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Interplay between disorder, local relaxation, and collective behavior for an ensemble of emitters
outside versus inside a cavity
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The interplay between collective optical response and molecular static and dynamic disorder is studied using
simple effective Hamiltonians for an ensemble of two-level emitters inside and outside a single-mode cavity. We
model environmental disorder by randomly modulating the molecular transition frequencies and the coupling
between the emitters and the electromagnetic field. We also consider the effects of intermolecular interactions
and orientational disorder. We investigate how these effects lead to new features in the steady-state absorption
(outside the cavity), transmission spectra (inside the cavity), and the yield of local molecular processes such
as a unimolecular reaction. Outside the cavity, the collective behavior is manifested in the linewidth of the
steady-state absorption, the emission spectrum, and the local chemical yield. Inside the cavity, however, the
collective behavior primarily determines the Rabi splitting. The effects of intermolecular interactions under
orientational disorder are also studied. For the most part, for all types of disorder, if we increase disorder, we
find a reduction in the collective nature of the molecular response (smaller effective N) and therefore the Rabi
splitting contraction occurs with orientational disorder. Moreover, we find that static disorder is more destructive
to collective behavior than dynamic disorder.
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I. INTRODUCTION

Understanding the interplay between collective molecular
optical response and molecular disorder has drawn a great deal
of interest in recent years. Collective optical response can be
seen in the time domain—for instance, Dicke superradiance
emission [1–5], superfluorescence [6,7], and superabsorp-
tion [8] have been discussed extensively in the literature—or
in the frequency domain, e.g., in optical cavities where col-
lective response is manifested in the observed Rabi splitting
that characterizes the strong light-matter coupling regime in
such a system. Near a metal interface and in optical cavi-
ties, the response of an individual molecule is affected also
by the confined character of the cavity as demonstrated by
the Purcell effect as well as different realizations of surface-
enhanced spectroscopies [9–28]. The collective response is
characterized by a nontrivial dependence of experimental
observables on the number N of involved molecules; for ex-
ample, one finds a rate linear in N for superradiance emission
and a Rabi splitting

√
N in the optical response of molec-

ular optical cavities. The dependence of these behaviors on

local disorder has been the subject of several recent studies
[29–54].

In this paper we discuss the effect of different types of
disorder on the collective optical response of molecular sys-
tems in and out of the cavity using two simple models: site
energy disorder and coupling disorder. We also discuss how
the interplay between the collective optical response (outside
vs inside a single-mode cavity) and local molecular processes
might affect the yield of molecular photoprocesses such as
photochemical reactions.

II. MODEL AND CALCULATION METHOD

A. Molecular ensemble in the single-exciton subspace

Consider an ensemble of molecules with two electronic
(ground and excited) states whose spatial extent is assumed
shorter than the wavelength of its resonant absorption, sub-
jected to pumping by a nearly resonant classical field. In
addition, each molecular excited state can decay due to inter-
action with its local environment or a local chemical process.
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The time evolution of this system can be described by the
following Hamiltonian [30,31,34,55]:

Ĥ = Ĥ0 + V̂pump − i�radQ̂ − i�locĈ, (1)

Ĥ0 = E0|0〉〈0| +
∑

m

Em|m〉〈m|, (2)

V̂pump =
∑

m

V0m cos(ωt )|0〉〈m| + Vm0 cos(ωt )|m〉〈0|, (3)

Q̂ =
∑
m,m′

|m〉〈m′|, (4)

Ĉ =
∑

m

|m〉〈m|. (5)

In Eqs. (1)–(5), the molecular states are {|0〉, |m〉}: |0〉 =∏
j |g j〉 is the total ground state and |m〉 = |xm〉∏

j �=m |g j〉
is a singly excited molecular state. Note that we are
working in a single-exciton basis, so our model can de-
scribe only weak excitations where many-exciton correlations
can be disregarded [31,34,56–58]. The radiative emission
of the molecules is treated implicitly using the effective
non-Hermitian operator −i�radQ̂ that arises when one con-
siders one idealized wideband radiative continuum (with
density of state ρDOS) coupled identically to all molecu-
lar emitters (Vj = Vrad ∀ j), leading to the purely imaginary
self-energy

�rad = 2πρDOS|Vrad|2. (6)

If we denote the wave function of the molecular system by
cm(t ), then under radiative pumping of the molecules, the
outgoing radiative flux at any given time t is

Jrad(t ) =
∑
m,m′

�radcm(t )c∗
m′ (t ). (7)

Finally, −i�locĈ represents decay through a local channel in-
volving a single-molecule process. In contrast to the radiative
decay, this channel describes a process defined by the state of
each individual molecule (and does not depend on intermolec-
ular coherence). The outgoing local flux at any given time
t is

Jloc(t ) =
∑

m

�loc|cm(t )|2. (8)

Note that in the Hamiltonian (1), pumping is done by a
continuous-wave (cw) field at the driving frequency ω. There-
fore, if we plot total steady-state outgoing flux Jrad + Jloc as
a function of this frequency ω, we obtain the steady-state
absorption spectrum.

B. Molecular ensemble in an optical cavity

To describe the same molecular ensemble (also in the
long-wavelength approximation) inside a single-mode opti-
cal cavity [59] (which assumes only the mode close to the
relevant molecular transition is considered) under the con-
dition that the molecular ensemble reaches the electronic
strong-coupling regime, we modify the Hamiltonian (1)–(5)
in several ways [60]. First, the external pumping does not
directly couple to the emitters, but instead to the cavity mode
|v〉. Second, the molecules do not couple directly to the far
electromagnetic (em) field and are assumed to couple only to
the cavity mode. Hence, the term −i�radQ̂ is replaced by the

coupling term [Eq. (11) below]. Finally, the radiative (�(R)
cav)

and nonradiative (�(NR)
cav ) decay rates of the cavity mode to the

far field and to damping in the cavity mirrors, respectively, are
taken into account. The corresponding Hamiltonian is

Ĥ = Ĥ0 + V̂cav-mol + V̂pump − i�locĈ − i�cav|v〉〈v|, (9)

Ĥ0 = Ev|v〉〈v| + E0|0〉〈0| +
∑

m

Em|m〉〈m|, (10)

V̂cav-mol =
∑

m

Vvm|v〉〈m| + Vmv|m〉〈v|, (11)

V̂pump = V0v cos(ωt )|0〉〈v| + Vv0 cos(ωt )|v〉〈0|, (12)

Q̂ =
∑
m,m′

|m〉〈m′|, (13)

where v is the excited state of the cavity mode (and the ground
state |0〉 refers to both the cavity and the molecular systems).
Similar to many previous works, we consider only a sin-
gle cavity mode and in correspondence to the single-exciton
model, we include only the ground and first excited states of
this mode.

