
PHYSICAL REVIEW A 108, 023711 (2023)

Controlling purity, indistinguishability, and quantum yield of an incoherently
pumped two-level system by spectral filters

Ivan V. Panyukov
Moscow Institute of Physics and Technology, 9 Institutskiy Pereulok, Dolgoprudny 141700, Moscow Region, Russia

and Dukhov Research Institute of Automatics (VNIIA), 22 Sushchevskaya, Moscow 127055, Russia

Vladislav Yu. Shishkov * and Evgeny S. Andrianov
Dukhov Research Institute of Automatics (VNIIA), 22 Sushchevskaya, Moscow 127055, Russia;

Moscow Institute of Physics and Technology, 9 Institutskiy Pereulok, Dolgoprudny 141700, Moscow Region, Russia;
Center for Photonics and Quantum Materials, Skolkovo Institute of Science and Technology, Moscow 121205, Russia;

and Laboratories for Hybrid Photonics, Skolkovo Institute of Science and Technology, Moscow 121205, Russia

(Received 19 December 2022; accepted 21 July 2023; published 10 August 2023)

Dephasing processes significantly impact the performance of deterministic single-photon sources. Dephasing
broadens the spectral line and suppresses the indistinguishability of the emitted photons, which is undesirable
for many applications, primarily for quantum computing. We consider a light emitted by a two-level system with
a pulsed incoherent pump in the presence of the spectral filter. The spectral filter allows control of the second-
order autocorrelation function, indistinguishability, and quantum yield. We show that narrow spectral filters can
increase the indistinguishability of the emitted light while undermining the quantum yield. The influence of the
spectral filter on the second-order autocorrelation function depends on the duration of the pump. When the pump
pulse is long compared to the lifetime of the two-level system, the narrow spectral filters lead to a rapid increase
in the second-order autocorrelation function. In this limit, the statistics of the light from the two-level system
inherit the statistics of the incoherent pump. In the case of the short duration of the pump pulse, it is possible
to preserve single-photon properties to some degree for the sublifetime width of the spectral filter. Moreover,
the single-photon properties of the light manifest themselves differently, depending on the response time of the
quantum system affected by this light. In particular, in the case of long response time, the spectral filter with a
sublifetime width can provide the near-zero second-order autocorrelation function.

DOI: 10.1103/PhysRevA.108.023711

I. INTRODUCTION

Single-photon sources (SPSs) have a wide range of
applications, including quantum cryptography [1–3], quantum
communication [4,5], quantum computing [6–9], quantum
metrology [10,11], and quantum information processing
[12,13], and are compatible with integral nanophotonics
[14,15].

Three metrics characterize the SPS’s performance: quan-
tum yield, indistinguishability, and second-order autocorre-
lation function (purity). The quantum yield stands for the
probability of the photon emission of the SPS. Indistin-
guishability indicates the ability of the emitted photons to
interfere. The measurement of the indistinguishability re-
quires the Hong-Ou-Mandel setup [16–19]. The second-order
autocorrelation function determines the fluctuations of the
radiation intensity and statistics of the emitted light. Gen-
erally, the second-order autocorrelation function is equal to
or greater than zero. If an SPS emits only one photon at a
time, the second-order autocorrelation function is zero. While
some applications of SPSs, such as quantum cryptography,
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require only a low second-order autocorrelation function,
most applications of SPSs require appropriate values of all the
above-described parameters simultaneously.

Quantum dots, silicon-vacancy (SiV) centers, nitrogen-
vacancy (NV) centers, and single molecules serve as SPSs
operating at room temperature. However, these systems have
high dephasing rates [20–22], and, therefore, the indistin-
guishability of the emitted photons is low. Indeed, according
to Ref. [23], the indistinguishability of photons emitted by
SPSs is equal to I = γdiss/(γdiss + γdeph ), where γdiss and γdeph

are the rates of dissipation and dephasing, respectively. For
quantum dots, SiV centers, and NV centers, γdeph can be as
high as 105γdiss at room temperature [24], which results in
low indistinguishability.

Several approaches to increase indistinguishability have
emerged in recent years. One approach is to lower the
temperature of the SPS, decreasing γdeph [25,26]. Another
approach is to place the photon emitter near a cavity,
increasing γdiss [20,24,27–32]. The achievement of high
values of indistinguishability usually requires the combination
of these two methods [33]. The spectral filters can increase
the indistinguishability of photons emitted by an SPS [34].
However, this method decreases the quantum yield. In
addition, it is unknown how the spectral filter affects the
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second-order autocorrelation function for an SPS with a
pulsed incoherent pumping.

Many experimental setups incorporate laser for incoherent
or coherent pumping of SPSs [30,35–39]. However, elec-
trically driven single-photon sources are preferable for a
mass-production of single-photon sources for applications
in quantum information technology [40,41]. The electrical
excitation of the single-photon sources corresponds to the
incoherent pumping [42–47].

