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Stable magnetic levitation of soft ferromagnets for macroscopic quantum mechanics
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We propose a system for passive magnetic levitation and three-dimensional harmonic trapping of soft ferro-
magnets. Our protocol utilizes the magnetic-field gradient for vertical trapping, and the finite-size effect of the
Meissner effect for horizontal trapping. We provide numerical and analytical estimations of possible mechanical
dissipations to show that our system allows high mechanical Q factors above Q > 10%, and quantum control
of the levitated object is within reach of current technologies. The utilization of the soft ferromagnet’s internal
collective spin excitation may allow quantum mechanical phenomena with particles as large as the submillimeter

scale.

DOLI: 10.1103/PhysRevA.108.023523

I. INTRODUCTION

Levitation of rigid bodies in free space provides an iso-
lated system that circumvents mechanical clamping losses,
dissipation, and decoherence, which are usually a limiting
factor in mechanical systems [1-3]. A method that allows
frictionless passively stable levitation without heating or
perturbations is magnetic levitation involving diamagnetic
objects [4,5]. Magnetic levitation has enabled experimental
levitation of hard magnets, diamagnets, and superconduc-
tors of various sizes from nanoparticles [6], micrometer-
sized spheres [7-14], millimeter-scale objects [15-19], to
centimeter-sized spheres [20,21] with mechanical Q factors
ranging from Q ~ 10°-107. Larger objects have the advantage
of better crystal properties, reduced dissipation from heat, gas,
or acoustic damping due to lower surface-to-volume ratios,
and reduced decoherence from vibration, magnetic fluctua-
tions, or other force fluctuations due to large mass, albeit sub-
ject to more eddy current damping. This ability to levitate or-
ders of more massive objects compared to optical tweezers or
Paul traps opens a potential for ultra-precise acceleration sen-
sors [22,23], gravimeters [24], as well as magnetometers [25].

However, trapping and cooling of massive systems larger
than micrometer scales becomes more difficult as the size
of the particle increases. This is due to the fact that its
interaction with control fields used to cool, manipulate, or
readout the trapped object depends on the single excitation
coupling strength g = nx;,r, where 7 is the coupling strength
to the particle’s position and x,,r ~ +/fi/2mw is the zero-point
fluctuation with w being the center of the mass oscillation fre-
quency. Since the mass m = pV is proportional to the volume
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V, the lighter or smaller the particle, the easier it is to cool to
the ground state.

This can be overcome by utilizing the internal spin de-
grees of freedom of a levitated soft ferromagnetic (SF)
oscillator [26-28]. In this case, the reduction in coupling with
increasing mass can be compensated for by the increasing
coupling of collective spin excitation and the control mi-
crowave field. Thus the single excitation coupling between
the motion and control field becomes size independent, and
it is possible to cool the center-of-mass motion of a SF re-
gardless of its size [29]. Furthermore, collective spins of a
SF in the motional ground state can also be used for mag-
netometers [25], which may enable probing physics beyond
the standard model [30,31], to quantum computing using its
rotational symmetry [32].

Here we propose a system to levitate and trap the center of
mass of a SF in a three-dimensional harmonic potential. Our
system utilizes the magnetic-field gradient to trap vertically,
and the finite-size effect of the Meissner effect from a super-
conductor whose size is close to the SF to trap horizontally;
therefore, it retains the advantage of magnetic levitation to
levitate massive objects. Since this system constitutes only the
SF and a superconductor in an external magnetic field, and a
superconductor has no eddy current damping, it is ultimately
a very low dissipation system. We estimate the Q-factor limit
of the center-of-mass motion for a yttrium iron garnet (YIG)
sphere with eddy current damping and gas damping. Fi-
nally, requirements for the external magnetic-field stability are
discussed.

