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Heisenberg-Langevin approach to driven superradiance
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We present an analytical approach for the study of driven Dicke superradiance based on a Heisenberg-
Langevin formulation. We calculate the steady-state fluctuations of both the atomic-spin and light-field operators.
While the atoms become entangled below a critical drive, exhibiting spin squeezing, we show that the radiated
light is in a classical-like coherent state whose amplitude and spectrum are identical to those of the incident
driving field. Therefore, the nonlinear atomic system scatters light as a linear classical scatterer. Our results
are consistent with the recent theory of coherently radiating spin states. The presented Heisenberg-Langevin
approach should be simple to generalize for treating superradiance beyond the permutation-symmetric Dicke
model.
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I. INTRODUCTION

Superradiance describes the cooperative radiation of an
ensemble of quantum emitters into common photonic modes.
A conceptually simple case that captures the essence of co-
operative radiation is that of Dicke superradiance, where all
the constituents of an ensemble of two-level atoms are cou-
pled to the common photonic modes in an identical manner,
thus forming an effective “collective-spin” dipole [1–3]. Su-
perradiance was observed in both atoms [4–8] and artificial
emitters [9] and plays a role in various quantum phenomena
and technologies, ranging from phase transitions [8,10–13] to
narrowband superradiant lasers [14–17].

The situation wherein the atoms are additionally driven by
a resonant laser (cooperative resonance fluorescence) can be
studied by a driven-dissipative master equation of the Dicke
model. Mean-field theory yields a second-order phase transi-
tion of the steady-state atomic population, or “magnetization,”
as a function of the drive [18–23]. Spin squeezing was recently
found in the steady state by a numerical solution of the master
equation [23–26], with a supporting analytical result obtained
in [25]. For the radiated light, intensity correlations g(2) were
calculated and found to exhibit bunching correlations above
the phase-transition point but no correlations below it [20].
More recently, it was found that the appearance of so-called
coherently radiating spin states (CRSSs) as the steady state of
driven Dicke superradiance underlies these results [27].

Here we present a simple analytical approach for driven
superradiance based on Heisenberg-Langevin (HL) equations.
While this HL approach is, in principle, equivalent to the
master equation used previously, the HL equations are natu-
ral for the direct analytical treatment of both spin and field
fluctuations via their operator-form solution. In particular,
we account for spin and field fluctuations around the mean

*Present address: Centre for Quantum Dynamics, Griffith Univer-
sity, Brisbane, Queensland 4111, Australia.

field using the Holstein-Primakoff approximation. For the spin
fluctuations the operator-valued solutions are in a Bogoliubov
transformation form, implying quantum correlations, as veri-
fied by the subsequent calculation of spin squeezing. For the
field operator, we find that the fluctuations are proportional
to the vacuum field, thus proving that the radiated field be-
low the phase-transition point is in a coherent state. We also
calculate the two-time correlation of the field, finding that the
spectrum is δ peaked at the incident-drive frequency. Surpris-
ingly, the light is thus scattered from the many-atom system
as if the latter is a linear system, although the atomic system
is highly nonlinear, which is evident from its phase transition.
We discuss the consistency and relation of these results with
the predictions of CRSS theory [27].

This paper is organized as follows. In Sec. II we derive the
HL equations of the driven Dicke model, focusing on a rele-
vant cavity-scheme realization. After recalling the mean-field
solution in Sec. III, we treat spin fluctuations and squeezing
in Sec. IV. Section V is devoted to the analysis of the radiated
light. Finally, our conclusions are presented in Sec. VI.

II. MODEL

We begin with the derivation of the HL equations of motion
that describe the driven Dicke model, considering a system
of atoms in a damped cavity as realized in most typical
experiments [4–6,9]. Realizations of Dicke physics also ex-
ist in other systems in which many atoms are coupled to a
common photon bath, e.g., in waveguide quantum electrody-
namics (QED) [24] or even in an elongated atomic ensemble
in free space [3,8]; however, the cavity case considered here
is conceptually the most straightforward one as it directly
emphasizes a single common photonic mode.

A. System and Hamiltonian

We consider the system displayed in Fig. 1: N two-level
atoms are trapped inside an optical cavity driven by external
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FIG. 1. Cavity realization of driven superradiance. An atomic
ensemble is trapped inside a cavity, wherein all atoms (green dots)
are identically coupled to a cavity mode (lowering operator ĉ) and
hence described by a collective-spin dipole (lowering operator Ĵ−).
The cavity field is damped through its mirrors at rate κ to the outside
propagating modes b̂k , which form the radiated field Ê , and is driven
by a laser with Rabi-field amplitude �L . Here a single-sided cavity
scheme is presented, with one out-coupling mirror (right-hand side).

laser light thorough the cavity mirrors. The atomic positions
are such that all atoms are identically coupled to the cavity
mode (i.e., well within the cavity mode waist and at longitu-
dinal positions that are multiples of cavity wavelength apart).
The Hamiltonian of the atoms and the cavity is given by

