n,m = 0, 1, 2, .. .. This corresponds to detunings of

24/2J(n — m)
Nis®) = (i + lasP)Wlaal + 2lanasl? = laal?) A= ST nan T’ a7
+ E«/ﬁsin [1 arccos (L) + £:| A positive detuning is obtained when n > m and a negative
3 3 pJ/P 6 detuning of equal magnitude is obtained by interchanging n
1 4 s and m. Perfect state transfer occurs at time tp, given by
- §(|az| + 2laias|”). 15)

__n/@n D2t 1)
P = ﬁ] .

Equation (18) gives the first occurrence of perfect state trans-
fer for values of n and m, which result in a fraction for the

As derived in Appendix C, we get periodic perfect state  right-hand side of Eq. (16) that is irreducible. For example,
transfer of the double excitation to the third 3LS for angles 6p for n = 2 and m = 7, the right-hand side of Eq. (16) is % and

(18)

IV. PERFECT STATE TRANSFER AND MAXIMAL
ENTANGLEMENT

that satisfy we get Tp = 57”\/% . However, the time for the first occurrence
of perfect state transfer would be obtained by reducing %
o Op 2n+1 a6) to %, which corresponds to n =0 and m = 1, resulting in
== ) 3
2 2m + 1 = 7V3.
(@) A=0 (b) A=2/2] () A=427
V'35 V21
1.0 1.0 1.0
0.8 0.8 ; 0.8
Nis 0-61 Nis 061 E NMOGA
0.41 041 0.4
0.2] 021 0.2]
IYE/AVAVAVAVAVAVAVAVAVAVA ool N Y /AN V A
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
Jt Jt Jt

FIG. 5. The negativity N}; as a function of the dimensionless time Jt for (a) A =0, (b) A = %, and (c) A = %. Maximal

entanglement first occurs at Jt = %,/ % for A = %, as indicated by the dashed line in (b).
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FIG. 6. Double-excitation probability P3(2) of the third 3LS as a function of A at time 7, for six values of A, and 7,,.

As derived in Appendix D, the maximum value that the
negativity reaches in the evolution of the system is Ny =
% + % ~ 0.9571. This occurs for detunings that satisfy
Eq. (17), with the added constraint that (n — m) is odd. There-
fore, maximal entanglement can only be obtained when there
is perfect state transfer. The maximal entanglement occurs at
time Ty given by ™y = %rp. The wave function at time ty 1S
given by

between 0 and 0.236, with an angular frequency of
2.87J.
Figure 4 shows the results for the various probabilities

for A = %. This value of A satisfies the perfect state
transfer condition in Eq. (17) for n = 3 and m = 1. The first
instance of perfect state transfer occurs at Jt = %\/21. The
double-excitation probabilities Pl(z) and P3(2) exhibit oscilla-

tions between 0 and 1, while PZ(Z) oscillates between 0 and
0.176 with an angular frequency of 3.09J.
For all three detunings, the probabilities PS), Pg), nd

Pz(g) exhibit oscillations, indicating the propagation of single
excitations in the system in superposition with the double

Figure 5 shows the results for the negativity N3 for the
=0, 2@ [ J as functions of the dimen-

i (=" i
= —|200 —|101) — —=|002). 19
1Y (Tn)) 2| )+ 7 [101) 2| ) (19)
V. RESULTS excitations.
A. Perfect state transfer detuni A=
] ] B 20 Ay etunings
We first consider three detunings, =0, N

that give perfect state transfer. Figure 2 shows the results
for the probabilities P(z) (for state |200)), Pz(z) (for state

020)), P (for state [002)), P (for state [110)), P (for

sionless parameter J t. Flgure 5(a) shows that for A = 0, the
negativity oscillates between 0 and 0.144 with an angular
frequency of 2+/2J. Even though we have perfect state trans-
fer in this case, maximal entanglement is not achieved since

state |101)), and Pg) (for state |011)) as functions of the n —m = 0, which is not odd. Figure 5(b) shows that for A =
dimensionless parameter Jz for A = 0. The A =0 case sat- 2\# the negativity oscillates between 0 and 0.9571. Since

isfies Eq. (17) and the first instance of perfect state transfer
occurs at Jt = %, with an interval of Jt = /27 between
consecutive occurrences. The double-excitation probabilities
P(z) and P(2) exhibit oscillations between 0 and 1 with
an angular frequency of +/2J. On the other hand, P2(2)

cillates between 0 and 0.25 with an angular frequency of

24/2J.

