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Classical phase synchronization in dissipative non-Hermitian coupled systems
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We study the interplay between non-Hermitian dynamics and classical phase synchronization in a system
of N bosonic modes commonly coupled to an auxiliary, driven mode. For any set of non-Hermitian bipartite
interactions between the auxiliary and other modes, the system evolves towards a phase synchronized state. We
provide analytical and numerical evidence of such classical phase synchronization for systems ranging from a
few modes to the macroscopic limit of large N and analyze the effects of inhomogeneous frequency broadening

and robustness under the action of external thermal noise.
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I. INTRODUCTION

Synchronization has a wide relevance in a variety of
disciplines ranging from biology to neuroscience, electrical
engineering, mathematics, and physics, and it originates from
Huygens’ observation a few centuries back [1-6]. In 1975
Kuramoto introduced the Kuramoto model [5-7] to show
the emergence of phase synchronization in multiple self-
sustained oscillators with mutual, nonlinear couplings. The
basis of the model entails that the time derivative of the
phase ¢; of the ith oscillator is given by its frequency w;
and an additional nonlinear interaction term that induces all
N phases to approximately converge, provided its strength
K is sufficiently large. Mathematically, this is formulated as
éi = wi + K/N Zj\il sin (¢; — ¢;). Kuramoto’s solution in
the macroscopic limit provides an analytical estimate of the
(identical) coupling strengths for the synchronization thresh-
old. Nowadays, several variations of the original model are
known, including the study of modified couplings such as the
Sakaguchi-Kuramoto model, where a constant phase shift is
added to the nonlinear interaction term, driving terms, and
other types of network topologies representing the mutual
oscillator couplings [8—10]. The coexistence of synchronized
and desynchronized domains, so-called chimera states, has
been investigated [11] and shown to be analytically solvable
[12], also in the presence of noise [13].

The emerging field of non-Hermitian physics recently
aroused great interest [14—17] and has already found exper-
imental implementations, such as in microwave optomechan-
ical circuits or cavity optomagnonics[18]. Other promising
platforms realizing non-Hermitian Hamiltonians can be found
in several subdisciplines [15], for example, in the realm of
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classical electric circuits [19] or in optical setups [20,21].
The suggested procedure for obtaining non-Hermitian cou-
plings is to eliminate auxiliary, lossy modes in otherwise
Hermitian open systems such as applied in Ref. [22] to show
the occurrence of exceptional points and level attraction or as
proposed in Ref. [23] for the implementation of topological
amplification in photonic lattices based on realizations moti-
vated by experiments in superconducting circuit setups [24].
Non-Hermitian coupling of two modes of different frequen-
cies leads to level attraction (the opposite of level repulsion,
standard in strongly coupled systems), or pulling of the modes
towards a common frequency: this is reminiscent of syn-
chronization as already remarked in Ref. [22]. Therefore, we
pose here a timely question: whether non-Hermitian interac-
tions can be used as a resource for synchronization, even in
the absence of an explicit nonlinear ingredient. To this end,
we consider a system of A oscillators linearly coupled to
a (possibly) driven auxiliary mode aq [see Fig. 1(a)] with
interactions smoothly tunable from purely Hermitian to fully
anti-Hermitian. We find that phase synchronization can be
reached [see Figs. 1(b) and 1(c)] for identical oscillators and
that it is indeed the non-Hermitian coupling that plays the
main role in synchronization. As the system is described by
a bilinear form Hamiltonian (albeit non-Hermitian) it allows
fully analytical solutions; however, this linearity is apparent
as it turns into an effective nonlinear coupling at the level of
classical phases and it allows, via some mathematical manip-
ulations, a mapping onto the standard Kuramoto model. Our
approach is the following: (1) we provide numerical evidence
of phase synchronization for A" main oscillators coupled to
an auxiliary, driven one, (2) we match numerical results with
analytical predictions, and (3) we provide a transformation
to a collective basis, where a Kuramoto-like model allows
for the matching of the previously derived synchronization
conditions to the Kuramoto predictions. Furthermore, we nu-
merically test for robustness against external thermal noise
and reveal resilience to noise in driven systems. Additionally,
we discuss the effect of frequency disorder, stemming, for
example, from inhomogeneous broadening; we find that low
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FIG. 1. (a) Setup showing a driven auxiliary mode gy cou-
pled to N' modes at rates ge’®. The tuning of ® allows for a
smooth transition from Hermitian to fully anti-Hermitian dynamics.
(b) Convergence of the relative phases ¢; — ¢y to zero for N' = 100
modes for full anti-Hermitian coupling. (c) The phase coherence
7= |Zj exp (i¢;)|/N (close to zero for the initially fully unsyn-
chronized system) shows full synchronization (z = 1) for large times.
Parameters are o = 1.1, wp = 1.0,y =0.2, 1 =0.1,g=0.1, 0 =
3/4m,2=0.9,and n =0.5.
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disorder can be tolerated and that, past a certain threshold, the
system synchronizes to two groups of opposing phases.

The paper is organized as follows: we introduce the model
and equations in Sec. II and discuss their results in Sec. III
showing the emergence of a phase synchronization regime
reached via the tuning of a non-Hermitian parameter. In
Sec. IV we then provide a transformation to a collective
basis, where the couplings among oscillators resemble the
well-known Kuramoto model. Finally, we provide numerical
simulations in Sec. V, taking into account effects of disorder
and thermal environment.