Here the cavity photon leaking rate (�cav = �(R)
cav + �(NR)

cav )
determines the quality factor h̄ωcav/�cav. In addition to the
local relaxation channel [which is the same as in Eq. (8)], the
outgoing radiative flux through the cavity is

Jcav(t ) = �(R)
cav|cv (t )|2. (14)

In this paper, we ignore �NR
cav and Eq. (14) represents the

combined transmission spectrum.

C. Disorder and intermolecular couplings

Disorder can be implemented in the Hamiltonian (1)
and (9) by assuming that either the molecular transition
energies Em or the molecular coupling with its radiative en-
vironment [Vm0 in Eq. (3) or Vmv in Eq. (11)] have a random
component. This random component can be constant in time
(static disorder) or time dependent (dynamic disorder).

1. Energy disorder

If we focus first on molecular transition energy disorder,
the static disorder limit is described by including a random
component in the individual molecular frequencies (ωm =
Em/h̄)

ωm = ωc + �m. (15)

Here, ωc is the resonant frequency between molecular ground
state |0〉 and |m〉 (without disorder). In the calculations re-
ported below, the random component �m is sampled from a
Gaussian distribution

P(�m) = 1√
2πσ 2

exp
( − �2

m/2σ 2), (16)

where different molecules are assumed to be uncorrelated,
〈�m�m′ 〉 = δmm′σ 2, and here the variance σ 2 indicates the
disorder strength. This static disorder model may be viewed as
the static limit of Kubo’s stochastic modulation model where

ωm = ωc + �m(t ) (17)
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FIG. 1. Schematic diagram of the molecular emitters [blue (gray)
arrows] confined in an optical cavity (gray walls) and pumped by
the incoming cw field (black line). The field of the cavity mode is
assumed to be in the z direction. The transition dipole moments of
the emitters have different angles θm with respect to the z axis.

and �m(t ) are stochastic random variables that change over
time. We choose �m(t ) to be a Gaussian stochastic variable
that satisfies 〈�m(t )〉 = 0 and

〈�m(t1)�m′ (t2)〉 = δmm′σ 2e−|t1−t2|/τc , (18)

where δmm′ is a Kronecker delta function. The Gaussian
stochastic variables are characterized by the amplitude σ =
〈δ�2〉1/2 and correlation lifetime τc of local energy fluctua-
tions. For a detailed algorithm to generate such a stochastic
process, see Appendix A.

2. Orientational disorder

The most obvious source of coupling disorder is the inher-
ent orientational disorder that characterizes most molecular
liquids, and here we focus on this aspect of our systems. The
simplest way to model such disorder is to assign an angle θm

for each emitter m, where θm is oriented with respect to the
cavity mode (see Fig. 1). We assume that the field of the cavity
mode that may be excited by the external pumping is polarized
in the z direction and denote by θm the angle between the z axis
and the molecular transition dipole direction. This disorder
leads to three modifications of the model Hamiltonian. First,
the cavity-molecule coupling becomes

V̂cav-mol =
∑

m

Vvm cos(θm)|v〉〈m| + Vmv cos(θm)|m〉〈v|. (19)

Similarly, for the case outside the cavity, the couplings to the
external driving em field also depend on the emitters orienta-
tion

V̂pump =
∑

m

V0m cos(θm) cos(ωt )|0〉〈m|

+ Vm0 cos(θm) cos(ωt )|m〉〈0|. (20)

Also, outside the cavity, the elements of the non-Hermitian Q̂
matrix depend on the relative angle cos(θm − θm′ ) [61],

Q̂ =
∑
m,m′

cos(θm − θm′ )|m〉〈m′|. (21)

The disorder of {θm} can be either static or dynamic as
described in Sec. II C. At room temperature, the charac-

teristic timescale of the rotational motion in solution is of
order 10 ps, which implies that in most situations includ-
ing the light-matter strong-coupling regime in the molecular
system, orientational disorder may be assumed static. Nev-
ertheless, for completeness, we will consider below a full
range of dynamic disorder. In the static case, we choose a
time-independent {θm} according to random orientation angles
sampled from a Gaussian distribution

P(θm) = 1√
2πσ 2

exp
( − θ2

m/2σ 2
)
. (22)

This again is the limit τc → ∞ of a process where orientations
are dynamically modulated according to 〈θm(t )〉 = 0 and

〈θm(t1)θm′ (t2)〉 = δmm′σ 2e−|t1−t2|/τc . (23)

3. Orientational disorder with intermolecular coupling

To complete our investigation of the linear response of
molecules outside and inside optical cavities as expressed
by the absorption and transmission signals, we will also
consider models with intermolecular couplings (dipole-dipole
couplings), again focusing on static and dynamic orientational
disorder. The intermolecular coupling is modeled by a dipole-
dipole coupling

V̂dip =
N∑

m=k+1

n∑
k=1

Wk f (θm, θm−k )|m〉〈m − k|

+
N∑

m=k+1

n∑
k=1

f (θm−k, θm)Wk|m − k〉〈m|. (24)

Here Wk = W/k3 and in the calculations reported below we
use W = 0.1 [62], unless specified otherwise. In principle, this
Hamiltonian describes a chain of emitters and the interaction
between them decays as one over their distance cubed 1/r3,
as sketched in Fig. 1.

