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General method for solving electromagnetic radiation problems in an arbitrary linear medium
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Numerical transfer matrices have been widely used in the study of wave propagation and scattering. These
may be viewed as discretizations of a recently introduced fundamental notion of transfer matrix which admits
a representation in terms of the evolution operator for an effective nonunitary quantum system. We use the
fundamental transfer matrix to develop a general method for the solution of the problem of radiation of an
oscillating source in an arbitrary, possibly nonhomogeneous, anisotropic, and active or lossy linear medium. This
allows us to obtain an analytic solution to this problem for an oscillating source located in the vicinity of a planar
collection of possibly anisotropic and active or lossy point scatterers such as those modeling a two-dimensional

photonic crystal.
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I. INTRODUCTION

Electromagnetic radiation of an oscillating source is a
physical phenomenon of great importance. By definition, a
system of charges and currents radiates if it generates waves
reaching spatial infinities, i.e., if they are detectable by detec-
tors located far away from the source [1]. This is in contrast
to the basic setup for a scattering problem, where not only
the detectors but also the source of the wave reside at spatial
infinities [2]. A more realistic situation is when the waves
generated by a source interact with nearby scatterers before
reaching the detectors. The purpose of this article is to de-
velop a general method of dealing with this problem which is
particularly effective for the description of the effects of the
point scatterers on the emitted radiation.

The term “point scatterer” refers to an interaction with a
negligibly small (zero) range [3]. The best-known examples
are the interactions modeled by §-function potentials. These
have been extensively studied since the 1930s [4—12]. In one
dimension, they provide useful exactly solvable toy models
with interesting physical applications [13,14]. In two and
higher dimensions, their standard treatment leads to divergent
terms whose removal requires a coupling-constant renormal-
ization [15-22]. The same problem arises in the study of the
scattering of electromagnetic waves by §-function permittivity
profiles and leads to more serious complications even when
they are isotropic [23,24].

Recently, we have developed an alternative approach to the
scattering of scalar and electromagnetic waves which avoids
the singularities of the standard treatment of point scatterers
provided that they lie along a line in two dimensions and on
a plane in three dimensions [25-27]. This approach is based
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on a fundamental notion of transfer matrix which, unlike the
transfer matrices employed in earlier publications [28-30],
allows for performing analytic calculations. This has so far led
to the discovery of exact broadband unidirectional invisibility
in two dimensions [31] and the construction of potentials for
which the first Born approximation is exact [32]. See also
[33]. These developments together with the remarkable effec-
tiveness of the fundamental transfer matrix in dealing with
point scatterers provide the basic motivation for exploring its
utility in dealing with radiation problems.

The outline of this article is as follows. In Sec. II, we
give the definition of the fundamental transfer matrix for
a general (possibly nonhomogeneous, anisotropic, active, or
lossy) stationary linear medium that contains an oscillating
localized distribution of charges and currents. In Sec. III, we
discuss the application of the fundamental transfer matrix to
address the radiation problem for this setup. In Sec. IV, we
address the problem of radiation of an oscillating source in
the presence of a finite planar array of nonmagnetic point
interactions. In Sec. V we confine our attention to the case
where the source is a perfect dipole. Here we also explore in
some detail the special case where the radiation of the dipole is
affected by the presence of a single point scatterer. In Sec. VI
we present our concluding remarks.

II. FUNDAMENTAL TRANSFER MATRIX
FOR ELECTROMAGNETIC WAVES

Consider a stationary linear medium that contains an os-
cillating localized distribution of charges and currents (the
source). Let € and u denote the permittivity and permeability
tensors of the medium, gy and o be the permittivity and
permeability of vacuum, and @ be the angular frequency of
the source. Then € and u are 3 x3 matrix-valued functions of
space, and we can respectively express the free charge and
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FIG. 1. Schematic view of the setup for the radiation of an os-
cillating source (in red) in a linear medium containing scatterers
(nonhomogeneous, anisotropic, active or lossy regions marked in
purple). The detectors are placed on the planes z = £o0. r is the
position of a detector’s screen (in yellow) that lies on the plane
z = 4o00. k is the wave vector for the detected wave. ¢ is the polar
angle of the spherical coordinates.

current densities of the source and the electric and magnetic
fields of the generated wave as

plr.1) = Ve {l““’g(r» Jr,o) = %;70(” (1)
E(l‘, l) — e—g(r)7 H(l', l) — e—’H(r)’ (2)

A€o A/ Mo
where r stands for the position vector, o is a scalar function,

and J, &, and ‘H are vector-valued functions. In terms of
these, Maxwell’s equations [1] take the form

V-(é&€ =0, V- -(pH)=0, 3
VxE=ikiH, VxH=—ikéE+T, @

where &(r) := gale(r) and fi(r) := /Lalu(r) are, respec-
tively, the relative permittivity and permeability tensors, k :=
w/c is the wave number, and ¢ := (goug)~'/? is the speed of
light in vacuum.'

Reference [27] defines the fundamental transfer matrix for
a general linear medium in the absence of free charges and
currents. We wish to extend this definition to linear media
containing an oscillating source. To do this, we choose our
coordinate system in such a way that the detectors measuring
the radiation lie on the planes defined by z = %00, as depicted
in Fig. 1. We also suppose that the last diagonal entries of
& and ft do not vanish; £33 # 0 £ fi33. This is a technical
condition which we can satisfy with a proper choice of our
coordinate system for nonexotic media.

In the following, we denote the zero and identity matrices
of all sizes by 0 and I, respectively, and use &,, H,, and 7,,
with u € {x, y, z}, to denote the components of £, H, and
J,i.e.,

E=¢Ee.+Ee 4+ &,

J = Je + Jye, + Jee;,

H = H.e +Hye, + Hee,,

! According to the continuity equation for the local charge conser-
vation, which follows from the first equation in (3) and the second
equation in (4), we have ¢ = —ik~'V - J. Therefore, J character-
izes the source.

where e, is the unit vector pointing along the u axis. We also
introduce the following quantities:?