II. MODEL AND EQUATIONS

We consider a subsystem of A/ bosonic modes a;, with
[a;, a;] = §;; at frequency w, identically coupled to the (pos-
sibly) driven auxiliary mode aq oscillating at frequency wy,
as sketched in Fig. 1(a). The oscillators are immersed in inde-
pendent baths; the effect of the environment is included via the
decay rate y; with corresponding collapse operator aq for the
auxiliary mode and identical rates y and collapse operators a;
for all other modes. This is done using a standard Lindblad
form

LIp] = yol20p(1)O" — OTOp(t) — p(1)OT01, (1)

for any collapse operator O and collapse rate yo [25,26]
and included in the master equation for the density oper-
ator p describing the time evolution of the system p(z) =
i[p(), Hiota] + L[p]. The total Hamiltonian contains the fol-
lowing contributions: Hioa = Ho + Heoupling + Harive- The
free part describes free evolution of the N + 1 bosonic modes:

N
Ho = a)oagao + Z wa?ai. 2)

i=1

The coupling terms, generally assumed non-Hermitian, be-
tween the auxiliary mode and all other A/ modes are
included in

N
Hcoupling = %el@ ;(aga,- + aoa,T)« 3)
While non-Hermitian dynamics is not straightforward to ob-
tain, a simple example is illustrated in Appendix B, where
it is seen as occurring in a bipartite system via coupling to
an auxiliary, lossy third-party system, later eliminated from
the dynamics. The drive term is Harve = in(age ™% — age’™)
where 1 € R is the driving strength of ag, €2 is the driving fre-
quency and g € R is the coupling strength (assumed identical
for any mode 7). Crucially, we allow the couplings to be non-
Hermitian and characterized by the parameter ® € (—m, ].
For ® = 0 or 7 the usual case of a Hermitian, coherent inter-
action is obtained, characterized by the possible occurrence
of strong coupling physics (and subsequently level repulsion)
whereas ® = £ /2 yields a fully anti-Hermitian coupling
term leading to level attraction.
The evolution (in a frame rotating at the laser frequency)
is followed at the level of classical amplitudes «; := (a;) € C.
The equations of motion are derived from the master equa-
tion for the density operator p of the whole system, p(¢) =
i[p@), Hiotal] + L[p] (Where all Hamiltonian terms and loss
channels are encompassed in H, and L[p] terms) via ¢; =
Tr[a;p] and can be cast in a compact form (see Appendix B)
as

8o — ivo \/iﬁe"@ ... \/‘Lﬁe’@
. £ 0 §—iy
A=—i ‘/ﬁ A+nu, 4
& ,i® _
N §—iy
H

where A = (g, a1, ..., 0n)T, the driving vector u :=
(1,0, ...,0)7, and the frequency detunings 8o = wy — 2,6 =
w — Q. An alternative derivation, capable of taking into ac-
count the presence of input quantum noise, could be derived
directly from the quantum master equation, via a transforma-
tion to a set of quantum Langevin equations [25,27]. However,
as we are interested only in classical behavior, eventually
under the presence of classical thermal noise corresponding
to a thermal environment which dominates the smaller effects
of zero point fluctuations, our approach is equivalent to an
averaging over the quantum Langevin equations, which sees
the zero-averaged noise terms drop out. This suffices for an
exact description of the time evolution of average values as
long as one is not concerned with the variance of the quantum
operators.

Notice that the system follows a linear evolution allow-
ing for analytical solutions of the above equations. The
results are presented in Sec. III showing the possibility of
phase-synchronized regimes tunable via the tuning of the
non-Hermitian parameter. However, a one-directional trans-
formation of the above equations into equations for real
amplitudes and phases shows the similarity of this model to
the Kuramoto model (for a simple presentation of the model
see Appendix A), as detailed in Sec. IV.
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III. PHASE SYNCHRONIZATION

In order to analytically and numerically ensure that the
phase difference between two oscillators is 0 or 7 in the
long-time limit, we require Im(;/o;)|;— o0 = 0. To further
distinguish between synchronization (zero phase difference)
and antisynchronization (phase difference of m) we require
Re(ai/aj)|i»o00 > 0. The task is to find values of ® and
driving frequency €2 that lead to phase synchronization of all
oscillators, assuming that wy, ¥y, @, ¥, g and n are given. In
the undriven case (n = 0), as amplitudes eventually decay to
zero in the steady-state limit, we consider synchronization to
be reached only when the synchronization time Tgyp is smaller
than the decay time 74c.. To calculate the ratios «;/oj, Eq. (4)
is solved by diagonalizing H. A set of example trajectories
are given in Fig. 1(b) showing the convergences of all phases
to a common value. Equivalently, the phase coherence z =
| Zj exp (i¢;)|/N illustrated in Fig. 1(c) shows the onset of
full synchronization as z reaches unity.

A. Undriven case

For n =0, g > 0, a single eigenmode of the system sur-
vives which, in the long-time limit, leads to the ratios «;/o;
becoming independent of the initial amplitudes and approach-
ing a constant value (see Appendix C). With the conditions
listed above for the amplitude ratios, one can obtain a syn-
chronization condition

- A
an® = L1 _ 2V (5)
w — wy Aw

combined with the requirement that Ay sin® < Awcos ®
(see Appendix C). Interestingly, g does not play a role,
whereas it is crucial that the interaction is non-Hermitian.
In particular, for Aw =0, Ay <0, one finds ® = /2,
demonstrating the necessity of non-Hermitian interactions.
Surprisingly, the Hermitian case ® = 0 which could be ob-
tained by choosing Ay = 0, Aw > 0 practically does not lead
to synchronization since Tqyp, diverges; cf. Fig. 2. Calling the
system synchronized is sensible only unless 7y,. does not
exceed the decay time tq. of the system. We find numerically
from a simulation of Eq. (4) that t___ scales as g sin ® whereas
Tgee = 1/y (see Fig. 2).

sync

B. Driven case

The situation is different for n > 0, where by a proper
choice of ® and 2 the synchronization condition (see
Appendix C) reads instead

14
w—Q

tan® = — (6)

Combined with the condition (w — ) cos® < y sin® it
follows that phases coincide as soon as the oscillators en-
ter the steady state. The driving strength n determines the
steady-state amplitudes and the synchronization time Tgyyc, but
similar to g, it does not appear in the synchronization con-
dition. One finds numerically that the synchronization time
diverges in the Hermitian case ® = 0 as for the undriven case.