In this paper, we consider a two-level system (TLS) with
pulsed incoherent pumping as an SPS. We investigate the
effect of spectral filtering on the light emitted by an SPS.
The spectral filters affect the quantum yield, the indistin-
guishability, and the second-order autocorrelation function.
The sublifetime spectral filters provide high indistinguisha-
bility. However, the narrow spectral filter to the light emitted
by the TLS leads to different second-order autocorrelation
functions depending on the duration of the pump pulse. When
the pumping duration exceeds the lifetime of an SPS, the
second-order autocorrelation function is approximately two
for narrow filters. At the short duration of the pump, a second-
order autocorrelation function is low (from 1/5 to 2/3) for
narrow spectral filters. We also show that the statistics of the
light emitted by the SPS manifests itself nontrivially depend-
ing on the response time of the quantum system affected by
this light.

II. MODEL DESCRIPTION

We consider a TLS as an SPS. The TLS is coupled to an
environment responsible for relaxation processes in the TLS
and its pumping. A full Hamiltonian is the sum of the Hamil-
tonians of the TLS, ĤS , the reservoirs, ĤE , and the interaction
between the system and the reservoirs, ĤSE ,

Ĥ = ĤS + ĤE + ĤSE . (1)

The Hamiltonian of the TLS is

ĤS = h̄ω0σ̂
†σ̂ , (2)

where ω0 is the transition frequency, and σ̂ = |g〉〈e|, with the
ground state and the excited state of the TLS being |g〉 and |e〉.
Below we also refer to the state |e〉 as the working level of the
SPS. The term ĤE is the Hamiltonian of the environment:

ĤE =
∑

k

h̄ω1k σ̂
†
k σ̂k +

∑
k

h̄ω2kâ†
rkârk

+
∑

k

h̄ω3kâ†
nrkânrk +

∑
k

h̄ω4kb̂†
kb̂k, (3)

where the terms on the right-hand side stand for reservoirs
responsible for the incoherent pumping, the radiative energy
dissipation, the nonradiative energy dissipation, and the
dephasing, respectively. The reservoir of the incoherent
pumping consists of two-level systems at an effective negative
temperature [48]; the corresponding reservoir operators are
σ̂k = |gk〉〈ek|, where |gk〉 and |ek〉 are the ground state and
the excited state of the TLS with the number k, and ω1k

is its transition frequency. The reservoirs responsible for
radiative and nonradiative energy dissipation and dephasing
are harmonic oscillators, with frequencies ω2k , ω3k , and ω4k

and annihilation operators ârk , ânrk , and b̂k , respectively.
We note, that ârk represent the annihilation operators of the
electromagnetic modes. The Hamiltonian of the interaction
between the TLS and the environment is

ĤSE =
∑

k

h̄g1k (σ̂ †
k σ̂ + σ̂k σ̂

†)θ (t )θ (T − t )

+
∑

k

h̄g2k (â†
rk σ̂ + ârk σ̂

†) +
∑

k

h̄g3k (â†
nrk σ̂+ânrk σ̂

†)

+
∑

k

h̄g4k σ̂
†σ̂ (b̂†

k + b̂k ), (4)

where g1k , g2k , g3k , and g4k are the interaction constants of
the TLS with the corresponding reservoirs. Theta functions
in the first term mean that the interaction between the TLS
and the incoherent pumping reservoir exists at 0 � t � T .
We assume that the temperatures of the dissipation reservoirs
are much lower than h̄ω0/kB, which is a good assumption if
ω0 is an optical or near-infrared spectral range. Next, using
the Born-Markov approximation, we eliminate degrees of
freedom of the environment to obtain an equation for the
density matrix of the TLS. As a result, we obtain the Lindblad
equation on the density matrix ρ̂ of the TLS [48,49] as

∂ρ̂

∂t
= − i

h̄
[ĤS, ρ̂] + Lpump[ρ̂] + Ldiss[ρ̂] + Ldeph[ρ̂], (5)

where the relaxation operators Lpump[ρ̂], Ldiss[ρ̂], and Ldeph[ρ̂]
describe the incoherent pumping, the energy dissipation, and
the dephasing with the corresponding rates γpump, γdiss, and
γdeph as follows:

Lpump[ρ̂] = γpump(t )

2
(2σ̂ †ρ̂σ̂ − σ̂ σ̂ †ρ̂ − ρ̂σ̂ σ̂ †), (6)

Ldiss[ρ̂] = γdiss

2
(2σ̂ ρ̂σ̂ † − σ̂ †σ̂ ρ̂ − ρ̂σ̂ †σ̂ ), (7)

Ldeph[ρ̂] = γdeph

2
(2σ̂ †σ̂ ρ̂σ̂ †σ̂ − σ̂ †σ̂ ρ̂ − ρ̂σ̂ †σ̂ ). (8)