N Hx 7 . \.7)6- 3._ 8x
5] o=} =l

tny

I
1
B
I,_'

X

where the superscript 7' stands for the transpose of the corre-
sponding matrix and

= . |t - | B
5 = [éez], iy = [ﬂzz}’ Cef1.2.3)

We begin our analysis by using (4) to express &£, and H, in
the form

EZ = 3‘3731[—9315)5 - 5‘325}, + ikil(axHy - any - \72)]
= -8 By E+ k"8 T o H + ik T), (8)
Hz = /:\’«3_31[_ik_1(8x6\2 - 8}'5)() - [:LBIHX - ﬂ32Hy]
= A3 (k13708 — A TH). ©

With the help of (8) and (9), we can reduce (4) to a system
of first-order differential equations for &, &, H,, and H,.
This is equivalent to the nonhomogeneous time-dependent
Schrodinger equation,

9,0 =H® +]J, (10)
for the four-component field [27,34],

& )
& _T€

o= H|= [ﬁ} (11)
Hy

where z plays the role of “time,”

. [H, H k'9(e5' T
oo (B He2)o - (33 ) 1 an
H;; Hpx i8y; T Ke — 02T

T

~ = &3 I o =7
H|, (= —i0 — + —Ky0" 03,
£33 "33
- (13)
Hppi= =3 —3 0 + k(K — Kao),
k£33

’In Ref. [27] we used fg,Jg,fH, and Jy for what we call
125, K¢, I?H, and K. This change in notation has been made to
avoid giving the impression that these quantities are related to the
current density J.
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-~ [N >
H»,; za aT 02+k(Kg —K¢),
> (14)
=T
~ Ny 1
Hy = =3 3
33 £33
. I o _r . 1 -
Kg = A—K583 s KH . (15)
£33 33

and 0 and 87 act on all _the terms appearing to their right.?
According to (12)—(15), H is a “time-dependent” 4 x4 matrix
Hamiltonian with operator entries which represents the inter-
action of the electromagnetic waves with the medium, H;; are
the 2x2 blocks of ﬁ, and J is a four-component function that
contains the information about the source.

Because z plays a different role than x and y, we denote
the projection of r onto the x-y plane by 7, i.e., set ¥ := (x, y),
and write ®(r) as ®(7, z). This allows us to view ®(-,z) as a
function that maps R2 to C**!, where C™*" denotes the set
of m x n complex matrices. The Hamiltonian operator H is
actually a z-dependent linear operator acting in the space of
such functions. Equation (10) determines the dynamics in this
space.

The four-component function ®(-, z) plays the role of a
position-space wave function in quantum mechanics. In the
following, we employ the corresponding momentum-space
wave function @(-, z), which is related to ®(-, z) by the two-
dimensional Fourier transformation F:

®(.,7) L Fo(,7) := &(., 2),

where for all p := (py, py) € R2,
(5, 2) :=/ d*re P @(F, 2)
R2

[o.¢] oo .
:f dx/ dy e—l(X[’.v+y[7)')¢(x’ v, 2), (16)
—00 —00

and a dot stands for the dot product, i.e., p- 7 := xpx + ypy.
Applying F to both sides of (10) and evaluating the resulting
equation at (p, z), we find

i0,®(p,z) = ﬁé(ﬁ, )+ J(p. 2), (17)

where H := F fl}" —1 F-! stands for the inverse Fourier
transformation in two dimensions,* and J(-, z) := FJ(-, 2).
If we denote the space of d-component complex-valued func-
tions of p by .Z¢, so that ®(-, z) € .Z*, we can view (17) as a
dynamical equation in .74,

Consider an electromagnetic wave propagating in vacuum,
sothat ¢ =f =1 and J =0, and let &, denote the corre-
sponding momentum-space four-component wave function.

3For example, for every test function f, 8 & f stands for 8( & f ).

‘Given a test F:R> > (C’”X” (]-"IF)(r)
s [ dp &R (p).

SWe can express H® in (17) as [r2d?q IC(p, §)®(d, z), where
Kp.§):= ¢, T Jr2 dr e~ P"H ¢%7 Because H is a differential op-
erator whose coefficients are functions of both 7 and z, the integral
kernel /C(-, -) depends on z.

function

Then (17) becomes

i0.®0 (. z) = Ho(P) @0 (P. 2), (18)
where
_ 0 Lo(p)
Ho(p):=| . _ .
—Lo(p) 0
_ 1| —ppy  Pi—K
Lo(p) := - . (19)
k [—pi +k papy

Because Hy( p) does not depend on z, we can write the general
solution of (18) in the form

&y (p, 2) = e (p), (20)

where C € .Z* is arbitrary. To obtain a more explicit expres-
sion for the right-hand side of (20), we first note that

Lo(p)* = —(k* — pOL, 1)
which in turn implies
Hy(p)* = (k* — p*)L (22)

For |p| = k, this becomes Hy()> = 0, and we have
(P 1 _ izHo(p). (23)

For |p| # k, we can expand e~ () in powers of zH,(j) and
use (22) to show that

i sin[ze (P)]
@ (p)

where @ : R? — C is the function defined by

) Vk*—p?2  for |p| <k,
w(p) =
iv/pr—k* for |p| >k

In the limit |p| — k, @ (p) tends to zero, and (24) repro-
duces (23). Therefore, we can determine the value of ®( D, 2)
for |p| = k by evaluating its |p| — k limit. This observation
allows us to confine our attention to |p| # k, where Hy(p)
is a diagonalizable matrix. In other words, without loss of
generality we can restrict the domain of the definition of
®y(-,z) to R\ S!, where S,l :={p € R?||p| = k}. Denoting
the set of d-component functions defined on R?\ S} by .#¢,
we identify ®¢(-, z) with an element of j,f and write (20) in
the form

e—izﬁo(ﬁ) = cos[zzw (D)1 — ﬁo(f’)’ (24)

(25)

®y(-,2) = e"'zﬁoc, (26)

where Ho : F — F} is the linear operator defined by
HoF(p) := Hy(H)F(p) and C € F is arbitrary.