(a) (b)
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FIG. 2. Inverse mean synchronization time rgync as a function
of (a) the non-Hermiticity parameter sin(®) and (b) the coupling
strength g. Here 7y, is numerically estimated by averaging the time
by which phases deviate from the auxiliary mode phase ¢, not more
than 0.05r. Linear lines are fits through the data points shown as
symbols. Parameters are y = 0.1, yp = 0.05, wy = 1.0, and w is
chosen to satisfy the synchronization condition.

IV. MAPPING ONTO THE KURAMOTO MODEL

Let us now obtain a bit more insight into the synchroniza-
tion behavior by crossing into the known model of nonlinear
couplings known as the Kuramoto model.

A. Phase evolution

While Eq. (4) show linear evolution at the level of
complex-valued amplitudes, the dynamics of phases ¢; =
argo; and real-valued amplitudes r; = |¢;| is described by
the coupled evolution of 2(N + 1) nonlinear differential
equations

N
Z Gi.j sin (© + ¢ — ¢i)rj + 18 cos B,

J:

ri = —yiri +

5

—_

N
Z j=> €08 (® + ¢; — ¢;) — 10 sin ¢,

_a\w

)

where all the couplings and decay rates are defined in simpli-
fied form as o ; =1 —8o,j, {i=0,j = i, 8 = 8;,000 + (1 —
8i.0)8, and y; = 8; 0¥0 + (1 — 8, 0)y. Assuming an initial ran-
dom distribution of all phases ¢; between O and 27 for
t = 0, synchronization is then found if all phase differences
approach zero, i.e., if ¢;(t) ~ ¢;(t),Vi, j € {0,..., N} for
times t > Tgyne, Where Tgyn. denotes an estimate of the syn-
chronization time. This is illustrated in Fig. 1. While the
equations of motion are nonlinear, a direct connection to the
Kuramoto model is not yet obvious but can instead be ob-
tained in a collective basis as described in the following.

B. An effective Kuramoto model

The all-to-all coupling limit characterizing a standard
Kuramoto model can be reproduced within a reduced sub-
space of dimension N comprising a set of collective modes
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time ¢ [wy ']

FIG. 3. (a) Setup showing A/ Kuramoto modes and the isolated
eigenmode in a collective basis. (b) Time dynamics of p;/p, converg-
ing to the decoupling region of unity. (c) Phases v; (in the rotating
frame) of the Kuramoto modes, starting to follow the dynamics of
the driven Sakaguchi-Kuramoto model roughly around the region
where amplitude ratios approach unity 1. Parameters are N/ = 50,
wy=10, =12, =025y =05 ¢g=0.05 0=5n/2, Q=
1.2,and n = 0.1.

obtained by the action of a linear mapping U (see Ap-
pendix C). This collective basis consists of A/ Kuramoto
modes, equally coupled to each other and an isolated eigen-
mode [see illustration in Fig. 3(a)].

In this basis the equation of motion for the trans-
formed complex amplitudes P = (w9, 7y, o) =UA
reads P = —iMP + nii with an effective driving vector @t =
Uu and the evolution matrix M = UHU " is

8o — i 0 0
0 5 —
0 ﬁe

X

.~ g i®
y ./\—[6
M= i®

5_i ®

N

The matrix shows that one collective mode gets decoupled
from the other A/ collective modes, which instead undergo
an all-to-all coupling dynamics. This is depicted in Fig. 3(a).
The renormalized couplings are obtained as

3® = J(Aw —iAy F2u) ©)

with

= \/(Aw — iAy ) /4 + g2e¥©. (10)
The detunings and decay rates are also redefined as

(11a)
(11b)

o — it = [(8 + 80) —i(y + y0)l/2 £ i,
§—iy =68 —iy + (Aw —iAy F2u)/N).

In the following we assume that ¢/ always isolates the eigen-
mode with the fastest decay rate, which is always possible.
With the phases v; := argm; and real-valued amplitudes
pi = |m;| in the collective basis, one finds that i, increases
linearly with time. The phase evolution of the Kuramoto

modes instead is

=3 2 cos @4y — v — L in(©p -y,

J
Pi Pi

M=

3
N

.~

B

(12)

with the renormalized driving strength 7 and phase delay ®p
given by

gei®

5000
7761 =N Aosing -
szlAy :l:/'L

(13)
In the long-time limit the ratios p;/0; approach unity, in which
case Eq. (12) resembles a class of all-to-all coupled Kuramoto
model [5]. This is illustrated in Fig. 3(b), and the consequence
can be seen in Fig. 3(c) as all phases collapse to the same
value. For times longer than this decoupling time, we can
approximately find solutions for synchronization within the
reduced Kuramoto basis.

