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Resonant parametric photon generation in waveguide-coupled quantum emitter arrays
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We have developed a theory of parametric photon generation in the waveguides coupled to arrays of quantum
emitters with temporally modulated resonance frequencies. Such generation can be interpreted as a dynamical
Casimir effect. We demonstrate numerically and analytically how the emission directionality and photon-photon
correlations can be controlled by the phases of the modulation. The emission spectrum is shown to be strongly
dependent on the anharmonicity of the emitter potential. Single- and double-excited state resonances have been

identified in the emission spectrum.
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I. INTRODUCTION

Waveguide quantum electrodynamics, describing photon
interaction with arrays of emitters coupled to the waveguide,
is now rapidly developing [1-3]. This platform allows con-
trollable generation of quantum light [4], and control over
lifetimes [5] and entanglement [6,7] of coupled atom-photon
excitations. Even more possibilities are opened in the struc-
tures with the parameters dynamically modulated in time [8].
This enables Floquet engineering and realization of synthetic
dimensions [9,10] as well as control of quantum photon-
photon correlations [11,12]. Such time modulation has been
recently demonstrated, for example, for the superconducting
transmon emitter platform [13].

One more fundamental physical effect, that becomes possi-
ble in the dynamically modulated structures, is the parametric
generation of photon pairs. Such generation can be also in-
terpreted as a dynamical Casimir effect. This effect has been
first proposed for the cavity with a moving wall [14]. To
the best of our knowledge, it has been never directly ob-
served in this setup so far, because of the extremely low
photon generation rate at realistic parameters (see the review
in Ref. [15]). However, there also exist generalized dynamical
Casimir effects, where other electromagnetic properties of the
medium are changing instead of physical movement of the
mirror in space. For example, parametric photon generation
due to electron-hole plasma generated and moving in a semi-
conductor under laser pulse excitation has been theoretically
considered in Ref. [16]. A seminal observation of an analog of
the dynamical Casimir effect in a superconducting circuit was
made in Ref. [17]. The effective length of the transmission line
has been modulated by changing the inductance of a supercon-
ducting quantum interference device. A detailed theoretical
analysis of such systems has been performed in Refs. [18,19].
Two-photon entanglement in this setup has been experimen-
tally studied in Ref. [20]. However, the consideration has been
limited to the case when the modulated elements were not
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resonant for the generated photons. The dynamical Casimir
effect in the arrays of resonant modulated emitters has not
yet been explored. The resonant structures could potentially
allow one to selectively enhance the photon generation and
control the correlations between them. Recently, a theory of
dynamical Casimir effect in the general dynamically modu-
lated photonic structures has been put forward in Ref. [21].
However, the considered setup did not include two-photon
interactions, essential for the emitter platform.

Here, we consider a parametric photon generation by an
array of emitters with strongly dynamically modulated reso-
nant frequencies, coupled to the waveguide. In such a system
there exist resonances for generated photons and photon pairs
near the single- and double-excited levels of the emitters. Our
goal is to explore the role of the various collective emitter
resonances for the intensity, directionality, and the quantum
correlations between the emitted photons.

The rest of the paper is organized as follows. Our theo-
retical model and calculation approach, based on the master
equation, are presented in Sec. II. We discuss the numerical
and analytical results for a single emitter in Sec. III. The
arrays with N > 1 emitters are considered in Sec. IV and the
main results are summarized in Sec. V. Appendix B presents
an equivalent alternative Green-function-based diagrammatic
approach to calculate the photon emission intensity and
the photon-photon correlation functions. Analytic results ob-
tained by this approach for a particular case of N = 2 emitters
are given in Appendix C.

II. MODEL

The structure under consideration is schematically illus-
trated in Fig. 1. It consists of N periodically spaced emitters
in the one-dimensional waveguide. The resonant frequencies
of the emitters are modulated in time with the modulation
frequency 2. The Hermitian part of the system Hamiltonian
can be written as H = Hj + ZIJV V;, where (i = 1)

N U N
Hy, = Z <a)0aj.aj + Eaja}cycy) + Z Re(Djk)aj.ak @))
j=1 Jok=1
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FIG. 1. Scheme of the structure under consideration. The array
of emitters with modulated-in-time resonant frequencies is coupled
to a waveguide.

is the unperturbed Hamiltonian and a; are the bosonic annihi-
lation operators for the emitter excitations, located at the point
x; =d(j — 1). The first term of Eq. (1) describes the structure
of the emitter energy levels which is shown in the red frame
in Fig. 1 (first three levels) for + = 0. The energy of the first
excited level is wy while the second excited level has energy
2w + U assuming the anharmonicity U <« wy. The radiative
coupling and collective decay of the emitters are described by
the photon Green’s function

Dj = —iype™ i l/e, 2

where y|p is the radiative decay rate of a single emitter. The
coupling is long ranged since it is mediated by photons, prop-
agating into the waveguide [1]. The perturbation responsible
for modulating the frequency of each emitter reads

V= gj(a']‘: + aj)2 cos(Q2r + ¢;). 3)