As we mentioned above, for |p| # k, Hy(p) is a diagonaliz-
able matrix. Equations (22) and (25) suggest that its spectrum
consists of £ (p). We can construct the following projection
matrices on its eigenspaces [27]:

1 (—1y
I;(p) == = |1+ —— Ho(p)
@ (P)
1 I (*gffio(ﬁ)
= E [(1)./+l£0(ﬁ) ip) ) (27)
@ (P)
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where j € {1, 2}. It is easy to check that

Holl;(5) = (=1Y @ (HI;(p), (28)
(P ;(p) = 6;1;(p), (29)
I, (p) + Ix(p) =L, (30)

where §;; stands for the Kronecker delta symbol. These in turn
imply

D) = TP () + e TP (p). (31

Next, we let @, ﬁj, 7 F4 — 4 be the operators de-
fined by

@ F)P) = o (DF() (32)
(T F)(p) = T (DF(P) (33)
(FF)(P) = {OF(” O IR E Y

where peR?*\S!, je{l,2} and Fe 4 We can use
(32)-(34) to establish the following identities:

[, 1] = [@, 7] = [[,, 7] = 0. (35)

Suppose that there are ay € R, with a_ < a4, such that
the space outside the region bounded by the planes z = a. is
empty. Then, é(#7,z) —I1=p(# 2) —1=J(F ) =0 for z ¢
(a_,ay), and for every solution of (17) there are C € F4
such that

(5,2 — el:zwoj)A,(ﬁ) + e":“*"(lj)B,(ﬁ) for z<a_,
TP AL(P)+ e P PB(p) for z>ay,
(36)

where
A =T,C., By:=T1,C., (37)

and for p = po € S}, the right-hand side of (36) should be
replaced by its j — py limit.°

If ®(7, z) is a bounded function of z, the same applies to
@(ﬁ, 7). This condition together with Egs. (25) and (36) and
the facts that ®(, z) is a uniformly continuous function of j
and e¥=@ (P blows up for | p| > k as z — F-oo imply that

A_(p)=B+(p) =0 for |p| > k. (38)
Let us introduce
Ci =mCs, Ai=mA:= ﬁlci,
B. = mB. = M,Cs. (39)
Then, by virtue of (29), (33), (34), and (39),
OA: =As, LA, =MB.=0, I,B.=B., (40)

In view of (28) and (37), A.(p) and B.(p) are, respectively,
eigenvectors of Hy(j) with eigenvalues —e () and @ (7).

Egs. (30) and (38) imply
As + By =Cy, 41

A7 = Af, B+ = B+, (42)
and we can use (35), (36), and (37) to show that

B, 7) > TAL+ e B, = e, for 7 — +o0.

(43)

In particular, the four-component function defined by
V(- 7) := Hod(., 7) satisfies

W(,z) > Cy for z — Foo. 44)

Because Hj describes the propagation of waves in the ab-

sence of interactions, W(-, z) plays the role of the interaction-

picture momentum-space wave functions [35]. Expressing

®(p, z) in terms of W(j, z) and substituting the result in (17),
we find

10.9(,2) = HY(.2) + 3. 2), (45)
where
H(z) = M H — Hyye M, 3. 2) = (., 2),
(46)

We can express the general solution of the nonhomogeneous
Schrodinger equation (45) in terms of the evolution operator
for the corresponding homogeneous equation, namely, the
operator U(z, zo) satisfying id.U(z, z0) = H(2)U(z, z0) and
U (zo, z0) = I for all z, zp € R. This gives

W(.2)=UG, Zo)[‘l’(-, 20) — i/ dz U(zo, 2)3 (-, z/)],

20

(47)

where we have made use of a(z/, 20) ' = ﬁ(zO, 7). We also
recall that U (z, zo) admits the Dyson series expansion [35]:

. X z 2
Uz, 20) =T+ ) (=) / dz, / dze—i -
=1 20 20

y / do ARG H@). @)

0

Following Ref. [27], we define the fundamental transfer
matrix of the medium according to

M = 7, U (400, —00) 7. (49)

This is a linear operator acting in %! := {F € Z#*|F(p) =
0 for |p| > k}. In view of (39), (44), (47), and (49),

C,=MC_+D, (50)

where
S -~
D:= —iﬁk/ dz U(+00,7)J(-, 7)), (5D
—0oQ

and we have benefited from the identity a(+m, —00)
U(—00,7') =U(+00,7).
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II1. RADIATION BY AN OSCILLATING SOURCE
IN A LINEAR MEDIUM

If the source is localized or more generally confined to
the region bounded by the planes z = a., the emitted wave
satisfies the outgoing asymptotic boundary condition. To
quantify this condition, we examine the behavior of the four-
component fields ® for z — Foo. Performing the inverse
Fourier transform of both sides of (43), we find

1 o
8.0 > 1 [ P [ALpe
4-7'[2 Dy
+ BL(p)e” ™ P?] for z — oo, (52)

where 2 := {p € R?||p| < k}. This identifies A+ and B
with the Fourier coefficients of the right- and left-going waves
along the z axis, respectively. Therefore, the outgoing asymp-
totic boundary condition corresponds to A_ =B, =0. In
view of (41), we can also write it in the form C_ = B_ and
C, = A, . Substituting these equations in (40), we have

N,C_.=C_, O,C_=M,C, =0, MC.=C,. (53)
Next, we apply 1| j to both sides of (50) and use (53) to
establish

m,MC_ = —TI,D, (54)

C,=0,M-1C_+10,D. (55)

These are linear equations for C. which are to be solved in
T

quuations (54) and (55) have the same structure as
Egs. (57) and (58) of Ref. [27] for the four-component fields
T/, which determine the asymptotic expression for the scat-
tered waves. The only difference is that in the scattering setup
considered in [27], D is determined by the incident wave
whose source resides at z = —oo. This suggests that we can
pursue the approach of Refs. [27,36] to express the scaled
electric field £ for the electromagnetic wave reaching the
detectors placed at z = oo as follows:

k| cos O |e*"

- =(9,¢)Tci(12) for rcos® — o0,
2wir

Er) =
(56)

where r, ¥, and ¢ are, respectively, the radial, polar, and az-
imuthal spherical coordinates of the position r of the detector,

2@, o) ::[ex e, sindsinge, —sinﬁcosq)ez],

(57)

and k is the projection of the wave vector k := k f onto the x-y
plane, i.e.,

-

-k
k= = =k(sinvcospe, +sindsinge,). (58)
r
With the help (57), we can show that

E®, ) Cr(k) =ck +[(cg x #)-e.]e. for +cos® > 0,
(59

where

¢t i=Cpi(k)e, + Cir(k)e,, ¢ :=Cuz(k)e, 4+ Cus(k)e,,
(60)

and C4; are the entries so that Ci =
[Ci1 Cin Ciz Cuyl.

