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We study hidden nonlocality in a linear network with independent sources. In the usual paradigm of Bell
nonlocality, there are certain states which exhibit nonlocality only after the application of suitable local filtering
operations, which, in turn, are some special stochastic local operations assisted with classical communication
(SLOCC). In the present work, we introduce the notion of hidden non n-locality. The notion is detailed using
a bilocal network. We provide instances of hidden nonbilocality and nontrilocality, where we notice quite
intriguingly that nonbilocality is observed even when one of the sources distributes a mixed two-qubit separable
state. Furthermore, a characterization of hidden nonbilocality is also provided in terms of the Bloch-Fano
decomposition, wherein we conjecture that, to witness hidden nonbilocality, one of the two states (used by
the sources) must have nonnull local Bloch vectors. Noise is inevitable in practical scenarios, which makes it
imperative to study any possible method to enhance the possibility of detecting nonclassicality in the presence of
noise in the network. We find that local filtering enhances the robustness to noise, which we demonstrate using

bit-flip and amplitude-damping channels.
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I. INTRODUCTION

The study on correlations unachievable within the classical
realm has both foundational [1] and pragmatic [2] impli-
cations. Bell nonlocality [1,3] constitutes one of the most
profound correlations that a quantum state has to offer. The
fact that measurements done by spatially separated parties
give rise to correlations that cannot be explained by local
hidden variables is the mainstay of such nonlocal correla-
tions [1]. Correlations that do not admit a local hidden variable
(LHV) description will hence violate a suitably chosen Bell’s
inequality [1]. Thus the violation of the Bell’s inequality bears
the signature of Bell nonlocality. Apart from foundational in-
terest, Bell nonlocality also plays significant roles in practical
tasks like device-independent quantum cryptography [4] and
random number generation [5].

In a standard (n,m, k) measurement scenario, each of
n parties sharing a given state repeatedly makes a random
and independent choice of one measurement from a collec-
tion of m measurements which are each k valued. It is then
checked whether the correlations generated therein violate
Bell’s inequality. Violation of at least one Bell’s inequality
thus guarantees the nonlocal nature of such correlations. En-
tanglement is considered a necessity for the violation of Bell’s
inequalities. However, there are several states, which although
entangled, do not violate any Bell’s inequality [3,6]. Some
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of those states violate Bell’s inequality when subjected to
sequential measurements. In such a sequential measurement
scenario, the measurements are applied in multiple stages.
Initially, the parties are allowed to perform local operations
assisted with classical communication (LOCC). In the final
step, the parties perform local measurements as in the usual
(n, m, k) scenario.

Speaking of sequential measurements, the application of
local filtering operations followed by local measurements
deserves special mention in the context of Bell nonlocal-
ity. Local filtering operations constitute an important class
of stochastic local operations and classical communication
(SLOCC [6,7]). Any state which violates Bell’s inequal-
ity after being subjected to suitable filtering operations is
said to exhibit hidden nonlocality [8,9]. Over the years,
multiple probes observed various instances of hidden non-
locality [8-11]. In [8,9], the authors gave instances of
Bell-Clauser-Horne-Shimony-Holt (CHSH) [12] local [3]
entangled states which exhibit hidden nonlocality when sub-
jected to suitable local filters. In [10], the authors showed that
even states admitting a LHV model can generate hidden non-
locality under a suitable measurement context. In a broader
sense, the present work characterizes hidden nonlocality in
the purview of a linear network (which we briefly state below
with the details given in Sec. II B).

In the last decade, the study of nonlocality has been ex-
tended beyond the usual paradigm of a Bell scenario to
accommodate and analyze network correlations arising in
different experimental setups involving multiple independent
sources [13-20]. Network scenarios, characterized by source
independence (n-local) assumption are commonly known as
n-local networks [16]. In such scenarios, each of the sources

©2023 American Physical Society
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FIG. 1. Schematic diagram of a linear n-local network [16].

sends particles to a subset of distant parties forming the
network. Owing to n-local assumption, some novel quantum
correlations are observed in a network that are not wit-
nessed in the standard Bell scenario [17,21]. For example,
nonclassical correlations (non-n-local correlations) are gen-
erated across the entire network even though all the parties do
not share any common past. Moreover, in the measurement
scenario associated with a network, some or all the parties
perform a fixed measurement. This is also in contrast to the
standard Bell scenario, where the random and free choice of
inputs by each party is crucial to demonstrate Bell nonlocality.

Different research activities have been conducted which
provide for the characterization of quantum correlations in
n-local networks [14-16,22-38]. Much like the usual Bell
nonlocality experiments, violation of an n-local inequality
indicates the presence of n-nonlocal correlations. However,
when a particular n-local inequality is satisfied, we remain in-
conclusive. It has been shown that in a network if each source
distributes a two-qubit pure entangled state then a violation
is observed [23]. The same conclusion does not hold in case
the source generates some mixed entangled states. The n-local
inequality fails to capture nonlocality even though there may
be some non-n-local correlations. Thus, it becomes imper-
ative to probe whether local filtering operations can reveal
hidden non—n-local correlations. The present work addresses
this question.

In this work, we introduce the notion of hidden non—n-
locality. We analyze the nature of quantum correlations in
a n-local network where at least one party performs local
filtering operations after the distribution of qubits by the
sources. For a detailed discussion, we consider the simplest
n-local network, namely, a bilocal network (n = 2 [15]). We
then characterize the set of hidden nonbilocal correlations.
The characterization is also given in terms of the Bloch-
Fano decomposition. It is observed that to witness hidden
nonbilocality in a network, at least one of the two states
must have nonnull local Bloch vectors, which we state as
a conjecture. Interestingly, hidden nonbilocality is detected
even when one of the sources distributes a two-qubit mixed
separable state. Environmental noise is ubiquitous in any im-
plementation of quantum information processing protocols. In
this context, it is thus important to explore ways which can en-
hance the detection of non-n-local correlations. We find that

appropriately chosen local filters are effective in this scenario.
We demonstrate this phenomenon using bit-flip and amplitude
damping channels.