Here, g; and ¢; are the amplitude and the phase of the
modulation, respectively. The time evolution of the system is
described by the master equation [1,11]

N

p=—ilH.pl+ ) yuQajpa; — ajarp — pajay). (4)
k=1

where yjr = —Im(Dj)+ 3y and y is the nonradiative

decay rate. Such a system, with the anharmonicity term
and the parametric driving, can be experimentally realized
in the microwave spectral range by superconducting quan-
tum LC circuits, where the Josephson junctions are used
as nonlinear inductance [22]. Such systems are now widely
used as superconducting qubits (see the review in Ref. [23])
and their parameters satisfy the regime wy > U > yip > ¥
considered here. For example, the parameters of Ref. [5] cor-
respond to wy &~ 7GHz, U ~ 0.2 GHz, y;p ~ 0.03 GHz, and
y ~ 1073 GHz.

III. SINGLE EMITTER

We start by considering a single emitter coupled to a
waveguide. We are interested in the weak-driving regime
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FIG. 2. (a) Emission spectrum S of one emitter as a function
of the modulation frequency €2 and the emission frequency w.
Spectrum is calculated using the density matrix method described
in Appendix A2. The calculation parameters are wy/yip = 200,
g/vip = 0.1, U/yip = 10, y = 0. The black line in (b) shows the
emission spectrum obtained as the cross section of the density
plot (a) for 2 = 2w, 4+ U and the red dashed line shows the spec-
trum for the same parameters obtained using the diagrammatic
approach.

when g < yip. In this case, to find the observable quantities,
it is sufficient to restrict the consideration to a three-level
emitter. The method of finding the stationary density matrix
[solution of Eq. (4) for yipt >> 1] is described in Appendix A.
The total photon emission rate reads 2ypl;; i.e., is determined
by the number of emitter excitations,

Iy = Tr(poa’a)
48°(Q% + (U + 2w0)* + 4y3)

T 42+ (Q-U — 2002412 + (Q+ U + 2w0)2]’
(5)

and their radiative decay rate. Here, po is the time-
averaged density matrix of the emitter and yx = yip + ¥ (see
Appendix A 1). The highest intensity is achieved when the
modulation frequency is in resonance with the transition be-
tween the ground level and the second excited level of the
emitter, Q = 2wy + U.

Another important characteristic is the spectrum of the
photon emission. It can be found using the quantum regres-
sion theorem as described in Appendix A 2. The result of the
calculation according to Eq. (A15) is shown in Fig. 2. As
mentioned above, the maximum integral intensity is reached
at the modulation frequency 2 = 2wy + U. The emission
spectrum consists of two peaks, one at the frequency wy,
which corresponds to the transition between the ground and
first excited levels of the emitter, and the other peak at the
frequency €2 — wy. This reflects the fact that the photons are
born and emitted in pairs with the average energies wy and
Q — wy, i.e., with the total energy 2. The spectrum for the res-
onant modulation frequency obtained with the density method
is shown by the black line in Fig. 2(b). The diagrammatic
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approach (Appendix B) yields the spectrum
28" yip
[(Q — 2wy —U)? + 47’121)]
[(Q — 2w0)* + 4)/12])]
x 22 R
[(@ = @0)? + ¥} [[(@ — Q@+ w0)? + ¥} ]

S(w) =

(6)

which is shown by the red dashed line and, as we can see, it
perfectly agrees with the black line.

IV. EMITTER ARRAYS

We now proceed to the discussion of the parametric gener-
ation from emitter arrays.

A. N = 2 Emitters

We start with the case of just a pair of emitters. We assume
that the coupling constants are equal, g1 = g, = g, and that
the phases are ¢; = 0, ¢, = ¢. Unlike the case of a single
emitter, this system can emit directionally because of the
interference between photons from the first and the second
emitter.

The photons traveling in the left (right) direction are cou-
pled to the combination of the emitters’ lowering operators
P+ = a1 + axe', where qd = wod/c is the phase gained
by the photon as it travels between the two emitters. The
photon emission intensity to the left is determined by /- =
Tr(pop’ p—) [1] and can be obtained by using the stationary
density matrix (Appendix A).

Figure 3 presents the calculation of /_ for the three values
of the parameter U/yp. Figures 3(a)-3(c) correspond to the
case of symmetric modulation, when both emitters are excited
in phase (¢ = 0). In this case, we can see that the sharp
intensity minima appear in the vicinity of red dotted lines
which correspond to dark single-excited states. The highest
intensity is achieved when the modulation frequency is close
to the real parts of the energies of the certain double-excited
eigenstates (gray lines). The latter are found by diagonaliz-
ing the non-Hermitian two-photon Hamiltonian H ® 1 + 1 ®
H + U, where H and U are defined in Appendix B. For in-
phase modulation the intensity is enhanced near symmetric
states in terms of emitter permutation, whose energies are

Uu 1
€12 = 2w — 2iyip + = 3 j:—1/U2—16y e2iad  (7)