Figure 3 shows the results for the various probabilities
for A = % This value of A satisfies the perfect state
transfer condition in Eq. (17) for n =3 and m = 2. The

in this case n —m = 1, which is odd, maximal entanglement
is obtained. The first occurrence of maximal entanglement
is at Jr = ﬁz\/% Figure 5(c) shows that for A = %«/%_J
the negativity oscillates between 0 and 0.899. In this case,
n — m = 2, which is not odd, so maximal entanglement is not
achieved.

TABLE I. Detuning values and associated times for perfect state
transfer.

first instance of perfect state transfer occurs at Jt = \%«/ 35, A —2:4/‘%27’ —5:4/;/777] - 1j“|%’ 0 % %
The double-excitation probabilities Pl(z) and 1’3(2) exhibit . 21757 pNzsY; n /147 rs NG i
P Va2 V2l V2 V2 e V2

oscillations

between 0 and

1, while Pz(z) oscillates
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FIG. 7. Probabilities of the states (a) [200) (P*), (b) [020) (P\>), (c) 1002) (P{), (d) [110) (P3), (e) |011) (PS), and (f) [101) (P3) as
functions of the dimensionless parameter J¢ for A = %

Figure 6 shows how the double-excitation probability of
the third 3LS varies with the detuning for the six occurrences
of perfect state transfer given in Table 1. Aside from the case
of A =0, there is a general trend where the width of the
resonance peak increases as the magnitude of the detuning
increases.

B. Imperfect state transfer

We now consider two detunings, A = ‘f—%, J, that do not

satisfy Eq. (17) and, therefore, do not give perfect state trans-
fer. Figure 7 shows the results for the various probabilities

for A = % The double-excitation probabilities Pl(z) and

P3(2) show oscillations with an angular frequency of 2.84J
with varying peak amplitudes. The maximum value of P3(2)
over the plotted interval is 0.966 and we get near-perfect
state transfer. The double-excitation probability P2(2) oscil-
lates between 0 and 0.246, also with an angular frequency of
2.84J.

Figure 8 shows the results for the various probabilities
for A = J. The double-excitation probability Plz) oscillates
between 0.012 and 1 with an angular frequency of J, while
the double-excitation probability P3(2) oscillates between 0 and
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0.8 1 0.8 1 0.8 1
p 064 P 06 P 064
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Py o P13 ' P23 ’
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0.2 0.2 ] 0.2
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FIG. 8. Probabilities of the states (a) [200) (P*), (b) [020) (P\>), (c) 1002) (P{), (d) [110) (P3), (e) |011) (PS), and (f) [101) (P3) as

functions of the dimensionless parameter J¢ for A = J.
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FIG. 9. The negativity N3 as a function of the dimensionless parameter J for (a) A = % and (b) A =J.

0.562 with the same frequency as Pl(z) but exhibiting two

maxima and two minima within each cycle. Also, Pz(z) oscil-

lates between 0 and 0.198 with an angular frequency of 3J.
Figure 9 shows the results for the negativity N}z for the

detunings A = %, J as functions of the dimensionless pa-

rameter J¢. Figure 9(a) shows that for A = %, N3 oscillates

with angular frequency 2.84J. Within the plotted interval,
Nz has a maximum value of 0.9569. In this case, where
we have near-perfect state transfer, we also get near-maximal
entanglement. Figure 9(b) shows that for A = J, the nega-
tivity oscillates between 0 and 0.800 with angular frequency
J and exhibits two maxima and two minima within each
cycle.

Figure 10 shows how the double-excitation probability of
the third 3LS varies with the detuning at the time of maxi-

mum probability for near-perfect state transfer with detuning
A= :/F—% At that time, there is a perfect state transfer at a
detuning less than A and the double-excitation probability

slowly decays away from that maximum.
VI. CONCLUSION

We analytically determined the detuning condition, as
given by Eq. (17), for perfect state transfer of a double

1.0

0.8 1

0.4 1

0.2

0.0 T T
-1.0 —0.5 0.0 0.5 1.0

A-A
J

FIG. 10. Double-excitation probability P* of the third 3LS as a
function of A at the time of maximum probability 7; = 2—,21 for the
V21

detuning A = s

excitation in a trimer of 3LSs with a detuning on the central
3LS. We also determined the times at which perfect state
transfer occurred. Additionally, we determined that maximal
entanglement between the first and third 3LSs only occurred
for nonzero detunings that gave perfect state transfer, with
the constraint that (n — m) from Eq. (17) was odd. We found
that maximal entanglement preceded perfect state transfer
with an occurrence time that was half the time at which
perfect state transfer occurred. We also found that values
for the detuning that do not satisfy the perfect state transfer
condition can also give near-perfect state transfer as well
as near-maximal entanglement. These results are important
as we have analytically shown conditions for perfect state
transfer of double excitations that can be engineered using
only the detuning of a central 3LS in the model. We have
also demonstrated how to achieve maximal entanglement
between distant 3LSs without the need for any dynamical
control.