The rest of the work is organized in the following manner.
In Sec. II, we briefly discuss the prerequisites for our work. In
Sec. III, we discuss the n-local network scenario where now
the parties may perform filtering operations thereby introduc-
ing the notion of hidden non—n-locality. Hidden non—n-local
correlations are then analyzed in Sec. IV. Characterization
of hidden non-n-locality in terms of Bloch parameters is
provided next in Sec. V. The utility of filtering operations in
increasing bilocal inequality’s robustness to noise is discussed
with a few examples in Sec. VI. We then summarize our work
with a discussion on possible future courses of work.

II. PRELIMINARIES
A. Bloch-Fano decomposition of a density matrix

Let p denote an arbitrary two-qubit state. In the Bloch-
Fano decomposition p is given as

1 -
p=1<112x1[2+21~&®}12+]12®b.8

3
+ Z 0;,/,0j, ®C7]-2>, (D

Ji,j2=1

where ¢ = (01, 02, 03), 0j, stand for Pauli operators along
three mutually perpendicular directions (jy =1,2,3). a@ =
(ay, a>, az) and b= (b1, by, b3) denote local bloch vectors
@ beR3) corresponding to the party Alice (A) and Bob
(B), respectively, with |d|, |E| < 1 and (1, ;)3x3 denotes cor-
relation tensor W (real). Matrix elements 1, ;, are given by
W = Trlp 0, ® sz]'

W can be diagonalized by subjecting it to suitable local
unitary operations [39,40]. The transformed state is then given
by

3
,0/=% I, x H2+ﬁ-3®H2+H2®3~3+Z;Sj0j®ffj ,
=
2
T = diag(si, 52, s3) denote the correlation matrix in Eq. (2)
where 51, 57, 53 are the eigen values of vVWTW, i.e., singular
values of W. It is important to note here such local uni-
tary transforms do not affect the nonlocality exhibited by the
state.

B. Linear n-local networks

Here we give a brief overview of linear n-local net-
works [16]. Let us consider a linear network arrangement of
n sources S, Sy, ..., S, and n 4 1 parties Ay, Ay, ..., Ayt
(see Fig. 1). Vi= 1,2, ..., n, source S; independently sends
physical systems to A; and A;;;. Each of Ay, Az, ... A,
receives two particles and is referred to as central parties.
The other two parties A; and A,,; are referred to as ex-
treme parties. Each of the extreme parties receive one particle.
Each of the sources S; is characterized by variable A;. The
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sources being independent, joint distribution of the variables
M, ..., A, 18 factorizable

gy, hn) = T qi(A), 3)

where Vi, g; denotes the normalized distribution of A;.
Equation (3) represents the n-local constraint.

J

Vi=2,3,...,n— 1 the central party A; performs a single
measurement y; on the joint state of the two subsystems that
are received from S;_; and S;. Each of the two extreme parties
(A1, A,41) selects from a collection of two dichotomous in-
puts. The n 4 1-partite network correlations are local if those
can be decomposed as

P(01,327---’an,0n+1|y15y2,-‘-,an)’n-&-l)Z/ / ”‘/‘ d)"ld)"z-"d)"nq()"l’)‘Q’"-7)\'I1)Pa With
AL Ay An

P = p(oilyr, M), p(Bilyi, hiz1, A)POnsi[Yns1, An).

The notations appearing in Eq. (4) are detailed below.
(1) Vi, A; denotes the set of all possible values of A;.

(2) y1,Ynt1 € 0, 1} label inputs of A; and A, 1, respectively.

“4)

(3) 01,0441 € {0, 1} denote outputs of A| and A, |, respectively.
(4) Vi, 8; = (01, 0;2) labels four outputs of input y; for o;; € {0, 1}.
n + 1-partite correlations are n-local if they satisfy both Egs. (3) and (4). Hence, any set of correlations that do not satisfy

both Egs. (3) and (4), are termed as non—n-local.

An n-local inequality [16] corresponding to linear n-local network is given by

1
VI +VJ <1, where = 3 > (015,08 ...000,41,4,.,).

Y1:Yn+1

1 ) ) A
J = 1 Z (_1))/1+)/n+1(01’y] Oé...O,l,O,,JrLy"H), with

V1:Yn+1

<01‘),1 Ol2 . O;On+17y’l+l> = Z(_] )01+0n+]+02i+-..0m'N2,

D

where N, = p(oy, 6y, ..

and D = {01, 0,1, 02, ..

Violation of Eq. (5) guarantees that the corresponding corre-
lations are non—n-local.

C. Quantum linear n-local network scenario

In a linear n-local network, let S;(i = 1, 2, ..., n) generate
an arbitrary two-qubit state ;. Each of the central parties thus
receives two qubits: one of g;_; and another of p;. Extreme
parties A; and A,.; receive a single qubit of o; and p,,
respectively. Let each of the central parties perform the pro-
jective measurement in Bell basis {|y*), |¢*)}. Let each of
A; and A, 4 perform projective measurements along any one
of two arbitrary directions. For these measurement settings,
non-n-local correlations are ensured by violation of Eq. (5),
i.e., if [29]

By, = v le‘l:ltil + n?:ltiZ > 1, (6)
with #;1, t;, denoting the largest two singular values of cor-
relation tensor (7;) of o; (i =1,2,...,n). If Eq. (6) is not
satisfied, nothing can be concluded about the n-local nature
of the corresponding correlations.

