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Solving and completing the Rabi-Stark model in the ultrastrong-coupling regime
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In this work we employ a unitary transformation with a suitable parameter to convert the quantum Rabi-
Stark model into a Jaynes-Cummings-like model. Subsequently we derive the analytical energy spectra in the
ultrastrong coupling regime. The energy spectra exhibit a phenomenon known as spectral collapse, indicating
the instability of the model due to the unboundedness of its energy from below at higher coupling parameters.
To stabilize the Rabi-Stark model, we introduce a nonlinear photon-photon interaction term. We then compare
the modified model with the original model in the classical oscillator limit. Interestingly, we observe a regular
“staircase” pattern in the mean photon number of the ground state. This pattern exhibits a fixed slope and equal
step width, which we determine analytically. Moreover, we analytically determine the phase boundary, which
slightly differs from that in the original Rabi-Stark model. These findings offer insights into the investigation of
those superradiant phase transitions that are unbounded from below due to the phenomenon of spectral collapse.
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I. INTRODUCTION

The quantum Rabi model [1,2], which describes the in-
teraction between a two-level system and a single quantized
harmonic oscillator, has been extensively studied in vari-
ous fields such as trapped ion systems [3], cold atoms [4],
and cavity quantum electrodynamics [5]. Its Hamiltonian is
given by

ĤR = ωa†a + �

2
σz + g(a† + a)σx, (1)

where a and a† are the annihilation and creation operators
of the oscillator with frequency ω, respectively. � repre-
sents the resonant frequency of the two-level system, σi

(with i = x, y, z) denotes the Pauli operators, and g is the
linear interaction strength. The presence of counterrotating
wave terms makes the exact solution of the quantum Rabi
model challenging. To address this difficulty, Jaynes and
Cummings [6] introduced the rotating wave approximation
(RWA) and established a connection between the quantum
Rabi model and the idealized Jaynes-Cummings model which,
with U (1) symmetry, can be easily solved by considering a
finite-dimensional subspace of the Hilbert space. However,
the RWA may lead to a loss of accuracy, especially in large
coupling region when applied to the quantum Rabi model. To
overcome these limitations and retain the physical information
of the Hamiltonian, various transformation methods have been
proposed. By employing a series of transformations and oper-
ations, it is possible to convert the original Rabi model into
a Jaynes-Cummings-like model under specific conditions [7].
This approach provides an alternative method for solving the
quantum Rabi model, instead of relying solely on the rotating
wave approximation.
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Several models, derived from the quantum Rabi model, ex-
hibit distinct physical properties compared to the original Rabi
model [8–11]. One such model is the quantum Rabi-Stark
model, which incorporates a freely adjustable nonlinear term.
The Rabi-Stark model has been extensively studied in theo-
retical research, revealing numerous novel features [12–16].
Notably, this model exhibits a quantum phase transition when
a specific critical value of the model’s parameter is exceeded
[12]. Traditionally, the study of quantum phase transitions in
infinite-component systems requires the thermodynamic limit.
However, recent research [17–21] has shown that the classical
oscillator (CO) limit can replace the thermodynamic limit in
finite-component systems. This is because both the CO limit
and the thermodynamic limit realize the same mean-field tran-
sition when considering a quantum phase transition through
mean-field theory [19]. In the CO limit, characterized by an
infinite ratio of qubit frequency to field frequency, quantum
phase transitions can be observed even in the simplest quan-
tum Rabi model and the Jaynes-Cummings model [20,21].
These findings contributed to a deeper understanding of quan-
tum phase transitions.

Apart from the novel phase transition features of the Rabi-
Stark model, its energy spectrum is equally captivating. In
the ultrastrong coupling regime, characterized by a relatively
large value of the interaction strength g [22] that has been ex-
perimentally achieved [23–28], the Rabi-Stark model exhibits
the phenomenon of spectral collapse [29,30] at a critical point
where the entire negative energy level collapses. Upon cross-
ing this critical point, the system’s lowest energy decreases
indefinitely, rendering the Hamiltonian unbounded from be-
low and revealing incomplete physical characteristics [31].
While numerous studies have primarily focused on the energy
spectrum properties within the well-defined parameter regime
of this model, further investigation is required to understand
the instability induced by the absence of the ground state in
the Rabi-Stark model.

2469-9926/2023/108(2)/023720(10) 023720-1 ©2023 American Physical Society

https://orcid.org/0000-0001-8869-4868
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.108.023720&domain=pdf&date_stamp=2023-08-21
https://doi.org/10.1103/PhysRevA.108.023720


GEN LI, HAO ZHU, AND GUO-FENG ZHANG PHYSICAL REVIEW A 108, 023720 (2023)

In this paper we employ a similar methodology to solve
the quantum Rabi model by simplifying the Rabi-Stark model
into a Jaynes-Cummings-like model using an appropriate pa-
rameter. We compare our obtained results with numerical
simulations, where the Hilbert space is truncated to a finite
dimension, and we also investigate the sources of error. To ad-
dress the incomplete characteristics of the Rabi-Stark model,
we introduce a nonlinear photon-photon interaction term to
eliminate the spectral collapse, thereby stabilizing the model
[31,32]. Furthermore, we conduct additional investigations to
explore the physical properties of the modified Rabi-Stark
model and analyze the impact of the newly introduced term
in comparison to the original model.