If U/yip <4 [Fig. 3(a)], the energies of the three eigen-
states are close and intersect when wod/c is varied. As
U/yp is increased, at a certain threshold [Fig. 3(b), U/yip =
4] the symmetric states are rearranged into two isolated
bands, which get separated by the gap of U for large U/yip
[Fig. 3(c)]. The upper state ~ (a al + a2a2)|0> has the energy
Ree; = 2wy + U which is almost independent of the distance
d, but the lower band (with the energy Re &, & 2w)) is mainly
formed by the states that comprise the pair of excitations
in different emitters, aa}|0). Such states cannot be excited
by the perturbation operator in Eq. (3), which includes the
products of two operators a; with the same j only. There-
fore, the emission intensity near the lower band is quenched
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FIG. 3. The photon emission intensity to the left, I_ = (p' p_),

for two emitters as a function of a distance between the emitters d
and the modulation frequency 2. Calculations have been performed
in the case of symmetric modulation (¢ = 0) for (a) U/yip = 1,
() U/yip =4, (¢) U/yip = 10, and (d) antisymmetric modulation
(¢ = m) for U/y1p = 10. Other calculation parameters are wy/yip =
200, g/yip = 0.1, and y /yip = 0.1. Gray lines represent the double-
excited eigenstates. Red dotted lines show the intensity minima.

(see also Appendix C for the complete analytical expression).
The case of out-of-phase modulation (¢ = ) is shown in
Fig. 3(d). Here, we see no minima at the frequency of dark
single-excited states and the overall dependence on distance
d is rather weak, because the energy of the antisymmetric
state (a al — a;a2)|0) does not depend on the distance and
is equal to 2wy + U. The maximum intensity is observed near
this frequency.

The dependence of the emission on the modulation phase
is shown in more detail in Fig. 4, which presents the calcu-
lation of /_ for the modulation frequency 2 = 2wy + U that
corresponds to the resonance for a single emitter. In the case of
U/yip = 1 [Fig. 4(a)] the maximum is observed at wod /c ~
7 which corresponds to the resonance with a double-excited
eigenstate [cf. Fig. 3(a)]. As the ratio U/y)p increases, the
structure of /_ becomes more smooth along the d axis, due to
the decreasing dependence of the eigenstates on the distance
d. In contrast, the dependence of I_ on ¢ becomes more
pronounced [see Figs. 4(b)—4(d)]. Note that the photon emis-
sion intensity to the right, I, , can be obtained by flipping the
sign of ¢. The obtained maps, especially Fig. 4(b), are highly
asymmetric with respect to this operation, which indicates the
high directivity of the emission. In the case U/yp > 1, which
is shown in Fig. 4(d), the answer can be obtained analytically.
At Q = 2wy + U, we can neglect the state when different
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FIG. 4. The photon emission intensity to the left, /_, for a pair
of emitters as a function of the distance d and the modulation phase
¢ for the modulation frequency Q2 = 2w, + U and different U indi-
cated in the figure. Calculation has been performed for g/yp = 0.1,
a)o/)/]]) = 200, and ]//)/ID = 0.05.

emitters are excited simultaneously. Then, we find

sin ¢ sin(2wopd /c)
3 —cosRuwod/c)

in the absence of the nonradiative decay rate y = 0 (see also
Appendix C). The second term on the right-hand side of
Eq. (8) describes the interference between the photon pairs
generated by the two emitters. Importantly, the interference
term is odd in ¢; thus its contribution is opposite for 7_
and I, which results in a directional emission. The maximal
degree of directivity, (I_ — I,)/(I_ + I,) = +/2/8 ~ 0.18, is
achieved for ¢ = /2 and wyd/c = arctan(2+/2)/2 ~ 7 /5.
The intensity reduction in the corners of the panels in Fig. 4 is
out of the scope of Eq. (8) and explained by the finite nonra-
diative decay that was taken into account in the calculation.

We also present in Fig. 5 the (unnormalized) photon-
photon correlation function G% = (pT_ pT_ p—p—) for sym-
metric [Fig. 5(a)] and antisymmetric [Fig. 5(b)] modulation
of the emitters. The calculation demonstrates that the largest
values of G®)_are achieved at the two-photon resonance 2 =
2wo + U. In order to explain the calculated dependence of the
correlation function on the distance between the emitters d,
we have obtained an analytical expression similar to Eq. (8)
and valid for U/yp > 1:

G® = L[l + cosQuyd /c — ¢)] 9)

=1 [2 + (8)

(see also Appendix C). The simple form of Eq. (9) describes
the interference of the two independent coherent sources
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FIG. 5. The second-order correlation function for a pair of emit-
ters in the case of (a) symmetric (¢ = 0) and (b) antisymmetric
(¢ = m) modulation. Calculation has been performed for the follow-
ing set of parameters: U/yp = 10, wy/yip = 200, g/yip = 0.1, and
y/yip =0.1.

separated by distance d and emitting with the phase differ-
ence ¢. The fact that the two-photon emission and detection
is considered is accounted by the factor of 2 in the phase
2wod /c that the photon pair gains when traveling the dis-
tance d. If the emitters are modulated in phase (¢ = 0), the
maxima of Eq. (9) are realized for the periods when wyd /c =
0, 7, 2m, .. .. The out-of-phase modulation occurs when ¢ =
m corresponds to the maxima at wod/c =m/2,37/2,....
This agrees with the numerical calculations in Fig. 5. For
symmetric modulation there exists also an additional mini-
mum in Fig. 5(a), corresponding to a strong antibunching.
According to our analytical expression in Eq. (C2), this min-
imum corresponds to the frequency Q2 = 2wy — 2yp tan gd.
The corresponding expression is shown by a red dotted line in
Fig. 5(a) and well describes the numerical results.