D. Filtering operations

As noted before, filtering operations [6] are used to reveal
the hidden nonlocality. Let o4 denote a bipartite state shared

L) arh Ol‘l+l|ylﬂyl‘l+])7 l = 07 1’

-5 01, 02, On+1}' (5)

(

between two distant parties Alice and Bob. A local filtering
operation by one of the two parties, say, Alice may be defined
as a local measurement (#) having two outcomes {§4, Tl
such that &4 4+ &, 54 = I. Hence, §34 < I. Local filter-
ing operation Fp can be defined similarly. Let Alice and Bob
perform F, and Fp on their respective subsystems. After the
parties apply the filtering operations, four possible output
states can be obtained. On being allowed to communicate
over the classical channel, Alice and Bob postselect the state
corresponding to output pair (F4, Tg), i.e., they keep the state

r (Ta ® Tp)oas(Fa @ Fp)'
18 = TH(3a ® §5)015Ea ® 55)'1

(7

The probability of obtaining o), as the output state is given

by Tr(Fa ® F50asT) ® Fp)-

The postselected state @), is usually referred to as the
filtered state. As indicated in [6,10], for the qubit case the
diagonal form of the local filters turns out to be most relevant:

T =€0)(0] + [1)(1], € € [0, 1]. ®)

For our purpose, we use this particular form of local filter.
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FIG. 2. Schematic diagram of the sequential linear n-local net-
work. The overall quantum state shared between the parties in the
preparation stage is P [Eq. (9)]. In this stage, each of the par-
ties performs local filtering operations [Egs. (10) and (11)]. pfiered
[Eq. (12)] is the overall state in the measurement stage.

III. SEQUENTIAL LINEAR r-LOCAL NETWORK

We now consider an n-local linear network where the
parties are allowed to perform local filtering operations. The
entire network scenario (see Fig. 2) is now divided into two
stages: the preparation stage and the measurement stage.

A. Preparation stage

As in usual linear n-local network (Sec. II C), let each of n
sources S; distribute a two-qubit quantum state p; ;1| between
A;and A (i =1,2,...,n). The overall state of the particles
shared by all the parties across the entire network is thus given
by

Pinitial = Q' Pii+1- )

On receiving the particles, let each of the parties now perform
local filtering operations on their respective subsystems. The
local filter applied on a single qubit by each of A; and A4 is
of the form given by Eq. (8)

3 = €;10)(0] + [1){1], j=1,n+1, ande; € [0, 1]. (10)

Clearly, incase €; = 1, then A; (j = 1, n + 1) does not apply
any filtering operation. Each of the n — 1 intermediate parties
performs local filters on the joint state of the two qubits
(received from two sources). Form of the local filter applied
by A;(j=2,3,...,n—1)is given by

s,- = @5 (€001 +D)(1]), € el0. 1. (1)

If eV =€ =1, then A; (j=2.3,...
any ﬁlterlng operation.
The filtered state shared across all the parties takes the form

Pfiltered = ( n+1 Sjj)pmmdl( ®n+1 3]) s

1
where N = . (12)

TI'[( n+1 S/)pmmdl(®, lgj) ]

,n) does not apply

In Eq. (12), N denotes the probability of obtaining pgjtered- TO
this end, one may note that, in the preparation stage, at least
one of the n + 1 parties performs a filtering operation.

B. Measurement stage

In this stage each of the parties now performs local mea-
surements on their respective share of particles forming the
state pPfjered- Measurement context is same as in the usual
linear n-local network scenario (Sec. I C). To be precise, each
of the central parties A,, As, ..., A, performs projective mea-
surement in Bell basis {|yT), |¢pF)}. Vi =2,3,...,n, let B;
denote the Bell-state measurement (BSM [15]) of A;. Let each
of A| and A, perform projective measurements (Mg, M)
and (Np, Nj), respectively, along any one of two arbitrary
directions: {ry - &, m; -} for Ay and {iiy - G, 7 - G} for A,
with 7, 1y, #o, #; € R3. Correlations generated due to the
local measurements are then used to test a violation of the
n-local inequality [Eq. (13)].

The measurement settings considered here is the same as
that considered for usual linear n-local network [29]. For these
setups the n-local inequality [Eq. (5)] takes the form

1 1
EZ\/(fh(Mo,MhNo,Nl)) <l

h=0
where  f,(Mo, M1, No, Nj) = AM) ®"2) 0541y @ AN)

1
with AX)= [ Y -1"X;]. h=0.1

(13)

For the rest of the work Eq. (13) will be referred to as the
n-local inequality. Note that, it is the preparation stage where
the scenario considered here differs from that of the usual
linear n-local network scenario. In the usual scenario, the
parties do not perform any operation in this stage. The overall
state used in the measurement stage of the usual scenario
is thus pinial, in contrast to the postselected state pfiereq in
the sequential scenario. Such a state is formed due to local
operation and classical communication (Sec. II D) performed
by at least one of n 4 1 parties in the preparation stage of the
sequential network scenario.

Having introduced the sequential linear n-local network
scenario, we now proceed to characterize the non—n-locality
of the correlations generated therein.

IV. CHARACTERIZATION OF HIDDEN NON r-LOCALITY

Consider a sequential linear n-local network (Fig. 2) with
the filtering operations [Eqgs.(10) and (11)] and measurement
context as specified in Sec. III. To be specific each of A
and A, performs projective measurements whereas each of
n — 1 intermediate parties perform Bell basis measurement.
Before analyzing the hidden non-n-locality, we first give a
formal definition of hidden non—n-local correlations in such a
sequential linear n-local network.

Definition 1. With each of the extreme parties performing
projective measurements in anyone of two possible direc-
tions and each of the intermediate parties performing a fixed
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projective measurement in Bell basis, under the n-local con-
straint [Eq. (3)], if n + 1-partite correlations generated in the
sequential linear n-local network are inexplicable in the form
given by Eq. (4), then such correlations are said to be hid-
den non—n-local correlations and the corresponding notion of
nonlocality is defined as hidden non—n-locality.