ĤS = h̄ωaĴz + h̄ωcĉ†ĉ + h̄[ĉ†(g∗Ĵ− + �Le−iωat ) + H.c.].
(1)

Here ĉ is the boson lowering operator of the cavity mode of
frequency ωc, whereas Ĵα = (1/2)

∑N
n=1 σ̂ α

n (α ∈ {x, y, z}) are
the collective-spin operators of the atomic ensemble, with σ̂ α

n
being the Pauli operator of a two-level atom n ∈ {1, . . . , N}
with resonant frequency ωa. The external laser, resonant with
the atoms and with amplitude �L, drives the cavity via its
mirrors. The cavity mode is also coupled to the atoms via the
dipole coupling g, which is identical for all atoms, where Ĵ− =
Ĵx − iĴy = ∑N

n=1 σ̂−
n = Ĵ†

+ is the collective-spin lowering op-
erator of the atoms and σ̂−

n = (σ̂+
n )† is the Pauli lowering

operator of atom n.
In addition, the cavity mode is coupled through its mirrors

to a one-dimensional (1D) continuum of propagating photon
modes characterized by the wave number k and corresponding
boson modes b̂k and frequencies vk (v is the speed of light).
The Hamiltonians describing this 1D photon reservoir and its
coupling to the system are given by (here for a one-sided
cavity; Fig. 1)

ĤR =
∑
k>0

h̄vkb̂†
kb̂k,

ĤSR = h̄
∑
k>0

(ηb̂†
k ĉ + H.c.), η ≡

√
v

L
κ, (2)

respectively, where the coupling constant η is taken to be k
independent (consistent with the Markov approximation) and
L is the quantization length of the 1D continuum. The total
Hamiltonian is given by Ĥ = ĤS + ĤR + ĤSR. We note that
we neglect here the direct spontaneous emission from atoms
to photon modes in transverse directions outside the cavity.
For a dilute ensemble this is an individual-atom process that
is typically much slower than the relevant Dicke dynamics
discussed here.

B. Heisenberg-Langevin equations

We begin with eliminating the reservoir modes b̂k by in-
serting the solution of their Heisenberg equations into the
equation for ĉ, obtaining within the usual Markov approxi-
mation [28]

˙̃c =
(

iδc − κ

2

)
c̃ − ig∗J̃− − i�L + Ê0(t ), δc = ωa − ωc.

(3)

Here the system operators are already written in a ro-
tated frame, c̃ = ĉeiωLt and J̃− = Ĵ−eiωLt , whereas the
Langevin vacuum noise of the reservoir is given by Ê0(t ) =
−i

∑
k η∗e−i(vk−ωL )t b̂k (0), satisfying (assuming an initial

vacuum state)

〈Ê0(t )Ê†
0 (t ′)〉 = κδ(t − t ′). (4)

Next, we eliminate the cavity mode by assuming that its
damping rate κ in the 1D continuum is much faster than
the typical timescale of variations in J̃−, i.e., κ � | ˙̃J−/J̃−|.
Within this coarse-grained dynamical picture and for times t
much longer than 1/κ , the elimination of c̃ is equivalent to
setting ˙̃c = 0 in Eq. (3) and inserting the solution for c̃ into
the Heisenberg equations for atomic variables such as J̃− and
Ĵz. Finally, we obtain (denoting J̃∓ → Ĵ∓ for simplicity)

˙̂J− = (γ − i2
)ĴzĴ− − i2Ĵz[� + f̂ (t )],

˙̂Jz = −γ Ĵ+Ĵ− + iĴ+[� + f̂ (t )] − i[�∗ + f̂ †(t )]Ĵ−, (5)

with the coefficients

γ = |g|2κ
δ2

c + (κ/2)2
, 
 = −|g|2δc

δ2
c + (κ/2)2

, � = −2g�L

2δc + iκ
(6)

and the effective Langevin input-vacuum noise (filtered by the
cavity), f̂ (t ) ≈ [2g/(κ − i2δc)]Ê0(t ), satisfying

〈 f̂ (t ) f̂ †(t ′)〉 = γ δ(t − t ′). (7)

Equations (5) form the HL equations of the driven Dicke
model, with an effective emission rate γ of an atom to
the outside modes via the cavity and an effective laser
drive with Rabi frequency �. The collective shift 
 de-
scribes the resonant dipole-dipole interactions between pairs
of atoms [29], corresponding to an effective Hamiltonian
Ĥdd = −h̄

∑
n

∑
m 
nmσ̂+

n σ̂−
m . Here the dipole-dipole kernel


nm = 
 is uniform for all atom pairs n and m since all
atoms are coupled identically to the mediating cavity pho-
ton mode. In treatments of superradiance in free space, such
coherent dipole-dipole effects are often ignored [3], whereas
they vanish in a waveguide QED superradiance scheme [24].
In the cavity setting, they exist, however, if one allows for
atom-cavity detuning δc as seen in Eq. (6) for 
 [23,26].