For n =0, the complex amplitudes approach the same
value if the isolated eigenmode is decaying faster than the
other eigenmodes since then the transformation U/ mixes
the long-living eigenmode at equal weight into all ;. For
n > 0, the amplitudes p; reach the same steady state since
the effective driving as well as the decay rates are iden-
tical in the collective basis; an approximate mapping onto
Sakaguchi-Kuramoto model with driving and all-to-all cou-
pling is obtained. Due to the frequency distribution of the form
8(w — wesr), the system can synchronize for any coupling
strength g > 0 independent of ® and 5 [8,10]. Therefore,
all Kuramoto modes are synchronized, except for my. In the
undriven case, the phases of the Kuramoto modes and the
eigenmode are unrelated, and synchronization of the modes
oy, ..., in the bare basis is achieved since the back
transformation /! treats these modes identically. Full syn-
chronization, meaning that also the auxiliary mode « attains
the same phase as the other modes, is obtained if additionally
the condition

o= YN _ A (14)
w — wy Aw
is obtained, thus identical to Eq. (5) obtained in the full model.
For 1 > 0, the phases of all oscillators in the Kuramoto basis
are equal fort > tyy,c, and synchronization of all modes in the
bare bases leads to
_r_
w—Q’
which is the same condition for synchronization as in (6).
For both the driven and the undriven cases, the mechanism
of synchronization of the main modes can therefore be led
back to derivations of Kuramoto models which are exactly
solvable. If additionally the conditions (5) (for undriven case)
or (6) (for the driven case) are fulfilled, all phases including
that of the auxiliary mode approach the same steady-state
phase consistent with results previously highlighted.

tan® = — (15)

V. DISCUSSION

Two fundamental aspects can strongly perturb synchro-
nization: the effect of external noise and the inherent
frequency disorder in the system. To model external noise
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we consider a thermal bath where a random stochastic force
is responsible both for the decay of amplitudes as well as
for the thermalization to the temperature of the environ-
ment. To incorporate effects stemming from disorder, we will
consider variations in the oscillator frequencies according
to a Gaussian distribution of increasing variance and with
average .

A. Thermal noise

We consider the stochastic equations of motion for the
complex amplitudes «; in the presence of thermal noise

dA = (—iHA + nu)dt + idW, (16)

where dW = (dWy, dW, ..., dWx)" denotes a vector of
N + 1 zero-averaged independent Wiener increments with
(dW;) =0 and correlations (dW;dW;) =6; ;&&;dt (see
Appendix D). The noise entering the system comes from
a bath at temperature 7', which enters in the weights & =
/2y;n;(T) depending on the loss rates yi—o = v, Vi=0 = ¥,
and the average occupation number n; = kgT /hw;, with the
frequencies w;—g = 0, w;~o = . We solve Eq. (16) numeri-
cally by drawing random sample paths. To test the resilience
against thermal noise we follow the time evolution of the
variance of the phase.

In the undriven case n = 0, synchronization is preserved
as long as the amplitude of each oscillator is larger than the
fluctuations. The system is then synchronized only for Teyne <
I < Thoise, Where 7055 denotes the time by which the system is
dominated by thermal noise. Numerical results [see Fig. 4(a)]
show that the variance of the mean phase diverges for t —
oo. For n > 0, the system always remains synchronized as
the variance is bounded. Therefore the phase difference with
respect to the auxiliary mode cannot grow arbitrarily large
and stays close to the average value [see Fig. 4(a)]. By in-
corporating only thermal noise, we restricted ourselves to the
classical limit, albeit the non-Hermitian Hamiltonian formal-
ism permits a genuine quantum treatment. The question how
quantum effects affect synchronization is yet to clarify and re-
quires an equation of motion adapted specifically to quantum
noise.

B. Frequency disorder

In order to tackle the question of disorder, we allow the
frequencies of the main modes to be disordered with a dis-
tribution g(w) peaked around the mean frequency &. For
g(w) = exp [—(w — @)?/20?] the synchronization conditions
hold for small o <« @, but the steady state A¢ = ¢ — ¢;
is distributed normally with a modified variance o4 depend-
ing on the interaction strength, the width o, and ® [see
Fig. 4(b)]. Interestingly, o4 is proportional to o, i.e., 0y =
c(g, ®)o and c(g, ®) is largest at ® = 7 /2. For arbitrarily
large o, however, the distribution becomes more complex, and
in the limit o > @ a chimera-like distribution is approached,
where the population of oscillators is split into two groups.
For ® = 7 /2, the distribution is symmetric around A¢ = 0
with the two peaks at £m /2. Since the peaks become the
narrower the larger o is, the phase coherence z can be used
to distinguish different regimes. Weak disorder leads to a

(a) _ phase difference ¢y(t) — ¢1(t)

o
I
QO 7

-
o 1
N
=0 .
0 20 40 60 80

(b) time ¢ [w(;l]

1.01 \ ACb A¢
P50

=
o0

o
N

phase coherence z
o
D

<
()

0 2 4
frequency width o [wy]

FIG. 4. (a) Phase difference between two coupled oscillators
with additional noise. In the undriven case withn = 0 and ® = 37 /4
the oscillators synchronize, but the variance increases linearly at
some time and the mean value deviates from zero. For the driven sys-
tem with n = 1 and ® = /2, the variance and mean value remain
finite and zero, respectively. (b) Phase coherence as a function of the
frequency disorder o. For small o the distribution is approximately
Gaussian, and thus z &~ 1. For ® = 7 /2, the distribution approaches
a balanced bimodal distribution where the peaks are located at =7 /2.
Therefore z — 0 for o — oo since the width of both peaks decreases
with increasing disorder. Parameters are wy = 1.0, o = 1.1, yp =
0.1,y =02,g=0.1,2 =1.1,and n = 1.0.

nearly synchronized population, and thus z &~ 1. The more
the distribution separates into two subgroups, the smaller is
z, which converges to 0 algebraically. In principle, one could
again apply the formalism presented in the last section using
a transformation into the Kuramoto basis. However, due to
nonuniform frequencies, not only are the eigenmode and the
Kuramoto mode coupled, but also the all-to-all coupling now
has a random strength which complicates analytical consid-
erations drastically. Therefore, the complete investigation of
this question needs further research.