To characterize non—-n-locality in sequential network, the
term “hidden” is used in the same spirit as in [8]. Consider
a set of n two-qubit states such that non—-n-locality cannot be
detected by the violation of n-local inequality [Eq. (13)] in
the usual n-local network. However, the same set of states,
when used in the sequential n-local network, may generate
non-n-local correlations. This corresponds to the detection
of hidden non-n-locality. Violation of the n-local inequality
Eq. (13) acts as a sufficient criterion to detect hidden non-n-
local behavior (if any) of the corresponding set of correlations
generated in the sequential network scenario.

Before progressing further, we would like to note that our
entire analysis of non-n-locality detection will rest upon vio-
lation of n-local inequality. As already mentioned in Sec. I,
violation of such an inequality acts as a sufficient criterion
to detect non—n-locality. It may happen that given a set of n
two-qubit states in the n-local network, the correlations fail to
violate n-local inequality. Such correlations may still be non—
n-local. We can rule out non—n-locality only if we show that
the state admits a n-local hidden variable model. However,
owing to the obvious complexity in giving any such proof,
we rather focus on the detection issue via the violation of
n-local inequality. To be precise, when no violation of n-local
inequality is observed in the usual n-local scenario, we use the
given set of states in the sequential n-local network and test for
violation of the same inequality. If the violation is observed,
then hidden non-n-locality is detected. However, one remains
inconclusive if no violation is observed.

Another important fact to be noted here is that the phe-
nomenon of observing hidden non-n-locality is stochastic. In
a sequential n-local network, apart from uncertainty due to
measurements (measurement stage), an extra level of uncer-
tainty arises in the preparation stage. As already discussed
in Sec. III, such uncertainty is due to the probability N in
obtaining the state phyered [Eq. (12)] as the selected output
corresponding to the local filtering operations made by the
parties. Such a form of uncertainty is absent in the usual
non-n-locality paradigm. Ignoring measurement uncertainty
(common in both usual and sequential n-local networks), we
will refer to the probability term N [Eq. (12)] as the probabil-
ity of success for observing hidden non—n-locality.

To provide instances of hidden non-n-locality, we start
with the simplest sequential bilocal network.

A. Examples of hidden nonbilocality

Let S; and S, generate 0 » and o3 3, respectively, from the
following family of two-qubit states [41,42]

0ii+1 = v;]00)(00] + (1 — v;)[sin® x;]01)(01]
+ cos? x;|10)(10]
+ sinx; cos x;(]01)(10] 4 |10)(01])],

i=1,2, v el0,1]andx; € [0, %] (14)

0.785

0.5

FIG. 3. Shaded region gives state parameters for which hidden
nonbilocality is observed for v; = 0.1 with not less than 60% proba-
bility when only A, performs local filtering operations [Eq. (11)] for
(e, ) = (0.8,0.97).

Let only the intermediate party A, perform local filtering
operations [Eq. (11)] on the joint state of two qubits received
from S;, S,. For suitable values of local filter parameters
(eél), 652)) and suitable directions of projective measurements
(g, my, g, 1) by A; and A,.;, hidden nonbilocality is
observed (see Fig. 3). For instance, consider two partic-
ular states from the above family [Eq. (14)] specified by
(x1, x2, v1, v2) = (0.23,0.44,0.1,0.99). When used in the
usual bilocal scenario, the left-hand side (L.H.S.) of Eq. (6)
takes the value 0.8871. Hence, no violation of the bilocal in-
equality [Eq. (13) for n = 2] is obtained. But for (eél), 652)) =
(0.8, 0.97), and for suitable measurement settings, the L.H.S.
of the same inequality [Eq. (13)] gives the value 1.081 with
approximately 62% success probability. So the violation re-
veals hidden nonbilocality. Itis interesting to observe that, for
states from the same family [Eq. (14)] with x; = 0.23, x, =
0.34, v, = 0.15, hidden nonbilocality cannot be detected if
only A, applies local filters. When such states are used in the
network, hidden nonbilocality can be detected only if all the
three parties apply suitable local filters (see Fig. 4).

B. Examples of hidden nontrilocality

Let us now consider a trilocal sequential network. Let
each of Si,S,,S; distribute states from the above fam-
ily of states [Eq. (14)]. Let each of the two intermediate
parties A,, A3 perform local filtering operations on their re-
spective share of particles whereas the extreme parties do
not perform any filtering operation. Hidden nontrilocality is
observed in the network (see Fig. 5). For example, con-
sider the specific state parameters: (xi, X, X3, V1, Uz, U3) =
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(l) 0.99

1

FIG. 4. Let us consider specific members from the family
[Eq. (14)]: x; =0.23, x, = 0.34, v, = 0.15. Shaded region gives
state parameter v; and parameters of local filters (eél), eéz)) applied
by A, for which hidden non bilocality is observed with not less
than 30% probability approximately when all the parties apply lo-
cal filters with extreme parties performing specific local filters for
(€1, €4) = (0.95, 0.76). It may be noted that nonbilocality cannot be

detected if these states are used in the usual bilocal network.

0.785

FIG. 5. For  specific  values of  state  parameters
(x1, x2, v1) = (0.3455,0.5586,0.1), and specified local (filters:
eV, e, el e?) = (0.6362,0.99, 0.989, 0.989), shaded region
gives state parameters x3, v,, v3 and parameters for which hidden
nontrilocality is observed with not less than 44% probability. In case
these states are used in the usual trilocal network, nontrilocality
cannot be detected.

(0.3455, 0.5586, 0.7799, 0.1, 0.12, 0.1). Nontrilocality is not
detected when these three states are used in the usual trilocal
network [the L.H.S. of Eq.(6) takes value 0.9888]. However,
under suitable measurement settings and specific filtering pa-
rameters ()", i, €, ) = (0.6362, 0.99, 0.989, 0.989),
the L.H.S. of Eq. (13) gives 1.2332 with approximately 44%
success probability.