II. LEVITATION PRINCIPAL

An overview of our scheme is given in Fig. 1. Since Earn-
shaw’s theorem prohibits stable levitation with only static
magnetic fields [33], we use a superconductor disk with a hole
and a slit. The key difference with levitation of hard magnets
is that SF require an external magnetic field B to saturate the
magnetization which is necessary to treat the SF as a single
domain. A superconductor disk in the Meissner state focuses
the flux in the direction normal to the disk. This can be seen
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FIG. 1. Overview: A soft ferromagnet of radius a is placed inside
a superconductor with a hole of radius r, slit angle 6, height /4, under
a homogeneous external magnetic field B.,. Magnetic flux lines
are indicated in yellow. Jig is not shown.

as a “magnetic flux density lens” that creates a magnetic flux
maxima in the center of the hole B(0, 0, 0) = By« (Fig. 2).
SF can be vertically trapped at the center of this hole because
ferromagnets are attracted to the strongest magnetic field. This
allows levitation of materials with a permeability of u > 1 for
sufficiently strong B..

When the external magnetic field applied on the SF is
larger than the saturation magnetization, the magnetization
of the SF can be treated as a magnetic dipole. In this case,
for a SF sphere of radius a, the magnetic levitation force is
given by
dB,
dz’
where M is the magnetization, V = dra’ /3 is the volume, and
B, is the vertical magnetic field density [34]. The condition for
levitation is for this to exceed the gravitational force mg, with
m = 4x pa’ /3 being the mass, p the density of SF, and g the
gravitational acceleration is
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FIG. 2. Example of magnetic flux density distribution optimized
for Byax = 100 mT, 2a = 0.5 mm, without the YIG sphere. Red line:
vertical direction B, (z direction in Fig. 1) with light red line being the
uniform external magnetic field generated by solenoid coil Bey;. Gray
area: inside superconductor hole. The origin (x,y,z) = (0,0, 0) is
defined as the YIG sphere stable levitation point at the center of the
superconductor hole.

The requirement to apply a magnetic field uniform enough to
magnetize the SF into a single domain

B max
a

dB,
' 3)

dz

The horizontal trapping is achieved using the Meissner
effect, in which the image field of the SF sphere exerts
a repulsive force towards the center. If the SF sphere is
small enough compared to the superconductor hole and
height, it can be approximated as a magnetic dipole. When
the size of the superconductor surrounding the SF sphere
is comparable to the size of the sphere, finite-size effects
must be considered. The force on the SF needs to be cal-
culated by integrating the Maxwell stress tensor over its

surface
B,B,
F= / / ds, 4)
2 po

where B, is the normal component of the sum of external
magnetic flux density and image field to the surface [34,35].

III. STABLE LEVITATION CONDITIONS

While maintaining conditions (2) and (3), we numerically
search for the optimal external magnetic-field distribution
to trap the SF sphere in a three-dimensional harmonic trap
(Fig. 3). The height & determines the vertical potential width,
while the radius r and slit size 8 determine the vertical and
horizontal potential depth.

We used a COMSOL software package to simulate the static
magnetic-field distribution and its magnetic-field-gradient-
induced force acting on a YIG sphere, by Ampere’s law
employing the three-dimensional (3-D) finite element method
(FEM) (Appendix B). We consider YIG as the SF for its
low magnetic damping [36] and high-spin density for a
ferrimagnet [37], which can be exploited for ultrastrong
coupling of magnons to microwave cavity modes [38], and
ground-state cooling of the center-of-mass motion of a levi-
tated YIG sphere [26,27,29]. A YIG sphere of permeability
1y =32 [39], dielectric constant €, = 15, density p, =
5172kg/m? [40] is placed at the center of the hole in the su-
perconductor, modeled as a perfect magnetic insulator which
fulfills boundary condition n x A = 0. The YIG sphere is
stable when there is a resorting force, and the potential is
convex downward.

The superconductor hole radius »/a determines the mag-
netic flux concentration in the center of the hole that scales
with Bpax o r~978. The smaller the hole, the stronger the flux
concentration and stiffer the magnetic spring albeit smaller
trapping region. The maximum horizontal restoration force
is achieved when the radius r/a nearly equals the width of
magnetic flux divergence, and any horizontal displacement
from the center creates a restoring force [Fig. 4(b)].