We note that while this specific derivation was performed
starting from the damped-cavity model, equivalent HL equa-
tions (5) can be derived by considering other models of photon
continua to which all atoms are identically coupled. Here the
cavity mode effectively becomes a continuum due to its fast
damping rate κ .
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C. Equivalent master equation

The HL equations (5) are equivalent to the following mas-
ter equation for the density matrix of the atoms:

d ρ̂

dt
= − i

h̄
[Ĥeff , ρ̂] + γ

[
Ĵ−ρ̂Ĵ+ − 1

2
(Ĵ+Ĵ−ρ̂ + ρ̂Ĵ+Ĵ−)

]
,

Ĥeff = −h̄
Ĵ+Ĵ− − h̄(�Ĵ+ + �∗Ĵ−). (8)

This master equation with 
 = 0 is a typical starting point
for the analysis of driven Dicke superradiance presented
in previous works [18–22,24,25,30], whereas the additional
dipole-dipole term 
 is considered in Refs. [23,26]. Here
instead we will use the HL formulation of Eq. (5) in order
to derive analytical results for fluctuations and correlations
of atomic and photonic degrees of freedom. We will use the
master equation as a numerical verification of the one-time
correlation functions. Since the total spin Ĵ2

x + Ĵ2
y + Ĵ2

z =
j( j + 1) is conserved under the dynamics of Eqs. (5) and (8),
the initial state sets the SU(2) spin representation j. Assuming
an initial ground state for the N atoms, we have j = N/2, and
the Hilbert space that spans Eqs. (8) is of size 2 j + 1 = N + 1
and can be easily solved numerically for reasonable N .

III. MEAN-FIELD SOLUTION

As a first step of our analytical approach, we begin with
the mean-field solution of the model in the steady state. This
solution will provide the basis for the subsequent study of
quantum fluctuations using the HL operator approach. To
obtain the mean-field equations, we take the average over the
HL equations (5) such that the Langevin vacuum-noise terms
vanish and perform the factorization of operator products
〈Ĵα Ĵβ〉 ≈ 〈Ĵα〉〈Ĵβ〉 (with α, β ∈ {x, y, z}). This factorization is
justified for N → ∞ under the mean-field assumption that
fluctuations of observables are much smaller than their mean.
It is important to note that such a factorization does not mean
that there are no correlations between the atoms that comprise
the collective spin Ĵα [18]: in fact, we see below that the atoms
are entangled [23–26]. Considering the conservation of the
total spin Ĵ2

x + Ĵ2
y + Ĵ2

z = j( j + 1), with j = N/2 � 1, the
solution to the mean-field equations becomes (see also [23])

〈Ĵz〉 = −N

2

√
1 − |�|2

�2
c

, 〈Ĵ−〉 = − �


 + iγ /2
, (9)

with the critical driving field defined by

�c = �c(
) = N

4

√
γ 2 + 4
2. (10)

The steady-state population inversion (or magnetization) 〈Ĵz〉
thus exhibits a second-order phase transition as a function of
the drive �, where it vanishes at the critical value �c. The
latter increases with the strength of the dipole-dipole shift 
,
as seen in Eq. (10). For |�| > �c oscillatory solutions of the
mean-field equations [18] exist which, nevertheless, appear to
decay to zero at long timescales upon consideration of the full
quantum problem [23]. Figure 2 displays 〈Ĵz〉 obtained with
the exact numerical solutions of the master equation (8) for
N = 50 and different values of 
. Very good agreement with
the mean-field expression (9) is exhibited when |�| is not too

0.5 1 1.5

-0.25
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0
1
2

FIG. 2. Population inversion 〈Ĵz〉 of the collective atomic system
as a function of the driving field �. Results obtained from the numer-
ical solution of Eq. (8) with N = 50 atoms and for different values of
the dipole-dipole shift 2
/γ = 0, 1, 2 all collapse to the same curve
when � is scaled by the critical field �c(
) from Eq. (10). The
red line represents the analytical mean-field solution from Eq. (9),
exhibiting a second-order phase transition. The exact numerical so-
lutions agree with the mean-field result until they diverge away a bit
before the transition point due to the finite value of N .

close to the critical point �c. In particular, calculations with
different values of 
 all collapse to the same curve when � is
scaled to the corresponding �c(
) from Eq. (10). Disagree-
ment between mean-field and numerical results is observed
around �c due to the fact that the mean value of 〈Ĵz〉 near
�c becomes increasingly small while fluctuations grow, in
contradiction to the mean-field assumption. The second-order
transition predicted by the mean-field solution in the thermo-
dynamic limit N → ∞ then becomes smoother at finite N .