The function f (θm, θm−k ) in Eq. (24) reflects the angular
dependence of the dipole-dipole coupling between emitters
and is given by

f (θm, θm−k ) = cos(θm − θm−k ) − 3 cos θm cos θm−k . (25)

Again, these angles are defined to be relative to the polariza-
tion of the incoming driving electric field.

D. Steady-state flux

In order to simulate cavity-molecular dynamics, we prop-
agate the Schrödinger equation for the Hamiltonians above
under steady-state boundary conditions. The wave function
for the driven, open quantum system can be written as
|�〉 = c0|0〉 + cv|v〉 + ∑

m cm|m〉. This implies propagating
the Schrödinger equation ih̄ d

dt |�〉 = Ĥ |�〉 under the Hamil-
tonians of Eqs. (1) and (9) keeping |c0|2 = 1. The long-time
evolution yields the steady-state forms of the coefficients
cm(t ) and cv (t ) that are used to evaluate the steady-state fluxes
Jrad [Eq. (7)], Jloc [Eq. (8)], and Jcav [Eq. (14)]. Again, the
total steady-state flux Jrad + Jloc as a function of the incoming
driving frequency yields the steady-state absorption spectrum
for emitters outside optical cavities, while inside the cavity,
the steady-state flux Jcav gives the reflection or transmission
spectrum and Jloc represents the local relaxation flux. All
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FIG. 2. Steady-state absorption spectra for a molecular ensemble outside the cavity with (a) different static energetic disorder strengths
and (b) different correlation times τc but constant disorder strength σ = 0.2. The molecular ensemble includes N = 40 molecules. If there is
no disorder [(a) σ = 0, blue (dark gray) solid line], the linewidth of the peak is 2N�rad + 2�loc. As the static disorder strength increases, we
obtain a broader inhomogeneous peak. As the correlation time decreases under fixed disorder strength [(b) σ = 0.2], the peak gets narrower,
reflecting motional narrowing. As shown in Eqs. (26) and (27), as well as Appendix B, these features can be explained analytically.

results (for systems with both static and dynamic disorder)
were conducted by sampling over 256 realizations for each
form of disorder and averaging over realizations. We have
verified that this procedure was sufficient to render converged
results.

With this single-exciton model, there are many parameters
we can adjust to account for different physical conditions. We
list all symbols and explain our choices of values for these
parameters in Appendix E. We will discuss these different
possibilities in the following sections.

III. RESULTS

A. Energy disorder

In Fig. 2 we plot the absorption spectrum for an ensemble
of emitters outside the cavity. In the limit of zero disorder,
the linewidth of the absorption spectrum is associated with
the decay rate for the radiative and local nonradiative chan-
nels. For the static disorder results [Fig. 2(a)], as the disorder
strength σ increases, the absorption line shape become lower
and broader. This feature reflects inhomogeneous broadening
and the static uncertainty in the molecular excitation energy.
Under dynamic disorder [Fig. 2(b)], as the correlation time τc

decreases, the absorption linewidth is smaller, which reflects
motional narrowing. We can also predict the absorption line
shape in Fig. 2 using Kubo’s stochastic theory of the line
shape [63–65]. By performing a Fourier transform of the
normalized correlation function φ(t ), we obtain

φ(t ) = exp
[ − σ 2τ 2

c (t/τc − 1 + e−t/τc ) − (N�rad + �loc)t
]
.

(26)

For the case of static disorder (τc → ∞), we can simplify the
formula by expanding the exponential of t/τc,

φ(t ) → exp[−σ 2t2/2 − (N�rad + �loc)t], (27)

which, after a Fourier transform, yields a convolution be-
tween the Gaussian associated with static disorder and the
Lorentzian associated with the radiative and nonradiative de-
cay rates. For more details and a comparison of analytic versus
numerical results, see Appendix B.

Next consider the case where the same ensemble of emit-
ters interacts with a single-mode cavity under steady-state
pumping. As discussed in Sec. II B, we calculate two observ-
ables: the steady-state flux Jcav through the cavity leakage
channel (which gives the combined transmission spectrum)
and the steady-state flux Jloc through the local relaxation chan-
nel of individual emitters. The results in Fig. 3 show that static
disorder leads to an inhomogeneous broadening of the two po-
lariton peaks that are present in both of the relevant channels.
Interestingly, Fig. 4, in which we suppress the homogeneous
contributions (i.e., when non-Hermitian parts �rad, �loc, and
�cav are small) to the line shape so that the width is dom-
inated by the inhomogeneous contribution, shows that this
inhomogeneous broadening is much weaker inside a cavity
relative to outside a cavity. This effect has already been seen
in Ref. [66].

Returning to Fig. 3, we note that, for increasing σ , the
baseline between the two polariton peaks (around relative
driving frequency ωd = ω − ωc) for the local relaxation chan-
nel becomes larger, whereas in the transmission spectrum, the
baseline around relative driving frequency ωd = 0 remains
approximately zero. This different behavior arises because the
dark modes cannot contribute to the transmission spectrum
but they do contribute to the local relaxation channel. Another
observation in Figs. 3(a) and 3(b) is the increase of the ef-
fective Rabi splitting as the energetic static disorder strength
increases. This increase can be captured approximately by the
formula

�R(σ )/�R(σ = 0) = 1 + 2σ 2/�R(σ = 0)2. (28)
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FIG. 3. Steady-state (a) transmission and (b) local relaxation flux spectra, as calculated for molecular ensembles with different static
energetic disorder strengths σ interacting with a single-mode cavity. The molecular ensemble and the cavity mode form two polariton peaks in
both figures. As the amplitude of static disorder increases, the split peaks become broadened; however, the baseline in between the two peaks
(around relative driving frequency ωd = 0) grows larger only for the local signal. This growth arises because the dark modes contribute only
to the local relaxation flux but not to the transmission spectrum. Finally, note that as the energetic static disorder increases, the effective Rabi
splitting increases. This increase can be captured approximately by perturbation theory [Eq. (28)].