The structure of this paper is organized as follows: In
Sec. II we introduce the Rabi-Stark model along with our pro-
posed completed Rabi-Stark model. The method employed to
solve both models is presented in Sec. III, where the obtained
results are also provided. Finally, the conclusions are drawn
in Sec. IV.

II. MODELS

As one of the simplest and most fundamental theoretical
models in quantum optics, the quantum Rabi model holds
significant influence on the development of other models. The
approach used to solve the quantum Rabi model can also be
applied, to some extent, in solving these related models. In
this section we introduce the models under study, which share
similarities with the quantum Rabi model.

A. Rabi-Stark model

Grimsmo and Parkins [8] proposed a scheme in which the
system comprises two stable hyperfine ground states of a mul-
tilevel atom, an optical cavity mode, and two additional laser
fields. This scheme offers a generalization of the quantum
Rabi model, referred to as the Rabi-Stark model, by intro-
ducing an extra nonlinear term to its effective Hamiltonian.
The corresponding Hamiltonian for the Rabi-Stark model is
given by

ĤRS = ĤR + U

2
a†aσz

= ωa†a + �

2
σz + g(a† + a)σx + U

2
a†aσz. (2)

In this model, the first three terms align with the quantum
Rabi model. The final term in the Hamiltonian represents the
nonlinear coupling between the atom and the field. Here U
denotes the interaction strength associated with the dynamical
Stark shift, which serves as the quantum counterpart of the
classical Bloch-Siegert shift. Notably, in the experimental ar-
rangement of the aforementioned quantum Rabi-Stark model,
the nonlinear coupling strength U is freely adjustable, distin-
guishing it from the typical dynamical Stark shift.

B. Completed Rabi-Stark model

As mentioned in the introduction and elaborated upon in
the following section, the Rabi-Stark model is prone to in-
stability due to the spectral collapse phenomenon occurring
when the nonlinear coupling strength U exceeds the critical

value of 2ω. This phenomenon suggests that the system’s
energy becomes unbounded from below for large U values,
resulting in the absence of a ground state—a highly counter-
intuitive spectral feature.

Motivated by the concept of the completed Buck-Sukumar
model [31] and the quest for potential stabilization methods,
we introduce a variant of the Rabi-Stark model named the
completed Rabi-Stark model. In this model, we incorporate a
nonlinear photon term κ (a†a)2, specifically, a photon-photon
interaction term. This addition enables the generation of topo-
logical photon pairs with robust transport properties [32],
which have attracted attention in experimental study [33–35].
The modified Hamiltonian is given by the expression

ĤcRS = ĤRS + κ (a†a)2 = ĤR + U

2
a†aσz + κ (a†a)2

= ωa†a + �

2
σz + g(a† + a)σx + U

2
a†aσz + κ (a†a)2.

(3)

In the presented Hamiltonian expression, the final term
represents the interaction between photons. The coupling pa-
rameter κ , governing the nonlinear photon-photon interaction,
is small enough to preserve the unique physical characteristics
of the original model. Introducing this nonlinear photon-
photon interaction term, we demonstrate that the modified
model successfully mitigates the occurrence of spectral col-
lapse and exhibits notable deviations from the original model
in terms of both energy spectrum and phase transition.

To ensure clarity and precision, we assign specific names to
various coupling parameters in this article. The linear interac-
tion strength, denoted by g, is referred to as the Rabi coupling.
The nonlinear coupling strength, denoted by U , is referred
to as the Stark coupling. Finally, the parameter κ governing
the nonlinear photon coupling is referred to as the photon
coupling.

III. METHOD AND RESULTS

The organization of this section is as follows: In Sec. III A
we use an approximation method to solve the quantum
Rabi-Stark model under specific conditions, obtaining an
approximate analytical expression for its energy in the ul-
trastrong coupling regime. Section III B focuses on the
Rabi-Stark model in the CO limit, where quantum phase tran-
sitions commonly occur. In Sec. III C we stabilize the quantum
Rabi-Stark model by introducing a nonlinear photon-photon
interaction term and discuss the energy spectra properties
of the completed Rabi-Stark model. Section III D explores
the completed Rabi-Stark model in the CO limit, studying
its physical features and comparing them with the original
Rabi-Stark model.