The superconductor height #/a determines the homogene-
ity of the magnetic field in the vertical direction. To use the
magnetic-field gradient for trapping, the height must be short
enough so that the uniform magnetic field area is the same
size as the YIG sphere. The height //a has little effect on the
strength of magnetic spring kjey.
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FIG. 3. Potential energy of YIG sphere dependence for (a) x, (b) y, (c) z axis, with all displacements normalized by YIG sphere radius a.
(1a)—(1c) superconductor height i/a = 2, 3, 4, 6, 8, 10 for dark purple to light yellow with r/a = 1.4, 0 = 10°. (2a)—(2c) Superconductor
hole radius r/a =1.12, 1.2, 1.4, 1.8, 2.2, 2.6, 3.0 for dark purple to light yellow with h/a =4, 8 = 10°. (3a)—(3c) Superconductor slit
angle 6 = 10°, 45°, 90°, 135°, 180° for dark purple to light yellow with r/a = 1.4, h/a = 4.

The slit size 6/m determines flux leakage in the slit di-
rection. The ideal condition is when the slit size is infinitely
small, allowing magnetic flux to enter into the hole, but does
not affect the flux focusing effect nor Meissner effect. Thus,
the smaller the slit, the stiffer the magnetic spring kiey, and
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FIG. 4. (a) YIG sphere trap frequency dependence on diameter
2a for (black) Bax = 100 mT, (light red) Bya.x = 1 T. Solid line: f;
dashed line: f,, respectively. (b) Magnetic flux distribution of a YIG
sphere under an external magnetic field B,,x = 100 mT when inside
a superconductor (yellow rectangle) optimized for harmonic trapping
with r = 1.4a, h = 4a.

the more confinement both vertically and horizontally. For
6 > m /2, there is no trapping in the slit direction (x direction
in Fig. 1).

Taking into consideration the trade-offs above, the su-
perconductor dimensions were optimized by first two-
dimensional scanning the hole radius r/a and height h/a
with 6 = 10° to find r/a with the deepest horizontal trapping
potential. Then h/a was optimized to satisfy conditions (2)
and (3). Finally, the limitation on 6 was obtained as the
maximum 6 with a convex downward potential. We find the
YIG sphere can be stably levitated at the center of the super-
conductor hole when r/a ~ 1.4, h/a ~ 4, and 6 ~ 10°, for
an arbitrary a, while satisfying conditions (2) and (3). For
example, when a = 0.25 mm, B,,x = 100 mT, the average
vertical magnetic-field gradient applied over the YIG sphere
for |z| < ais |dB;/dz| ~ 11.2 T/m, which exceeds pg/M ~
0.634 T/m, while much smaller than By,,x /a ~ 400 T/m. The
vertical trapping frequency is given by

1 |Md?B, B
= — —_— X N

2n\ p dZ? a
in particular f, ~ 0.113/a for 100 mT and f. =0.217/a
for 1 T (Fig. 4). The horizontal trapping frequencies obey

fi~16fand f, ~ 1.7 f..

fa
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FIG. 5. A typical H-T phase diagram of (a) niobium, (b) YBCO
plotted with By,,x = 100 mT (red dotted line), and 1 T (blue dashdot-
ted line), respectively.

IV. EXPERIMENTAL REALIZATION

Initially, the SF sphere can be positioned at the bottom of
the superconductor hole, and a dielectric plate can be placed
under the superconductor to support the sphere. Spheres can
be loaded into the superconductor hole using vacuum tweez-
ers for spheres over 2a > 100 um, and micromanipulators
under optical microscopes or electron microscopes for smaller
particles [41]. Then the SF sphere and superconductor can be
cooled simultaneously to a temperature well below its transi-
tion temperature 7;. Finally, the external magnetic field Bey
can be applied with a superconducting solenoid coil to create
the desired magnetic field distribution B, lift the SF sphere up,
and trap it at the center of the hole. Since the critical magnetic
field of the superconductor is zero at its transition temperature
H.(T;) = 0, zero field cooling is required. Thus it is necessary
to use superconducting coils and not permanent magnets to
generate Bey. The use of a silica plate for initial positioning of
the SF sphere will cause little eddy current damping and will
be negligible after the SF sphere has been trapped (Sec. V).