Since the perfect state transfer and maximal entanglement
are periodic, it is possible to perform information processing
on the transmitted qutrits along an array of trimers acting as
a quantum bus in a sequential and controllable manner. Also,
we can evolve multiple systems at the same time and select
the measurement times based on the length of time needed
for processing in different paths. These results should have
applications in quantum information processing and quantum
communication. Specific applications could be, for instance,
in quantum repeaters, quantum memories, quantum key dis-
tribution, and quantum error correction.

Since we have accurate time intervals in the probabilities,
the time difference between two clocks, each positioned at the
end of a chain, can be calibrated. Therefore, applications in
clock synchronization are possible. Additionally, the periodic
occurrence of maximal entanglement allows for the prepara-
tion of entangled qutrits that could be used in entanglement
swapping, which has applications in quantum teleportation.
However, because the perfect state transfer and maximal en-
tanglement are periodic, measurements would have to be done
within a small time frame since the time for which the state
exists at the end of the trimer is very short compared to the
repetition time. This could prove challenging for quantum
measurements on the state. If a longer time is needed for
measurement, then a technique such a dynamical decoupling
can be used since the state exists for a longer period of time in
that case.
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APPENDIX A: DERIVATION OF THE WAVE FUNCTION

The solution of the time-independent Schrodinger equation for the Hamiltonian in Eq. (1) with initial state |i) results in the
wave function

[ @) = e o). (A1)

Expanding the matrix exponential using the eigenvalues and eigenvectors in Egs. (6) and (7) gives

6
(@) = (Z “E ) (il )Wo)

6

Z ~EH($i]200)|¢). (A2)

If we let o = ¢!V2@(5J1 apd B=e! 2cot(3)J1  then the wave function becomes

¥ (@) = @iz"’t[llfﬁl) + Laﬁ sinf|¢2) + lazcosz <€> |$3)
2 22 2 2

1, (8 1 6 1 (6 .
+§/3 sin <§)|¢4>+E“COS (5>|¢5)+ﬁ,351n <§>|¢6>]~ (A3)

Dropping the global phase e¢~">! and substituting for the eigenvectors using Eq. (7) gives

[P () = [1 + laﬂ sin 6 + 1a2 cos* <€> + 1/32 sin* (€> + loz cos? <9) + ,8 sin <9>i||200)
8 4 2 4 2 2 2
+ (—%aﬂ sin 6 + %az sin? 6 + %ﬁz sin® 9) 1020)
1 1 1 0 1 0 1 0 1 0
+ |:Z + gaﬁ sin? 6 + Zaz cos? (5> + ZBZ sin* (§> - 50{ cos? <§> — 5,3 sin? <§)i||002)
+ |:loz,6 sin cos 6§ — l012 sin 6 cos? (9) + 1,32 sin 6 sin’ (9)
4 4 2 4 2
—la sin <€> cos (€> + lﬂ sin <§> cos (9>i||110)
2 2 2 2 2
+|: ! —i—Laﬁsm Q—i—La cos <9>+—f3 sin (9>]|101)
22 42 2V2 2) 22

1 1 0 1 0
+ |:Za,3 sin cos 6§ — Zaz sin 6 cos? (5) + 1,32 sin 6 sin’ <5>

1 . /6 6 1 . /6 6 011 Ad
+§as1n<§>cos(§>—Eﬂs1n<§>cos(5>i|| ). (A4)

By using trigonometric identities and simplifying, this becomes

_ e (¢ 2 (2 1] 1200y + g — o sin?
|1p(t))_4[,3s1n (2)+acos <2>+1] |200)+8(ﬁ a)” sin” 0|020)

1 '2<§> 2(€> 12002 1 '2<9) 2<9> 1|( )sin@]110
+4[ﬂsm > + a cos 7))~ i|| )+4|:ﬂs1n > + o cos > + i|,3—<x sinf|110)
+ 2]%[,3 sin’ (g) + a cos® <g> + l] [,B sin’ <§) + a cos? (g) — 1:||101)

H g sin? (& 2 (9 — 4 in6|011
+Z[,Bsm <§)—|—acos <§>— }(ﬁ—a)sm |011)

= a|200) + a2|020) + a2]002) 4+ 2a1a2|110) + +/2a;a3|101) + v2a,a3|011), (A5)

where ay, a,, and a3 are defined as given in Eq. (8), giving the result for the wave function shown in Eq. (9).
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APPENDIX B: DERIVATION OF THE NEGATIVITY

The density matrix of the system is given by

= [y @)y @)l
The reduced density matrix describing the first and third 3LSs is then given by

S5}

2

p13 =Tralps] = Y oljlpslida =D 2lilW ) @) j)a.