A. Energy spectrum

We first start with a rotation of the Rabi-Stark Hamiltonian
[Eq. (2)] around the y axis, the Hamiltonian becomes

ĤE =
(

�

2
+ U

2
a†a

)
σx + ωa†a − g(a† + a)σz. (4)
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Then we perform a unitary transformation with Â =
exp[λσz(a† − a)] and transform the Hamiltonian into the rep-
resentation of σx (i.e., σx|±x〉 = ±|±x〉 and σx = τz). When
the parameter λ is chosen to satisfy that

λω + g

λe−2λ2 + � + Uλ2 + Un

n + 1
L1

n (4λ2) = U

2
Ln(4λ2)Tz, (5)

where Tz is a real parameter that takes on value of ±1. The
detailed derivations can be found in Appendix A. The effec-
tive Hamiltonian takes the form of a Jaynes-Cummings-like
model, which is predominantly diagonal except for its final
term in the Hamiltonian,

HE = ωa†a + �̃

2
τz + U

2
τz f (a†a) + C̃ + g̃(τ+a + τ−a†),

(6)

where

f (a†a) = e−2λ2
Ln(4λ2)a†a

+ 2λ2e−2λ2

[
L1

n (4λ2)a†a

n + 1
− aL1

n+1(4λ2)a†

n + 2

]
,

�̃ = (� + Uλ2)Ln(4λ2)e−2λ2
,

C̃ = 2gλ + ωλ2,

g̃ = λω + g − λ(� + Uλ2 + Un)L1
n (4λ2)e−2λ2

n + 1

− Uλ

2
Ln(4λ2)e−2λ2

Tz. (7)

From the Hamiltonian expression, the energy spectra can
be obtained within the subspace {|+x, n〉, |−x, n + 1〉}, n =
0, 1, 2, . . . , given by

HE =
(

H11 H12

H21 H22

)
. (8)

In the experimental setup where the Rabi coupling g is
relatively small(g < 0.5ω) in the ultrastrong coupling regime,
the parameter λ is also small [7]. The Laguerre polynomial
and the associated Laguerre polynomial can be expanded
up to the zero-order term, Ln(4λ2) � 1 and L1

n (4λ2) �
n + 1, respectively, leading to an approximate analytical
solution

λ � − g

ω + (
� ± U

2 + Un
)

exp
[−2

( g
ω+�±U/2+Un

)2] . (9)

Furthermore, since the Hamiltonian [Eq. (6)] adopts the
Jaynes-Cummings form, the energy expectation value of
|−x, 0〉 can be directly obtained as

E0 = ωλ2 + 2λ g − � − Uλ2 + 4Uλ4

2
e−2λ2

, (10)

and the state |−x, 0〉 corresponds to the ground state of the
system before the level crossing. It is worth noting that when
the Stark coupling U is zero, these results align with those of
the quantum Rabi model [7].

The Hamiltonian of the Rabi-Stark model is now simpli-
fied to a two-dimensional form, allowing for the obtainment
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FIG. 1. The ground-state energy and the first five excited-state
energy of the Rabi-Stark model are plotted as a function of the Rabi
coupling g in units of ω, with � = ω and U = ω. The red triangle
symbols represent the truncated numerical results, and the blue lines
depict the results obtained using our method.

of its approximate solution with convergence in the ultra-
strong coupling regime through this method. Similar to the
Jaynes-Cummings model, the energy levels can be labeled
by the excitation number, denoted as E|n,±x〉, implying that
this model exhibits near “superintegrability” [36] for smaller
values of the Rabi coupling, within the ultrastrong coupling
regime. However, for larger values of the Rabi coupling, an
additional “good quantum number” that uniquely labels each
energy level cannot be found, except for parity and energy
[14], indicating the limitations of our analytical method. To
validate our results, a comparison with numerical simulations
will be conducted, and any discrepancies will be clearly ob-
served in the subsequent figures.

In Fig. 1 we present the energy levels of the Rabi-Stark
model, including the ground state energy and the first five
excited states, as a function of the Rabi coupling g. Our results
exhibit good agreement with the direct numerical simulations,
except for a potential loss of accuracy when the Rabi coupling
g approaches approximate 0.5ω. Furthermore, noticeable dis-
crepancies between the analytical and numerical results are
observed in the immediate vicinity of the level crossing or
avoided level crossing positions [14] depicted in Fig. 1. These
results suggest that the relative error in our analytical method
is primarily influenced by larger values of the Rabi coupling g
and the occurrence of level crossings.

The validity of our analytical method is further demon-
strated by plotting the error of the ground state energy in
Fig. 2. In region I the analytical solution of the ground state
energy is given by Eq. (10), while in region II it is deter-
mined by taking the minimum eigenvalue of Eq. (8). The
red cross in Fig. 2 represents the exact position where the
ground state energy intersects with the “first excited state.”
For a given value of U , the error initially increases with an
increasing Rabi coupling g before reaching a local maximum
at the level crossing. Subsequently, the error slightly decreases
before rapidly increasing again as g continues to increase.
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FIG. 2. The errors δE of the ground state energy vs the Rabi
coupling g and the Stark coupling U in units of ω. The error is
calculated as δE = |Eg − ERS|, where Eg is the ground-state energy
obtained through our analytical method, and ERS is the ground-state
energy obtained through truncated numerical simulations. The red
cross symbols are obtained by calculating the positions where two
energy levels intersect, resulting in a twofold degenerate ground
state.

These observations suggest that large values of g, U , and the
presence of a level crossing are the primary factors leading
to inaccuracies in our analytical method. This aligns with the
nature of our perturbation-based approach, which inherently
faces challenges near level crossings. Overall, Fig. 2 pro-
vides insight into the effective range of our analytical method,
specifically in region I and the lower left portion of region II.
Additionally, it is noteworthy that our method remains valid
for smaller values of g (approximately g � 0.3ω), even in the
presence of a level crossing with a large U , as illustrated in
Fig. 2.