A highly dielectric plate used for initial support can sub-
sequently serve as a microwave resonator that couples to the
levitated SF spheres through microwave radiation [42]. For
example, cylindrical rutile (TiO,) resonators with a high di-
electric constant of ¢ ~ 120 of diameter 3.6 mm and height
3.0 mm has a fundamental resonant mode (TEO1) of fy =
10.3 GHz. This creates a resonance that induces strong mi-
crowave currents on samples up to a few mm above the
resonator [43]. The microwave radiation losses of the rutile
resonator can be shielded by the solenoid coil bobbin with
lids to enable microwave cavity Q factors in the order of
Q ~ 10% [44]. The coupling of this microwave cavity to the
internal collective spin excitation of the levitated SF will
enable experimental realization of novel rigid body control
protocols [27,29,64].

Our scheme can be scaled to massive SF spheres as long
as the applied external magnetic field is lower than the super-
conductor’s critical magnetic field H.. To apply high-enough
magnetic fields without destroying the superconductor, type-II
superconductors can be utilized. High purity niobium (Nb)
has a lower critical magnetic field of H;; (0 K) = 180 mT [45]
and upper critical magnetic field of H,(0K) = 450 mT [46]
[Fig. 5(a)]. For higher magnetic fields, high-temperature su-
perconductors such as YBCO with the ¢ axis parallel to B, can

be used, with H.;(0K) = 110 mT [47] and high H,s(0K) =
H(0K) = 150 T [48] [Fig. 5(b)].

The Meissner region By.x < H.| is the ideal region for
levitation when the superconductor exhibits perfect diamag-
netism. The vortex solid region H.; < Bmax < Hys, when the
superconductor is in a mixed state where both superconduct-
ing regions and normal regions coexist, but the vortices are
pinned in a lattice configuration, can also be used if By <
H., and the superconducting region is dominant. This phase
exists in hard superconductors such as YBCO with strong
flux pinning, but not for soft superconductors such as Nb with
weak flux pinning. In the vortex liquid region Hys < Bpax <
H.,, the highly disordered movement of vortices throughout
the superconductor causes substantial energy dissipation, and
therefore cannot be used for levitation. Here we consider two
external magnetic fields of Bp,x = 100 mT where Nb and
YBCO can be used as the superconductor in the Meissner
state below T < 7.8 K and T < 36.5 K, respectively, and
Bnax = 1 T where YBCO can be used as a mixed state below
T < 86.6 K.

The London penetration depth Ay is a measure of how
deeply the magnetic field can penetrate into the super-
conductor before being expelled. The London penetration
depth of Nb and YBCO are Ap np(0K) =39 nm [49] and
AL, yBco(0K) = 100 nm [50] and increases with temperature.
This equivalently rounds the edges of the superconductor
by a curvature of approximately ~Ar, leading to an equiv-
alently larger hole diameter. Here we consider spheres over
2a > 1 um which are larger than A;, and the magnetic-field
penetration has little effect (Appendix G).

V. DISSIPATION AND NOISE ESTIMATE

Eddy current damping has been the dominant loss in many
magnetomechanical systems, and is, in general, proportional
to the conductivity of the material. However, since there is no
energy dissipation in the eddy currents in the superconductor
surrounding the YIG, our scheme ultimately conserves the
magnetic energy and kinetic energy.

Here we estimate YIG size-dependent Q-factor limitations
from eddy current damping (Fig. 6). The electromagnetic en-
ergy dissipation AE.,, during a single cycle both in the object
under consideration and YIG sphere moving in the z direction
is calculated using a time-varying 3-D FEM study in COMSOL
multiphysics (Appendix H). By comparing this to the kinetic
energy of the YIG sphere, the eddy current limited Q factor is
Qeaay/(2m) = (1/ 2mv?) /AEen. The YIG internal loss limit
is Qeddy, 100mT > 10! (Qeday, 1T > 10%) for 2a = 1 mm and
scales with a='% (a=!-3). The internal loss can be made very
small for YIG spheres not only because it is a second order
induction effect, but because YIG is an insulator.