C. Entanglement and hidden non-n-locality

If the mixed states are allowed in the network, all the
sources need not distribute entangled states. For example, let
us consider a sequential bilocal network. Let S; generate the
mixed entangled state o1 » from the family of states given by
Eq. (14). Let S, distribute the separable Werner state [3,8]

1—
C2 P04 pa(01)(01] 4 110)(10)

— (J01)(10] + [10){01])) , p» € [0.25,0.30].

023 =

(15)

When A, applies a suitable local filtering operation in the
preparation stage, then hidden nonbilocality is detected for
suitable local measurement settings applied in the measure-
ment stage of the network [see Fig. 6(a)]. However, no
violation of bilocal inequality [Eq. (13) for n = 2] is ob-
served when the same states are used in the usual bilocal
network [23].

Let us now consider a sequential trilocal network. Let
Si,S; each generate a mixed entangled state from the same
family of states [Eq. (14)] whereas S, generates a separable
Werner state [Eq. (15)]. Under a suitable measurement con-
text, hidden nontrilocality can be observed in the network [see
Fig. 6(b)]. This was noted in [36] while considering the usual
network nonlocality, however, we observe this phenomenon
also in the pursuit to reveal hidden non—n-locality.

All these instances imply that not all the sources need
to generate entanglement in a sequential n-local network for
detecting hidden non—n-locality.

Comparison with observations in [29]

As already discussed in Sec. III, the measurement settings
considered here are the same as that considered in usual linear
n-local network [29]. As per the arguments presented in [29],
nonbilocality (nontrilocality) can be observed when one (two)
maximally entangled state(s) are used along with any generic
two-qubit state which does not exhibit the Bell-CHSH viola-
tion. However, in our sequential network scenario, nonbilocal
(nontrilocal) correlations are generated even when one (two)
mixed, hence nonmaximally entangled states are used with a
separable state. Consequently, our results, as discussed above
in Sec. IV C, clearly points out the utility of applying suitable
filtering operations in the context of simulating non n-locality
in linear networks.

D. No violation of Eq. (13) while using product of mixed states

Next, let us consider the case when only product of two
single-qubit mixed states are used in the sequential n-local
network. Let each party be allowed to perform local filters
as mentioned in Sec. III. Hidden non-n-locality cannot be
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0.32

(b)

FIG. 6. In both subfigures, the shaded portions indicate re-
gions in the parameter space [(vi, X;, p2) in (a) and (v, x3, p2)
in (b)] for which hidden non-n-locality is observed for n =2
(a) and n=3 (b). Specifications used in (a) are (eé”,eéz)):
(0.46, 1). Specifications used in (b) are (eél), 652), egl), e§2>, X1, V1) =
(0.762, 0.038, 0.038, 1, 0.3, 0.07). In each of these two cases, viola-
tion of n-local inequality [Eq. (13) for n = 2, 3] is not observed in
the usual n-local network.

detected if at least one of the sources distributes a product
of two single-qubit mixed states. The result is formalized as
follows.

Theorem 1. In a sequential n-local network, with each ex-
treme party performing projective measurements and each

of the intermediate party measuring in Bell basis, for any
ie{l,2,...,n}, if ith source generates a product of two
arbitrary single-qubit mixed states and if the parties perform
local filters of the form given by Egs. (10) and (11), then a
violation of n-local inequality [Eq. (13)] is impossible for any
finite n.

Proof. See the Appendix. ]

V. CHARACTERIZATION IN TERMS OF BLOCH
PARAMETERS

Here we intend to analyze hidden non—n-locality detection
from density matrix formalism of the states used in the cor-
responding network. Examples of hidden nonbilocality and
nontrilocality illustrated in Secs. IV A and IV B, involve mem-
bers from a particular family of two-qubit states [Eq. (14)].
Now it may be noted that any member o; from this family has
nonnull local Bloch vectors

u; = [0,0,v; — (1 — v;) cos(2x;)],
zi = 10,0, v; + (1 — v;) cos(2x;)].

Again, as discussed in Sec. IV C, hidden non-n-locality (for
n = 2,3) is observed when one of the states is a Werner
state. It may be noted that Werner state does not have any
local Bloch vector. Combining these two observations from
Secs. IVA, IVB, and IV, it is clear that hidden non—n-
locality can be observed when at least one of the states used
in the corresponding network has local Bloch vector. At this
junction, we conjecture that hidden non-n-locality cannot
be detected via the violation of Eq. (13) when none of the
states used in the network has local Bloch vectors (see the
Appendix).

A. Closed form of upper bound of Eq. (13)

In the absence of filtering operations, there exists a closed
form in terms of state parameters [By, in Eq. (6)] of the
upper bound of linear n-local inequality [Eq. (13)]. Following
the method discussed in the Appendix, the upper bound of
Eq. (13) in the linear sequential network scenario maintains
the same structure as that of By, in Eq. (6)

By = \/H;!zlz]’/l + 1,1, (16)

where Vj = 1,2, ..., n, the two largest singular values #{’, ;/

of the normalized postselected states p Eq. (A7)] are

"
i+l [
functions of the filtering parameters €, €,41, e,(cl), e,ﬁz)(k =

2,3,...,n— 1), the singular values of the correlation tensor
and also local bloch vectors of p; j;1. So, unlike By, the
closed form of the upper bound of the n-local inequality
[Eq. (13)] depends on state parameters and also on the filtering
parameters. Equation (13) is thus violated if

B, > 1. (17)

For any given set of initial states p; j+1(j = 1,2, ..., n), hid-
den non-n-local correlations can be simulated in case there
exist suitable filters such that Eq. (6) is violated but Eq. (17)
is satisfied.
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B. Illustration

Let us consider the following family of two qubit
states [43]:

X (x1, x2, x3, x4) = x1/00)(00] + x2[01)(O1] + x3[11)(11]
+ x4(|00)(11] + [11)(00),
with x;+x+x3=1
0<x, x, x3<1, xf < xyx3.