B. N = 4 Emitters

We have also calculated the two-photon correlation func-
tion for a larger array with N =4 emitters. This is the
minimum emitter number required to have double-excited
subradiant states [5,24,25]. Such states have long radiative
lifetime because of the destructive interference in the sponta-
neous photon emission processes. They exist for wyd/c < 1
(or |wpd/c — | « 1), and their lifetime is enhanced by the
factors on the order of 1/(wod/c)?> (1/|wod/c — |*). Hence,
we can expect the appearance of additional sharp spectral
features in G2 for N =4 due to the double-excited sub-
radiant states. The corresponding color plots of calculated
G? are shown in Fig. 6. The correlation function G? has
maxima around 2 = 2w + U, similarly to the case of N = 2
emitters. As expected, there also appear minima at Q ~ 2wy
when the distance between the emitters is either small or close
to ¢ /wo. The map of G? in the region of small wyd/c
is shown in Fig. 6(b) in detail. One can see that on top of
the smooth minimum two sharp maxima appear [see two
lower dotted lines in Fig. 6(b)]. Their position matches the
energies of the two subradiant states 2wy — 2y pwod /c and
2w — (14/3)y1pwod /¢ [24].
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FIG. 6. (a) The second-order correlation function for an array
of four emitters in the case of frequency modulation of the first
emitter only. (b) The area highlighted with a green square in panel
(a). Red dotted curves represent the real parts of the energies of
double-excited states. Calculation has been performed for the fol-
lowing set of parameters: wy/y1p = 200, U/yip = 10, g/yip = 0.1,
and y /yip = 0.

V. SUMMARY

To summarize, we have developed a general theory of
parametric photon generation from arrays of emitters coupled
to the waveguide that are modulated in time. Using the two
independent approaches, the master equation for the density
matrix and the diagrammatic Green’s function technique, we
have studied the dependence of the photon emission spectrum
and photon-photon correlation functions on the anharmonicity
of the emitter potential U, the distance between the neighbor-
ing emitters, and the relative modulation phase ¢.

The calculated emission spectrum is very sensitive to the
emitter anharmonicity parameter. The anharmonicity controls
the relative weight of the spectral features around the single-
and double-excited emitter resonances. The latter become
more prominent with the increase of the anharmonicity. When
the number of emitters is N = 4 or larger, additional sharp
spectral features, corresponding to the double-excited subradi-
ant states, appear in the spectrum. We have also shown that the
interference between photons emitted from different emitters
can be controlled by relative phases of their frequency modu-
lation. Our calculation demonstrates how this can be used to
obtain directional photon pair emission, similarly as it hap-
pens for nonparametric quantum photon sources [13,26,27].

We hope that our results will be useful for engineering the
parametric quantum emission from the waveguide-coupled
emitter arrays. A potentially interesting future research direc-
tion could be the system for which the spatial position of the
light emitters, rather than their resonance frequency, oscillates
in time. This would mean generalization of our concept of
an optomechanical Kerker effect [28], that is, motion-induced
directional emission, to the quantum optics regime.
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APPENDIX A: MASTER EQUATION APPROACH

In order to find a stationary solution for the density matrix,
we represent p as a vector p according to the rule p,;_y);; =
pij for an n x n matrix p. Then Eq. (4) can be written as

p=Lp+ 1V — Ve, (A1)

where the operators £ and V read

L=—iHy®1—-1Q Hy)
N
+ Z vir(2a; ® a; — a;ak ®1-—1 ®azaj),
jok=1

N
V=—iy e (@) +a4 ®1-18 ) +a)"), (A2)
j=1
and the symbol ® denotes the Kronecker product. We solve
Eq. (A1) for ypt > 1, assuming that at ¢t = 0 the modulation
is turned on. Representing the density matrix in the form of
a Fourier series p(t) =Y., e ™ p . leaving only the har-
monics with n = —1, 0, 1, and substituting it into Eq. (Al)
we obtain the harmonics with n = %1 and a system of equa-
tions for the zero harmonic of the density matrix:

p_y = —5(L—i2)'Vp(0), (A3)

pi = 5(L+iQ)"'V*p(0), (A4)

Lpy=—1V(LA+iQ)V* + V(L —iQ)'V)p(0). (AS)

Here, a vector p(0) = (10 --- 0) corresponds to the initial
vacuum state.