Jj= Jj=0
Let

|Wo)

A0 (1))
2<0|(af|200> + a2]020) + a2]002) + v2a1a5|110) + v/2a1a3]101) + v/2aa3/01 1>)

ai|20) + a3|02) + v2a1a;|11),
ALY ()
2<1|(a%|200> + 2]020) + a2]002) + v2a1a5|110) + v/2a1a3]101) + v/2a2a3]01 1>)

W)

V2a,a,]10) + v2aa3|01),
221 (1))
2<2|(a%|200> + @21020) + a2|002) + v2a1a;|110) + v/2a,a3]101) + ﬁa2a3|011>)

W)

= a5|00).

Then we can write

2
13 = Z |W ;) (W,
=0

(B1)

(B2)

(B3a)

(B3b)

(B3c)

(B4)

We can write the partial transpose of pj3 with respect to the third 3LS in the ordered basis

{100y, [10), |01), |20), |11),]02), |21}, [12), |22)} as

las|* 0 0 0 2adala* 0 0 0
0 2]ayas)? 0 0 0 0 2diasla|? 0
0 0 2|azas)? 0 0 0 0 V2ataslas|
0 0 0 la; |* 0 0 0 0
ol = | 2a1at|as|? 0 0 0 2|aya;|? 0 0 0
0 0 0 0 0 las|* 0 0
0 V2aiatla? 0 0 0 0 0 0
0 0 V2aiatlas* 0 0 0 0 0
(ara5)? 0 0 0 0 0 0 0

The first six eigenvalues of this matrix are given by

4
A= la|”,

4
Ay = |as|”,

= |aj| <|a2|2— las|* + 2]aras |
|a1|2<|a2|2+ las|* + 2layas)?
|a3|2<|a2|2— las|* + 2|ayas]?

’
’
’

2 2, [ 2
= |as|*| lao|” ++/|az|” + 2|aas]
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The remaining three eigenvalues, A7, Ag, and Ag are the roots of the cubic equation
= (laol* + 2laras)?)x* = laras* (laras) + 2laz]*)x + 2|ayas|® = 0. (B7)

If we define p and ¢ as given in Eq. (14), then the roots of the cubic equation in trigonometric form are given in increasing order
by

Ay = 2 psin 1 arccos (L) + zi| —(|6l2| + 2lajas?), (B8a)
3 | 3 PP 6 3
Ay = 2 psin 1 arccos (L) + 5—ni| 1(Iazl + 2laras]?), (B8b)
3 | 3 PP 6 3
ro = —% psin _% arccos (f%) + 37”:| %(|t12| + 2larasz ). (B&c)
From the properties of the roots of the cubic equation, we have
dphsho = —2laias]® <O and A7+ hg + ho = laol* + 2laras|* > 0. (BY)

Therefore, at most, one of the roots is negative and if none of them are negative then at least one of them must be zero. Thus,
the eigenvalues that are either zero or negative are A3, A5, and A;. Since adding a zero eigenvalue has no effect on the sum, the
negativity is given by

Ni(t) = [A3 + As + Al
=—A3—As— A7

2 1 1
= (lai]* + |a3|2)(\/|a2|4 +2laa)? — |a2|2) + S V/psin [5 arccos (p%) + %] — 3@l +2aa ). (B10)

giving the result in Eq. (15).