The mean-field solution (9) can also be written as a mean
of the spin vector Ĵ = (Ĵx, Ĵy, Ĵz ) in a Bloch sphere,

〈Ĵ〉 =

⎛
⎜⎜⎝

〈Ĵx〉
〈Ĵy〉
〈Ĵz〉

⎞
⎟⎟⎠ = −N

2

⎛
⎝sin θ cos φ

sin θ sin φ

cos θ

⎞
⎠, (11)

with the angles in spherical coordinates given by

sin θ = |�|
�c

, φ = arg(
 + iγ /2) − arg(�). (12)

For later purposes, it is instructive to introduce a rotated
coordinate system in which the mean spin vector is directed
to the south pole of the Bloch sphere and hence appears as
a ground state in this rotated system. Spin operators in the
rotated system, described by the vector Ĵ′ = (Ĵ ′

x, Ĵ ′
y, Ĵ ′

z ), are

related to the original spin operators Ĵ = (Ĵx, Ĵy, Ĵz ) via the
rotation matrix R as

Ĵ′ = R−1Ĵ, 〈Ĵ′〉 = −N

2

⎛
⎝0

0
1

⎞
⎠,

R =
⎛
⎝cos θ cos φ − sin φ sin θ cos φ

cos θ sin φ cos φ sin θ sin φ

− sin θ 0 cos θ

⎞
⎠. (13)

As required, in the rotated system the mean spin vector 〈Ĵ′〉
points to the south pole, defining the −z′ axis as the mean
spin direction.
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IV. SPIN FLUCTUATIONS AND SQUEEZING

We now turn to the analysis of small fluctuations of spin
variables around the mean-field solution (Sec. IV A). This
will allow us to estimate atomic correlations such as spin
squeezing (Sec. IV B) and, later on, also the fluctuations in
the scattered field (Sec. V).

A. Collective spin fluctuations in the
Holstein-Primakoff approximation

We recall that within its representation in the rotated sys-
tem (13), the mean spin vector Ĵ′ = (Ĵ ′

x, Ĵ ′
y, Ĵ ′

z ) is directed
towards the axis z′ and vanishes along the x′ and y′ axes. In
order to analyze fluctuations around this mean, we first define
the spin lowering operator in the rotated basis, Ĵ ′− = Ĵ ′

x − iĴ ′
y,

and rewrite the HL equations (5) in terms of the rotated-spin
operators Ĵ ′

− and Ĵ ′
z using the transformation R from (13). As

in the original basis, the HL equations in the rotated basis are
also nonlinear in their relevant variables, Ĵ ′

− and Ĵ ′
z; however,

the linearization of the equations for small fluctuations around
the mean field is simpler in this rotated basis. To this end, we
use the Holstein-Primakoff transformation, which is an exact
representation of SU(2) spin operators (here of spin j = N/2)
in terms of a bosonic operator â (satisfying [â, â†] = 1) [31],

Ĵ ′
− =

√
N − â†â â, Ĵ ′

z = â†â − N

2
. (14)

We see that the limit â → 0 restores the mean-field solution
Ĵ′ → 〈Ĵ′〉 = O(N ) from (13), where quantum fluctuations are
neglected. As a first correction to the mean-field assumption,
we then consider small spin fluctuations, |â| ∼ O(1) � √

N ,
and expand the nonlinear HL equation for Ĵ ′

− to leading orders
in the small parameter 1/

√
N . This is achieved using the

approximation

Ĵ ′
− ≈

√
N â, Ĵ ′

z ≈ −N

2
, (15)

and the subsequent linearization of the HL equation to the
first orders of â and the noise f̂ . Finally, we obtain the HL
equation for the spin fluctuations â,

˙̂a = −
(

N
γ

2
cos θ − iN


1 + cos2 θ

2

)
â − iN


sin2 θ

2
â†

+ i
√

N

[
1 + cos θ

2
eiφ f̂ (t ) − 1 − cos θ

2
e−iφ f̂ †(t )

]
. (16)

This yields coupled linear equations for â and â† whose solu-
tion in the steady state for times t � (Nγ cos θ/2)−1 is

â(t ) = 1√
cos θ

[
1 + cos θ

2
eiφ b̂(t ) + 1 − cos θ

2
e−iφ b̂†(t )

]
,

b̂(t ) = i
√

N cos θ

∫ t

0
dt ′e−N cos θ[ γ

2 −i
](t−t ′ ) f̂ (t ′). (17)

B. Bogoliubov transformation form

The operator-form solution for the spin fluctuation (17),
along with the correlation function (7) of the Langevin vac-
uum noise f̂ (t ), now allows to evaluate correlations of the
collective spin. However, even without performing specific

calculations, the operator solution itself is already very in-
sightful. Noting that the operator b̂ satisfies the bosonic
commutation relations [b̂, b̂†] = 1 [by using Eq. (7) for f̂ ],
we identify that the lowering operator of the spin fluctuation â
exhibits a Bogoliubov transformation form â = ub̂ + vb̂† with
the Bogoliubov coefficients

u = 1 + cos θ

2
√

cos θ
eiφ, v = 1 − cos θ

2
√

cos θ
e−iφ. (18)

From Eq. (17) we observe that b̂ is proportional to the
integrated vacuum noise f̂ ∝ Ê0. Recalling that a Bogoliubov-
transformed vacuum noise is known to represent quantum-
correlated noise in the form of a squeezed vacuum [32,33],
we then expect the spin fluctuations â to exhibit quantum
squeezing. In particular, the bosonic squeezing parameter can
be read off directly from the Bogoliubov transformation and
is generally given by (see [32] or Appendix A)