We assume that until t = 0 TLS is in the ground state. At
the moment t = 0, incoherent pumping begins to act on the
TLS. The incoherent pumping starts at t = 0, then remains
constant, and terminates at t = T , i.e., γpump(t ) in Eq. (6)
equals γpump �= 0 at 0 � t � T , and is zero at other times.
In the incoherent pumping scheme, the initial pulse excites
electrons to the levels of the SPS higher than the working
level. The electrons on these levels are sometimes called hot
electrons. The initial excitation then transits to the working
level of the SPS [36]. Equation (6) describes this process as
an effective transition from the ground state to the working
level of an SPS. This model is valid for quantum dots [50–55],
single molecules [56,57], NV centers and SiV centers [13,58–
62], and two-dimensional materials [63,64]. In general, the
duration of the incoherent pumping, T , is the sum of two
times: the pumping duration and the relaxation time from the
higher levels of the SPS to the working level. The latter time
determines the lower bound of T and may vary depending on
the physical realization of the SPS. For instance, in quantum
dots the characteristic ratio between γdiss and the relaxation
rate of hot electrons towards the working level ranges from
102 to 104 [65–71]. Below we refer to the time T as the
pump-pulse duration and mind its lower bound.
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At 0 � t � T the relaxation rate of the population of the
TLS, γ (longitudinal relaxation), and the relaxation rate of the
dipole moment of the TLS, � (transverse relaxation), depend
on both dissipation and pumping processes and can be found
from the master equation (5) [48,72]:

γ = γpump + γdiss, (9)

� = γpump + γdiss + γdeph

2
. (10)

The physical reason for dephasing is the interaction between
electrons and phonons. In this paper, we consider the phonons
in the Markovian approximation.

The metrics of SPS can be obtained from the annihilation
operator of the electric field at the detector Ê (t ) in the Heisen-
berg representation. The dipole moment operator of the TLS
d̂ is related to σ̂ as d̂ = deg(σ̂ + σ̂ †) [73], where deg is the
matrix element of the dipole transition between the ground
state and the excited state. Thus, σ̂ is the dimensionless dipole
moment operator. Therefore, for the light emitted by an SPS,

Ê (t ) ∝ σ̂ (t − r/c), (11)

where r is the distance from the SPS to the detector [74]. Here-
after we neglect the propagation time r/c. From Eq. (11) it
follows that correlations of the electromagnetic field are con-
nected to the correlations of TLS operators σ̂ (t ). Thus, mul-
titime correlations 〈σ̂ †(t1)σ̂ (t2)〉 and 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉
can be obtained from Lindblad equation (5) and, as we show
below, can be used to determine the indistinguishability and
purity of the emitted light.

A complex transmission function F (ω) completely char-
acterizes a spectral filter. The filter acts on the light by
multiplying the Fourier component of the electric field with
the frequency ω by F (ω). Thus, in the presence of a spectral
filter, the parameters of an SPS are determined by the filtered
electric field

ÊF (t ) =
∫ +∞

−∞

dω

2π
F (ω)

∫ +∞

−∞
dt ′Ê (t ′)e−iω(t−t ′ ). (12)

The interaction mechanism between the light and the filter
is described in detail in Ref. [75]. Regardless of the particular
implementation of the spectral filter, the causality principle for
the transmitted light should be satisfied. This implies the ful-
fillment of the Kramers-Kronig relation for F (ω). Therefore,
we can introduce the transfer function

f (
t ) =
∫ +∞

−∞
F (ω)e−iω
t dω

2π
(13)

and express ÊF (t ) as

ÊF (t ) =
∫ t

−∞
f (t − t ′)Ê (t ′)dt ′. (14)

Below, we consider a Lorentz spectral filter:

F (ω) = γF

ω − ωF + iγF
. (15)

Here ωF is the central frequency of the filter, which stands
for the maximum of |F (ω)|2, and γF represents the width of
this maximum. The normalization |F (ωF )| = 1 means that the
filter transmits all the light at the frequency, ωF . Hereafter, we

assume that the filter transmits all the light at the transition
frequency of the TLS, ωF = ω0.

III. INDISTINGUISHABILITY

The indistinguishability of the photons determines their
ability to interfere. In the case of a spectral filter, the
indistinguishability is [76]

IF =
∫ +∞
−∞ dt1

∫ +∞
−∞ dt2|〈Ê†

F (t1)ÊF (t2)〉|2
(
∫ +∞
−∞ dt〈Ê†

F (t )ÊF (t )〉)2
. (16)

We present IF explicitly in terms of operators σ̂ and σ̂ †

in Appendix A. The calculation IF requires 〈σ̂ †(t1)σ̂ (t2)〉.
Equation (5) allows calculating this correlator via the quantum
regression theorem [49].