Equation (56) reduces the solution of the radiation problem
for oscillating sources to the determination of the four-
component functions C.. The entries of these are, however,

not independent. To see this, we introduce the two-component

of Ci,

functions
N Cii > Ci3
Cl = [ i| C, = , (61)
* Cir = Cis
so that
(‘f+
C.=|_| (62)
o
Employing (27), (53), and (62), we then find
o | o
CI(p) = F——=Lo(P)CL (D). (63)
. w@

Next, we use (19), (58), (63), and w(l?) = |k,| to show that

(k)
k 1 —sin®¥cos®>¢p —sin’Ysingcosg|= -
= —— ) . ) : 2 G:t(k)»
2|k, |—sin”“ ¥ singcosg 1 —sin“ ¥ sin” @
(64)
where
G+(p) 1= F2i 02CL (D). (65)

Substituting (64) in (61) to determine C.; and using the result
in (60), we have

¢l = [g+ — (- g)F + (F-gi)(e; -Tle:],  (66)

2|k |

where g is the vector lying in the x-y plane whose x and
y components respectively coincide with the first and second
entries of Gi(k), i.e.,

go={[1 01Gi(®)}e+ {0 11G(B)}e, (67
=42e, x ;. (68)

The latter equation follows from (60), (61), and (65). Solving
it for ¢, we find

. =+lg xe. (69)
We can express ci by substituting (69) in (66). More interest-

ing is the identity

k
ci+[(cy x £)-ele, = 2] Px(fxgy) for Fcos® >0,

which in view of (2), (56), and (59) leads us to the following
remarkably simple equation for the electric field of the wave
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reaching the detectors:

i(kr—owt)
tx (f xgy) for rcosd — +oo.

Ami/fegr
(70)

According to this equation, the information about the radia-
tion of the source is contained in a pair of vectors lying in the
x-y plane, namely, gi.7

Next, we explore the utility of (70) in solving the textbook
problem of the radiation of an oscillating source placed in
vacuum [1].

In the absence of scatterers, & = ft =1,

E(r,7) =

~

H=H) HE=0 Uz)=1, M=1 M=g7,

and Egs. (51), (54), and (55) respectively take the form

00
D= —iﬁk/ dzJy(,z), C_=-I,D, C+ = II,D.
—00
(71)
In view of (28), (33), (34), (46), and (71),

Q@=m®f¢mWWMM@w
— i (I T (B, —w (5). (72)

04m=4m@/ dz e P (). 2)

= —ixx(p)I(P) J (P, @ (D)), (73)
where
o1 for |p| <k,
Xk(p) L {0 fOr |ﬁ| 2 k,

J stands for the three-dimensional Fourier transform of J, i.e.,

Gl 2

(B, p) :=/ dz e 'PJ(p) :/ d*r e ®TJ(r), (74)
—o0 R3
and p denotes p + p.e,, which we also express as (p, p;).
Recall that the wave vector k for a detected wave is given by
k := kf and that the detectors lie on the planes z = F00. In
particular, k € R3, |k| =k > 0, and k, = kcos v # 0. These
in turn imply xk(l;) =landk =k + w(lz) e, for cos?¥ >
0. Using these relations together with (72) and (73), we obtain

C_(F) = i) J (k) for cosd® <0.  (75)

C.(F) = —iT,(K) J (k) for cos® >0.  (76)

"This holds also for the scattering of electromagnetic waves where
the roles of Cy and ¢* are, respectively, played by Tli/r and tf
of Ref. [27]. In particular, we can express the electric field of the
scattered wave arriving at the detectors in terms of the vectors g,
defined by (67) with ¢ changed to t¥.

Next, we introduce P := [py py]T and use (12) and (19)

to show that

- i[ J.(p.2)P
Jp, )=+ 3 . (77)
klikor T (p.2)
ik~ 'o,Lo(p)P = P. (78)

These equations together with (21) and (27) imply
1[%®@@@mq
20() | ~w(p)ord-(p.p.) |
1 Lo(p)o> 9. (p,
[o@)ZAqu’(%)

L3I G, p) =

(79)

L5 (5, p.) =

20(p) @ (P) 629, (P, p.)

where

Z. (5. p) =T (. p) £ @) T, (. p)P. (81)

In particular, for p =k, we have p= k and P =R :=
[ky ky]T = [ksin® cosgp ksindsing]”, and (75), (76),
and (79)—(81) yield

> | _I: r . Kk
+(k) = : O(k)(zzGO() for +cos® > 0,
20kl k.02 Go(k)
(82)
where
A = S L k| e [FxJ
Go(k):=J(k)—kz‘1jz(k)§:k_ e [ExT ()] |
| —e - [FxT (K)]
(83)

and we have also benefited from the fact that
k, = +w (k) for =+cos® > 0. (84)

In view of (62), (82), and (84), C1 (k) = £ 02Go(k) for
+cos?¥ > 0. Using this relation in (65), we find that for the
system we consider,

G+ (k) = Go(k) for +cos® > 0.
This equation together with (67) and (83) imply
g =gy for *cos? > 0, (85)

where

k ~ ~ &
gy = T e, x [ExT k)] =T (k) —secv 7, (k)F.

Z

(86)

Substituting (85) in (70) and making use of (1), (86), and the
fact that E is a continuous function of #, we have

E kei(krfwt) ~
r,t)= ——— t x [F k f
(r,t) di e r x [Fx J (k)] for r —> o0
kZ i(kr—ot) ~
=4—°.€ £ x [Bx J (kE,0)] for r— oo,
i r

(87)

where Zy := +/po/€o is the vacuum impedance and J
(kB,1) := [ps d’r e”*Td(r, 1).
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Equation (87) coincides with the outcome of the standard
treatment of the radiation of an oscillating source in vacuum
[1]; Egs. (9.4), (9.5), and (9.8) of Ref. [1] also imply (87).
Note, however, that our derivation of this equation is man-
ifestly gauge invariant; unlike its textbook derivation, it does
not involve the retarded vector potential and the Lorentz gauge
condition.