Figure 3 depicts the energy spectra obtained using both the
truncated numerical method and our analytical approach for
the Rabi-Stark model under varying Stark couplings U . Re-
markably, our analytical method consistently produces energy
spectra that exhibit excellent agreement with the truncated
numerical results. Importantly, this accuracy is maintained
even when considering additional energy levels in the plot.
Thus, our approach proves effective in investigating the Rabi-
Stark model for smaller values of g within the ultrastrong
coupling regime. Figure 3 also highlights the steepening slope
of the corresponding energy level with respect to U , ultimately
approaching infinity. This observation signifies that as the
value of the Stark coupling U surpasses the critical point
U = 2ω, marking a quantum phase transition [12], the energy
level E|n,−x〉 associated with the ground state no longer exists,
and the corresponding value of n becomes infinite. This phe-
nomenon arises from the unbounded nature of the spectrum in
this regime, which lacks a ground state and is counterintuitive
in physics.

In Fig. 3 the energy levels exhibits a notable degeneracy
due to the collapse of negative branches when U = 2ω. To
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FIG. 3. The energy spectrum of the Rabi-Stark model is shown
as a function of the Stark coupling U in units of ω, with � = ω

and g = 0.2ω. The positive and negative branches of the energy are
represented by solid and dotted lines, respectively. The red cross
symbols correspond to the truncated numerical results of the first 30
lowest energy levels displayed in the figure. Both the solid and dotted
lines depict the results obtained through our analytical method.

further investigate this behavior, we present in Fig. 4 the
ground-state energy as a function of the Rabi coupling g
while maintaining a fixed Stark coupling of U = 2ω, using
the truncated numerical method. The inset of Fig. 4 shows
the first 10 lowest energy levels as the Hamiltonian cutoff
is varied, demonstrating that the energy levels collapse to a
convergent point. This convergence signifies the presence of
a pronounced degeneracy at this specific value of the Stark
coupling, indicating the existence of a well-defined ground-
state energy.

FIG. 4. The ground-state energy is plotted as a function of the
Rabi coupling g for a fixed Stark coupling U = 2ω using the trun-
cated numerical method. Inset: the first 10 lowest energy are shown
as a function of the number of cutoffs for the Stark coupling U = 2ω,
with � = ω and g = 0.2ω.
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B. Original model in the CO limit

The presence of spectrum collapse phenomenon at finite
frequency ratios motivates us to analytically investigate its
causes and determine whether it disappears in the classical
oscillator limit (CO limit), where the quantum phase transition
is usually considered. To achieve this, we employ common
decoupling methods in the CO limit to derive a clear analytical
expression for the excitation energy. We start by consider-
ing the Jaynes-Cummings-like model Hamiltonian given by
Eq. (6) in the CO limit. This limit implies an infinitely large
ratio between the qubit frequency and the field frequency,
denoted as ω � �, resulting in outcomes that are equiva-
lent to those attained in the thermodynamic limit. Within the
ultrastrong coupling regime, which encompasses the range
0.1ω < g < ω, Eq. (6) can be simplified as

Heff = ωa†a + 	(n)

2
τz + ωλ2 + 2λg + U

2
τza

†a

+ 
(n)(τ+a + τ−a†), (11)

where 	(n) = (� − 2Uλ2)e−2λ2 � �, 
(n) = g + λ(G −
Un − �), G = ω − UTz/2, and the limit condition on λ is
transformed to

λ � − g

Un + � + G
. (12)

To decouple the interaction induced by the atomic operator,
we employ a unitary transformation using the operator B̂ =
exp[
(n)/	(n)(a†τ− − aτ+)]. This transformation allows us
to express Eq. (11) as

Heff � ωa†a + �

2
τz + ωλ2 + 2λg + U

2
τza

†a + 
(n)2

�
τza

†a,

(13)

in the normal phase, our focus lies on the low-energy state,
which means n can be considered small. By projecting
Eq. (13) to the lower energy level of the two-level system
subspace, we get

Heff =
(

ω − U

2
− C

)
a†a − �

2
+ ωλ2 + 2λg, (14)

where C = 4g2G2/[�(Un + � + G)2] � 0, Enp = −�/2 +
ωλ2 + 2λg � −�/2 + 2λg represents the ground-state en-
ergy without excitation, consistent with Eq. (10) in the CO
limit. the excitation energy is thus εnp = ω − U/2 − C. It is
important to note that Eq. (14) holds valid only under the CO
limit and in the ultrastrong coupling regime. Consequently,
the final term in εnp contributes little, allowing us to rewrite
the excitation energy as εnp = ω − U/2. When the excitation
energy εnp = 0, it indicates that the field mode is macro-
scopically occupied, signifying the solution of U = 2ω, This
condition serves as the phase boundary between the normal
phase and the superradiant phase.