We model the jig as a cylinder larger enough than the
levitation system, placed within a distance dp from the sur-
face of the superconductor. For a copper plate nearby dp =
0.1 mm, Qeddy, 100mT ~ 500 (Qeddy, 1T ~ 50) for 2a = 1 mm,
and scales with a=%3 (a=2°) for Bmsyx = 100 mT, 1 T, re-
spectively. When this plate is moved further away to d =
10mm, Qcagy, 100mt > 10® (Qeaay, 11 > 107) for 2a = 1 mm,
and scales with a=32 (a=1).

023523-4



STABLE MAGNETIC LEVITATION OF SOFT ...

PHYSICAL REVIEW A 108, 023523 (2023)

10°° 10° 10" 107
YIG sphere diameter (m)

FIG. 6. Size-dependent Q-factor limit. Red line: eddy current
damping for Bp.x = 100mT. Black line: eddy current damping for
Buax = 1 T. Solid line: YIG internal loss; dashed line: loss from
solenoid coil; dotted line: copper plate at d,; = 0.1 mm; dash-dotted
line: copper plate at dp; = 10 mm. Eddy current damping when di-
electric plate at d,; = O mm for light red solid line: By.x = 100 mT;
gray solid line: By,x = 1 T. Light green dashed line: eddy current
damping from YBCO in mixed state. Blue line: gas damping limit for
P = 1073 Pa (dense-dashdotted line), with squeezed film damping
for P = 10~ Pa (long-dashed line).

The dielectric plate used for initial support of the YIG
sphere before levitation placed at d,; = Omm limits the Q
factor by Qeddy, 100mT > 100 (Qeddy, 1T > 107) for2a =1 mm
and scales with a=* (a='?). This is roughly an order lower
than the YIG internal loss limit. There was no significant dif-
ference between the silica plate and a rutile (TiO,) microwave
cavity.

The dominant dissipation from the solenoid coil used to
create the external magnetic field B is from the bobbin,
which can be modeled as a cylinder with a hole of diameter
doii- For a large-enough bore of d..j = 40 mm, the eddy
current damping can be decreased t0 Qeqay > 107 for 2a =
1 mm and scales with a=22 (a~'?), which is over an order
lower than the YIG internal loss limit.

Although By.x =1 T is well below H; of YBCO, and
YBCO is in a mostly superconducting mixed state, nonzero
eddy current damping may arise. The penetrated external
magnetic field forms normal regions of diameter 2£ in
a triangular lattice configuration of lattice constant [, =
1.0754/®/Bmax ~ 49 nm, where £ ~ 1 nm is the coherence
length and & is the magnetic flux quantum [51]. Here we
assume eddy current damping occurs only in these vortices
which are in the normal state and not in the superconducting
regions. First, the volumetric energy loss AE,;, when the
entire YBCO bulk is in a normal state is calculated for con-
ductivity 2 x 10* S/m (at T ~ T) [52]. This is multiplied by
the volumetric ratio of normal region p, = 27£%/(+/312) =
1.5 x 1073 to estimate the average volumetric loss from the
vortices (Appendix I). This gives Qeady, yBCO > 107 for 2a =
1 mm and scales with a=!', which is roughly an order lower
than the YIG internal loss limit. Since the vortex size is much
smaller than the skin depth of the ceramic YBCO in a normal
state, the eddy current damping may be lower than estimated,
which will be experimentally tested elsewhere.

Thus, Qeaqy > 108 is possible for spheres below
2a < 0.2 mm by using large-enough solenoid coils, dielectric

107 107 10™ 10°
YIG sphere diameter (m)

FIG. 7. Size-dependent force noise at trap frequency f;. Thermal
force at 4 K for Q = 108 (black solid line), 4 K when Q factor is YIG
internal loss limited for B,x = 100 mT (gray solid line), B,y = 1T
(gray dotted line). Red line: magnetic force fluctuations for §B/B =
107° (dashed line); 107! (solid line); 10~'3 (dashdot line). Light red
line: seismic noise limit with multistage active controls [56].

jigs instead of copper, and any copper jig placed more than
10 mm away.