Although the derivation of (87) rests on the assumption that
the source of the radiation resides in empty space, we can also
use it to describe the radiation of the source in a general linear
medium provided that we characterize the electromagnetic
response of the medium not in terms of its permittivity and
permeability tensors but in terms of its bound charge density
and bound and polarization current densities [37]. This re-
quires replacing the free current density J appearing in (87)
with the sum of the free, bound, and polarization current
densities: J — J' :=J +Jy + J;,, where J;, and J;, respec-
tively stand for the bound and polarization current densities.
Because we do not know the explicit form of Jy, and J,, the
substitution of J’ for J in (87) gives a formula for the electric
field of the detected wave which is of little practical value.
Nevertheless, using the description of the medium in terms of
the effective current density J’, we can establish the general
validity of Eq. (85) provided that we let J play the role of J
in the definition of gy. In other words, we have

g. =g for £cosh >0, (88)

where

g:= ;’ (k) — sec ¥ ;/z (k) £, (89)

T=T+J b +T p»Jb and J, are the vector-valued func-

tions satisfying J,(r, t) = /2 p—iot Tp(r) and Jp(r, 1) =

My ~1/2 p—iot Jp(r), and J’ is the z component of [f
Substituting (88) in (70) and making use of the fact that the

electric field is a continuous function of #, we find the follow-
ing expression for the electric field of the detected wave:

i(kr—owt)

dmwiJegr
Because g is orthogonal to the z axis, the right-hand side of
this relation is not manifestly covariant. The definition of

E(r,t) = fx (f xg) for r — oo. (90)

3a,233a,31 — da, 213a 33
34113033 — 3a,133a31

¥ . 1 134022340.33 — 3a,233a.32
T 3,33 [ Ba133a32 — 34123033

Z,,;j stands for the minor of the 3,;; entry of 3,, i.e., Z,;;
is the determinant of the 2 x2 matrix obtained by deleting the
ith row and jth column of 3,, for every positive integer m;
v, is the linear operator defined by’

Vy P FM— FM
VF(p) = F(F,) e P (95)

87, £ 7, fora # b.
9Reference [27] uses S(zﬁp — 7,) for what we call v,.

g, however, shows that £ x g = £#x J'. This confirms the
covariance of £ x g and, consequently, that of the right-hand
side of (90).

We would like to emphasize that because we do not know
the explicit form of J’, we cannot use (89) to compute g.
We can instead employ our transfer-matrix approach and the
knowledge of the permittivity and permeability tensors of the
medium to determine g.

This completes our general discussion of the radiation
problem for an oscillating source in a linear medium. It leads
to the following prescription for computing the electric field
of the wave arriving at the detectors.

(1) Find the evolution operator u (+00, z), the four-
component field D, and the transfer matrix M.

(2) Solve (54) for C_.

(3) Read off the expressions for C-,G_,and g_ using (62),
(65), and (67).

(4) Substitute g_ for the g in (90).

IV. RADIATION OF AN OSCILLATING SOURCE
IN THE PRESENCE OF POINT SCATTERERS

Suppose that an oscillating source is placed next to a fi-
nite collection of nonmagnetic point scatterers lying in the
x-y plane with otherwise arbitrary positions, so that the rel-
ative permittivity and permeability tensors of the system take
the form

N
8(F,2) =T+08() ) 348(F — ),

a=1

pF2)=1 O
where N is the number of point scatterers, 7, = (x,, y,) sig-
nify their positions in the x-y plane, and 3, are 3x3 complex
matrices with entries 3,,; j.g Then, as we show in Ref. [27],
for the generic cases where 3,33 # 0, we find the following
expression for the interaction-picture Hamiltonian (46):

’ﬁ(z) =i (Z)V,

]Uaa

92)

where

(93)

=’<Z[

Z , are the 2x2 matrices given by

1 Zall —Zan|, _ ! Za12 —Za1 |.
30 33 a 21 Za,22 30 33 a 22 Za,Zl ’

(94)
[
Fe %™ is arbitrary; and F:=F'F is the two-
dimensional inverse Fourier transform of F, i.e.,
F(F) = 15 [p. d?p' ™ P'F(p).

According to (92), H(z))H(z) =0 for all z;,2 € R.
Therefore, the Dyson series (48) terminates, and we find

U400, 2) =T+V/ 8(Z)d7 =T+ {X ior z<0,
. or z>0.
(96)
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Notice that a(+oo, 0) involves fooo 8(z)dz', which is ill de-
fined. This causes no problem in computing the fundamental
transfer matrix (49) because the latter requires the knowledge
of U(+o00, —00). According to (49) and (96),

M = 7 + 7 V. 97)
In view of Eq. (51), the problem with [~ 8(z')dz’ does not
affect the calculation of the four-component function D either
if J(p, z) and, consequently, (7, z) are continuous functions

of z at z = 0. Under this condition, we can use (51) and (96)
to infer

D(5) = —ixk(ﬁ)[ /

—00

o 0

dz3(F.2)+ f

dz V3(p, z)}- (98)
—0oQ0

To obtain a more explicit expression for the right-hand side of
this equation, we examine the structure of the four-component
functions ¥ and J in the presence of the point scatterers given
by (91).

According to (12), J involves 53_31 J, and 53_31‘71135. To deal
with the fact that &35 and Eg have §-function singularities, we
employ the following distributional identity which we prove
in Appendix A of Ref. [27]:

)

1+ 3N a8 —7)
where a, are nonzero numbers. This together with (6) allows
us to show that whenever 7, is a continuous function on the
x-y plane, é;;jz = J, and é;;jzgg = 0. Substituting these
in (12) and taking note of (46), we see that the presence of
point scatterers does not affect J or J. In particular, (77), (79),
and (80) hold. In view of these equations and (31) and (46),
we have

) / d23(5.2)

)

= PP T (. () + W) I (5.~ (7))]

_ %) | Lo(p)oal- (5. & (§) — 44(p. —= (P)]
200 (5) |~ (B) oD (p. w (P) + G (p. —~w ()] ||
99)

where ¢, are given by (81).
Next, we use (19), (24), (46), (77), (93), and (95) to show
that

0
Xk(ﬁ)/ dz V3 (P, 2)
(100)

0
- [xk@) S e TP (R + éa)}’
where

0 0
0y :=k/ A2 Ry 2). éazzk/ dz 82, (101)

RG.2) = — f & p P coslza (9] T.(5.2) P,
4%k Dy
. (102)
" j P75 Pl - =
§G.2) = ——— [ a2p NP gy, G2,
47 D W(P)
(103)

Substituting (99) and (100) in (98), we find the explicit form
of the four-component function D.