ξ 2
B ≡ min

ϕ
Var[âeiϕ + â†e−iϕ] = (|u| − |v|)2 = cos θ, (19)

where in the last equality we used the Bogoliubov coeffi-
cients for our specific case, Eqs. (18). When ξ 2

B < 1, quantum
squeezing exists, which is the case whenever v does not van-
ish, i.e., when â includes the raising operator of the vacuum
field, b̂† ∝ ∫

dt f̂ †(t ) ∝ ∫
dtÊ†

0 (t ).
In the following we will see that this simple analysis ex-

actly predicts the quantum correlations of spin fluctuations
and that the above bosonic squeezing ξ 2

B in fact becomes
identical to the so-called spin-squeezing parameter. There-
fore, the analytical operator-form solution provided by the
HL approach allows for a direct estimate of quantum spin
correlations: they are expected to grow with the driving field
|�|/�c = sin θ > 0, as indicated by decreasing values of
ξ 2

B = cos θ < 1. This is further discussed below.

C. Spin squeezing

A particularly relevant characterization of collective-spin
fluctuations is provided by the spin-squeezing parameter
[34,35]. Spin squeezing quantifies fluctuations of the spin
vector perpendicular to its mean direction and is linked to the
sensitivity of quantum-enhanced metrology with collections
of spins [36–38] and their underlying pairwise entanglement
[39,40]. Within the rotated spin representation from (13),
where the mean is directed to −z′ so that |〈Ĵ′〉| = |〈Ĵ ′

z〉|, the
spin-squeezing parameter is given by [34,36,37]

ξ 2 = min
ϕ

Var[Ĵ ′
ϕ]N

|〈Ĵ ′
z〉|2

, Ĵ ′
ϕ = cos ϕĴ ′

x + sin ϕĴ ′
y; (20)

that is, it is proportional to the minimal variance of the fluctua-
tions along the plane perpendicular to the main spin direction
(x′y′ plane). Spin squeezing exists for ξ 2 < 1, implying that
the collective spin has improved phase sensitivity to rotations
compared to the standard quantum limit ξ 2 = 1 of an uncor-
related coherent spin state.

Within our mean-field and small-fluctuations assumption,
we use |〈Ĵ ′

z〉| ≈ N/2 and the bosonic approximation (15) for
Ĵ ′
∓ = Ĵ ′

x ∓ iĴ ′
y to obtain the spin-squeezing parameter in terms
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FIG. 3. Spin squeezing ξ 2 as a function of the driving field �.
Results obtained from the numerical solution of Eq. (8) with N = 50
atoms and for different values of the dipole-dipole shift 2
/γ =
0, 1, 2 all collapse to the same curve when � is scaled by the critical
field �c(
) from Eq. (10). The red line represents the analytical
solution from Eq. (22). The exact numerical solutions agree with the
analytical result until they diverge away close to the transition point,
where ξ 2 begins degrading (growing) with � (see text).

of the bosonic operators â:

ξ 2 = min
ϕ

Var[âeiϕ + â†e−iϕ]. (21)

This expression is identical to the definition of ξ 2
B from

Eq. (19), so the spin-squeezing parameter becomes

ξ 2 = cos θ =
√

1 − |�|2
�2

c (
)
. (22)

We observe that the spin squeezing is determined by the ratio
between the driving field and the critical field, |�|/�c. It
depends on the dipole-dipole interaction 
 through the critical
field �c(
) from Eq. (10). This generalizes the analytical
result of Ref. [25], obtained for the case with 
 = 0 using a
master-equation approach. When the drive is weak |�|/�c →
0, no spin squeezing exists, ξ 2 = 1, since the system is in a
coherent spin state wherein all atoms are in the ground state.
As the drive increases, population in the atoms is created, such
that collective emission is possible, building entanglement and
spin-squeezing correlations between the atoms, ξ 2 < 1. At
the critical point |�|/�c = 1 the spin-squeezing parameter
vanishes: this result is valid only at the limit N → ∞, where
it does not contradict the Heisenberg limit ξ 2 � 1/N [34].
For finite N , our mean-field assumption of small fluctuations
breaks down as we approach the critical point, where fluctua-
tions become increasingly large (e.g., maxϕVar[Ĵ ′

ϕ] ∝ 1/ cos θ

diverges near the critical point).
It is instructive to compare the analytical result (22) to that

obtained by an exact numerical solution of the master equa-
tion for a finite N , as explained above. In Fig. 3 we observe
excellent agreement between the analytical and numerical
solutions up to a driving field somewhat below the critical
point |�| < �c(
), above which the two solutions diverge.
As in Fig. 2, the dependence on 
 is captured by plotting
the numerical solutions for different values of 
, which all
collapse to the curve as a function of the driving field �

(e.g., taken to be real) scaled to the corresponding critical field
�c(
), as anticipated analytically in Eq. (22). We observe that
the exact solution obtains its optimal (minimal) value for the
squeezing ξ 2 close to the point where it begins to diverge away
from the analytical result. Therefore, this optimal value for
ξ 2 should improve (become smaller) with increasing N [25].