One can obtain such a formula by using second-order pertur-
bation theory for the polariton states. For a simple derivation,
see Appendix C.

Finally, for the case with dynamic disorder, as shown in
Fig. 5, as one might expect, we find motional narrowing for

both channels as the correlation time τc decreases (similar to
Fig. 2). Moreover, we observe the same behavior as in Fig. 3:
In between the two polariton peaks (around relative driving
frequency ωd = 0), the presence of dark modes leads to a
finite steady-state flux for the local relaxation channel.

FIG. 4. Steady-state (a) absorption spectra for outside the cavity, (b),(c) transmission and local relaxation flux spectra interacting with a
single-mode cavity, as calculated for molecular ensembles with different static energy disorder strengths σ . The gray dots in (a) are analytical
results calculated in Appendix B. Here the contributions to homogeneous broadening, namely, the non-Hermitian parts of the Hamiltonian
matrices, are taken to be �rad = 0.005/N , �cav = 0.005, and �loc = 0.005, which are ten times smaller than in Fig. 3, so (except from the case
without disorder) the linewidth outside the cavity is dominated by the inhomogeneous broadening. In agreement with earlier observations [66],
the inhomogeneous broadening observed outside the cavity is not manifested in the linewidth of the polariton peaks inside the cavity, which
are therefore much narrower, as seen in (b) and (c).
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FIG. 5. Steady-state (a) transmission spectra and (b) local relaxation flux for the molecular ensemble inside a single-mode cavity with
dynamic disorder. We fix the energy disorder strength (σ = 0.2) and scan the correlation times τc = 100, 10, 1, 0.1. The molecular ensemble
and the cavity mode forms two polariton peaks in both figures. Note that the long correlation limit (blue solid lines) recovers the results with
static disorder in Fig. 3 (red dashed lines). Note also that, similar to Fig. 3, the dark modes contribute only to the local relaxation channel. As
we decrease τc, the two peaks become narrower in both figures and the dark modes contribute less to the local relaxation channel.

B. Orientational disorder

In this section we present results for angular disorder as
defined in Sec. II C 2. Note that the way disorder is de-
fined in this case implies the average contribution is nonzero
(〈|cos θm|〉 �= 0) and therefore some of the results shown be-
low reflect this situation. As shown in Fig. 6, for the static
angular disorder case, as the disorder strength σ increases,
both the height and the linewidth of the absorption peak
decrease [see Eq. (22)]. This decrease arises because each
dipole in the ensemble of emitters couples to the driving
field differently, resulting in less collective behavior. For the

dynamic angular disorder case, in agreement with the results
in Sec. III A, as we decrease the correlation time of the angular
disorder, we find motional narrowing.

Next we consider this molecular ensemble with angular
disorder inside the cavity. The results are shown in Fig. 7.
Unlike the results in Fig. 3 (where we investigated disorder
in the excitation energies), here the Rabi splitting consis-
tently decreases as we increase the static angular disorder
strength and lose collectivity of the response. Clearly, when
interpreting the spectra from the cavity, one must consider
geometry and not just the energy levels of the molecules in the

FIG. 6. Steady-state absorption spectra for the ensemble of emitters outside the cavity: (a) static angular disorder and (b) dynamic angular
disorder. As shown in (a), when the disorder strength σ increases, the absorption peaks decrease. More importantly, the linewidth decreases
because the emitters act less collectively. For the case of dynamic disorder in (b), similar to Fig. 2, we observe motional narrowing.
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FIG. 7. Steady-state (a) transmission spectra and (b) local relaxation flux for different static angular disorder strengths
(σ = 0, 0.2π, 0.4π, 0.6π ) inside a cavity. As shown in the figures, when the disorder strength σ increases, the absorption peak height decreases
and the dark modes contribute only to the local relaxation flux but not to the transmission spectrum (similar to Fig. 3). However, unlike Fig. 3,
disorder in the angles leads to a decrease in the Rabi splitting.

cavity. In principle, in a cavity, one might expect to have both
energy and angular disorder and so, as the temperature rises,
the Rabi splitting should decrease. Unfortunately, it remains
unclear which effect dominates. Note that the increase of Rabi
splitting with increasing static energy disorder does not sug-
gest that more emitters are behaving collectively. As shown
in both Figs. 3 and 7, the maximal radiative steady-state flux
decreases as static disorder strength σ increases. Finally, as in
Fig. 3, the dark modes contribute to the rise of the baseline
between the two polariton peaks only for the local relaxation
channel.

The results for the dynamic angular disorder case are
slightly more nonintuitive. In Fig. 8 we fix the disorder
strength (σ = 0.4π ) and calculate transmission and local re-
laxation fluxes for different correlation times τc. In the long
correlation time limit (blue solid line), we recover the static
disorder result. Two features are worth noting in Fig. 8. First,
as τc becomes smaller, we find that, as expected, the polari-
tonic spectra undergo motional narrowing. However, reducing
the correlation time is not equivalent to reducing disorder
insofar as the Rabi splitting in Fig. 8 decreases as τc → 0
(whereas the Rabi splitting increases as σ → 0 in Fig. 7),

ELP,UP = ±
√

N |Vmv|2〈|cos(θm)|2〉. (29)

Here angular brackets stand for an ensemble average. For the
no-correlation limit (τc = 0), a good estimate is

ELP,UP = ±
√

N |Vmv|2〈|cos(θm)|〉. (30)

However, we are unable to predict what Rabi splittings are
for finite τc. For detailed derivations of these expressions and
an analysis of how they match up with numerical results, see
Appendix D. Note that in both limits, the Rabi splittings are
smaller than the case with no disorder, reflecting the fact that
the average coupling in this model is smaller than Vmv .

Another nonintuitive result in Fig. 8 pertains to the height
of the peaks themselves. Here we see that the height behaves
in a nonmonotonic fashion as a function of τc; starting from
static disorder and decreasing τc, we find that the peak height
and integral decrease and then increase. Qualitatively, we
believe this nonmonotonic behavior can be understood by
recognizing that with moderate correlation times, introducing
disorder and slowly distorting the coherences removes the
possibility of seeing individual configurations, each absorbing
for a long time, or seeing many configurations averaged to
one static configuration. As a result, there is less absorption
at intermediate correlation times. Pursuing a more rigorous
analysis of this effect will certainly be an important research
direction in the future. Finally, just as in Fig. 7, the dark modes
contribute to the local relaxation, and as the correlation time
decreases, the Rabi splitting decreases.