In the absence of a filter the indistinguishability can be
obtained according to

IF |no filter = I0
2(T γdiss + e−T γdiss − 1)

T 2γ 2
diss

. (17)

where

I0 = γdiss

γdiss + γdeph
. (18)

One can see that IF |no filter → I0 as T → 0, which agrees with
the results obtained in Ref. [23].

Figure 1 shows the dependence of the indistinguisha-
bility IF on two parameters: the filter width and the
duration of the pump pulse. At small pump-pulse dura-
tion (T < γ −1

diss), high indistinguishability is observed for a
wider range of filter widths, γF . In this case, the indistin-
guishability increases from γdiss/(γdiss + γdeph) to 1, as the
filter width decreases. Therefore, spectral filtering increases
indistinguishability.

The analytical expression for the indistinguishabil-
ity in the presence of the spectral filter is lengthy.
Therefore, we consider in detail only some limiting
cases.

In the case of a wide spectral filter, γF 	 γdeph,
we obtain IF ≈ IF |no filter. The indistinguishability is low
at γdeph 	 γdiss and with a wide spectral filter see
Eq. (17). However, the spectral filter and the short pump
pulse can significantly increase indistinguishability. Indeed,
in the case T � max{γ −1

diss, (γdissγdeph)−1/2, (γdissγF )−1/2},
we obtain

IF ≈ I0

(
1 + γdeph

γdiss + 2γF
· γdeph + 3γdiss + 4γF

γdeph + 3γdiss + 2γF

− T 2γF γdiss

12
· γdiss + γdeph + 2γF

γdiss + 2γF

· 2γdeph + 3γdiss + 2γF

γdeph + 3γdiss + 2γF

)
. (19)

Moreover, the fulfillment of the conditions γF � γdiss and
T � (γdissγF )−1/2 makes the indistinguishability of an SPS
close to unity:

IF ≈ 1 − 2
γF

γdiss
− T 2 γdissγF

6
. (20)
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FIG. 1. The dependence of the indistinguishability IF on the filter
width γF and the pump-pulse duration T in the case of γdeph = 10γdiss

if (a) γpump = 0.01γdiss and (b) γpump = 5γdiss.

Let us discuss the experimental feasibility of high in-
distinguishability at a high dephasing rate due to spectral
filtering. In particular, we consider the region T γdiss < 1 and
γF < 0.1γdiss on Fig. 1. The typical lifetime of molecules or
quantum dots is on the order of a nanosecond. The corre-
sponding pump-pulse duration T should be about a tenth of
a nanosecond. This is easily achievable with both optical and
electrical pumping [40], given the hot electron dynamics are
fast [65–71]. The condition γF < 0.1γdiss means that the width
of the bandpass filter should correspond to γ −1

F , which is more
than a dozen nanoseconds. For filters based on resonators,
this condition implies the required Q factor is of an order of
108. This can be achieved, e.g., in an on-chip Si3N4 resonator
with a Q factor greater than 1 × 109 at telecom wavelength
[77]. The single-photon light sources at telecom wavelengths
are also available [35,45,78,79]. An InAs/GaAs quantum dot
emitting at telecom wavelengths with the dissipation time
around 1 ns and the total dephasing time around 100 ps was
reported in Ref. [80]. Moreover, an InAs/GaAs electrically
pumped quantum dot with a 1-ns lifetime was demonstrated
[40]. Thus, we suggest that high indistinguishability due to
spectral filtering at a high dephasing rate of a single-photon
source is experimentally achievable. This analysis is also rel-
evant to the following sections.

IV. SECOND-ORDER AUTOCORRELATION FUNCTION

The second-order autocorrelation function g(2)

(t, 0) = 〈Ê†(t )Ê†(t )Ê (t )Ê (t )〉
〈Ê†(t )Ê (t )〉2 , in the presence of the spectral

filter, changes to

g(2)
F (t, 0) = 〈Ê†

F (t )Ê†
F (t )ÊF (t )ÊF (t )〉

〈Ê†
F (t )ÊF (t )〉2

. (21)

This definition implies that the detector registers the light
instantaneously [81].

If the response time of the detector, τ , is finite, the
measured second-order autocorrelation function may differ
from the expression (21). We can neglect the finiteness of
the response time of the detector and use Eq. (21) as long
as τ � τTLS, where τTLS is the emission time of the SPS,
τTLS ∼ T + 1/γdiss. Below, we consider single-photon prop-
erties of the light in two limiting cases: τ 	 τTLS and τ �
τTLS. When τ 	 τTLS we consider two distinct situations:
when τ is the duration of the photoelectric effect process
which is equal to the exposition time and when the τ is
the exposure time neglecting the duration of the photoef-
fect process. The latter case is closer to the experimental
setups. For example, the exposition time of the electron-
multiplying charge-coupled device (EMCCD) camera is of
the order of milliseconds and the photoeffect processes are
instantaneous [82,83].