Let us recall that to determine the four-component func-
tions C_, we need to solve (54). First, we evaluate both sides
of (54) at some p € R? and use (97) to write the resulting
equation in the form

C_(p) = ~IL(Px(HVC_(F) +D@H].  (104)
We also note that (62), (63), (93), and (95) imply
(5)VC (*)—k[ 0 } (105)
X PVC-(P) =K g5 |
where
N —
X(p) = x(P) Y e %, X, (106)
b=1
. > 1 -
X, = C(Fy) = 1 [ Epe ()
T R2
1 ) PURTES a
d Lo(P)CZ (). (107)

T et P ()

Next, we use the entries of D, which we denote by D;, to

introduce the two-component functions, Dt = [D; D)7
and D~ :=[D; D4]7, so that
Dt
D:=|- [ 108

Substituting (105) in (104) and using (27), (62), (106), and
(108), we obtain

N
> e P X+ Ap),  (109)

a=1

kxx(P)
2

C-(p) = -
where

- 1 1 - S s
A(p) = 3 |:__. Lo(P)D*(p) — D‘(ﬁ)}
2 @ (p)

_ ixk(m[ -

5 D e Z (R + 6a)
a=1
- 02{ 7 (5.~ (p) +‘7z(”’;f”(”))ﬁ} .
@ (P)
(110)
and we have also employed (21), (81), and (98)—(100).

Plugging (110) in (109), setting p = k, and using (65), we
find

G_(k) := Go(k) + Gy(k) for cos® <O, (111)
where Go(k) is given by (83) and
N -
Gok) := =0y Y e " Z (R, + 6, + ikXK,).  (112)

a=1
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In view of (67), (83), (86), (88),and (111),g =g = go + g,
where!©

g :=1{[1 01G,(K)}e, + {[0
Substituting g = gy + g, in (90) and using (86), we have

11Gy(k)}e,. (113)

k ei(kr—wt)

4mi/fegr

for r — oo.

E(r, 1) = (F x [Fx T ()] +F x (F x g))

(114)

Equations (112)—(114) reduce the solution of the radiation
problem we are considering to the determination of X,. To
calculate the latter, first, we use (63) and (109) to derive

kx(P)
- Z

e_ﬁa'ﬁ

—Lo(p)Z X, +T(p), (115)
@ (P)

CH(p) =

F(p) = () 'Lo(HAD).
Performing the inverse Fourier transform of both sides of
(115), we then find

(116)

3+ N N .
C_ (== LE-RZX,+TF), (117)
b=1
where
k err
LF):=— | dp——=Lop). (118)
8 Dk 07(17)

For 7 =7,, (117) gives the following system of equations
for X,

N
> Aw X, =T, (119)
b=1

where foralla, b e {1,2,...,N},

Ay =8l + L%y, (120)
Ly, = LG, —Fp). (121)

Equation (119) has a unique solution if and only if, for all

a,ce{l,2,..., N}, there are 2x2 matrices B, such that
N
> BupApe = 8l (122)
b=1

Multiplying both sides of (119) by B, from the left, summing
over a, and making use of (122), we have

N
X =) Bul'(R).
b=1

(123)

Substituting this equation in (112) and using the result in
(114), we obtain the electric field of the wave reaching the
detectors.

19We have also computed C.., G, and g, and checked that, indeed,
g+ =8--

V. RADIATION OF A PERFECT DIPOLE IN
THE PRESENCE OF POINT SCATTERERS

By definition, the electric dipole moment of a charge
distribution with charge density p is given by p() =
Jrs d3rrp(r,t). For a charge distribution corresponding to
a localized oscillating source of angular frequency w, we
can use the continuity equation V -J = iwp, the identity
Jrs @’r(V - d)r = — [, d’rJ, and Eq. (1) to show that [1]

0€

p(r):iafl/ d*rd(r, 1) = g/ d*r J(r).
R3 k R3

(124)

This suggests that we can model a perfect electric dipole by a
scaled current density of the form

J(r)=jé(r —a),
where j := _Tg;p(O), p(0) is the electric dipole moment of the

dipole at + = 0, and a is its position.
According to (125),

(125)

T (P, 2) = jdz —ay)e @7, ; (p) = je P,

where d := (a,, a,) and ay, a,, and a, are Cartesian compo-
nents of a, so that a = (ay, ay, a;) = (@, a;). The first relation
in (126) shows that J(p, z) is a continuous function of z at
z = 0, and we can safely employ the results of the preceding
section provided that a, # 0, i.e., the dipole does not lie on
the x-y plane. In the following we assume that this condition
holds.

Using the second relation in (126), we can write (114) in
the form

(126)

kei(kr—a)l) o
E(r,¢) = Inige [e7 ¢ 5 (# x j)+ 1 x (F x g)]

for r — oo.