The above solution can be explained by the Hamilto-
nian expression in Eq. (2). By projecting σz onto the lower
energy level of the two-level system subspace with Stark
coupling U = 2ω, the Hamiltonian can be expressed as ĤRS =
−�/2 + g(a† + a)σx. In the ultrastrong coupling regime, the
latter term involving g is considerably weaker compared to
the former term in the CO limit, Consequently, this term

g(a† + a)σx can be disregarded. Thus, the photon occupation
number has minimal impact on the overall energy at U = 2ω,
This observation signifies the emergence of high degeneracy
at U = 2ω, which explains the occurrence of spectral col-
lapse. When U > 2ω and the excitation energy εnp is negative,
the energy decreases with an increasing number of photons.
In such a scenario, there is no value of n that minimizes the
energy, resulting in an unbounded Hamiltonian from below.

From this analysis, we observe that although the spec-
trum collapse phenomenon persists in the CO limit, we gain
a deeper comprehension of its underlying mechanisms. No-
tably, these findings align with the behavior exhibited by the
Rabi model [20] when U = 0 in the regime of ultrastrong
coupling and CO limit, where the Rabi model simplifies to
a trivial form. However, our results possess greater physical
significance for U �= 0, as they provide valuable insights into
the causes of the spectral collapse phenomenon. It is worth
noting that the analytical derivation in the so-called superra-
diant phase, where the ground state is absent, is meaningless
and thus omitted in this discussion.

C. Adding nonlinear photon-photon interaction term

From the energy spectra shown in Fig. 3, it is evident that
the quantum Rabi-Stark model experiences spectral collapse
and demonstrates an incomplete physical characteristic in the
ultrastrong coupling regime when the Stark coupling U sur-
passes the critical point U = 2ω. To stabilize this system,
ensure a bounded Hamiltonian from below, and eliminate the
occurrence of the spectral collapse, we introduce a nonlinear
term quadratic in a†a, representing photon-photon interaction,
to the original Rabi-Stark model Hamiltonian. The modified
Hamiltonian is provided in Eq. (3).

Utilizing the solution derived in the previous section, we
employ a similar approach to solve the present model. The
resulting transformed effective Hamiltonian takes the form

H ′
E = Hd + Hnd + Hκd + Hκnd

= ωa†a + ωλ2 + 2λg +
(

� + Uλ2

2

)
τzG0(n)

+ U

2
λτz[F1(n)a†a − aF1(n + 1)a†] + U

2
τzG0a†a

+ κ (λ4 + λ2 + 4λ2a†a + a†aa†a) + (τ+a + τ−a†)

× [λω + g + 2κλ3 + 2κλa†a − κλTz − R+(λ)],
(15)

where λ satisfies the equation:

λω + g + 2κλ3 + 2κλa†a + κλTz + R−(λ) = 0. (16)

Furthermore, by considering the 2 × 2 subspace, similar to
Eq. (8), the excited state energy can be determined as

H ′
11 = H11 + κ (λ4 + λ2 + 4λ2n + n2),

H ′
12 = H12 + 2κλ3 + κλ(2n + 1),

H ′
21 = H21 + 2κλ3 + κλ(2n + 1),

H ′
22 = H22 + κ[λ4 + λ2 + 4λ2(n + 1) + (n + 1)2]. (17)

023720-5



GEN LI, HAO ZHU, AND GUO-FENG ZHANG PHYSICAL REVIEW A 108, 023720 (2023)

1 1.5 2 2.5
-2

-1

0

1

2

3

4(a) (b)

1 1.5 2 2.5
-2

-1

0

1

2

3

4

FIG. 5. The energy spectrum of the completed Rabi-Stark model
is shown as a function of the Stark coupling U with � = ω and
g = 0.2ω: (a) κ = 0.1ω; (b) κ = 0.01ω. The solid and dashed lines
correspond to the positive and negative branches of energy obtained
using our method. The red cross symbols represent the numerical
results of the first 30 lowest energy levels obtained through the
truncated numerical method.

Moreover, the energy expectation value of |−x, 0〉 can be
expressed directly as

E ′
0 = ωλ2 + 2λg

+
(

Uλ2 − �

2
− 2Uλ4

)
e−2λ2 + κλ2(1 + λ2). (18)

Figure 5 displays the energy spectra of the completed
Rabi-Stark model as a function of the Stark coupling U . Our
analytical results demonstrate good agreement with the trun-
cated numerical results. In contrast to the original Rabi-Stark
model shown in Fig. 3, the lowest energy level no longer
exhibits divergence when the value of the Stark coupling U
exceeds the original critical point. This implies the existence
of a specific ground-state energy level in the system. The
inclusion of a nonlinear photon term ensures the system re-
mains well defined even for U > 2ω. Notably, the first energy
level crossing occurs after the original critical point without
the presence of high degeneracy, signifying the elimination of
spectral collapse.

D. Completed model in the CO limit

With the successful avoidance of spectrum collapse
through the introduction of the nonlinear term, our attention
now turns to the behavior of the completed Rabi-Stark model
in the classical oscillator (CO) limit and the presence of a
possible phase transition.