1. Emission of a single emitter

In the weak modulation regime g < yp, we can restrict
the consideration to only the first three levels of the emitter
and take the annihilation operator in the form

01 0
a=[0 0 V2|. (A6)
0 0 0

We get linear-in-g harmonic with n = —1 from Eq. (A3) with
nonzero elements
8

V202 = 2wy — U) — 2iys]
g
V2[(Q + 2w + U) = 2iys]

and from Eq. (A4) we get p; = ,OL- The solution of Eq. (AS)
yields nonzero elements of the quadratic-in-g zero harmonic,

g

(p-iz =

(AT)

(p—1)31 = —

0 = TR + e — iU+ 2002
(00)n = 2¢°
o (4yg+Q°+(U~+2w)))
[4y2+(Q — 2wy — U P1[4y2+(Q4+2w0+U )1’

(P0)31 = (Po)i3,  (P0)33 = %(,00)22- (A8)
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The stationary density matrix enables us to calculate the emis-
sion intensity. Note that the harmonics with n = 41 do not
contribute to the intensity
I =(a'a) = (Tr(p(t)a'a));
=Tr(poa'a) = ()22 + 2(p0)s3. (A9)

This yields Eq. (5) in the main text.

2. Emission spectrum of a single emitter

We define the emission spectrum as

Q 2/ oo )
S(w) =2— Ref dt’/ dt e @ (a' (t' + D)at)).
2 0 0
(A10)
The integration over ¢’ is performed over the period 27 /Q

since the perturbation is periodic. According to the quantum
regression theorem [29]

Q 27/9 ) '
S(w)=2— Re/ dt’/ dt e T Tr(a' p*(t' + 1)),
2n 0 0
(A1)

where p?(t) satisfies Eq. (A1) with the initial condition p“(¢t =
t') = ap(t') which can be represented in integral form as

i+ 1) = 5T ()
T
+ / dt' " F@ + ) + 1),  (Al12)
0

where the perturbation F(t) = (Ve — V*e~¥) and initial
°(t") = apy + ap_1e"¥ + ape”™¥ . Then, up to second or-
der in g, it reads

T
Pt + 1) =eTp"(t)) + f dv'e“ I F( + 1) T
0

Q' a 49:’) )

X (p‘ile + pje (A13)

Performing averaging over ¢’ and considering that V* = —V
for a single emitter, we get

2

—iQr’ a QT
+ p{e®7).

1 [ , ,

B o =5 [ deee e
0

X (pile (A14)

This enables us to get the emission spectrum
o0
S(w) = 2Ref dr e 7 Tr(aT(,o“(t’ +))).  (AlS)
0

The result of the calculation according to Eq. (A15) is shown
in Fig. 2.

APPENDIX B: DIAGRAMMATIC APPROACH

In the case of weak modulation, only the states with a small
number of excitations are populated. They can be described
in the framework of the perturbative diagrammatic approach.
The consideration generalizes the results of Refs. [24,30,31]
and also Ref. [32] for the structures, modulated in time. A
somewhat similar consideration for time-modulated structures

(@ w w

FIG. 7. (a) Diagrams representing the amplitude of two-photon
generation by modulated emitters. The dashed line represents the
modulation, solid lines are the Green’s functions of emitter excita-
tions, and wavy lines are the outgoing photons. (b) The diagrammatic
equation for the dressed vertex (solid circle) that describes the inter-
action of two emitter excitations. The open circle represents the bare
vertex corresponding to the interaction amplitude U.

is also available in Ref. [11], but that work does not consider
parametric photon generation.

The diagram representing the (not normalized) wave func-
tion of the generated photon pair is shown in Fig. 7(a). The
dashed line represents the modulation that creates a pair of
emitter excitations (solid lines). Then, the excitations prop-
agate in the structure, which is described by the Green’s
functions (solid lines). The excitations can either get con-
verted to the photons directly (first diagram) or interact and
get converted to photons after that (second diagram). For the
case when both photons are emitted in the left direction this
yields

Y (@1, @) =yip Y_ 7 (@1)s] (@)1 + (MZ);]g;
ij
X 2m8(wy + wy — ). (B1)
Here, the Green’s function of single excitation reads
G)=(w—H)"", Hj=awd+D;j, (B2

the outer lines of the diagrams correspond to

, e (wy— H
.+ = E Gi' M2 — — y B3
5 (@) ; s(@)e IyIp < w—H >1i )

and the propagation of a pair of excitations is described by
. dw
E,-j(SZ) =1 Gij(a))Gij(Q — C()) E (B4)

The dressed interaction vertex M can be determined from
the Dyson-like equation shown diagrammatically in Fig. 7(b),
which yields

ME@Q)=[U" -] " (B5)
Substituting this into Eq. (B1) we finally obtain

Y1D
Y__ (w1, w2) = 7 ZS?L(CW)S,*(wz)Mijgj
ij

X 2w é(w; + wy — ). (B6)
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The integration in Eq. (B4) can be performed explicitly,
which yields a compact expression for the M matrix:

Q-HQ1-1QH
Q-HQ1-1QH-U

M;;(Q2) = [ L{i| , B7)
i, jj

where (A ® B)iju = ,kBj,, i = AB~!, and we introduced
the diagonal N? x N? matrix Uiji = 8ijdkidul.

1. Correlation function

The second-order correlation function of the emitted pho-
ton pair is calculated as

da)lda)z
@m)?