This family forms a subclass of X state [43]. Singular values
of the correlation matrix [Eq. (2)] of this class are

s1 = 2lx4l,
§2 =81,
53 = |x1 —x2 + x3]. (18)

Local Bloch vectors are given by

-

u=(0,0,x +x —x3),

Z2=1(0,0,x1 —x» — x3). (19)
Let any two states from this class of states [Eq. (18)] be used
in the usual bilocal network: p; ;y1 = x (xi1, Xi2, Xi3, Xia), i =

1, 2. For that network, the bilocal inequality is not violated if
By;, then turns out to be

By, < 1 where (20)

Bin = Max[y/2L|, VL + Ly, vLi + L3, VI, + L3,
x+/Li +Ly], with

Ly = 4|x14.x04],

Ly = 2{(x11 — x12 + x13)%24],

Ly = 2|(x21 — x22 + X23)X14],

Ly = T | (xin — X2 +x3)- 1)
Now let x(x;1, xi2, Xi3, Xia)(i = 1,2) be used in a sequential
bilocal network where all the parties are applying the same
filtering operation, i.e., €} = eél) = 6;2) = €3 = €. After the

preparation stage, the correlation tensor of the normalized
postselected states p!.. , [Eq. (A7)] turns out to be

it ]
b 2)xigl€?
Sit = 2 YR

[xi3 + €2 (xip + xj1€2)|
" i
Sip = Sin>

2 2

X3 + €7 (—xp + x;1€7)

S:/S — | L L 1 | (22)

Ixi3 + €2(xp + xn1€2)|

The probability of success is given by H?:l[x,g + e2(xpn +
2
xi1€7)].

As discussed above, By is obtained by using the largest
two of these singular values [Eq. (22)] of each of p{, and
p3 3. Violation of the bilocal inequality [Eq. (13) for n = 2] is
obtained if

Bgq > 1, where 23)

X114

04

FIG. 7. Shaded region gives the specifications of the state
parameters of x(xy, X1z, X13, X14) [Eq. (18)], which, when used
with x(0.2,0.1,0.7,0.15) in the sequential bilocal network, sim-
ulates hidden nonbilocal correlations in case each of the four
parties perform apply the same local filters specified by € =
0.75. It may be noted that nonbilocality cannot be detected when
x(0.2,0.1,0.7,0.15) and x(x11, x12, X13, X14) corresponding to any
point in the shaded region, are used in the usual bilocal network.

1
Byeq = \/—L—SMaX[\/ 2Ls, v/Ls + Lg, ~/Ls + L7, v/Ls + L7,
Lg.L
x [Ls + 6—74} with
4x14x24€

Ls = 4|x14x24€"),
Lo = 2x4€’[x13 + € (—x12 + x11€D)]],
Ly = 2|x14€*[x23 + €2(—x2 + x21€7)]],

Lg = TI7_ [xi3 + € (x2 + xi1€7)]. (24)

For a suitable value of the filtering parameter €, there exist
states from this subclass of X states [Eq. (18)], which satisfy
both the above relations [Egs. (20) and (23)] for which hid-
den nonbilocal correlations are simulated in sequential bilocal
network, but nonbilocality cannot be detected in the usual
bilocal network (see Fig. 7). For a numeric instance, let us
consider x (0.2, 0.1,0.7,0.15) and x (0.86, 0, 0.14, 0.33). For
these two states By, = 0.999. Hence, no violation of Eq. (13)
observed in usual bilocal network. However, in the sequential
bilocal network, when all the parties perform filtering with
€ = 0.77, violation of the same is observed (with approxi-
mately 37% success probability) as Beeq = 1.023.

VI. ENHANCEMENT IN ROBUSTNESS TO NOISE

A linear n-local network scenario underlies differ-
ent entanglement distribution protocols involving quantum
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repeaters [36]. In an idealistic situation pure entangled states
are supposed to be communicated among the distant ob-
servers (often referred to as nodes [44]) in any such network
structure. However, in practical situations, due to unavoidable
interaction with the environment, entanglement is transferred
across noisy channels [45]. It is thus significant to study any
possible method to enhance possibility of detecting nonclas-
sicality in the presence of noise in the network. Hence, from
practical perspectives, it becomes interesting to explore pro-
cedures that can increase resistance to noise of the n-local
inequality for detecting non-n-local correlations. Applying
suitable local filters turns out to be effective in this context.
To be specific it is observed that nonbilocality can be detected
over a wider range of noise parameter in sequential linear bilo-
cal network in comparison with the usual bilocal network. In
support of our claim, we provide with illustration considering
communication over two specific noisy channels.

A. Communication through bit-flip channel [45]

Let each of the two sources S, S, generate a pure entan-
gled state

|W(0)) = cosO|01) +sinH]10), 0 € (o, %) (25)

Let each of the two qubits generated from S; be passed
through a bit-flip channel parameterized by p;(i = 1, 2). Vi =
1, 2, p; denotes the probability with which the state of a single
qubit is flipped from |0) to |1) and vice versa. Each of p; ; and
02,3 1s thus a two-qubit mixed entangled state

piiv1 = pi(1 — p)[100){(00] + sin 26 (|00) (11| + [11)(00])]
+ [(1 = p;)* cos* 6 + p? sin® 6]]01) (01
+ [(1 — p;)*sin? 6 + p? cos? 0][10) (10|
+ (1 = 2p; + 2p?) cos 6 sin H(|10)(01] + [01)(10]),
i=1,2. (26)

On application of suitable local filters by the parties, hidden
nonbilocal correlations are simulated over an enhanced range
of noise parameters (p;, p») compared to the range of (p;, p2)
for which nonbilocality is detected in usual bilocal network
(see Fig. 8). For a specific instance, consider two identical
copies of |W(0.62)) [Eq. (25)]. As discussed above, let these
states be passed through bit flip channels, with p; > and p; 3
[Eq. (26)] being characterized by p; €(0,0.4) and p, = 0.15,
respectively. In case the parties do not apply filtering, By, > 1
if p; €(0,0.214]. Now, in the sequential bilocal network, when
A, applies filtering operations specified by eél) =0.98, ef) =
0.79, Bsq > 11is obtained for p; € (0, 0.235]. Hence, for this
particular instance, when p; € [0.215, 0.235], nonbilocality
can be detected in sequential network but not in the usual
bilocal network.