A. Short detector response time

Detection is almost instantaneous in the case τ � τTLS.
We denote the time at which detection occurs as t . We
limit ourselves to the case t = T , corresponding to the
moment in time when the probability of light emission
reaches the maximum. Thus, we consider g(2)

F (t, 0) at the
moment t = T .

We express g(2)
F (T, 0) in terms of operators σ̂ and σ̂ †

in Appendix A. To obtain g(2)
F (T, 0), it is necessary to cal-

culate the correlation functions 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 and
〈σ̂ †(t1)σ̂ (t2)〉 for all possible relations between the times
{t1, t2, t3, t4}. The correlation 〈σ̂ †(t1)σ̂ (t2)〉 and the corre-
lation 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 for normally ordered times
{t1, t2, t3, t4} can be obtained via the standard quantum re-
gression theorem [48], using the master equation (5). In all
other cases, the calculation of 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 re-
quires the generalized quantum regression theorem that was
developed in Ref. [84]. The details of calculations are in
Appendix C.

In the absence of the spectral filter, the second-order au-
tocorrelation function for the light emitted by the TLS is
zero:

g(2)
F (T, 0)|no filter = 0. (22)

Figure 2 shows the dependence of g(2)
F (T, 0) on two param-

eters: the width of the filter, γF , and the duration of the pump
pulse, T . At T 	 γ −1

diss, a monotonous decrease of g(2)
F (T, 0)

from 2 to 0 is followed by the narrowing of the spectral
filter. This case corresponds to the cw-pumping regime [85];
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FIG. 2. The dependence of g(2)
F (T, 0) on the filter width γF

and the pump-pulse duration T at γdeph = 10γdiss in the case of
(a) γpump = 0.01γdiss and (b) γpump = 5γdiss.

therefore, for T 	 γ −1
diss,

g(2)
F (T, 0)

≈ 2γ 2(γF + γ (1 − 2p)2)(� + γF )

(γ + 2γF )
(
3γ γF + 2γ 2

F + γ 2(1 − 2p)2
)
(� + 3γF )

,

(23)

where p = γpump/(γdiss + γpump), and γ and � are defined
by Eqs. (9) and (10). Equation (23) reproduces the results
obtained in Ref. [85]. A wide filter allows almost all the light
from the TLS and does not distort its statistics. Thus, the drop
in g(2)

F (T, 0) is expected for wide filters.
Figure 3 shows the dependence of g(2)

F (T, 0), at T �
1/γdiss, on the filter width and the longitudinal relaxation
rate [Eq. (10)]. At large filter width γF 	 γdiss + γdeph, we
obtain g(2)

F (T, 0) ≈ 0, which corresponds to the absence of the
spectral filter. However, at T < γ −1

F , the second-order auto-
correlation function is in the range from 1/5 to 2/3 depending
on the ratio between the transverse relaxation time and the
duration of the pump pulse (Fig. 3). The naive suggestion
might be g(2)

F (T, 0) ≈ 0 at T � γdiss, because for fixed γpump

the lower T is, the less the probability of two consequent acts
of TLS excitation and light emission. However, Fig. 3 shows

FIG. 3. The dependence of g(2)
F (T, 0) on the filter width and the

transverse relaxation rate in the limit of T γdiss � 1.

that g(2)
F (T, 0) strongly differs from zero in this limit. We

attribute this behavior to the correlations in the light emitted
by the TLS. The second-order coherence function corre-
sponding to the incoherent pump is 2, which means that the

FIG. 4. The dependence of g(2)
∞ (0) on the pumping speed γpump

and the duration of the pump pulse, T, at (a) γdeph = 0 and (b) γdeph =
10γdiss.
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dispersion of the incoherent pump is significantly above the
quantum limit. We suggest that the TLS translates this disper-
sion to the strong correlations of the emitted light at different
moments in time, which results in the nonzero g(2)

F (T, 0) in the
limit of narrow filters and short pulse duration of the pump.
Physically, nonzero g(2)

F (T, 0) means that during the time γ −1
F ,

the TLS has a nonzero probability of emitting two consequent
photons. This process may happen even when T � γdiss.

B. Long detector response time: Field integration

In the case τ 	 τTLS, we have ÊD,F (t ) ≈ ∫ +∞
0

ÊF (t + τ )dτ . One can show that (see Appendix B)∫ +∞

0
ÊF (τ )dτ = A

∫ +∞

0
Ê (τ )dτ, (24)

where A = ∫ +∞
0 dt f (t ) = const. Therefore, in the case τ 	

τTLS, the second-order autocorrelation function is not depen-
dent on the spectral filter

g(2)
∞ (0)

= 〈∫ ∞
0 Ê†(t1)dt1

∫ ∞
0 Ê†(t2)dt2

∫ ∞
0 Ê (t3)dt3

∫ ∞
0 Ê (t4)dt4〉

〈∫ ∞
0 Ê†(t1)dt1

∫ ∞
0 Ê (t2)dt2〉2

,

(25)

where we assumed that the detector starts operating at t = 0.
In this model of long detector response time, the detector
integrates the electric field of the incoming light.