Next, we analytically estimate the gas damping limitation
taking in consideration squeezed film damping (SQFD). This
arises when the gap between the YIG sphere and the supercon-
ductor is smaller than the mean free path of free molecules. In
this case the gas molecules would collide with the oscillator
more than if the oscillator were placed in an open space, and
the gas damping becomes larger than the vacuum limit. The
vacuum gas damping limited Q factor is [8]

wpy |3kgT aw
Qvacz_y = (6)

6 my P’
where w is the trap angular frequency, Boltzman constant
kg =138 x 1072 m?kgs 2 K~!, temperature T = 4 K, the
mass of gas molecule mg, and pressure P = 1073 Pa. The gas
damping of a sphere inside a cylinder with SQFD is

16p, |RT a*(r — a) w
Ou=—"/7"2 3 =
3 My, r* +2/3a* — r [2ar P

with gas constant R = 8.31m?kgs~2 K~ mol~! and molar
weight of air M, = 28.966 g/mol. Since SQFD is strongest
against horizontal displacements, we assume w = 27 f,, and
ignore the slit for simplicity (Appendix J) [53]. Although
the SQFD limited Q factor is roughly an order lower than
the vacuum-limited Q factor, Qgq > 10'? and is negligible at
high-enough vacuum P = 10~ Pa compared to eddy current
losses.

Finally, there are internal magnon losses in YIG due
to acoustic damping QOp, ~ 10107 and Gilbert damping
Qyiz ~ 10*. However, levitated YIG spheres may have inter-
nal dissipation limited Q factors as high as Q ~ 10'° [27].

To control or readout the quantum motion of the trapped
YIG, the force fluctuations must be smaller than the Brow-
nian force 4kgTy, where y = w/Q is the mechanical decay
rate (Fig. 7). Vibrations from pulse-tube coolers in cryogen-
free cryostats are below 10 Hz and are negligible for the
kHz frequencies used to trap um YIG spheres [54]. These
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low-frequency vibrations which may limit long term stability
can be reduced below room temperature thermal noise level by
passive vibration isolation using magnetic vibration dampers
and employing flexible heat links in the cryostat [55]. Further
vibration reduction can be achieved using multistage active
controls to less than the thermal limit at 4 K for Q > 10® [56].

To assess the fluctuations from the external magnetic field,
we assume the YIG sphere is in its position of equilibrium,
where F, = F, =0, F; = mg. If the magnetic field fluctuation
6B is small enough compared to the external magnetic flux
density B, F/F = 25B/B (Appendix K). Magnetic shielded
rooms can reduce magnetic drifts from stray magnetic fields
down to a few fT level [57], which gives a negligible fluctua-
tion of §B/(100mT) ~ 10~'*. For an external magnetic field
created by a solenoid coil driven by a commercial DC current
supply, 8B/B = 811 /Icoil = 10~ at DC. Since current noise
810 decreases with frequency by 1/ f due to Flicker noise, the
relative current noise of §1.oi1 /Icoil = 10710 4g possible for kHz
frequencies used to trap um YIG spheres using ultra low-noise
current sources [58]. Thus, for 2a < 0.2 mm YIG spheres,
quantum control, and readout of quantum motion is within the
reach of current technologies. An improvement of stability to
81011 /Lot = 10713 will allow quantum control of mm scale
YIG spheres.

VI. POSSIBLE APPLICATIONS

Taking advantage of its high Q factor, levitated SF may
have applications in accelerometers [23], magnetometers [25],
and gyroscopes [22]. While many magnetic levitation sys-
tems utilize a superconducting quantum interference device
(SQUID) for motion readout since YIG is an insulator, the
motion of YIG spheres can be read out by optical cavities
that enable shot-noise-limited sensing [16]. Furthermore, uti-
lization of YIG’s low internal loss and magnetocrystalline
anisotropy may allow magnonic quantum networks [59] or
quantum tunneling [60].