The mean photon number, as shown in Fig. 6, exhibits
a distinctive “staircase” pattern as a function of the Stark
coupling U in the CO limit, i.e., ω � �. In this case, each step
of the “staircase” shows a uniform width, and as the parameter
κ increases, the first step, representing the intersection point
of the ground and first excited energy levels, shifts towards
larger values of U , contrary to the critical point at U = 2ω

in the original model. Conversely, as κ decreases, the step
widths in the staircase pattern become narrower, resulting in
a steeper staircase, and ultimately diverging to infinity as κ
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FIG. 6. The mean photon number of the ground state in the com-
pleted Rabi-Stark model is shown as a function of the Stark coupling
U for different photon coupling κ in units of ω, with g = 0.1ω and
� = 200ω.

approaches zero. This divergence signifies the transition of the
completed Rabi-Stark model back to the original Rabi-Stark
model, where the phase transition occurs.

Considering both � needs to be large enough in the CO
limit and κ needs to be small enough to preserve some phys-
ical features of original model such as phase transition, we
set κ = 1/� and plot the renormalized mean photon number,
a†a/� in Fig. 7 as a function of U while keeping �/ω → ∞.
Interestingly, it is observed that the latter part of the mean
photon number function displays a linear behavior with a fixed
slope.
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FIG. 7. The renormalized mean photon number of the ground
state in the completed Rabi-Stark model is shown as a function of
the Stark coupling U in units of ω, with g = 0.1ω, κ = 1/� and
(a) � = 200ω, (b) � = 1000ω. (c) The mean photon number of
the ground state in the completed Rabi-Stark model vs the Stark
coupling U for different � in units of ω, with g = 0.1ω, κ = 1/�.
The behavior of the mean photon number becomes sharper near the
critical point as the ratio �/ω increases.

023720-6



SOLVING AND COMPLETING THE RABI-STARK MODEL … PHYSICAL REVIEW A 108, 023720 (2023)

In Fig. 7(c) employing a logarithmic y axis for clarity, it
becomes evident that as � increases, the mean photon number
of the ground state exhibits a sharper change in the vicinity of
the critical point when κ = 1/�. The mean photon number of
the ground state serves as an order parameter, and this behav-
ior bears resemblance to the second-order transition observed
in the Jaynes-Cummings model within the classical oscillator
limit (CO limit) [21].

Next, we analyze the features shown above using analytical
methods. In the ultrastrong coupling regime, the completed
Rabi-Stark model can be approximately reduced to a 2 × 2
Hilbert subspace as shown in Eq. (17). In the CO limit, where
the parameter �/ω becomes infinitely large, the constraint
condition for the parameter λ can be approximated as

λ � − g

Un + � + G + 2κn − κTz
. (19)

By considering terms up to first-order precision in the
matrix elements of the Hamiltonian within the 2 × 2 subspace
and neglecting the term that contributes insignificantly com-
pared to other terms in the expression for the eigenenergies,
the lower eigenenergy of this energy matrix can be written as

E|n,−x〉 = −1

2
nU − �

2
+ n(nκ + ω) + 2λg, (20)

where n = 1, 2, . . .. Noting that Eq. (18) is consistent with this
equation by taking n = 0 in CO limit, the negative branches
of the spectrum can be approximated by this unified equa-
tion with n = 0, 1, 2, . . ..

From this equation, we can obtain that the level crossing
position as

U = 2ω + 2κ + 4nκ, n = 0, 1, 2, . . . . (21)

When n = 0, the first intersection position is U = 2ω + 2κ ,
which illustrates the influence on the phase boundary of the
adding nonlinear photon term. Moreover, the distance be-
tween neighboring intersection positions becomes U = 4κ ,
which explains the equal step width in Fig. 6.

The linear relationship between the renormalized mean
photon number and the Stark coupling U can also be fur-
ther confirmed by considering Eq. (21) in the form U =
2ω + 2κ + 4n/� under the condition κ = 1/�, which yields
a slope of l = 1/4. Additionally, a more detailed analysis
using a geometric approach in Appendix B leads to the same
result.

In summary, within the ultrastrong coupling regime and for
small photon coupling κ , as the Stark coupling U exceeds
a certain threshold, the mean photon number of the ground-
state transitions from 0 to 1 instead of diverging to infinity.
This transition is characterized by a “staircase” pattern in the
function of the mean photon number. As the photon coupling
κ increases, the step width in the staircase pattern, which
analytically written at 4κ , widens. This observation indicates
that larger values of photon coupling κ have a significant
influence on the behavior of the mean photon number for Stark

coupling values beyond the critical point, impeding photon
transitions between energy levels. Furthermore, the completed
Rabi-Stark model exhibits a phase boundary shifted by 2κ

compared to the original model, resulting in a higher critical
point. Notably, the mean photon number demonstrates a linear
relationship with the Stark coupling U , featuring a fixed slope
of l = 1/4 as the photon coupling κ approaches 1/�.

IV. CONCLUSIONS

In this study we present an analytical approach to ap-
proximate the quantum Rabi-Stark model in the ultrastrong
coupling regime by transforming it into a solvable Jaynes-
Cummings-like model. We validate the effectiveness of our
analytical method by comparing our results with direct nu-
merical calculations. By analyzing the energy spectra shown
in Fig. 3, we observe the occurrence of the spectral collapse
phenomenon at the critical point U = 2ω, which marks the
boundary of the superradiant phase transition. When the Stark
coupling U > 2ω, the system lacks a ground state, resulting in
an unbounded energy. To address this instability, we introduce
a nonlinear photon term κ (a†a)2, representing photon-photon
interaction, to the Hamiltonian. Remarkably, this additional
term stabilizes the model and eliminates the spectral collapse
phenomenon, allowing the system to possess a well-defined
ground state and to be completed.