We express g(2)
∞ (0) in terms of operators σ̂ and σ̂ † in Ap-

pendix A. To evaluate Eq. (25), it is necessary to calculate the
correlations 〈σ̂ †(t1)σ̂ (t2)〉 and 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 for all
possible time ratios {t1, t2, t3, t4}. Details of calculating these
correlators using the generalized quantum regression theorem
are in Appendix C.

Figure 4 shows that a good single-photon property is
achievable at a short pump-pulse duration, T � 1/γdiss, and
a moderate pumping rate, T γpump � 1. In this case, we obtain

g(2)
∞ (0) ≈ 4γdiss

γdiss + γdeph
. (26)

Thus, at T � 1/γdiss, T γpump � 1, and τ 	 τTLS, the second-
order autocorrelation function decreases with increasing
dephasing. This tendency is because the light emitted by the
SPS with incoherent pumping has strong correlations [85].
An increase in dephasing leads to the destruction of these
correlations, and as a result, g(2)

∞ (0) decreases (see Fig. 4).

C. Long detector response time: Intensity integration

If τ is the duration of the interaction between light and
electrons and τ 	 τTLS, one can notice that the second-order
autocorrelation function is equal to [73]

g(2)
∞,F (0)

=
∫ ∞

0 dt1
∫ ∞

0 dt2〈T→{Ê†
F (t1)Ê†

F (t2)}T←{ÊF (t2)ÊF (t1)}〉(∫ ∞
0 dt〈Ê†

F (t )ÊF (t )〉)2 .

(27)

In this model of long detector response time, the detector
integrates the intensity of the incoming light. The example
of such a detector is the EMCCD camera, where the typical
exposure time is of the order of milliseconds [82,83].

We express g(2)
∞,F (0) in terms of operators σ̂ and σ̂ † in

Appendix A. To evaluate Eq. (27), it is necessary to calculate
the correlations 〈σ̂ †(t1)σ̂ (t2)〉 and 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 for
all possible time orderings {t1, t2, t3, t4}. Details of calculating
of these correlators using the generalized quantum regression
theorem are given in Appendix C.

In the absence of a spectral filter, we obtain the following
second-order autocorrelation function

g(2)
∞,F (0)|no filter = −2(1 − 3p − pT γ )(1 − p)eT γ

{p − eT γ [p + (1 − p)T γ ]}2
+ [2(1 − 3p) − 2T γ (1 − 2p) + (T γ )2(1 − p)](1 − p)e2T γ

{p − eT γ [p + (1 − p)T γ ]}2
, (28)

which monotonously rises from 0 to 1 as the pump-pulse
duration increases.

Figure 5 shows that a good single-photon property is
achievable at T � 1/γdiss and does not depend on the fil-
ter width in this case. The case γF 	 γdiss corresponds
to the absence of the spectral filter, and thus g(2)

∞,F (0) ≈
g(2)

∞,F (0)|no filter. At γF � γdiss and T 	 1/γdiss, we see

the parameter region where g(2)
∞,F (0) demonstrates strong

bunching.
Interestingly, g(2)

F (T, 0) and g(2)
∞,F (0) behave differently as

the filter width narrows. For g(2)
F (T, 0) at narrow filter widths,

one cannot fully compensate the increase in the second-order
correlation function by decreasing the pulse duration time
(Fig. 2). However, one can achieve such compensation for
g(2)

∞,F (0) (Fig. 5). This also means that the second-order au-
tocorrelation function measured with the detector with long
exposure time can be lower than the actual second-order auto-
correlation function.

V. QUANTUM YIELD

Due to frequency filtering, not all the light from the TLS
can reach the detector, which lowers the quantum yield of the
SPS. We denote the quantum yield in the absence of a spectral
filter as QY, and in the presence of the spectral filter as QYF .
The ratio between QYF and QY can be calculated according
to [76]

QYF

QY
=

∫ +∞
−∞ dt〈Ê†

F (t )ÊF (t )〉∫ +∞
−∞ dt〈Ê†(t )Ê (t )〉 . (29)

We present QYF /QY in terms of operators σ̂ and σ̂ † in
Appendix A. To obtain QYF /QY, it is necessary to calculate
〈σ̂ †(t1)σ̂ (t2)〉. This calculation requires the quantum regres-
sion theorem [49,74].

At short pump-pulse duration, T � γ −1
diss, the decrease in

quantum yield does not depend on the γpump:
QYF

QY
≈ 2γF

γdiss + γdeph + 2γF
. (30)
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FIG. 5. The dependence of g(2)
∞,F (0) on the filter width γF and the

pump-pulse duration T at γdeph = 10γdiss in the case of (a) γpump =
0.01γdiss and (b) γpump = 5γdiss.