APPENDIX C: DERIVATION OF THE PERFECT STATE TRANSFER CRITERION
From the triangle inequality for the complex numbers z;, z», and z3, we have
|21 + 22 + 23] < |1l + [z2] + 23l (CI)
with equality when
arg(z;) = arg(zz) = arg(z3) mod 27. (C2)
Therefore,

PP () = |as)*

1 e V2eot (5)1 G2 o +eiﬁtan(%)1zcosz Q _1
2 2 2

4
— i —iv/2cot (£)Jt sin2 9 lftan( Mt cos2 6 1
16 2

4

- 4

< — | [emV2er (5) gin ( )' eV2En (5)71 52 (g)‘+|—l|]
16| 2

=5e o (5)] o (5)] +

= 16_Sm 5 cos i|

1-5’2 0 + co 0 +1
= — | SIn S
16 [ 2 2

_ Loy
=176@
=1, (C3)

with equality when
‘ 2 0
arg |:e’ 2c0t (5)U gip?2 <§)i| = arg[ iV2tan ()t (oo (2>] =arg(—1)=nm mod 2. (C4)
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Perfect state transfer occurs when P3(2>(t) = 1. Therefore, perfect state transfer occurs for angles 6p and times tp that satisfy

) P 6 6
arg |:e’ 2cot (R sin® <?P):| = —+/2cot <3P)JTP =2pm +m,

forp=—1,-2,-3,... [since cot(%) > 0for0 <6 < ], and

arg[’ftmz)f“’cos (2>] \/_tan( )er_Zmn—}—n

form=20,1,2,... [since tan(%) > 0 for 0 < 6 < «]. Dividing Eq. (C5) by Eq. (C6) gives

6 2 1 —2p—1
—eo (B) 2 2L e (%) = 222
2 2m+1 2 2m+1

9p 2n+1
cot? = s
2 2m+ 1
where n,m =0, 1, 2, .. ., giving the condition in Eq. (16).
From Eq. (5), the corresponding detunings are given by

Ap = f;:;: = 24/27 cot bp = 2*/7[ (COt <%P) o <%P>ﬂ

If weletn = —p — 1, then

B Vit 1  2m+1\ 2(n —m) . 2V20(—m)
_ﬁj<¢2m+1 N ) _ﬁ‘]<«/2n+1«/2m+1>

giving the condition in Eq. (17).
From Eq. (C6), the times for perfect state transfer are given by
Q2m+ Dm t(@p) (2m+1)71\/2n+1 nJ(2n+l)(2m+1)
p=—"—cot|— )=
F V27 2 V27 Vo2m+1 V27

giving the condition in Eq. (18).

APPENDIX D: DERIVATION OF THE MAXIMAL NEGATIVITY CRITERION
Equations (B3a)—(B3c) can be written as

[Wo) = /Pol®o),  [W1) = /Pil®1),  [W2) = /p2| P2),

where
po = (WolWo) = (la1|* + las|*)*,
p1 = (W) =2lax (s > + las ),
P2 = (W] W) = |anl*,

and the normalized states |®;) are given by

1

|®g) = m(a%|2o> +a2]02) + ﬁa1a3|11)>,
1
1) = = (V2a@l10) + V2aas 1) ).
|®2) = —— a2/00)
2/ — \/E 2 .

The reduced density matrix p;3 can be written as a linear combination of density matrices as
2
P13 = Z Pjpj,
j=0
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where
po = [Po)(Pol, p1 =[P} P1], p2=[DP2)(Ds]. (D5)

From the convexity of the negativity [23], we have

Niz=N(pi3) < ) piN(p)). (D6)

2
=0

The partial transpose of pp in the same basis used for ,ong is given by

0 0 0 0 0 0 0 0 (atas)?

0 0 0 0 0 0  2aias|a 0 0

0 0 0 0 0 0 0 V2atazlas)? 0

! 0 0 0 la; |* 0 0 0 0 0
o=—| o 0 0 0 2aa)> 0 0 0 0
Pl o 0 0 0 0 las|* 0 0 0

0 V2aiaila|? 0 0 0 0 0 0 0

0 0 V2aiatlas* 0 0 0 0 0 0

(a1a%)? 0 0 0 0 0 0 0 0

(D7)

The eigenvalues of this matrix are % lay |4, p1—0|a3|4, iplo|a,a3|2, I%O|a]a3|2, ij—fwl 1*|as|, and ij—f lay||a3]?. Therefore, using the

negative (or possibly zero) eigenvalues, the negativity for pg is

N (po) = pio[|a1a3|2 +V20aas|(jai | + las)]. (D8)
Next, the partial transpose of p; in the same basis as above is given by
0 0 0 0 2ataslaa)* 0 0 0 O
0 2]ajas | 0 0 0 0 0 0 0
0 0 2]azas)* 0 0 0 0 0 0
0 0 0 0 0 0 0 0 O
o = —| 2a,a%|as)? 0 0 0 0 0 0 0 0 (D9)
p 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0 O
0 0 0 0 0 0 0 0 O

The eigenvalues of this matrix are O (repeated five times), p% lajas|?, p% |araz|?, and :l:[%1 |a1as||a|*. Therefore, using the negative
(or possibly zero) eigenvalue and the relation |a;|> + |az|* + |as|*> = 1, the negativity for p; is

2 2
N(pr) = p—|611613||612|2 = p—|ald3|(1 —lai|* = las|*). (D10)
1 !