We also investigate both the completed Rabi-Stark model
and the original Rabi-Stark model in the classical oscillator
(CO) limit. By neglecting higher-order terms with negligible
contributions to the energy, we derive a simplified analytical
expression for the energy spectra. We provide a theoretical
explanation for the macroscopic occupation of the ground
state and the occurrence of spectral collapse in the original
model. For the completed Rabi-Stark model in the CO limit,
we discover that the energy spectrum of the negative branches
exhibits a linear relationship, and all energy levels can be
described by a unified expression [Eq. (20)]. The mean photon
number of the ground state displays a “staircase” pattern with
a constant step width of 4κ , as demonstrated analytically.
The photon coupling κ influences photon transitions between
energy levels. Specifically, when κ approaches 1/�, the mean
photon number of the ground state exhibits a fixed slope of
l = 1/4, which distinguishes it from the behavior of the orig-
inal Rabi-Stark model. Moreover, the mean photon number
undergoes a second-order transition, reminiscent of the behav-
ior observed in the Jaynes-Cummings model within the CO
limit. We also investigate the impact of the additional photon-
photon interaction term on the quantum phase transition. The
phase boundary is shifted by 2κ , leading to a new critical point
at U = 2ω + 2κ . This term transforms the superradiant phase
into a “completed” phase throughout the coupling regime,
in contrast to the unstable superradiant phase of the original
Rabi-Stark model. Our findings shed light on the study of the
unbounded-from-below superradiant phase transition caused
by the spectral collapse phenomenon.
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APPENDIX A: SIMPLIFICATION OF THE
RABI-STARK MODEL

We apply a unitary transformation using the operator
exp[λσz(a† − a)] to the Hamiltonian [Eq. (4)], where λ is a
parameter constrained by the following condition. Following
this transformation, the effective Hamiltonian can be divided
into four distinct parts,

ĤE = Ĥ1 + Ĥ2 + Ĥ3 + Ĥ4, (A1)

where

Ĥ1 = ωa†a − λωσz(a† + a) + ωλ2,

Ĥ2 = �

2
{σx cosh[2λ(a† − a)] + iσy sinh[2λ(a† − a)]},

Ĥ3 = −g[σz(a† + a) − 2λ],

Ĥ4 = U

2
cosh[2λ(a† − a)][σx(λ2 + a†a) + iσyλ(a† + a)]

+ U

2
sinh[2λ(a† − a)][λσx(a† + a) + iσy(λ2 + a†a)].

(A2)

Here the terms cosh[2λ(a† − a)] and sinh[2λ(a† − a)] can be
expanded by the expansion formula of cosh(x) and sinh(x).
These two terms can be written as

cosh[2λ(a† − a)] = G0(N ) + G1(N )a†2 + a2G1(N ) + · · · ,

sinh[2λ(a† − a)] = F1(N )a† − aF1(N )

+ F2(N )a†2 − a2F2(N ) + · · · , (A3)

where Gi(N )(i = 0, 1, 2, . . .) and Fj (N )( j = 1, 2, . . .) are
associated to the parameter λ and the photon number n. There-
fore, other terms in Eq. (A1) can be simplified by

sinh [2λ(a† − a)](a† + a)

= F1(N )a†2 + F1(N )a†a − aF1(N )a† − aF1(N )a + · · · ,

cosh [2λ(a† − a)](a† + a) = G0(N )a† + G0(N )a + · · · ,

sinh [2λ(a† − a)]a†a = [F1(N )a† − aF1(N )]a†a + · · · ,

cosh [2λ(a† − a)]a†a = G0(N )a†a + G1(N )a†3a + · · · .

(A4)

The high-order terms of a and a† are neglected since they
primarily impact the far off-diagonal elements of the Hamil-
tonian. These terms make minimal contributions to the total
energy, indicating their relevance within perturbation theory.
As a result, the effective Hamiltonian can be simplified to

ĤE = Ĥ1 + Ĥ2 + Ĥ3 + Ĥ4

= ωa†a − (λω + g)σz(a† + a) + ωλ2 + 2λg

+
(

�

2
+ U

2
λ2

)
{σxG0(n) + iσy[F1(n)a† − aF1(n)]}

+ U

2
σx[λF1(n)a†a − λaF1(n)a† + G0(n)a†a]

+ iU

2
σy{[F1(n)a† − aF1(n)]a†a + λG0(n)(a† + a)},

(A5)

where G0(n) and F1(n) can be calculated directly, with
G0(n) = 〈n|G0(N )|n〉 = 〈n| cosh[2λ(a† − a)]|n〉 = Ln(4λ2)
exp(−2λ2), and F1(n) = 〈n + 1| sinh[2λ(a† − a)]|n〉 =
2λL1

n (4λ2) exp(−2λ2)/(n + 1). In the expression above Ln(x)
is the Laguerre polynomial, and L1

n (x) is the associated
Laguerre polynomial with superscript 1.