C. Intermolecular coupling and orientational disorder

Finally, let us address the presence of how intermolecular
coupling affects orientational disorder. Let |B〉 be the bright
state of the system outside the cavity, which is defined by
applying the transition dipole moment operator to the total
ground state |0〉:

|B〉 = μ̂|0〉
|μ̂|0〉| = 1∑

j cos2 θ j
(cos θ1, cos θ2, . . .)

T . (31)

Before presenting the absorption spectra, we start by showing
the density of states of the system outside or inside a cavity,
weighted by the brightness of the states in Fig. 9. For the
case outside the cavity, we define the brightness Wj of each
eigenstate φ j of Ĥsub (keeping only the real part of m and v

elements [see Eqs. (C1)–(C3) in Appendix C]) to be

w j = |〈B|φ j〉|2. (32)
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FIG. 8. Steady-state spectra for dynamic angular disorder in a single-mode cavity: (a) transmission and (b) local relaxation flux. We fix the
angular disorder strength (σ = 0.4π ) and scan over correlation times τc = 100, 10, 1, 0.1. We also plot the result with no disorder for reference
(purple dash-dotted line with circles). As shown in both figures, when the correlation time decreases, the collective effect diminishes, leading
to a smaller Rabi splitting. Similar to Fig. 7, the dark modes contribute only to the local relaxation signals.

For the case inside the cavity, the bright mode must contain
the cavity mode and thus the following definition makes more
sense:

wcav
j = |〈v|φ j〉|2. (33)

Here |v〉 is the bare cavity state [see Eqs. (9)–(13)]. As
shown in Fig. 9, for the case outside the cavity, the brightest
eigenstates have negative energy eigenvalues (relative to the
emitters energy). For the case inside the cavity, there are two
regions of bright states corresponding to the two polariton

FIG. 9. Histogram of the brightness [w j in Eq. (32) and wcav
j in Eq. (33)] for the Hamiltonian eigenstates that arise with intermolecular

coupling [see Eqs. (24) and (25)] as averaged over realizations of θm following the distribution in Eqs. (22) and (23). These brightness factors
are relevant to pumping the emitters (a) outside and (b) inside the cavity. We consider that the dipoles are fully aligned in the limit of zero
disorder and thus intermolecular couplings are negative [Eq. (25) equals −2]. The eigenvalue of the bright state (symmetric superposition state)
becomes negative. Hence, for the case outside the cavity, the brightest states have energy E ≈ −0.3 a.u., which is lower than the energy of the
independent emitters (which is set to be 0); for the case inside the cavity, the two brightest states yield lower and upper polariton peaks at around
E = −0.6 and 0.3 a.u., respectively. The upper polariton peak is brighter than the lower polariton because the former has an energy eigenvalue
(0.3 a.u.) closer to the energy of the bare cavity mode (0 a.u.). Again, the center of the two polariton peaks [(ELP + EUP)/2 ≈ −0.15 a.u.] is
lower than the energy of the independent emitters or bare cavity mode.
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FIG. 10. Steady-state absorption for emitters outside a cavity with intermolecular couplings and (a) static orientational disorder and
(b) dynamic orientational disorder. (a) For the static disorder case, the absorption peaks height decreases as the disorder strength increases.
As predicted in Fig. 9, intermolecular coupling reduces the energy of the system and the peaks appear to have energy lower than that of the
individual emitters. (b) For the dynamic disorder case, the peak gets narrower as we decrease the correlation time.

peaks; the center of the two peaks is shifted towards the
negative direction, just as for the case outside the cavity. The
upper polariton eigenstates are brighter than the lower polari-
ton because they are closer to the bare cavity mode energy.

With these structures in mind, in Fig. 10 we plot the ab-
sorption spectra for different orientational disorder strengths.
When there is no orientational disorder, because there is
finite negative intermolecular coupling, the peaks are red-
shifted, as the brightest eigenstate corresponds to the smallest
eigenvalue. As we increase the disorder strength, the total
absorption decreases. For the dynamic orientational disorder
case, similar to Fig. 6, as the correlation time decreases, the
absorption linewidth decreases (corresponding to motional
narrowing). The scale of the redshift is also reduced as we
increase modulation speed.

In Fig. 11 we plot the transmission and local relaxation
flux for an ensemble of emitters placed inside the cavity.
First, one might guess from what was shown in Fig. 9 that
the upper polariton peak height is greater than that of the
lower polariton; the center of the two polariton peaks has a
lower energy than that of the bare cavity mode. Second, as the
static disorder strength increases, the effective Rabi splitting
decreases because the disorder reduces the collectiveness of
the emitters. Moreover, the center of two polariton peaks be-
comes closer to the origin. In the limit of infinite disorder, we
recover a uniform distribution of angles as in a homogeneous
two-dimensional system. Third, as we compare the two chan-
nels, because the transmission spectrum relies on the cavity
mode and the local relaxation relies on the emitter states, the
difference in intensity between the upper and lower polaritons
for the transmission spectrum is greater than that for the local
relaxation signals. Finally, the dark modes contribute only to
the local relaxation signals, as was also seen in Fig. 7.

Finally, we show the steady-state transmission and local re-
laxation flux inside a single-mode cavity with intermolecular
coupling and dynamic orientational disorder in Fig. 12. As the

correlation time decreases, the effective Rabi splitting and the
linewidth of each polariton peak decrease, just as in Fig. 8.
The difference between the upper and lower polariton peak
heights is less significant in local relaxation flux than in the
transmission spectrum, similar to what was found in Fig. 11.
All the observations are consistent with those in Sec. III B.