B. Communication through amplitude damping channel [45]

Leteach of S;, S, generate an identical copy of the pure en-
tangled state |W(6)) [Eq. (25)]. Each of the qubits of |\W(8)),
generated from S;, are distributed through identical ampli-
tude damping channels characterized by damping parameter
y;(i = 1, 2). The mixed entangled states thus distributed in the

o 6=0.2 o 6=0.3
6=04 m 6=0.5 m 6=0.6

6=0.4 m 6=0.5 m 6=0.6
o 6=0.2 o 6=0.3

0.6
0.30 /
0.5
0.25 Y
0.20 0.4
§0.15 =03
0.10 0.2
0.05 0.1
N
0.00 0.0 N
0.700.75 0.80 0.85 0.90 0.95 1.00 00 01 02 03 04 05
P1 V1
(©) (d)

,,,,, Byin=1 Bseq=1 ----- Bjin=1 Bseq—1
0.15}, 04 ,
010}, _04f 0204 06 6.8 107
0.05; \ -0.2

) -0.3 »
0.2%.04 06408 1.0 -0
-0.05 Tos
(e) )

FIG. 8. All the subfigures in this figure point out the utility
of applying suitable filters in perspective of increasing the bilocal
inequality’s resistance to noise when qubits are distributed across
bit-flip channel (all subfigures in left-hand side panel) and amplitude
damping channel (subfigures in right-hand side panel). In the context
of exploiting hidden nonbilocality, in each of left and right panels:
(1) the topmost one gives the possible region of both state and noise
parameters; (ii) the middle one gives the region of noise parameters
for different pure entangled states [Eq. (25)], i.e., for different values
of 0; and (iii) the bottom one gives the range of one noise parameter
for a fixed value of the other noise parameter and state parameter
for which the violation of bilocal inequality [Eq. (13)] is observed
both with and without filtering operations. Details of the filtering
parameters in each of the subfigures are as follows: 6;1) = 0.68,
eéz) = 0.78 in subfigures (a) and (c); €; = 0.78, eél) =0.22, eéz) =
0.15, €5 = 0.73 in subfigures (b) and (d); ;" = 0.98, €* = 0.79,
(6, p2) = (0.58,0.15) in subfigure (e); and €, = 0.78, \" = 0.22,
e =0.1, 6 = 0.79, (6, y1) = (0.55,0.21) in subfigure (f).

network are given by

piiv1 = i(100)(00] + (1 — y;)(cos> 6(|01)(01|
+ cos6sin0((]10)(01] 4 (]01)(10])
x sin® 6(]10)(10]) i = 1, 2. (27)
It is observed that there exists range of damping parameters

(y1, y2) for which the hidden nonbilocality can be exploited
under effect of suitable filtering operations in contrast to the
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usual bilocal network where no violation of bilocal inequality
[Eq. (13)] can be observed (see Fig. 8).

For example, consider the following: |W(0.55)) and am-
plitude damping channels with y; = 0.21 and y» € (0, 1).
With these specifications, By, > 1 for y, € (0, 0.2]. Now, for
€ =078,63=0.79, ;" =0.22, and €} = 0.1, By > |
for y, € (0, 0.54]. (0.2,0.54] thus turns out to be the enhanced
range of visibility for detecting the violation of the bilocal
inequality under effective filtering operations.

VII. DISCUSSION

A sequential linear n-local network was introduced in our
present work. In the preparation stage of such a protocol,
the parties are allowed to perform local filtering operations
which constitute a specific form of stochastic local operations
assisted with classical communication (SLOCC). Keeping
analogy with hidden Bell nonlocality, non—n-locality obtained
in such protocols was referred to as a hidden non-n-locality.
Several instances of hidden non—n-locality are demonstrated.
This, in turn, points to the fact that filtering operations are sig-
nificant in revealing hidden non—n-locality. It is also observed
that, in some situations, the sequential framework is more
robust against noise than the usual network non—n- locality.

Interestingly, it is observed that hidden non-n-locality can
be observed even when one of the sources does not distribute
entanglement. However, the same is not the case when one of
the sources generates a product state. To this end, one may
note that we used a specific class of local filters, which is,
however, considered the most useful form of local filters in
the standard Bell scenario [6,10]. It will be interesting to char-
acterize hidden non—n-locality considering the general form
of local filtering operations. Also, apart from applying local
filters, considering other sequential measurement strategies to
explore non-n-locality can also be considered as a potential
direction of future research. In addition, we applied sequential
measurement techniques in the linear n-local network sce-
nario. It will be interesting to analyze similar techniques in
the nonlinear n-local networks.

ACKNOWLEDGMENTS

T.P. would like to acknowledge the support
from  DST-Inspire  fellowship No. DST/INSPIRE
Fellowship/2019/1F190357. N.G. acknowledges support
from the project grant received under the SERB-MATRICS
scheme vide file number MTR/2022/000101. We thank the
anonymous referees for their insightful suggestions which
helped us to improve the overall quality of the manuscript.

APPENDIX

We first analyze the upper bound of n-local inequality
[Eq. (13)] in the sequential n-local network.