When the duration of the pump pulse is long enough, T 	
γ −1

diss, we obtain the approximate expression for the decrease
in quantum yield:

QYF

QY
≈ 2γF

γdiss + γdeph + γpump + 2γF
. (31)

Figure 6 shows the dependence of the quantum yield on the
spectral filter width and the duration of the pump pulse. In the
presence of the spectral filter, the quantum yield of the SPS
drops from 1 to 0 when the filter width decreases. The sharp
decrease in QYF /QY occurs at γF ∼ γdiss. From Eq. (10), it
follows that the transverse relaxation rate of the TLS grows as
the pumping rate increases. This trend leads to an increase in
the spectral width of the light emitted by the TLS. Therefore,
when the pump pulse is long enough, an increase in the rate
of incoherent pumping with a fixed spectral filter leads to a
decrease in quantum efficiency.

VI. CONCLUSION

In this paper, we investigated the possibility of using a
spectral filter to control the purity, the indistinguishability, and

FIG. 6. The dependence of the quantum yield on the filter width
γF and the pump-pulse duration T at γdeph = 10γdiss in the case
(a) γpump = 0.01γdiss and (b) γpump = 5γdiss.

the quantum yield of the light emitted by SPSs. We showed
that it is possible to achieve near-unity indistinguishability
even at fast dephasing rates by applying the spectral filter with
a small width, γF � γdiss, and a short pump-pulse duration,
T � 1/γdiss. In this case, the second-order autocorrelation
function lies between 1/5 and 2/3 depending on the ratio
between the transverse relaxation time and the pump duration.
The single-photon properties of the light manifest themselves
differently, depending on the response time of the quantum
system, on which the light from the SPS acts. In particular, the
second-order autocorrelation function of the light measured
with a detector with long exposure time, e.g., an EMCCD
camera, can be lower than the actual autocorrelation function
of the light emitted by the SPS and passed through the spectral
filter. A compromise of high indistinguishability and high
photon purity with the effective quantum yield is difficult
to achieve because narrowing the width of the spectral filter
reduces the intensity of the light passing through the filter.
Thus, the significant improvement in the indistinguishability
and the purity of the SPS by applying a spectral filter is
possible only by significantly reducing the quantum yield of
this SPS.
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In the framework of our model, the filter does not affect
the dynamics of the SPS in any way, but only transforms its
radiation. Therefore, our theory is directly applicable, only
if the filter is included in the optical path between the SPS
and the detector. Such a situation is realized in photonic in-
tegrated circuits with add-drop filters [86,87]. We emphasize
that not all implementations of frequency filtering can be
covered by the present theory. For example, placing an SPS
near a plasmonic nanoantenna results in frequency filtering,
but also affects the dynamics of an SPS due to the Purcell
factor [88–90]. The applicability of the developed theory to
the case when the SPS and the filter are combined via interface
and the filter changes dynamics of the SPS is beyond the scope
of this article.
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APPENDIX A: EXPRESSIONS FOR IF , g(2)
F (T, 0), g(2)

∞ (0),
AND QYF/QY THROUGH σ̂

To express IF , g(2)
F (T, 0), g(2)

∞ (0), g(2)
∞,F (0), and QYF /QY in

terms of TLS operators, we use Eq. (14) and the connection
between Ê (t ) and σ̂ (t ) given by Eq. (11). In the expressions
below, we also assume that until the moment t = 0 the TLS is
in the ground state. From Eq. (16), we obtain

IF =
∫ +∞

0 dt1
∫ +∞

0 dt2
∫ +∞

0 dt3
∫ +∞

0 dt4x(t1 − t3)x∗(t2 − t4)〈σ̂ †(t1)σ̂ (t2)〉〈σ̂ †(t3)σ̂ (t4)〉∗
(
∫ +∞

0 dt1
∫ +∞

0 x(t1 − t2)〈σ̂ †(t1)σ̂ (t2)〉)2
, (A1)

where we introduce the notation

x(
t ) =
∫ +∞

−∞

dω

2π
|F (ω)|2e−iω
t . (A2)

From Eq. (21), Eq. (25), and Eq. (27), we obtain

g(2)
F (t, 0) =

∫ t
0 dt1

∫ t
0 dt2

∫ t
0 dt3

∫ t
0 dt4 f ∗(t − t1) f ∗(t − t2) f (t − t3) f (t − t4)〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉
(
∫ t