IV. CAVITY EFFECT ON LOCAL RELAXATION YIELD

The models defined by Eqs. (1)–(13) are minimal models
that allow consideration of three relaxation channels for the
radiation absorbed from the driving field: a radiative channel
that combines transmission and reflection, nonradiative damp-
ing of the cavity mode (heat production in the cavity walls),
and reactive relaxation. The latter represents a reaction that
occurs following the molecular excitation. It is of interest to
examine the effect of the cavity environment on the yield of
the latter channel.

Outside the cavity, the system undergoes collective super-
radiance at a rate N�rad and local relaxation at a rate �loc.
The yield Y of the individual molecular relaxation (which we
assume to be a reactive process) is

Y = �loc

N�rad + �loc
. (34)

By comparison, inside the cavity, the energy will leak through
the cavity mode at rate �cav with the same local relaxation rate
as above, �loc. It is clear that the local yield is then

Y = �loc

�cav + �loc
. (35)

Hence, without disorder, we can expect that the reactive relax-
ation yields will be different outside and inside the cavity, in
terms of both absolute value and N dependence. This differ-
ence is shown in Fig. 13, Note that, for simplicity, we assume
�cav = 10�rad. In agreement with Eqs. (34) and (35), the local
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FIG. 11. Steady-state (a) transmission and (b) local relaxation for an ensemble of emitters inside a single-mode cavity with intermolecular
couplings for different static orientational disorder strength. As predicted in Fig. 9, the upper polariton contributes more strongly than does the
lower polariton peak to the transmission spectrum. Intermolecular couplings stabilize the system and thus the center of the two polariton peaks
corresponds to an energy lower than that of an individual emitter or bare cavity mode. As the disorder strength increases, the Rabi splitting
decreases as the collectiveness is destroyed by the disorder. The difference in height between the upper and lower polariton peaks is small for
the local relaxation channel because the signals are not dependent on how strong the cavity mode contribution to the polariton is (but rather
are dictated by the dynamics of the individual emitters).

relaxation yield depends on N only when the emitters are
outside the cavity.

Consider now the effect of disorder. As discussed above
and shown in Figs. 2 and 5, at reasonably high temperatures,
nuclear motion and dephasing processes lead to static and
dynamic disorder, which results in a reduction of steady-state

radiative fluxes. As shown in Fig. 13, we can clearly see that
moderate dynamic disorder leads to a reduction of radiative
fluxes and thus a greater local relaxation yield both inside
and outside the cavity. More importantly, the slope of the
ratio between radiative and local relaxation flux [red dashed
line in Fig. 13(a)] is reduced in the presence of disorder

FIG. 12. Steady-state (a) transmission and (b) local relaxation flux for an ensemble of emitters inside the cavity with intermolecular
couplings and dynamic orientational disorder. Both figures are for the indicated correlation times but a fixed disorder strength (
 = 0.4π ).
Again, the long correlation time limit (blue solid lines) is equivalent to static disorder results (red dashed lines in Fig. 11). Both the Rabi
splitting and the linewidth decrease as the correlation time decreases, similar to Fig. 8. The center of the two polariton peaks shift to lower
energy by the intermolecular coupling. As in Fig. 11, the difference in height between the upper and lower polariton peaks is more significant
in the transmission spectrum than in the local relaxation signal.
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FIG. 13. (a) Steady-state ratio between radiative flux and local relaxation flux outside and inside the cavity with and without energy
dynamic disorder. (b) Steady-state local relaxation yield outside and inside cavity with and without energy dynamic disorder. We keep all
parameters constant and vary only the number of emitters of the system. We assign the cavity leakage rate to be the same as the local relaxation
rate for the case of the system inside the cavity. For the case without disorder, we choose the superradiant rate for N = 10 to be the same
as the local relaxation rate for the case outside the cavity. Hence, the local yield at N = 10 is 0.5 both inside and outside the cavity. For
outside the cavity, as more emitters are collectively emitting, the ratio between the radiative and local relaxation rates increases linearly as
N and thus the local yield decreases. For inside the cavity, we assume that the cavity leakage rate remains approximately constant. Hence,
the local relaxation yield does not depend on N [24]. From these data, we conclude that adding a single-mode cavity can certainly change
the importance of different energy dissipation channels. Now, for the case with moderately fast energetic dynamic disorder (σ = 0.2 and
τc = 1), one clear pattern is that for both outside and inside the cavity, the radiative channels are suppressed by the disorder and thus local
relaxation yields increase. Moreover, for the case outside the cavity (green line with crosses), the slope decreases from 0.1 (no disorder) to
0.06 (moderate dynamic disorder), which shows that there are 60% emitters behaving collectively. In applying this conclusion to a realistic
experiment, note that N should be the effective number of emitters that participate in the superradiant rate or Rabi splitting, which characterizes
the collectiveness under the influence of disorder

outside the cavity. In principle, this slope corresponds to the
effective number of emitters that contribute to the collec-
tive emission. For the parameters in Fig. 13, if we focus on
comparing the black solid and red dashed lines, we find a
slope of 0.06 for moderate disorder (black dashed line) vs
0.1 for the no-disorder case (blue solid line), which implies
that 60% molecules are emitting collectively. However, for
very strong dephasing and disorder, we expect that this slope
should approach zero and N in Eq. (34) should approach
unity; after all, with strong enough dephasing, we expect to
find independent spontaneous emission for emitters outside
the cavity, in contrast to the superradiant effect in Eq. (34).
While this analysis demonstrates a possible cavity effect on
the yield of the chemical reaction, a note of caution should be
added. This analysis is based on the assumption that �loc is
identical following excitation of the bright mode outside the
cavity, as in the case where a polariton is excited inside the
cavity. This is not necessarily the case, because the initially
prepared state differs in energy by an amount determined by
the Rabi splitting. A model where �loc is sensitive to this
difference was recently analyzed in Ref. [67].