VI. CONCLUSIONS

We have studied the interplay between non-Hermitian cou-
plings and phase synchronization, at the classical level, in a
system of A+ 1 bosonic modes. We show the emergence
of regimes of phase synchronization which, owing to the
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linearity of the evolution matrix, can be fully analytically
tackled. We find that the crucial parameter connected to syn-
chronization is the non-Hermitian coupling strength. In order
to better understand the occurrence of phase synchronization
in a linearly evolving system, we show that a mapping onto
a nonlinear reduced model of A collective modes shows
an intrinsic connection to the standard Kuramoto nonlinear
model. Future investigations will see the extension of our
model to the question of quantum synchronization. Such
effects could be experimentally tested on a variety of plat-
forms where non-Hermitian dynamics can be generated via
the elimination of lossy, auxiliary modes. Among these, one
can envision testing of phase synchronization in optomechan-
ical or optomagnonical systems or in the context of cavity
quantum electrodynamics with molecules, where additionally
the effect of collective mode pulling or mode attraction via
the common coupling to a cavity-quantized mode could be
tackled.
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APPENDIX A: KURAMOTO MODEL

A simple model that demonstrates synchronization is the
Kuramoto model. Denoting the phases of A/ oscillators with
¢;, their equations of motion are given by

. k¥
b =i+ _sin(¢; — ). (A1)
N &

Here w; is the natural frequency of the i-th oscillator mean-
ing its frequency in the case of free evolution. Provided
the strength K is sufficiently large, the nonlinear, all-to-all
coupling then forces more and more oscillators to assume
an entrained frequency as well as their phases to be close.
Thus, the model features synchronization. In order to define a
quantity representing the quality of synchronization, the phase
coherence z

z:= (A2)

13
- el'
W 2

is introduced. If all phases are uniformly distributed, one
obtains z = 0, and the system is found to be in an absolute
nonsynchronized state. In contrast, z = 1 represents the per-
fectly synchronized case where all phases equal each other.
In the limit N' — oo, a self-consistency ansatz permits one
to analytically determine how the distribution g(w) of natural
frequencies w; and coupling strength K affects the steady-state
value of z. For example, for a Lorentzian distribution of width
A and mean frequency w, it turns out that synchronization is
achieved only if K exceeds a critical value given by K =
2A. Below this threshold, the system always remains in an

unsynchronized state (z = 0), whereas above it approaches
the perfectly synchronized state (z = 1) as K grows. The
phase coherence z = 1 can be seen as an order parameter that
distinguishes an unsynchronized and a synchronized phase,
separated by a second-order-like phase transition.

The Kuramoto model can be naturally extended, for ex-
ample, by modifying the interaction term or adding a driving
term. In a frame, rotating at frequency 2 of the driving, the
equations of motion, that are particularly interesting for the
considerations in this paper, read

N
p; = <+£Zsin(¢<—¢-+a)—nsin¢- (A3)
¢l wj N o j i i

Without the driving term (n = 0), the model above is known
as Sakaguchi-Kuramoto model, which adds a phase shift
o to the nonlinear interaction term. If all oscillators have
the same natural frequency w; = w, the system always
synchronizes.

APPENDIX B: NON-HERMITIAN DYNAMICS

Let us first justify how an effective non-Hermitian inter-
action can occur via elimination of an auxiliary, lossy degree
of freedom and then move on to write the equations of mo-
tion for the complex amplitudes and real amplitudes and
phases.

1. Effective non-Hermitian interactions

Let us consider the Hamiltonian for three modes

Hy = wlaial + a)za;az + QATA + (glaT + gza;)A +H.c.,
(B1)

where w;, w,, @ denote the frequencies modes a,, a; and the
auxiliary mode A. The coupling strengths g, g, are allowed
to be complex, but the total interaction term is still defined to
be Hermitian. Explicitly writing out the equations of motion
for the expectation values «; := (g;) and A := (A) yields

a;(t) = —i(w; — iy)ai(t) — igiA (1),

At) = —i(Q — iDAE) — i[g]on (1) + ghon (). (B2)

where y1, y», ' are the loss rates which are included as usual
in Lindblad form in the master equation. Formally integrating
the second equation then leads to

t
At) = e @T0) — i / dt'[glan (1) + ghan(t)]
0
% e—i(Q—iI‘)([—t’). (B3)

We now focus on the case I' > 2, w;, y;, g; and try to approx-
imate the integral in the equation above. Therefore, terms like
o dt'gtai(t")e™ =) are integrated by parts and terms
where fractions of w;, y; or g; over I' occur are neglected.
The simplified expression for A(¢) can then be inserted into
the equations for ¢; in Eq. (B2) resulting in two equations
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which are completely decoupled from the auxiliary mode

& = —i(w; — iy — ig; (e—““—'”x(0> -

e i{ (o

Thus, the same dynamics of the complex amplitudes «; is
obtained by considering the effective Hamiltonian