The scaling of the optimal ξ 2, being a finite-size effect, cannot
be accounted for by the above mean-field based results (valid
for N → ∞). This scaling can be obtained analytically using
CRSS theory, yielding ξ 2 ∼ N−1/3 [27].

V. RADIATED LIGHT

So far we have treated the field degrees of freedom as
a reservoir that generates driven-dissipative dynamics of the
atoms. However, superradiance is essentially a scattering
problem of an input coherent-state field off a collective dipole
Ĵ− formed by the atoms. As such, the total field exhibits the
general form

Ê (t ) = Êfree(t ) + GĴ−. (23)

The first term is the freely propagating coherent-state field in
the absence of atoms, consisting of an average field and vac-
uum fluctuations. It may include the influence of linear optical
elements such as the cavity mirrors in the cavity realization of
Fig. 1. The second term is the field component scattered by the
atomic dipole Ĵ−, with a coupling coefficient G (describing
field propagation from the atoms to the detector). While the
first term exhibits noncorrelated coherent-state statistics of the
input field, the second term may exhibit correlations generated
by the nonlinearity of the atoms [41]. In superradiance, the
considered atomic system is clearly nonlinear, as we have
already seen that the population inversion 〈Ĵz〉 is a nonlinear
function of the driving field � [see Eq. (9)]. Nevertheless, we
show in the following that, surprisingly, the scattered com-
ponent of the field is also a coherent-state field, linear in the
input field. This holds for any driving field � smaller than the
critical field �c.

Although our result is valid for any realization of super-
radiance, we focus for concreteness on the cavity realization
considered above. We define the total observable field as the
field propagating out of the cavity (in the rotated frame ωL)

Ê (t ) = −i
∑
k>0

η∗b̂k (t )eiωLt − i�L, (24)

where −i�L is the average component of the input coherent
field. Using the same HL approach as in Sec. II B, we solve
for Ê (t ) within the coarse-grained dynamics at t � 1/κ , ob-
taining Eq. (23) with (see Appendix B)

Êfree(t ) = (1 + χ )[Ê0(t ) − i�L], χ = κ

iδc − κ/2
,

G = −ig∗χ. (25)

Here χ describes the linear response of the cavity to the input
field Ê0(t ) − i�L (vacuum + coherent drive), which inter-
feres with the input, yielding the factor 1 + χ . Therefore, the
atom-free field indeed has the form of a coherent-state field
composed of vacuum + average components. In the following
we will show that this turns out to be the case also for the total
field.

A. Average field

Taking the average of Eq. (23), the vacuum term Ê0 does
not contribute, so the free-field component from Eq. (25) gives
−i�L(1 + χ ). For the scattered part we use G = −ig∗χ from
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Eq. (25) and 〈Ĵ−〉 from Eq. (9), obtaining G〈Ĵ−〉 = iχ�L. The
total average field then becomes

〈Ê〉 = −i�L, (26)

equal to the incident average field. So the average radiated
field in superradiance is linear in the incident-field amplitude
even though the atomic system is nonlinear.

B. Field fluctuations

The HL approach allows us to gain direct access to field
operators which contain information on the quantum statistics
of the field. We will use it here to show that the fluctuating part
of the radiated field is proportional to vacuum fluctuations. To
this end, we first focus on the scattered component of the field
GĴ−. Using the transformation (13), we write Ĵ− in terms of
the rotated-system spin operators as

Ĵ− = e−iφ

(
cos θ + 1

2
Ĵ ′
− + cos θ − 1

2
Ĵ ′
+ + sin θ Ĵ ′

z

)

≈ e−iφ

(
cos θ + 1

2

√
Nâ + cos θ − 1

2

√
Nâ† − sin θ

N

2

)
.

(27)

In the second line we use the Holstein-Primakoff linearization,
Eq. (15). Plugging in the solution for â from Eq. (17), we then
obtain for the fluctuating part of the field Ê from (23) and (25):

Ê (t ) ≡ Ê − 〈Ê〉 = (1 + χ )Ê0(t ) + G
√

N cos θ b̂(t ). (28)

The first term describes the vacuum fluctuations ∝ Ê0 of the
coherent free-field component from Eq. (25). The second term
originates from the fluctuating part of the scattered field GĴ−
from Eq. (27) and is also essentially proportional to integrated
vacuum fluctuations Ê0 [recalling that b̂ in Eq. (17) is an
integral of f̂ ∝ Ê0].

Therefore, unlike the spin fluctuations â = ub̂ + vb̂† from
Eqs. (17) and (18), which contain both lowering and raising
operators of the input-field fluctuations, it turns out that the
radiated field fluctuations contain only the former. This is be-
cause the transformation coefficients from â and â† to Ĵ− ∼ Ê
in Eq. (27), together with the Bogoliubov coefficients u and
v of â, all depend on cos θ in such a way that leads to an
exact cancellation of the coefficient for b̂† in Ê , as seen in
Eq. (28). As we further discuss below, this leads to vanishing
squeezing for light at any drive strength |�|/�c = sin θ < 1,
while spin squeezing does exist. This result is equivalent to
the geometrical interpretation given by the so-called dipole-
projected squeezing [27].