G(Z) ('L') ——(a)l wz)eﬂa}]t iy (t47) 2L

(B8)

At zero delay we use the representation in Eq. (B7) to obtain

G? (0) = —
YD

Z (0o —H)® (wy — H)
Q-H®1-1®H-U], "

(B9)

In the limit U > yip and for |2 — 2wy — U| < yip, we
keep in the denominator of Eq. (B9) only the diagonal terms
and find

2igz; |2
G(Z) 0) = |Zz gie™ | (B10)
o (2 —2wo — U)? +4y}h
where we used (wg — H)1; = iyipe’?@=),
For |2 — 2wg| ~ y1p, the result is
| 2
GZLO) = | 2 S @IET ®@yes| . BID
ij
where
() = ! (B12)
T Q-H®1-19H |,
1 —H —H
SH@) = — | M@ H)) gy
12D Q_H®1_1®H 11,ii
2. Emission intensity
We define the intensity of emission to the left as
/nw (@1, 0 + [P 01, 0P| L2
= (w1, w (o1, ® —
1, W2 +(w1, 0 T (27 2
(B14)

where T is the normalization time and ¥ _ is the wave func-
tion of a pair of photons emitted in the opposite directions.
The latter is obtained from Eq. (B1) by replacing the factor
s;r(a)g) with 57 (w2) = ), Gij(w)e .,

Using the representation in Eq. (B7), we get

1
D8
Yip ij

2dwid
/ V(. ) 585 = -

» [(wo — H)(wo — Hy)(wo — H5 ) (wo — Hf)

(Q—H, — H})
Q-Hf —Hf Q—H —H
X —
H, — H} H} — H,
1

Hj — u34)]1111,iijj
(B15)

X
(Q—H, — H, —Upn)(Q2 — H} —

and the corresponding integral of |1/_|* is obtained in the
same way by taking the element [---]iyin,ij;. Here H; =
HRI®RIQ1L,H, =19 H® 1Q® 1, etc.

In the limit U > yp and for |2 — 2wy — U| < y1p, the
result can be simplified:

/ [V (1, w2)? §4%%
_ 2i
VH[(Q =200 — U)? + 4y} ]

x Y gigh(wo — H)i(wo — H*)1;Qnij . (B16)

ij

/ Wi (@1, @) 5%

_ i
IR = 200 — U +4y]]

X Zgigﬁ{(wo — H)1i(wo — H*)1;Qnn.ij

ij
+ (wo — H)ni(wo — H*)njQu1,ij} (B17)
where
—-H — H*
(wo ) ® (wo ) (B18)

T -H)®1—1® (w—H)

3. Optical theorem

We assume that the modulation of the emitters is performed
by an external signal. The back-action of the emitter system on
that signal can be accounted for by introducing the scattering
parameter s. Up to the second order in g, it reads

s=1-i) g%ig),
ij

(B19)

g 1
= B20
a [Q HR1-1®H — u]”” (B20)

In the absence of nonradiative losses, the optical theorem
imposes 2|s|> + I, 4+ I_ = 2. Therefore, we get

I +1 i g [ : }
_=— —1In .
y oo He T - TeH U],

(B21)
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In the limit U > yip, |2 — 2wy — U| < y1p, the result is
trivial:

8
I +1_= B22
+ © 20y —UR T Z s> (B22)
4. Emission spectrum of a single emitter
The emission spectrum can be calculated as
2 2
"+
S )_/W Pt P, 23
2w TVID

J

In the case of a single emitter the wave function ¥__ = ¢_
and it can be found from Eq. (B6):

gvin(Q2 — 2w + 2iy1p)
(2 — 2wy — U + 2iyip)
278(R —w — ')
" =0+ i7p)(@ — w0+ i71p)

Vo (w,0) =

. (B24)

The integration in Eq. (B23) yields Eq. (6) in the main text.

APPENDIX C: TWO EMITTERS

Here we apply the results of Appendix B for the system of two emitters. The general explicit expressions are quite bulky so

we consider two special cases.

1. U > Yip and IQ - 2&)0 UI Yip

In this limit, we get

2iqd |2
G2(0) = B ree (el
(2 —2wo — U + 4y,
and
B 1 (7—30052qd)|g1|2+(5—coqud)|g2|2+25in2qdlmg1g’§
Q= 2wy —U)*+4y2, 3 — cos2qd '
This yields Egs. (8) and (9) in the main text.
2. Symmetric modulation, g; =g, =g
In this case, the two-photon emission is
Q — 2wp) cos gd + 2yip sin gd :
G2 (0) = 4/ B €2
(Q — 2(1)0 + 2[]/11))(52 - 2(,()0 —-U + 2[]/1])) + 4)/1De 1q
Note that G(_z)_(O) vanishes at Q = 2wy — 2yip tan gd.
The single-photon emission intensity is found easily from the optical theorem
Q-2 sin2gd)? + 2y2,(3 — cos 2gd) sin® gd
L= =8|gP—" @o + y1p Sin 2gd)” + 2yip( gd)sin” g ©3)

(R = 20 + 2iyip)(Q — 209 — U + 2iyip) + 4y2,ead|*

We note that /. has a minimum at Q & 2wy — yp sin 2¢d. In particular, for gd = 0, we have I.(Q2 = 2wy) =0

[1] A. S. Sheremet, M. I. Petrov, I. V. Iorsh, A. V. Poshakinskiy,
and A. N. Poddubny, Waveguide quantum electrodynamics:
Collective radiance and photon-photon correlations, Rev. Mod.
Phys. 95, 015002 (2023).