Q—il

HE = o$Tala) + o ala + g Lalay + geszla;al (B5)

with non-Hermitian coupling strengths

Q+il’ 8ig;
ff ~ +1
$iin1 = “8igh a2 a8 N i (B6)
and renormalized frequencies and coupling strengths
|giI* R
w?ffzwi——921+ ) ~ wi,
5 5 B7)
et _ &l il
AR

Notice that in addition to the effective couplings, the bare
frequencies and damping rates are also changed. We can check
the accuracy of this adiabatic elimination by comparing the
spectra of Hy and HSI as a function of the frequency detuning
8 = w; — wy for the sample values w; = 1.0+6, v, = Q =
1.0, y1 = 0.01, , = 0.012, " = 10.0 and g; = g, = 0.5. As
shown in Fig. 5, the approximation works quite well inde-
pendently of §. Therefore, non-Hermitian interactions can be
used to effectively describe two modes which are indirectly
coupled via a lossy auxiliary mode.

Spectrum: Real Part Spectrum: Imaginary Part

1.10
—— Hpx

1.05{ ~77 Hux
g —
< 1.00
T \\/

0.95

0.90

—0.1 0.0 0.1 —0.1 0.0 0.1

frequency detuning ¢/ frequency detuning §/52

FIG. 5. Real part and imaginary part of the eigenvalues A; of both
the exact as well as of the effective (reduced) Hamiltonians as a func-
tion of the frequency detuning § = w; — w, for the sample values
w=10+6, 0w =2=1.0,y;, =0.01,y =0.012,T = 10.0, and
81 =82 = 0.5.

|gil* €2 : |gil*T .
@arz) Mgyt

[gTal(t) - al(O)e—i(Q—iI‘)z] + g;[az(l) _ az(o)e—i(ﬂ—ir)t]>

(B4)

Q+ill
Q2+F2g1 ] i—1-

(
2. Equations of motion for amplitudes and phases

Starting from the master equation, the dynamics of the
expectation values «; = (a;) in the corotating frame is

N
. . 8 e
ivo)ag — i——e o+,
/N Z J

d() = —i(a)o —Q—
j=1 (B8)
. . . . 8 e
o =—i(w—QL—iy); —i——e" o,
VN
thus, leading to the matrix-vector form
A =—iHA +n(1,0,..)7" (B9)
with A = (g, @, ..., an)T and
o —iyy —L=ei® _8 L0
N N
e’ 5t iy f
H= ) ] , (B10)
e 5 — iy

where §) = w() — R (for the case n =0, set 2 =0, so
that § = w). This set of A" + 1 linear, complex-valued equa-
tions can be brought into a system of 2(N + 1), nonlinear
equations by separating the complex amplitudes ¢; into real-
value amplitudes and phases, i.e., a; = r;e’® with r; = |o],
¢; = arg ;. The derivative on the left side of Eq. (B9) reads
&; = e + ig; rie’® so that by replacing o; by re’® both
sides can be decomposed into real and imaginary parts. When
separating the equations and moving the exponential to the
right hand side, the driving of the auxiliary mode separates
into a cosine and a sine. This yields two sets of coupled
equations, ' + 1 equations determining the evolution of the
real-valued amplitudes

N
fo = —yoro + Ji_ Z Sin (© + ¢; — go)r; + 1 cos o,

i=1,....N
(B11)

sin (® + ¢o — ¢i)ro,

ri=—yri+
\/_
and \V + 1 equations for the phases

¢.)0=—(SO \/L_ZI COS(®+¢j_¢0)_nSin¢Ov

i=1,...,N.
(B12)

i = —8 — \/if/r_o cos (O + ¢o — @),
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Apparently, we obtain a Kuramoto-like interaction for ® =
7 /2. If we assume that the ratio r;/r; is nearly constant after
a sufficiently long settling time (as apparent from numerical
simulations), the equation for the phases decouples from the
amplitude equations and a Kuramoto model with a N -to-1
coupling is effectively obtained. Since there is an analytical
solution for the Kuramoto model with an all-to-all coupling in
the limit ' — o0, we present next a basis transformation that
introduces all-to-all coupled, collective modes thus leading to
the original Kuramoto model.

APPENDIX C: PHASE SYNCHRONIZATION

1. Mapping onto the Kuramoto model

In order to map the non-Hermitian synchronization model
onto an analytically solvable all-to-all coupled Kuramoto
model, we first diagonalize the evolution matrix # and then
find a transformation which turns 7 into another matrix M
which possesses entries coupling A of the total A" 4+ 1 modes
to A/ modes with equal strength. The remaining mode is an
eigenmode which does not interact with any other mode.

Note that as H is non-Hermitian, there are sets of parame-
ters (o), Y0, & © which lead to a nondiagonalizable matrix.
Nevertheless, one can show that in most cases we can simply
assume that H is similar to a diagonal matrix D. The Fourier
transformation 7 acting only on the A" x N subspace of

J

Aw;iAy + w
Dy = (SeTHST) ™ =
It is now straightforward to see that

1 0
0

V=1|:
0
0 1

yields the basis transformation we searched for, since

Aw—iAy

0
My = VSLTHYHVSLT) ' =

The choice between the M or M_ version enables us to select
one of the eigenvalues to be isolated, whereas the remaining
ones are mixed in the lower left block thereby introducing all-
to-all couplings of equal strength scaling with A" ~!.