C. Coherent-state radiation

The fact that the field fluctuations Ê (t ) are essentially
proportional to the vacuum field Ê0(t ) implies that the total
radiated field is in a coherent state. This can be formally
shown as follows. Considering the initial state of the total
system |ψ0〉, we have Ê0(t )|ψ0〉 = 0 (since we assumed a vac-
uum state for the photon reservoir), leading to Ê (t )|ψ0〉 = 0.
Now, consider the state of the total system at some steady-
state time t (in the Schrödinger picture), |ψ (t )〉 = Û (t )|ψ0〉,
where Û (t ) is the evolution operator of the total system. In

order to prove that this state describes a coherent state of
the radiated field, we have to show it is an eigenstate of the
Schrödinger-picture field operator Ê (0). Using the relation
between the Heisenberg- and Schrödinger-picture operators,
Ê (t ) = Û †(t )Ê (0)Û (t ), we have

Ê (0)|ψ (t )〉 = Û (t )Ê (t )|ψ0〉 = Û (t )[〈Ê〉 + Ê (t )]|ψ0〉
= 〈Ê〉|ψ (t )〉, (29)

where in the last equality Ê (t )|ψ0〉 = 0 is used. So the radiated
field is a coherent state with amplitude 〈Ê〉 = −i�L from
(26), identical to the incident field.

D. Light squeezing

The above prediction of a classical-like coherent-state ra-
diation implies that the radiated field does not exhibit any
quantum correlations. This prediction should be valid in the
limit N → ∞, recalling that our analytical HL approach relied
on linearizing quantum fluctuations around the mean-field
solution. For finite N , we therefore expect to approach this
result with increasing N . We now demonstrate this by showing
that the quantum-squeezing correlations of the radiated field
decay exponentially with N .

Defining the quadrature operator of the radiated field, X̂ϕ =
eiϕÊ + e−iϕÊ†, the bosonic squeezing parameter of the radi-
ated field is given by

ξ 2
E = minϕ

Var[X̂ϕ]

V0
= 1 + 2

V0
(〈Ê†Ê〉 − |〈Ê2|), (30)

with V0 ≡ [Ê , Ê†] = [Ê0, Ê†
0 ] = κδ(t = 0) being the

vacuum-noise level. Quantum-squeezing correlations exist
if the quadrature noise can become lower than that of
the vacuum, i.e., for ξ 2

E < 1. This requires the existence
of the phase-dependent correlator 〈Ê2〉, which, however,
vanishes for a coherent-state field whose fluctuations Ê are
equivalent to a vacuum field, as we predict analytically for
N → ∞. For finite N we can use the numerical solution of
the master equation (8) to calculate ξ 2

E by first expressing
it in terms of collective-spin variables. From Eq. (23) for
the total field and (25) for its free component, we obtain
Ê = (1 + χ )Ê0 + G(Ĵ− − 〈Ĵ−〉), so that

ξ 2
E = 1 + 2|G|2

V0
Q,

Q = (〈Ĵ+Ĵ−〉 − 〈Ĵ+〉〈Ĵ−〉) − |〈Ĵ2
−〉 − 〈Ĵ−〉2|. (31)

For a coherent-state field we expect ξ 2
E = 1 (no squeezing)

and hence Q = 0. Since Q is expressed via spin correlators,
we calculate it exactly from the numerical steady-state solu-
tion of the master equation (8) as described above. In Fig. 4
we observe, for different values of �/�c = sin θ < 1, that
|Q| decreases exponentially for large atom numbers N , con-
sistent with the prediction of a coherent-state radiated field
for N � 1.

We conclude that the field collectively scattered by the
many-atom system, as described by the driven Dicke problem,
is a coherent state and thus exhibits no quantum-squeezing
correlations. Moreover, the fact that this result is valid in the
strong-field regime � � �c, where the atomic population is
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FIG. 4. Quantum-squeezing correlations of the radiated light,
Eq. (31), as a function of atom number N (semilog plot). Exact
numerical results, obtained by solving Eq. (8) for different values
of �/�c < 1 and 
 = 0, show that field correlations vanish ex-
ponentially with N � 1 (|Q| → 0). This agrees with the analytical
prediction of coherent-state radiation.

a highly nonlinear function of the field, is in stark contrast
to the common situation where a nonlinear scatterer effec-
tively generates photon correlations [41]. In particular, if we
consider the analogous case of independently driven atoms, it
is well known that quantum squeezing can, in principle, be
generated [42,43]. This is because the nonlinearity of each
atom generates squeezed radiation, and if the radiation from
all the statistically independent atoms is coherently added, the
total radiated field is squeezed. In collective radiation, we find,
however, that the opposite situation occurs. While the atoms
are quantum correlated (spin squeezed), these correlations
remarkably lead to the exact cancellation of quantum correla-
tions in the radiated light. In the HL approach, this stems from
the exact cancellation of the Bogoliubov coefficient of the
raising-operator component of the scattered field, a discussed
below Eq. (28). A complementary interpretation is given by
the emergence of a CRSS in the steady state [27].