[2] D. Roy, C. M. Wilson, and O. Firstenberg, Colloguium:
Strongly interacting photons in one-dimensional continuum,
Rev. Mod. Phys. 89, 021001 (2017).

[3] D. E. Chang, J. S. Douglas, A. Gonzélez-Tudela, C.-L. Hung,
and H. J. Kimble, Colloquium: Quantum matter built from
nanoscopic lattices of atoms and photons, Rev. Mod. Phys. 90,
031002 (2018).

[4] A. S. Prasad, J. Hinney, S. Mahmoodian, K. Hammerer,
S. Rind, P. Schneeweiss, A. S. Sgrensen, J. Volz, and A.

Rauschenbeutel, Correlating photons using the collective non-
linear response of atoms weakly coupled to an optical mode,
Nat. Photon. 14, 719 (2020).

[5] M. Zanner, T. Orell, C. M. FE. Schneider, R. Albert, S. Oleschko,
M. L. Juan, M. Silveri, and G. Kirchmair, Coherent control of a
multi-qubit dark state in waveguide quantum electrodynamics,
Nat. Phys. 18, 538 (2022).

[6] B. Kannan, M. J. Ruckriegel, D. L. Campbell, A. F. Kockum, J.
Braumiiller, D. K. Kim, M. Kjaergaard, P. Krantz, A. Melville,
B. M. Niedzielski, A. Vepsildinen, R. Winik, J. L. Yoder, F.
Nori, T. P. Orlando, S. Gustavsson, and W. D. Oliver, Waveg-
uide quantum electrodynamics with superconducting artificial
giant atoms, Nature (London) 583, 775 (2020).

023715-8


https://doi.org/10.1103/RevModPhys.95.015002
https://doi.org/10.1103/RevModPhys.89.021001
https://doi.org/10.1103/RevModPhys.90.031002
https://doi.org/10.1038/s41566-020-0692-z
https://doi.org/10.1038/s41567-022-01527-w
https://doi.org/10.1038/s41586-020-2529-9

RESONANT PARAMETRIC PHOTON GENERATION IN ...

PHYSICAL REVIEW A 108, 023715 (2023)

[7] N. V. Corzo, J. Raskop, A. Chandra, A. S. Sheremet, B.
Gouraud, and J. Laurat, Waveguide-coupled single collective
excitation of atomic arrays, Nature (London) 566, 359 (2019).

[8] M. P. Silveri, J. A. Tuorila, E. V. Thuneberg, and G. S. Paraoanu,
Quantum systems under frequency modulation, Rep. Prog.
Phys. 80, 056002 (2017).

[9] T. Ozawa, H. M. Price, A. Amo, N. Goldman, M. Hafezi, L. Lu,
M. C. Rechtsman, D. Schuster, J. Simon, O. Zilberberg, and 1.
Carusotto, Topological photonics, Rev. Mod. Phys. 91, 015006
(2019).

[10] L. Yuan, Q. Lin, M. Xiao, and S. Fan, Synthetic dimension in
photonics, Optica 5, 1396 (2018).

[11] D. Ilin, A. V. Poshakinskiy, A. N. Poddubny, and I. Iorsh,
Frequency Combs with Parity-Protected Cross-Correlations
and Entanglement from Dynamically Modulated Qubit Arrays,
Phys. Rev. Lett. 130, 023601 (2023).

[12] S. W. Jolin, G. Andersson, J. C. R. Herndndez, I. Strandberg,
F. Quijandria, J. Aumentado, R. Borgani, M. O. Tholén, and
D. B. Haviland, Multipartite Entanglement in a Microwave
Frequency Comb, Phys. Rev. Lett. 130, 120601 (2023).

[13] E. S. Redchenko, A. V. Poshakinskiy, R. Sett, M. Zemliéka,
A. N. Poddubny, and J. M. Fink, Tunable directional photon
scattering from a pair of superconducting qubits, Nat. Commun.
14, 2998 (2023).

[14] G. T. Moore, Quantum theory of the electromagnetic field in a
variable-length one-dimensional cavity, J. Math. Phys. 11, 2679
(1970).

[15] V. Dodonov, Fifty years of the dynamical Casimir effect,
Physics 2, 67 (2020).

[16] Y. E. Lozovik, V. G. Tsvetus, and E. A. Vinogradov, Paramet-
ric excitation of vacuum by use of femtosecond laser pulses,
Phys. Scr. 52, 184 (1995).

[17] C. M. Wilson, G. Johansson, A. Pourkabirian, M. Simoen,
J. R. Johansson, T. Duty, F. Nori, and P. Delsing, Observation
of the dynamical Casimir effect in a superconducting circuit,
Nature (London) 479, 376 (2011).