We can now transform Eq. (B9) into the collective basis,
which we will also refer to as the Kuramoto basis. With P =
VSTA = (mg, 71, ..., ;TN)T, the equation of motion in the
new basis is given by P = —iMP + nVS7(1,0,...) . Ina

nonauxiliary modes

1 0

1 ;27
——,
VN
introduces from a physical point of view a so-called bright
mode interacting with the auxiliary mode while A" — 1 dark
modes do not participate in system and remain isolated. More
precisely, the matrix 7H7 ~! reduces the task to an effective
2 x 2 diagonalization problem. One can show that by the
transformation Sy,

(ChH

Fij= ij=1,.... N

1 O e O S+
0 0
Sj: = ]l./\/fl ’

0 0

—S+ 0 0 1

i® Aw—iAy
S+ = AwftgAey == : i@):F M’ (C2)

T tnu g
with Aw = wy — o, Ay =yw—y and n=

v (M)2 + g2e*© the final step towards the diagonal
matrix Dy is accomplished. The sign £ denotes only the
order of eigenvalues on the diagonal. In fact, one finds three
different eigenvalues, thus obtaining

0

+ @ —iy)lasr- (C3)
0 n
Aw;lAy Fu
0 0
1
- : (C4)
1
1 1
0 ... 0
Aw—iAyF2u Aw—iAyF2u
N N + 6 — i) (C5)
Aa)—iA]/:FZpL Aw—iAy:FZu.
2N 2N
[
componentwise notation, the equations read
o = —i(85" —ivs" )mo + 1,
0. N
= Ko Oeft )
sty = =IO — iy — =T D Ty — e
Viall
(C6)
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with effective frequencies

Aw—iAy +2
ST — iyt =8 —iy + L=

po—isyzm P
seff _ et s W — LAY F 2[4
1y 1y + N
and coupling parameters
Kere'®" = 1(Aw — iAy F2p). (C8)
Due to a complex prefactor in the transformation, the modes
with i = 1,..., N are driven with strength n.¢ and a phase
shift O4ive Whereby
Nett = |s£(m,
Odrive = arg s+. (C9)

Finally, the separation into equations for phases ¥, :=
arg w; — Ogrive and real amplitudes p; := |m;| for the coupled
modes leads to

N
; Kot .
Pi = — Vet pi + ﬁ Z P 8in (Oefr + ¥ j — Vi) + e COS Yy,

JF#
. K N Pj
Vi = —8eft — ;;f Z—jcos((aeff—i-%—wi)— @Siniﬂi,
—. Pi i
J#
i=1,...,N. (C10)

The phase equations decouple from the amplitude equa-
tions after a sufficiently long time, since, first, the long-term
behavior is dominated by the driving, which pumps each col-
lective mode equally (except for the eigenmode of course).
Second, a steady state is reached where p; = p = const, thus
ensuring that the two equations decouple. Also in the un-
driven case n = 0, the ratios p;/p; — 1, since all collective
modes are linear combinations of the eigenmodes given by
V. A look at the diagonal matrix in Eq. (C3) only one eigen-
mode survives in the long-time limit, corresponding to either
the eigenvalue (Aw —iAy)/2+4+ pn or (Aw —iAy)/2 — u.
By choosing one of the transformations Si, we always can
choose the fast decaying eigenmode to be the isolated mode in
the new Kuramoto basis. Then for initial complex amplitudes
A = (a9(0), @1 (0), ...)" and a short notation for the eigen-
values Ao = (Aw —iAY)/2 £ 1, hocjen =@ — iy, Ay =
(Aw — iAy)/2 F u one obtains

i Y Vike ™S TAO)
T X Vike PSS TAOK
Vine VS TAO) N ]
Vine WIS TAO)IN
Lj=1,...,N.
We can therefore set p;/p; ~ 1 and concentrate on the phase
equations which now clearly represent variations of the Ku-

ramoto model with all-to-all couplings. In particular, for
Ot = 7 /2, the phases ; evolve according to

(C11)

N

. Kot "

Ui = =S+ S D sin (U — ¥i) — " Ginyy,  (C12)
i P

which is the Kuramoto model [5] with driving. In conclusion,
the non-Hermitian dynamics can be mapped onto variations
of the Kuramoto model with all-to-all coupling.

2. Synchronization in the Kuramoto basis

We showed, that in the long-time limit the phase equa-
tions for the Kuramoto modes are given by

Nett
0

. Kot N
Vi = —Seft — ﬁ ZCOS (Ocr + v — i) —
i

sin ;.

(C13)

We can now investigate synchronization behavior of this re-
duced model by taking advantage of existing solutions. We
first start with the undriven case n = 0 and assume large
N since many exact results we cite rely on this requirement.
However, the key message also holds for small .

In case of n =0, Eq. (C13) is known as the Sakaguchi-
Kuramoto model for which an analytical solution is provided.
In the case of a frequency distribution g(w) = §(® — Wefr),
synchronization is expected to occur for any K. > 0. More
importantly, in the final, stationary state all phases i, are
equal, i.e., the synchronization order parameter z defined by
ze' ;= 3", eV is z = 1. Consequently, the mean frequency is
@ = —wepr — Kefr COS Opfr.

Apparently, in the Kuramoto basis all coupled modes syn-
chronize while the remaining eigenmode decays significantly
faster, and therefore the amplitude vector is approximately

0
pel®

P@it) — (C14)

pelv®

If the back transformation A = (VS+7)~'P(¢) is supposed to
protect the synchronization behavior, the phase of all o; must
be the same. The special property of (VS+7)!,

0 —\/Nsi
1
VST | 1 :

1 !