E. Spectrum

Having access to the field operator Ê (t ), the HL approach
also allows us to directly calculate two-time correlations and
spectra. The spectrum of the radiated field in a steady-state
time t is given as usual by the Fourier transform on the time
difference τ of the two-time correlation, 〈Ê†(t )Ê (t + τ )〉.
Since this is a normal-ordered correlator, the fluctuating part
of Ê in Eq. (28) drops, as it is proportional to the lowering
operator Ê0. This trivially yields 〈Ê†(t )Ê (t + τ )〉 = |〈Ê〉|2 =
|�L|2. The spectrum of the radiated field is then a single δ

peak at the incident frequency ωL (recalling that we work in
the laser-rotated frame). This again shows that the collective
atomic dipole scatters light as a linear optical element even
though the atomic population exhibits a strongly nonlinear
dependence on the drive �L.

VI. CONCLUSIONS

In this work we presented a HL approach to driven Dicke
superradiance in the steady state. The analytical results for
steady-state spin squeezing agree with and generalize those
obtained in Refs. [23–26]. Furthermore, our finding that the
radiated field is in a coherent state underlies previous results
on uncorrelated photon statistics below the transition [20].
These HL-based results are consistent with the formation of
a CRSS as described in [27]. The HL approach is thus com-
plementary to the CRSS description of superradiance. On the

one hand, it is based on the approximate analysis of small
fluctuations around the mean field for N → ∞ and did not
yield finite-size scalings with N or the full atomic state as in
CRSS. On the other hand, it is simpler to generalize for treat-
ing superradiance beyond the permutation-symmetric Dicke
case, e.g., by performing the Holstein-Primakoff approxima-
tion for each individual atom separately, while allowing for
direct estimation of atom and field correlations.
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APPENDIX A: SQUEEZING IN TERMS
OF BOGOLIUBOV COEFFICIENTS

Here we review the relation ξ 2
B = (|u| − |v|)2 [32] for the

squeezing of a Bogoliubov-transformed vacuum. For a bo-
son mode â, one defines the quadrature operator x̂ϕ = âeiϕ +
â†e−iϕ and the squeezing parameter as in Eq. (19),

ξ 2
B = min

ϕ
Var[x̂ϕ] = 1 + 2〈â†â〉 − 2|〈â2〉|, (A1)

where in the last equality we already assumed 〈â〉 = 0 and
used [â, â†] = 1. Consider â in a Bogoliubov form, â =
ub̂ + vb̂†, with the boson mode b̂ satisfying [b̂†, b̂] = 1. Tak-
ing the state of the system as the vacuum of mode b̂, we
have 〈b̂†b̂〉, 〈b̂2〉 = 0, obtaining ξ 2

B = 1 + 2|v|2 − 2|u||v|. Us-
ing the relation |u|2 − |v|2 = 1, enforced by the requirement
[â, â†] = 1, we finally obtain ξ 2

B = (|u| − |v|)2.

APPENDIX B: OUTPUT FIELD

Here we elaborate on the derivation of the general expres-
sion for the output field, Eqs. (23) and (25), in the one-sided
cavity scheme in Fig. 1. We begin by defining the outside
propagating field

Ê (x, t ) = −i
∑
k>0

η∗b̂k (t )eikxeiωLt − i�Lei ωL
v

x. (B1)

Here x is the propagation axis: in the one-sided scheme,
x = 0 denotes the position of the out-coupling mirror (right-
hand-side mirror in Fig. 1), so that x < 0 denotes incoming
left-propagating fields, whereas x > 0 denotes outgoing right-
propagating fields. The radiated field from Eq. (24) is then
defined by taking x = 0+ > 0. As in the derivation of the HL
equations in Sec. II B, we first formally solve the Heisenberg
equations for b̂k (t ), obtaining in the Markov approximation

Ê (x, t ) = Ê0(x, t ) − i�Lei ωL
v

x

− ei ωL
v

xκ

∫ t

0
dt ′c̃(t ′)δ(t − x/c − t ′). (B2)

Here Ê0(x, t ) is the vacuum field from Eq. (4) with the expo-
nentials eikx in the mode expansion b̂k (0). For x = 0− < 0, the

023725-7



SOMECH, SHIMSHI, AND SHAHMOON PHYSICAL REVIEW A 108, 023725 (2023)

Dirac δ function does not contribute, and we indeed obtain the
input field Ê0(t ) − i�L. For x = 0+ > 0 we obtain

Ê (t ) ≡ Ê0(0+, t ) = Ê0(t ) − i�L − κ c̃(t ). (B3)

Finally, inserting the coarse-grained solution for c̃(t ) [ob-
tained for simplicity by setting ˙̃c = 0 in Eq. (3)], we arrive
at Eqs. (23) and (25).
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