V. CONCLUSION

We have investigated the influence of energetic disor-
der, orientational disorder, and intermolecular couplings on
the absorption spectra for an ensemble of two-level emitters
outside and inside a single-mode cavity. As concerns the in-
fluence of energetic and orientational disorder, we recovered

inhomogeneous broadening for static disorder and motional
narrowing for dynamic disorder. For the case inside the cavity,
there are two inherently different observables: a transmission
spectrum and local relaxation flux. The transmission spectrum
is dictated primarily by properties of the cavity mode and the
local relaxation flux depends mainly on the property of the in-
dividual emitters. These two observables are complementary
to each other and together provide a comprehensive picture
of the system when we introduce different types of disorder.
Introducing intermolecular coupling is essentially equivalent
to adding finite detuning between the bare cavity mode and the
emitters eigenstates. As we compared the two observables, we
confirmed that dark modes do not contribute to transmission
signals, which require the state to be bright. However, the dark
modes do contribute to the local relaxation signals.

Finally, we investigated the differences between excited-
state local relaxation yields outside versus inside the cavity.
It is clear that the presence of a cavity mode will modify
the yield in two ways: changing the radiative energy dissi-
pation rate (from collective spontaneous emission to cavity
leakage) and changing inherently how collectiveness trans-
lates into physical observables (from superradiance to Rabi
splitting) [24].

Looking forward, we note that, in this work, we have
assumed that the rate of independent spontaneous emission
towards other polarization directions is very slow and can
be completely ignored. In truth, however, the influence of
other polarization directions cannot really be modeled with
a single-mode cavity. To better isolate possible cavity effects
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FIG. 14. Steady-state absorption spectra for a molecular ensemble with (a) different static energy disorder strengths and (b) different
correlation times τc but the same disorder strength σ = 0.2, identical to Fig. 2. The gray dots are predicted by Eqs. (27) and (26). The
linewidths of numerical results match perfectly with the prediction. To avoid crowding the figure, we show only one analytical prediction
overlapping with the green dotted lines in both (a) and (b).

in chemistry, one of the next steps would be to incorporate
higher dimensions and more cavity modes inside a realistic
microcavity (likely through a Maxwell-Bloch calculation).
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APPENDIX A: GENERATION
OF THE ORNSTEIN-UHLENBECK PROCESS

In our computational procedure, to generate energy mod-
ulations, we employ an Ornstein-Uhlenbeck process. To
generate a sequence of values at time tn = t0 + ndt , we sam-
ple {�m(tn)} in the following process [68].

(1) At t0, pick {�m(t0)} according to the Gaussian distribu-
tion

P[�m(t0)] = 1√
2πσ 2

exp

(
−�m(t0)2

2σ 2

)
.

(2) Calculate rn,

rn = exp[−(tn+1 − tn)/τc] = exp(−dt/τc).

(3) Pick {�m(tn+1)} according to the conditional probabil-
ity

P[�m(tn+1)|�m(tn)]

= 1√
2πσ 2

(
1 − r2

n

) exp

(
− [�m(tn+1) − rn�m(tn)]2

2σ 2
(
1 − r2

n

)
)

.

(4) Go back to step 2.

APPENDIX B: VOIGT THEORY

In this Appendix we demonstrate that our numerical results
from Sec. III A for the case of a collection of molecules
outside the cavity with static or dynamic energetic disorder
(Fig. 2) satisfy Voigt theory. According to Eqs. (26) and (27),
we can analytically predict the Voigt linewidth for different
disorder strengths σ and correlation times τc. However, we
cannot determine the absolute peak height from Eqs. (26)
and (27). Nevertheless, if we simply fit the line shape with the
numerical height, then Fig. 14 demonstrates that the analytic
linewidths predicted by Eqs. (27) and (26) (gray dots) match
perfectly with the numerical linewidths in Fig. 2.

APPENDIX C: DERIVATION OF THE EFFECTIVE RABI
SPLITTING UNDER STATIC ENERGETIC DISORDER

In this Appendix we use second-order perturbation theory
to derive Eq. (28). The total Hamiltonian of the disordered
system is

Ĥsub = H0 + �, (C1)

H0 = Ev|v〉〈v| +
N∑

m=1

Em|m〉〈m| + Vmv (|m〉〈v| + |v〉〈m|),

(C2)

� =
N∑

m=1

δEm|m〉〈m|. (C3)

Here N is the effective number of emitters in the cavity. The
modulation δEm is treated as perturbation and has zero mean
and σ 2 variance. We assume no detuning and thus the Rabi
splitting with no disorder is

�R(σ = 0) = 2
√

NVmv. (C4)
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FIG. 15. Effective Rabi splitting vs (a) static angular disorder strength and (b) dynamic angular disorder correlation time. As shown in (a),
static angular disorder leads to contraction of Rabi splitting. This contraction is unlike the case with static energetic disorder, in which the
effective Rabi splitting increases as the disorder strength increases. The formula (D7) obtained by cumulant expansion captures the contraction
of effective Rabi splitting induced by static angular disorder (τc → ∞). For the case with dynamic angular disorder (σ = 0.4π ), as shown by
the green dash-dotted line in (b), we can only predict the fast modulation limit τc = 0 as in Eq. (D8). For the intermediate correlation time, the
effective Rabi splitting is not fully determined by the first and second moments. As shown by the cyan dotted line, the effective Rabi splitting
is also independent of N in the system.

The polariton states have energy ±�R(σ = 0)/2 and the cor-
responding eigenvectors are

|UP,LP〉 = (1/
√

2,±1/
√

2N, . . . ,±1/
√

2N ). (C5)

All remaining eigenstates are dark states and have en-
ergy Edark = 0. Second-order perturbation theory yields the
energies of the polariton states

ELP = E0
LP + 〈LP|�|LP〉 +

∑
k �=LP

|〈k|�|LP〉|2
E0

LP − E0
k

. (C6)

The first-order term is the mean of the static disorder

〈LP|�|LP〉 =
N∑

m=1

δEm/2N = 0. (C7)

The second term is∑
k �=LP

|〈k|�|LP〉|2
E0

LP − E0
k

= −
∑

k |〈k|�|LP〉|2 − |〈LP|�|LP〉|2 − |〈UP|�|LP〉|2/2

�R(σ0)/2
,

(C8)∑
k

|〈k|�|LP〉|2 = 〈LP|�2|LP〉 =
N∑

m=1

δE2
m/2N = σ 2/2,

(C9)

|〈UP|�|LP〉|2/2 = −
∣∣∣∣∣

N∑
m=1

δEm

∣∣∣∣∣
2

/4N = 0. (C10)

Hence, the perturbed energy is

ELP = E0
LP − σ 2

�R(σ = 0)
. (C11)

Finally, because the detuning is zero, the spectrum is com-
pletely symmetrical. The effective Rabi splitting is simply
twice the absolute value of the lower polariton energy, which
yields Eq. (28).