Vj=1,2,...,n, let source S; generate an arbitrary two-
qubit state p; ;41 [Eq. (2)]. In the preparation stage of the
sequential network (Sec. III) A;, (j=1,2,...,n+1) ap-
plies the local filter of the form given by Egs. (10) and (11). It

may be noted that local filter §; [Eq. (11)] applied by each of
n — 1 intermediate parties A;(j = 2, ..., n) is of the form

3= 53” ® 35.” where (A1)

FO =€e10)01 +11)(1] for k=1,2andj=2.3,....n.

(A2)
As discussed in the main text (Sec. III), n + 1-partite correla-
tions generated at the end of the measurement stage are used

to test the n-local inequality [Eq. (13)].
The n-local inequality [Eq. (13)] is given by

1
5 2 VTl fs(Mo, My, No, N1 psiereal < 1.
h=0

(A3)

In the usual n-local network, Eq. (13) is given by

|

1

3 E VT fi(Mg, My, No, N piniiar] < 1,
=0

|

1

3 E VT (Mo, My, No, N @7, piiv1] < 1. (Ad)
h=0

As discussed in Sec. IIC, the upper bound (B, say) of the
above inequality [Eq. (A4)], is given by [29]

B = IT_ 1y + IT]_ 12, (A5)

where #;1, t;, denotes the largest two singular values of the
correlation tensor (7;) of p;;+1i=1,2,...,n). Now let us
analyze the state pfiereq Used in the above Eq. (A3). As men-
tioned in Sec. III, pgerea [EQ. (12)] is given by

N( ®3’Z} Smemu(@?ﬂ Sj)T,
where N is given by Eq. (12)
=N &1 0] j11
P, = (3 ®3(21));01,2(31 ®§(21))T,
P = @7 3 ) e P )
Vji=2,3,...,n—1,
py/;,nJr] = (3;2) & Snle)pn,nJrl (3’,(12) ® gn+l)T.

It may be noted thatVj = 1,2, ..., n, ,oj’.’jJrl is unnormalized.

Pfiltered =

where

(A6)

Let p7 ;| denote the normalized state corresponding to p’ ;.
Pier = Nij10] s (AT)
where the normalization factor N; ;. is given by
1
Ma= 0 ONER
Tr[(gl ® 3’2 ),01,2(51 ® 3’2 ) ]
N 1
Jjl =
) (1) (2) OB
Tr[(gj ®3j+1):0j,j+l(3j ®{§j+l) ]
Vi=2,3,....,n—1,
R
Nn,n+1 = TV[(SE?) ® %n+l)pn,n+1(3',(12) & S:n—&-l) ] (AS)

032416-10



HIDDEN NON-N-LOCALITY IN LINEAR NETWORKS

PHYSICAL REVIEW A 108, 032416 (2023)

Now, Eq. (A6) gives

n ’
Pfittered = N ®j=1 Pj j+1

n 1 /
=N ®j:1 N—j,j+l (Nj,j+1,0j,j+1)

N ®n ”
®j:1Nj,j+l j=11Fjj+1

= ®'_,p] ;4 using Tr[ @, R;]

= II{_, Tr[R;], for any finite n. (A9)
Using Eq. (A9), Eq. (A3) becomes
1
33 T Mo M No ND @1 0 ] < 1. (ALO)

h=0

A comparison of Eq. (A4) with Eq. (A10) points out that,

on maximizing over measurement parameters (used in the
measurement stage), the upper bound (B, say) of the above
inequality and consequently that of the n-local inequality
[Eq. (13)] in the sequential n-local network is given by
Eq. (16) with t}}, 17, denoting the largest two singular val-
ues of correlation tensor (Tj”) of P}/,j+1 G=12,...,n). It
may be noted that By, is a function of the Bloch param-
eters of p; ;1 1Vj=1,2,...,n and the filtering parameters
€1, €ntls e;l), ej(.z)(j =2,3,...,n). Using Eq. (16), we next
give the proof of the theorem.

1. Proof of Theorem 1

Let one of the n sources generate the product of two single-
qubit mixed states. Without loss of generality (W.L.O.G.) let
S| generate

P1,2=}—1(00+r71-6)®(00+ﬁ-8) where (A11)

m, i are three-dimensional vectors with length less than or
equal to unity. Singular values of the correlation tensor of p; »
are (|m||#|, 0, 0). The magnitude of the singular values of any
correlation tensor is always less than unity [46]. Hence when

p1.2 is used in the usual n-local network, B < 1. Consequently
no violation of Eq. (13) is obtained. Now, in a sequential
n-local network, the correlation tensor of ,0{"2 has only one
non-zero singular value. So, from Eq.(16), we get Bgeq < 1.
Consequently, the violation of Eq. (13) turns out to be im-
possible in the sequential n-local network. Hence, if at least
one of the sources generates the product of two single-qubit
mixed states, non—n-locality cannot be detected in a sequential
n-local network for any finite n. This completes the proof of
Theorem 1. |

2. Justification in support of conjecture made in Sec. V

As per the condition, n-local inequality is not violated in
the usual n-local network. Hence, by Eq. (AS)

\/H;letjl + It < 1 (A12)

Let us focus on any one of the n states pj;11(j=
1,2,...,n). W.L.O.G,, let us consider p; ». Local bloch vec-
tors of p;, are considered to be null. Singular values of p{,
turn out to be

(1)

"o 6162 n
L1 = —Cl >
[€)]
1, = M (A13)
, cl
(=@ @) )+ ()]
1,3 4C1
where
ar=n3(1=e)[1 = (") ]+ (1+ )1+ ()]
(A14)
Singular values of p}fjJrl(j =2,3,...,n) have analogous

forms. For these forms of singular values, the numerical max-
imization of Eq. (16), under the constraint that Eq. (A12)
holds, yields 1. Consequently, Eq. (13) is not violated in case
none of p; ;41 has local Bloch vectors.
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