After performing a transformation of the Hamiltonian
into the representation defined by σx (i.e., σx|±x〉 = ±|±x〉),
where σx = τz, σy = −i(τ+ − τ−), σz = −(τ+ + τ−),
the effective Hamiltonian can be simplified as the sum of
diagonal and nondiagonal terms, denoted by Hd and Hnd,
respectively:

Hd = ωa†a + ωλ2 + 2λg +
(

�

2
+ U

2
λ2

)
τzG0(n)

+ U

2
λτz[F1(n)a†a − aF1(n + 1)a†] + U

2
τzG0(n)a†a,

Hnd = (τ+a + τ−a†)[λω + g − R+(λ)]

+ [τ+a† + τ−a)(λω + g + R−(λ)], (A6)

with

R+(λ) = 1

2
F1(n)(� + Uλ2 + Un) + U

2
G0(n)λTz,

R−(λ) = 1

2
F1(n)(� + Uλ2 + Un) − U

2
G0(n)λTz. (A7)

In the nondiagonal term, Tz takes values of ±1 corresponding
to the different energy levels of the spin operator associated
with τz. The parameter λ is chosen to satisfy

λω + g − U

2
G0(n)λTz + F1(n)

2
(� + Uλ2 + Un) = 0. (A8)

The resulting effective Hamiltonian takes the form of a
Jaynes-Cummings-like model, exhibiting diagonal elements
except for its final term in the Hamiltonian

HE =
(

ω + U

2
τzG0(n)

)
a†a +

(
�

2
+ U

2
λ2

)
τzG0(n)

+ (2g + ωλ)λ + U

2
λτz[F1(n)a†a − aF1(n + 1)a†]

+ (τ+a + τ−a†)[λω + g − R+(λ)]. (A9)

In the experimental setup where the Rabi coupling g is
relatively small (g < 0.5ω) in the ultrastrong coupling regime,
the parameter λ is also small [7]. The Laguerre polynomial
and the associated Laguerre polynomial can be expanded up
to the zero-order term, Ln(4λ2) � 1 and L1

n (4λ2) � n + 1,
respectively, leading to an approximate analytical solution

λ � − g

ω + (
� ± U

2 + Un
)

exp
[−2

( g
ω+�±U/2+Un

)2] .

(A10)

From this Hamiltonian expression in Eq. (A9) mentioned
above, the energy spectrum can be obtained within the sub-
spaces {|+x, n〉, |−x, n + 1〉}, n = 0, 1, 2, . . . ,

HE =
(

H11 H12

H21 H22

)
, (A11)
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where

H11 = nω + 2gλ + λ2ω + e−2λ2
Ln(4λ2)

(
� + nU + λ2U

2

)
+ λ2Ue−2λ2

[
L1

n+1(4λ2)

n + 2
− L1

n (4λ2)

n + 1

]
,

H12 = √
n + 1

[
g + λω − 1

2
λUe−2λ2

Ln(4λ2) − λe−2λ2
L1

n (4λ2)
(
� + nU + λ2U

)
n + 1

]
,

H21 = √
n + 1

[
g + λω + 1

2
λUe−2λ2

Ln+1(4λ2) − λe−2λ2
L1

n+1(4λ2)
(
� + (n + 1)U + λ2U

)
n + 2

]
,

H22 = (n + 1)ω + 2gλ + λ2ω − e−2λ2

{
Ln+1(4λ2)

� + (n + 1 + λ2)U

2
+ Uλ2

[
L1

n+2(4λ2)

n + 3
− L1

n+1(4λ2)

n + 2

]}
.

Since the Hamiltonian [Eq. (A9)] takes the Jaynes-Cummings
form, the energy expectation value of |−x, 0〉 can be directly
obtained as

E0 = 〈−x, 0|HE |−x, 0〉

= ωλ2 + 2λg − � − Uλ2 + 4Uλ4

2
e−2λ2

, (A12)

the state |−x, 0〉 corresponds to the ground state of the system
before the level crossing. For a zero value of the Stark cou-
pling U , the results are consistent with those of the quantum
Rabi model.

APPENDIX B: GEOMETRIC METHOD
FOR THE FIXED SLOPE

We demonstrate an alternative geometric method to deter-
mine the slope in Fig. 7. First, we determine the step width
as 4κ ,which is obtained from Eq. (21). Next, we evaluate the

mean photon number for the negative branches of interest as
follows:

〈a†a〉|0,−〉 = 〈ϕ0|a†a|ϕ0〉 = λ2 � 0, (B1)

where |ϕ0〉 = eiπσy/4e−λσz (a†−a)|0,−x〉. For n � 1,

〈a†a〉|n,−〉 = (n + λ2)C2
1 + (n + 1 + λ2)C2

2

+ 2λ
√

n + 1C1C2, (B2)

where the values of C1 and C2 are determined by the eigenvec-
tor. Therefore, the step height can be expressed as

〈a†a〉|n+1,−〉 − 〈a†a〉|n,−〉
�

= 1

�
, (B3)

and the slope l in Fig. 7 can be obtained as

l = 1/�

4κ
= 1

4
. (B4)
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