[18] J. R. Johansson, G. Johansson, C. M. Wilson, and F. Nori, Dy-
namical Casimir effect in superconducting microwave circuits,
Phys. Rev. A 82, 052509 (2010).

[19] V. Macri, A. Ridolfo, O. Di Stefano, A. F. Kockum, F. Nori,
and S. Savasta, Nonperturbative Dynamical Casimir Effect
in Optomechanical Systems: Vacuum Casimir-Rabi Splittings,
Phys. Rev. X 8, 011031 (2018).

[20] B. H. Schneider, A. Bengtsson, I. M. Svensson, T. Aref,
G. Johansson, J. Bylander, and P. Delsing, Observation of
Broadband Entanglement in Microwave Radiation from a
Single Time-Varying Boundary Condition, Phys. Rev. Lett. 124,
140503 (2020).

[21] J. Sloan, N. Rivera, J. D. Joannopoulos, and M. Soljaci¢,
Casimir Light in Dispersive Nanophotonics, Phys. Rev. Lett.
127, 053603 (2021).

[22] Z. Wang, M. Pechal, E. A. Wollack, P. Arrangoiz-Arriola, M.
Gao, N. R. Lee, and A. H. Safavi-Naeini, Quantum Dynamics
of a Few-Photon Parametric Oscillator, Phys. Rev. X 9, 021049
(2019).

[23] A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff, Circuit
quantum electrodynamics, Rev. Mod. Phys. 93, 025005 (2021).

[24] Y. Ke, A. V. Poshakinskiy, C. Lee, Y. S. Kivshar, and A. N.
Poddubny, Inelastic Scattering of Photon Pairs in Qubit Arrays
with Subradiant States, Phys. Rev. Lett. 123, 253601 (2019).

[25] Y.-X. Zhang and K. Mglmer, Theory of Subradiant States of a
One-Dimensional Two-Level Atom Chain, Phys. Rev. Lett. 122,
203605 (2019).

[26] B. Kannan, A. Almanakly, Y. Sung, A. D. Paolo, D. A. Rower,
J. Braumiiller, A. Melville, B. M. Niedzielski, A. Karamlou, K.
Serniak, A. Vepsildinen, M. E. Schwartz, J. L. Yoder, R. Winik,
J. I.-J. Wang, T. P. Orlando, S. Gustavsson, J. A. Grover, and
W. D. Oliver, On-demand directional microwave photon emis-
sion using waveguide quantum electrodynamics, Nat. Phys. 19,
394 (2023).

[27] A. N. Poddubny and L. E. Golub, Ratchet effect in frequency-
modulated waveguide-coupled emitter arrays, Phys. Rev. B 104,
205309 (2021).

[28] A. V. Poshakinskiy and A. N. Poddubny, Optomechanical
Kerker Effect, Phys. Rev. X 9, 011008 (2019).

[29] H. Carmichael, An Open Systems Approach to Quantum Optics
(Springer, New York, 1993)

[30] Y.-L. L. Fang, H. Zheng, and H. U. Baranger, One-dimensional
waveguide coupled to multiple qubits: Photon-photon correla-
tions, EPJ Quantum Technol. 1, 3 (2014).

[31] A. V. Poshakinskiy and A. N. Poddubny, Biexciton-mediated
superradiant photon blockade, Phys. Rev. A 93, 033856
(2016).

[32] A. N. Poddubny, I. V. Iorsh, and A. A. Sukhorukov, Generation
of Photon-Plasmon Quantum States in Nonlinear Hyperbolic
Metamaterials, Phys. Rev. Lett. 117, 123901 (2016).

023715-9


https://doi.org/10.1038/s41586-019-0902-3
https://doi.org/10.1088/1361-6633/aa5170
https://doi.org/10.1103/RevModPhys.91.015006
https://doi.org/10.1364/OPTICA.5.001396
https://doi.org/10.1103/PhysRevLett.130.023601
https://doi.org/10.1103/PhysRevLett.130.120601
https://doi.org/10.1038/s41467-023-38761-6
https://doi.org/10.1063/1.1665432
https://doi.org/10.3390/physics2010007
https://doi.org/10.1088/0031-8949/52/2/008
https://doi.org/10.1038/nature10561
https://doi.org/10.1103/PhysRevA.82.052509
https://doi.org/10.1103/PhysRevX.8.011031
https://doi.org/10.1103/PhysRevLett.124.140503
https://doi.org/10.1103/PhysRevLett.127.053603
https://doi.org/10.1103/PhysRevX.9.021049
https://doi.org/10.1103/RevModPhys.93.025005
https://doi.org/10.1103/PhysRevLett.123.253601
https://doi.org/10.1103/PhysRevLett.122.203605
https://doi.org/10.1038/s41567-022-01869-5
https://doi.org/10.1103/PhysRevB.104.205309
https://doi.org/10.1103/PhysRevX.9.011008
https://doi.org/10.1140/epjqt3
https://doi.org/10.1103/PhysRevA.93.033856
https://doi.org/10.1103/PhysRevLett.117.123901