(127)

Therefore, to determine the electric field reaching the de-
tectors we need to calculate g;. To do this, first we use
(101)—(103), (110), and (126) to calculate R;, G;, and A. This
gives

Ry, = kj.0(—a)Ry(a,), &y =k0(—a,)Sp(a,)], (128)

. i N
- 1 o o - o
Ap) = X"Z(p ) {ke(—aa 3" e Py, Ry(ar) + Spla)]]
b=1
— ¢ APt (P, [f T 13} , (129)
@ (p)
where
)1 forx=>0, <. |Jj
0(x) = {0 for x < 0, Ji= [jy:|’ (130)
Ry(a,) == R(Fy — @, a;), Spla;):=SF —ad,a;), (131)
R(F.2) 1= — / d’p ¢™P cos[zw (B)]P, (132)
47'[2]( D
. l7~ﬁ . - .
St )= —— [ a?p ST Py Gy, a33)
d? J o, @ (P)

and j, jy,, and j, are components of .
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Next, we substitute (129) in (116) to find f‘(ﬁ); take the
inverse Fourier transform of the resulting equation; and use
(21), (78), (123), and the identity Zf;l BuLorZp = 8apl —
B, which follows from (120) and (122), to show that

. N
= 1 . = o,
Xa=3 h:Zl Bulj.%y(a,) + L p(a)J]

N
+i6(—a) { > —Bulj:Ry(a;) + Sp(az)J]
b=1

+j.Ra(a) + Sa(a)J } (134)

where

GBpa,) =BTy —d,a;), SLpla,) =S (T —d,a,),

(135)
- 1 oo oy o
R(F,2) = d*p " P PP, 136
(7.2) = f% pe’Pe (136)
. 1 ei?ﬁeizw(ﬁ) 5 .
FS(F)=—— | dp —— Lo(po2.  (137)
4n” J o, @ (p)

Notice that changing the term ¢”? on the right-hand sides
of (132), (133), (136), and (137) to e~7 multiplies the left-
hand sides of (132) and (136) by a minus sign while not
affecting the left-hand sides of (133) and (137). This shows
that we can replace ¢’ 7 in (132) and (136) by isin(7 - ) and
in (133) and (137) by cos(7 - p). Doing this, we find

R(F,z) =Re[#(F,2)], S(7,z) =Re[.7(7,2)], (138)

J

where Re stands for the real part of its argument. It is also
worth mentioning that we can express Z(¥, z) and . (7, z) in

terms of the function

1 / d2 ei?ﬁeim /k2—p?
42k Di Vi k2 — p2
LN w1 g (k)
27 0 V1 —u? '

where J; stands for the zero-order Bessel function of the first
kind. It is easy to check that

R(F,z) = —id 0,h(F, 2),

h(#,z) =

du (139)

(140)

- [az+k* 90, 7, .
y(r,z)_l[ ad, 02k h(F,z).  (141)

According to (139), the real and imaginary parts of i(¥, z)
are, respectively, even and odd functions of z. In view of (140)
and (141), this implies that the real part of @(?, z) and the
imaginary part of . (7, z) are even functions of z, while the
imaginary part of Z(F,z) and the real part of . (7, z) are odd
functions of z. We can use these observations together with
(131), (135), and (138) to establish the following identities:

Ry(—a;) = Ry(a;), Sp(—a;) = —Sp(a,), (142)
Im[%)(—a,)] = —Im[Z(a,)],
Im[.7(—a,)] = Im[.7}(a,)], (143)

where Im stands for the imaginary part of its argument.
Having calculated X,,, we can use (112) and (128) to estab-
lish

- k N - 7 =3 - - -
Guk) = S 02) ¢ L Bl jiAp(a) + 7 (@) = 26(=a)ljRy(a) + Sp(a)T)

a,b=1

A A _ . .
=5 GZZ e Tk F By {sgn(a,)Ry(a,) + ilm[%y(a,)]} + {sgn(a;)Sy(a;) + ilm[.7(a,)]}T)

a,b=1
k

a,b=1

where sgn(x) := x/|x| stands for the sign of x and we have
also made use of (138), (142), and (143). Recalling that g
is the vector having the entries of Cx(k) as its components,
we can read off the latter from (144) and substitute the result
in (127) to obtain the electric field of the wave reaching the
detectors.

The appearance of sgn(a;) on the right-hand side of (144)
might give the impression that it depends on our choice of the
direction of the z axis. This is unacceptable because g enters
the expression for the electric field, which must not depend
on our choice of the coordinate system. As a consistency
check on the validity of (144), we examine the behavior of
its right-hand side under the change of coordinates ¥ that
flips the sign of the z component of all vectors. First, we

N
=5 02)_ ¢ "L Bolsan(a) j: Ayllac)) + Syl

(144)

(

use (91) to infer that under this coordinate transformation,
3a,ij is left invariant unless one and only one of i and j is
3, in which case it changes sign. In light of (94), (120), and
(122), this implies that 2, Ay, and, consequently, B, are
left invariant under ¥. Equations (135), (136), and (137) show
that the same applies to @b(|az|) and .(|a,|). It is also clear
that T implies sgn(a,) — —sgn(a,), j. — —j., and J — J.
These observations prove the invariance of the right-hand side
of (144) under ¥.

In the remainder of this section we explore the conse-
quences of our findings for the simplest special case, namely,
an oscillating perfect dipole in the presence of a single point
scatterer (N = 1). Without loss of generality we choose our
coordinate system in such a way that the point scatterer lies at
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-

the origin while the dipole is on the z axis. Then, 7| = a = 0,
and (113), (118), (120)—(122), (135)—(138), and (144) imply

ik

L =L0)=—— o, (145)
6
ik3 !
By=A;'=9 = (1 - aszl> , (146)
6
. ik?
%@ =0 0", Zi@)= gs(kz) I, (147)
G,(k) = s(la.[k)(B — 1)J, (148)
g = 5(|az|k)[{(%ll - l)Jx + %IZJ.}’}ex
+ {Ba1jx + (B — Djlel, (149)
where
_ 23 2 ix — 1 ix X_z 1
5(x) := 3@ +ix = De — 5 + 1] (150)

2x3

The following are consequences of Egs. (91), (94), (114),
(146), (149), and (150).

(1) gs and, consequently, the electric field of the detected
radiation do not depend on j, and blow up when det(I —
g 0,%°1) = 0. This condition marks a spectral singularity of
the system which can exist if the point scatterer is made of
gain material [38,39]. In the absence of a source, the spectral
singularity corresponds to a configuration where the scatterer
begins amplifying the background noise and emits coherent
radiation [40,41]. This is the basic mechanism that applies to
every laser. In the presence of a source, tuning the parame-
ters of the system to approach a spectral singularity so that

det(I — % 0,%°1) ~ 0 causes the point scatterer to function
as an amplifier for the radiated wave.'!