Finally, the partial transpose of p; in the same basis as above is given by

4
|laz| 0

(D11)

[eleololoNeoNeoNeoRolal
[eleoleoloNeoNeoReololal
S OO OO oo
[=NeoNeNoNeNoNol
SO DDDODDODODODO O
[eleololoNoNeoReoRolal
[eleololoNoNeoNeololal
[eleololoNeoNeoRehaolal

S
S}
|
coocococooo

0

The eigenvalues of this matrix are O (repeated eight times) and i las|*. Since the matrix has no negative eigenvalues, we have
N(p2) = 0. (D12)
Using Egs. (D8), (D10), and (D12), Eq. (D6) becomes
N <laias® + V2laas|(lan® + las]*) + 2laras (1 = |ar | = |as ). (D13)
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Now,
0 < (larl = laz))* = lai |* + las|* = 2layaz| = layaz| < 2lai]* + las]?), (D14)

with equality when |a;| = |a3|. Therefore,

1 S
Mis < [Eualﬁ + |a3|2>} - E(W + las))(ai* + las ) + (a1 |* + las|)(1 = la1|* — |az|*)

1
= 7 (la 4+ 1a31)I2V2 = 3) (a1 > + las]?) + 4]. (D15)

Since 0 < |ai|> + |a3)> =1 — |a»|* < 1 and ix[(zﬁ — 3)x + 4] is an increasing function of x for 0 < x < 1, we have

1 1
Ni < —+ —, (D16)
3S g NG
with equality when |a;| = |as| and |a;|* + |a3|> = 1. In this case, |a;| = |a3| = %2 and |a;| = 0. Using Eq. (8b), the maximum
negativity occurs for angles 6y and times 1y that satisfy
1 i o i3 tan( S ) .
|a2|=‘ (e IN2Zeol( G _ i an(z)rN)SlneN =0
242
N ‘e—i 2Zeot( M)ty _ pivZan(B | _
= €7i 2C0t(97N)J‘EN — eiﬁtan(QTN)J‘rN. (D17)
Using Egs. (8a) and (D17), we have
la;| = ‘l[ei«/itan(gy)lm sinz <0_N> + eiﬁtan(%)]m 0082 (0_N> + 1_ — L
2 2 2 1 V2

=

f N QN GN ?
et thn(T)JTN [SinZ (7) + COSZ <?>} + 1 = 2

2
eiﬁtan(%wm +1 =2

=

= eiﬁtan(%"’)lm +67i\/§tan(%"’)lm +2 =2

= eiﬁtan(%)lm — efiﬁtan(%N)JrNJrin
0N QN
= +/2tan > JtN=—\/§tan > Jin +7 + 2mw

6
= 242 tan (%)J‘L’N = 2m+ D7, (D18)
where m =0, 1, 2, .. .. From Eq. (D17), we have
0
—+/2 cot (TN)JTN = +2tan (%)JTN + 2pm

6, 6
= —2/2cot (%)JrN =2+/2tan <?N)J‘[N + 4pm
=C2m+4p+ D (D19)

for integers p such that 2m 4+ 4p + 1 < 0, since cot(%) > (. Dividing Eq. (D19) by Eq. (D18) gives

2 4 1 e —2m—4p—1 2 1
— cot? Oy _Zmtdptl = oot (X)) = ZE TP _ ot , (D20)
2 2m+1 2 2m+ 1 2m+1

where n = —m —2p — 1. Since 2m +4p+1 <0, we have n = —m —2p —1 > —% and son=0,1,2,.... Also, n —m =
—2(m + p) + 1, which is odd. Therefore, the maximum negativity occurs for angles 6y that satisfy Eq. (16), with the added
constraint that (n — m) is odd. It follows that the maximum negativity occurs for detunings that satisfy Eq. (17), with the
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constraint that (n — m) is odd. From Eq. (D18), the maximum negativity occurs at times ty that satisfy

Qm+ D
= ——— Ci

T
N 227

with the constraint that (n — m) is odd.

of (9_N> _Cm+Dr [2n+1  7/CQn+1DHC2m+1)
2 ) 2v27 Vom+1 227 ’

(D21)
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