0 dt1
∫ t

0 dt2 f ∗(t − t1) f (t − t2)〈σ̂ †(t1)σ̂ (t2)〉)2
, (A3)

g(2)
∞ (0) =

∫ +∞
0 dt1

∫ +∞
0 dt2

∫ +∞
0 dt3

∫ +∞
0 dt4〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉

(
∫ +∞

0 dt1
∫ +∞

0 dt2〈σ̂ †(t1)σ̂ (t2)〉)2
, (A4)

g(2)
∞,F (0) = 2

∫ +∞
0 dt2

∫ t2
0 dt1

∫ t1
0 dt ′

1

∫ t2
0 dt ′

2

∫ t2
0 dt ′

3

∫ t1
0 dt ′

4 f ∗(t1 − t ′
1) f ∗(t2 − t ′

2) f (t2 − t ′
3) f (t1 − t ′

4)〈σ̂ †(t ′
1)σ̂ †(t ′

2)σ̂ (t ′
3)σ̂ (t ′

4)〉
(
∫ +∞

0 dt
∫ t

0 dt1
∫ t

0 dt2 f ∗(t − t1) f (t − t2)〈σ̂ †(t1)σ̂ (t2)〉)2
.

(A5)

From Eq. (14), we obtain

QYF

QY
=

∫ +∞
0 dt

∫ t
0 dt1

∫ t
0 dt2 f ∗(t − t1) f (t − t2)〈σ̂ †(t1)σ̂ (t2)〉∫ +∞

0 dt〈σ̂ †(t )σ̂ (t )〉 . (A6)

APPENDIX B: PROOF OF EQ. (24)

To prove Eq. (24), we use Eq. (14) and the initial conditions described in Sec. II:∫ +∞

0
ÊF (t )dt =

∫ +∞

0
dt

∫ t

0
dt ′ f (t − t ′)Ê (t ′) =

∫ +∞

0
dt ′Ê (t ′)

∫ +∞

t ′
dt f (t − t ′) =

∫ +∞

0
f (t )dt

∫ +∞

0
Ê (t ′)dt ′. (B1)

APPENDIX C: CALCULATION OF 〈σ̂†(t1)σ̂†(t2 )σ̂(t3)σ̂(t4)〉
The correlator 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 with an arbitrary ratio of times can be calculated analytically using a generalized

quantum regression theorem [84]. For t1, t2, t3, t4 � T , the exact expression for the correlation 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 is
given in the Supporting Information to the article [85]. For the remaining time relations t1, t2, t3, t4, and T , explicit expressions
for 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 are given below:

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (T )〉e−(γdiss+γdeph+2iω0 )(t4−T )/2, t1, t2, t3 � T, t4 > T, (C1)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 〈σ̂ †(t1)σ̂ †(t2)σ̂ (T )σ̂ (t4)〉e−(γdiss+γdeph+2iω0 )(t3−T )/2, t1, t2, t4 � T, t3 > T, (C2)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 〈σ̂ †(t1)σ̂ †(T )σ̂ (t3)σ̂ (t4)〉e−(γdiss+γdeph−2iω0 )(t2−T )/2, t1, t3, t4 � T, t2 > T, (C3)
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〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 〈σ̂ †(T )σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉e−(γdiss+γdeph−2iω0 )(t1−T )/2, t2, t3, t4 � T, t1 > T, (C4)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 〈σ̂ †(t1)σ̂ †(T )σ̂ (t3)σ̂ (T )〉e−(γdiss+γdeph )|t2−t4|/2e−iω0(t4−t2 )e−γdiss (min{t2,t4}−T ), t1, t3 � T, t2, t4 > T,

(C5)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 〈σ̂ †(T )σ̂ †(t2)σ̂ (t3)σ̂ (T )〉e−(γdiss+γdeph )|t1−t4|/2e−iω0(t4−t1 )e−γdiss (min{t1,t4}−T ), t2, t3 � T, t1, t4 > T,

(C6)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 〈σ̂ †(T )σ̂ †(t2)σ̂ (T )σ̂ (t4)〉e−(γdiss+γdeph )|t1−t3|/2e−iω0(t3−t1 )e−γdiss (min{t1,t3}−T ), t2, t4 � T, t1, t3 > T,

(C7)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 〈σ̂ †(t1)σ̂ †(T )σ̂ (T )σ̂ (t4)〉e−(γdiss+γdeph )|t2−t3|/2e−iω0(t3−t2 )e−γdiss (min{t2,t3}−T ), t1, t4 � T, t2, t3 > T,

(C8)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 0, t1, t2 � T, t3, t4 > T, (C9)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 0, t3, t4 � T, t1, t2 > T, (C10)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 0, t4 � T, t1, t2, t3 > T, (C11)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 0, t3 � T, t1, t2, t4 > T, (C12)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 0, t2 � T, t1, t3, t4 > T, (C13)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 0, t1 � T, t2, t3, t4 > T, (C14)

〈σ̂ †(t1)σ̂ †(t2)σ̂ (t3)σ̂ (t4)〉 = 0, t1, t2, t3, t4 > T . (C15)
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