(2) The term s(|a.|k) in (149) determines the dependence
of the electric field of the emitted wave on the distance |a,|
between the dipole and the point scatterer. For |a,| — O,
5(Ja;lk) — 1, and g, tends to a nonzero constant value. For
la,|lk — o0, s(|a;|k) — 0, and g, tends to zero. Therefore, as
expected, the presence of a distant point scatterer (|a,| > k™)
does not have a noticeable effect on the radiation of the dipole.

(3) The z component of j does not affect the response of
the point scatterer to the radiation emitted by the dipole. This
has to do with the fact that 7/, — d = 6, which causes %71 (2)to
vanish for all z.

4. If the principal axes of the point scatterer are aligned
along the coordinate axes, there are 3y, 3y, 3; € C such that

i 0 0
31=0 3 0], 02g1=|:5x O:|,

0 0 3 0 3
_ | BGY) 0
B _[ 0 ﬁ(ay)]’

""Making | det(T — g 0,%)| too small leads to the emergence of
nonlinear effects which render our analysis inapplicable.

where

(-2
BG)=(1—— (151)
(Y4

and (149) gives
g = 5(|a2|k)[{ﬁ(3x) - l}Jx e+ {:3(5}) - 1}]\ ey]'

In particular, if 3, = 3,, so that the point scatterer is uniaxial
or isotropic, we have

g, = 5(|a.|)[BGy) — 117,

where | := j.e, + Jy€y-

Let (u(r)) and (uo(r)) denote the time-averaged energy
density of the detected wave at r in the presence and absence
of point scatterers, respectively. According to (127), the ratio
of these quantities, which equals the ratio of the time-averaged
intensities of these waves [37], is given by

(u(r))
(1o (1))

Substituting (150), (151), and (152) in this equation, we find
(a(#)) for 3, = 3,. This in particular implies

(152)

A A —ika-f3 2
— () = [E x (F x (e J+g)l

B x (B x J)I? (159

[l (adiolBG) — 1T+ 1P forf =e,,
@@y =1 . .
e 5((a ) BGr) — 1]+ 1P for j. =0.
(154)

Figure 2 shows the graphs of the normalized time-averaged
intensity (154) measured by detectors located at z = +o0 as
a function of a,k. As expected, (ii(e;)) tends to 1 as |ak|
grows, and its deviation from 1 is more pronounced for larger
values of |3,|k®. For 3.k% =1, |a.k| <0.9,and 0 < & < 55°,
(f(t)) turns out to be a one-to-one function of a,k. This shows
that one can, in principle, use the value of the normalized
time-averaged intensity for sufficiently low energy waves to
determine the relative position of the source with respect to
the point scatterer or vice versa if one can identify the line
joining them (i.e., the z axis).!? This simple example suggests
the possibility of using the exact solution of the radiation
problem in the presence of point scatterers for the purpose of
addressing the inverse problem of locating the scatterers using
the data on their response to the incident radiation, which is a
problem of great practical importance.

VI. CONCLUSION

Multidimensional generalizations of the transfer matrix of
scattering theory in one dimension have been developed and
utilized since the 1980s basically for the purpose of numerical
investigation of wave propagation in stratified media [28]. The
basic idea behind these developments is to dissect the medium
into a large number of thin layers along a propagation axis,
discretize the transverse degrees of freedom in each layer,
assign a transfer matrix to each layer (which is a matrix
relating the amplitude of the wave at the points representing

12Plotting the graph of {fi(f)) for different real and complex values
of 3,k%, we have checked that this feature is not sensitive to the value
of 3.k3.
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FIG. 2. Plots of the normalized time-averaged intensity as a function of a.k for 3, = 3,. The left panel shows the plots of (i(e,)) for
3:k> = 0.2 (thick orange curve), 1.0 (thin blue curve), and 2.0 (dotted green curve). The right panel shows the plots of (i(f)) for j. =0,
3k =1,and & = 0°,45°,55°, and 75°. For |a;k| < 0.9 and 0 < & < 55°, the value of (fi(f)) determines ak uniquely.

one of the two large boundaries of the layer to the other), and
multiply them according to a particular composition rule to
obtain the transfer matrix for the bulk. Recently, we intro-
duced a fundamental notion of the transfer matrix for scalar
[25] and electromagnetic [27] waves whose definition does
not require the slicing or discretization of the medium. This
notion forms the basis of a dynamical formulation of the
stationary scattering that allows for analytic calculations and
is particularly effective in dealing with point interactions.

In the present article, we explored the utility of the funda-
mental transfer matrix in the study of the problem of radiation
in a general linear scattering medium. This led to a gen-
eral method for solving this problem. Using this method we
showed that the electric field of the wave emitted by an oscil-
lating source has the form

i(kr—wt)

4mwi/feqr
where g is a vector belonging to the x-y plane that stores
all the information about the current density characterizing
the source and the permittivity and permeability tensors of
the medium. We provided the following procedure for the
calculation of g. .

(1) Determine the evolution operator U (+00, z) given by
(48) which specifies the dynamics of the nonunitary effec-
tive quantum system corresponding to the interaction-picture
Hamiltonian H.(z). R

(2) Calculate the fundamental transfer matrix M and the
four-component field D, which are respectively given by (49)
and (51).

E(r,1) = f x (f x g) for r - o0,

(3) Solve the integral equation (54) for the four-component
field C_.

4. Read off the expressions for C~, G_, and g_ using (62),
(65), and (67), and identify g with g_.

We successfully applied our method to describe the radi-
ation of an oscillating source placed in a medium consisting
of a regular or irregular planar array of nonmagnetic, possi-
bly anisotropic and active or lossy point scatterers. For this
system, which is relevant to the study of nanoparticles with
extremely large refractive indices [42], the determination of
g requires the solution of a linear system of 2N algebraic
equations (119), where N is the number of point scatterers,
and the evaluation of the integral in (139) which seems not to
admit an explicit expression in terms of the known functions.
This is clearly not a major problem, for we can compute it
numerically. We can also find the numerical solution of (119)
for large arrays consisting of as many as hundreds of point
scatterers.

A distinctive feature of our treatment of point scatterers
is that it avoids the singularities of their traditional treatments
[23,24]. This is among the main difficulties in dealing with the
radiation problem in the presence of point scatterers which we
have been able to circumvent.
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