APPENDIX D: DERIVATION OF EFFECTIVE RABI
SPLITTING UNDER STATIC AND DYNAMIC

ANGULAR DISORDER

In this Appendix we use a cumulant expansion to calculate
the effective Rabi splitting that is relevant with disorder as a
function of the disorder strength σ and/or correlation time τc.
At this point, if we ignore the pumping and non-Hermitian
decay from Eqs. (9)–(13), the Hamiltonian of the disordered
system is

Ĥ = H0 + �θ, (D1)

H0 = Ev|v〉〈v| +
N∑

m=1

Em|m〉〈m|, (D2)

�θ =
N∑

m=1

Vmv (θm)|m〉〈v| + Vvm(θm)|v〉〈m|. (D3)

As shown in Eq. (19), dynamic angular disorder enters as a
modulation of θ in the coupling Vmv (θm) = V cos(θm) between
each individual emitter and the bare cavity mode. It is straight-
forward to obtain the instantaneous eigenvalues of H because
the characteristic polynomial is

λN−1

(
λ2 −

N∑
m=1

V 2 cos2(θm)

)
= 0. (D4)

Hence, the effective Rabi splitting is �R/�R(σ =
0) =

√
〈cos2 θm〉, where θm(t ) satisfies 〈θm(t )〉 = 0 and

〈θm(t j )θn(tk )〉 = δmnσ
2 exp(−|t j − tk|/τc). By cumulant
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TABLE I. Symbols; energies, rates, or frequencies; and values that appear in this paper.

Symbol Energy, rate, or frequency Value

Ev cavity mode energy 0
Em molecular singly excited-state energy 0
V̂mv coupling between cavity mode |v〉 and molecular excited state |m〉 0.5/

√
N

V̂m0 coupling between ground state |0〉 and molecular excited state |m〉 0.0005
E0 + h̄ω single-photon dressed molecular ground state [−1.2, 1.2]
�rad single molecule radiative decay rate 0.05/N
�loc local relaxation rate 0.05
�cav

(
�R

cav + �NR
cav

)
cavity leakage rate 0.05

(including radiative and nonradiative)
σ standard deviation 0 → 0.3 (energy),

0 → 0.6π (angle)
τc correlation time 0.1 → 100

(dynamic → static)

expansion

〈|cos θm|〉 = Re
[

exp
(
i〈θm〉 − 1

2

〈
δθ2

m

〉)] = exp(−σ 2/2).
(D5)

Hence, in the static limit (τc = ∞),

〈cos2 θm〉 =
〈

cos 2θm + 1

2

〉
= e−2σ 2 + 1

2
. (D6)

The effective Rabi splitting is

�R(σ, τc = ∞)/�R(σ = 0) =
√

(e−2σ 2 + 1)/2. (D7)

This analytical formula is verified in Fig. 15. The numerical
results are extracted from Fig. 7.

In the fast modulation limit (τc = 0), the external field
sees an averaged upper or lower polariton state [as defined
in Eq. (C5)], which leads to average Rabi splitting

�R(σ, τc = 0)/�R(σ = 0) = 〈|cos θm|〉 = e−σ 2/2. (D8)

Unfortunately, we have not yet been able to derive an analytic
form for the effective Rabi splitting for finite τc. For a general
τc, the effective Rabi splitting is not determined exclusively by
the instantaneous eigenvalues [which allowed us to calculate
the slow and fast limits (D7) and (D8) above]. Nevertheless,
in Fig. 15 we plot the effective Rabi splitting for two different
values of N (the number of emitters). Note that the two lines
are on top of one another. Thus, even though we do not have
a predictive theory for the Rabi splitting in the intermediate
τc regime, we can at least be confident that the Rabi splitting

always scales as
√

N (which would seem to agree with the
results in Ref. [69]).

APPENDIX E: ENERGIES, RATES, AND FREQUENCIES

In this Appendix we list all the parameters in the paper.
For the model with a cavity, we choose to normalize the Rabi
splitting for the no-disorder system and thus all parameters
listed in Table I are in units of �R(σ = 0). In the strong-
coupling regime, the Rabi splitting should be greater than the
linewidth of the observed polariton peaks [�R(σ = 0) > �],
which is determined by both lifetime and all types of disor-
ders. Conveniently, we choose the total decay rate to be �tot =
�cav + �loc = 0.1�R(σ = 0), namely, the natural linewidth is
a tenth of the Rabi splitting for cases with no disorder. The
choices of standard deviation and correlation time aim to show
the qualitative behaviors of line shape under different types of
disorder. Specifically, the correlation time ranges from static
(τc → ∞, corresponding to the low-temperature regime) to
dynamic (τc → 0, corresponding to very strong pure dephas-
ing in the high-temperature regime).

For the model without a cavity, we choose to keep all
identical parameters the same. For example, in order to keep
the no-disorder linewidth the same, the collective radiative
decay rate is chosen to be �rad = �cav/N . This choice should
be valid because, in reality, the linewidth of absorption outside
a cavity and the linewidth of reflection or transmission inside
a cavity are of the same order of magnitude.

Finally, the remaining parameters (V̂m0, E0 + h̄ω, and
Ev = Em) are only used for calculating steady-state results.
The results do not depend on choices of E0 + h̄ω. The V̂m0 is
an arbitrary small number and determines only the magnitude
of the flux but not the line shape.
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