(C15)

then leads to synchronization conditions, since s1 must be
real. Otherwise the phase of the auxiliary mode o would be
different from the other phases. One can show that s; € R is
satisfied if
tan ® = —ﬂ,
Aw
which is differently derived in the subsequent section. To
further rule out the case of a phase shift of = between the
auxiliary mode and the main modes, s+ < 0 is required, which
leads to the additional condition Ay sin ® < Aw cos ©.
The synchronization conditions can be derived in a similar
way for the driven case n # 0. Equation (C13) is solved for
Y = ¥; = ¥ and a steady-state amplitude p; = p given by

(C16)

iS41)
Aw—iAy—=2un "’

iy __
peV = -
s —1iy + >

(C17)
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where the -+-version of the transformation (VST ) was
chosen. The steady state of the isolated mode is

ivo _ in
e’ = _5 v — lA]/+2lL (C18)
and by performing the back transformation A = (VS 7)"'P

again, one finds that the phases remain synchronized in the
bare basis only if the synchronization conditions

14
w—Q
(w—RQ)cos® < ysin®

tan® = —
(C19)

are satisfied. In fact, these conditions ensure that the relative
phases of the modes are unaffected by the transformation

VS, T.

3. Derivation of synchronization conditions
for non-Hermitianly coupled modes

The system is synchronized if Im(e;/ctp)|;—00c =0 and
Re(aj/00)li—o00 > 0 since then ¢p; = ¢ for t+ — oo. To cal-
culate those ratios of complex amplitudes, Eq. (B9) is solved
by diagonalizing H = (S+7) "' D+(S+T),

A1) = (S£T) e P=0)(SLTHA(ty)

t
-HI/ dt'(SsT) e PGS L .
fo :
0

(C20)

with o = 0.
We start with the case n = 0. In order to find «;, o the
matrix-vector products in Eq. (C20) are carried out leading to

N
@0 = e Zm(o)[(s;r)j,é(s;r)o,zei(mwiu),

=0
N-1
+ Y (ST (ST
k=0

(e T ASE e (5 W} . (21

Considering the infinite-time limit # — oo, the first two lines
are neglected under the assumption that without loss of gen-
erality (Di)ayn = M F w is the long-living eigenvalue
with the smallest imaginary part. Therefore, for + — oo the
last term dominates the other ones, and we can approximately
write

@ N O (SLTIA (S Toxae™
a et YN (0)( ST h(SeTnr e
B (ST 1

= = - . C22
(SiT)aj\/ \/-/\_/Si ( )

Taking the imaginary and real part as well as inserting the
definition of sy then finally leads to the synchronization

Aw—iAy

Fut

Aw—iAy
2

Fu)t

conditions for the undriven case

Ay
tan® = ——— (C23)
Aw
and
Ay sin® < Awcos ©. (C24)

The derivation for finite  # 0 is in principle similar. In con-
trast to the previous case, the term surviving for ¢t — oo is the
integral term in Eq. (C20) and one can write

t N
ap(t — 00) = / dt'y (SeT) e P8 T) 0
0

=0

(S:ET)k 1 (S<Tio

” Z (D)1

By inserting the corresponding expressions for the matrix
elements and some mathematical reordering of terms one
eventually finds that the ratio of complex amplitudes ap-
proaches a constant value

(C25)

ay 1 ge®

ﬁ T b
o VN8 —iy
By requiring the imaginary part of the expression above to be
zero the synchronization conditions

14
w—Q

— 0. (C26)

tan® = —

(C27)

and

cos O(w — Q) < sin Oy (C28)

are obtained.

APPENDIX D: DYNAMICS IN THE PRESENCE
OF EXTERNAL NOISE

In order to test the resilience of synchronized systems
against noise, we consider the system now to be exposed to
classical, thermal noise. To this end, the complex amplitudes
«; are separated into real parts g;, p;, o; = ¢q; + ip; resembling
position and momentum coordinates. We can then write two
equations of motion for ¢g; and p; and include thermal forces
modeled by a Wiener process which is added to the equa-
tion for p;,

dqo = | @opo — yopo + —o= Z(cos@p, +5in©g;) |dr,
L VN
_ ¢ .
dq; = |wp;i — yqi + ——=(cos ® py + sin O qo)i|dt,
L NN
dpo = | —woqo — Yopo + —= Z (sin © p; — cos O ;) |dt
L vN
+ dWo (1),
_ ¢
dp; = | —wq; — ypi + ——=(sin ® py — cos @qo)]dt
L NN
+dw(1), (DD
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where dW; are mutually independent Wiener increments.
These obey

(dWi(1)) =0,
(dWi(t)dW;(1)) = 6; ; §i€; dt (D2)
with & = /2y;n;(T) and the occupation n;(T") = % Viso =
¥, w9 = o). To obtain the (stochastic) equation of motion
for the complex amplitudes, the equations for g; and p; are
combined again, yielding

dA = (—iHA + nu)dt + idW. (D3)
Here the vector matrix notation was extended by the Wiener-
noise vector dW = (dWy, dW, ..., dWyx)T.

For numerical simulations, Eq. (D3) was solved numer-
ically, by integration for randomly drawn, finite Wiener
increments. More precisely, the formal solution of Eq. (D3)

A(t) = exp (—iHt)A(0) + nu/ dt exp[—iH(t —1)]
0

12
—l—i/ exp [—iH({E — )]dW({@') (D4)
0

is used to approximate the last integral as a sum of finite
Wiener increments AW drawn from a normal distribution
with a width proportional to the square root of the step size At
of the time discretization. By collecting the multiple random,
sample paths, averages and variances are easily calculated for
several quantities such as real-valued amplitudes and phase
differences.
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