In addition, the utilization of coupling internal spin ex-
citations to the levitating rigid body motion can open way
to a wide variety of new physics. For example, electron
spins couple to mechanical rotation through Einstein de
Haas physics [61]. For nano YIG particles, this can enable
spin-stabilized magnetic levitation that break Earshaw’s the-
orem [62,63] or fast rotations above 10 GHz [64] that may
enable quantum racket flips [65]. For micrometer-sized YIG
particles, magnetometers with unprecedented scaling [25]
may lead to experimental tests of certain axion models [30] or
the Lense-Thirring effect on magnetized objects [31]. Since
the spin-mechanical coupling is intensive, these proposals
hold for arbitrary sized YIG spheres, enabling ground-state-
cooled millimeter sized YIG spheres with the possibility
of motional quantum superpositions. Our results may open
ways to alternative spin-optomechanical coupling that enables
quantization of rotational modes, quantum superpositions, to
gyroscopes, in analogous to NV centers [66—68].

VII. CONCLUSION

In conclusion, we proposed a magnetic levitation and
three-dimensional harmonic trapping system for arbitrary size

soft ferromagnets with variable trapping frequency. A soft
ferromagnet is trapped in the center of a superconductor hole
with a slit under an external magnetic field; the magnetic
field gradient is used for vertical trapping and the finite-size
effect of the Meissner effect for horizontal trapping. The eddy
current damping and gas damping was estimated to enable Q
factors over Q > 10%, and quantum control of spheres below
0.2-mm diameter is within reach of current technologies by
reducing magnetic field fluctuations below 8B/B < 10710,
Contrary to hard magnet levitation, the internal spin excita-
tions of the soft ferromagnet can be coupled to its rigid body
motion, which may enable quantum mechanical phenomena
with larger particles.

Note added. Recently, a preprint by Fuwa et al. ap-
peared [69], demonstrating stable levitation of a submilligram,
submillimeter yttrium iron garnet sphere using the magnetic
levitation proposed in this paper.
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APPENDIX A: FLUX FOCUSING EFFECT
OF A SUPERCONDUCTOR

Since Earnshaw’s theorem prohibits stable levitation with
only static magnetic fields [33], we use a superconductor
disk with a hole and a slit. The superconductor is zero-field-
cooled: it is cooled below its transition temperature before the
magnetic field is applied. The external magnetic field can be
created by a solenoid coil larger enough than the levitation
system or a Helmholtz coil, but not by permanent magnets.
We modeled the uniform magnetic field B by a single solenoid
coil larger than the YIG sphere.

Since the magnetic flux inside the superconductor is con-
served rot B = 0, a slit is necessary to allow the magnetic flux
enter into the hole. When an infinitely thin superconductor
with a hole and infinitely thin slit is inserted, the magnetic flux
@, of where the superconductor was is concentrated into the
hole (Fig. 2). Since the magnetic flux inside the superconduc-
tor is conserved rot B = 0, ®, = 772 Byax. In the actual case
of finite slit size § = 10° some of the magnetic flux diverges
into the slit. For a finite height 2 = 10/3 r, the magnetic flux
is also focused in the direction of the height (the z direction
in Fig. 1 of the main text). The maximum magnetic flux
density was calculated from numerical simulations to scale as
Bmux X Bext/rio.gg-

APPENDIX B: THREE-DIMENSIONAL COMSOL MODEL

A three-dimensional COMSOL model was constructed and
used to calculate the magnetic-field density spatial distribu-
tion, and resulting time-dependent forces and losses acting on
the YIG sphere. First, the external magnetic field is created by
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a large-enough solenoid coil, which is modeled by a bundle
of tiny wires that are tightly wound together and separated by
an electrical insulator, but are not geometrically resolved. This
coil is excited by a current flowing only in the directions of the
wires. Then the three-dimensional magnetic field distribution
of the entire system is calculated by a stationary study, using
the Ampere’s law for the YIG and objects under consider-
ation. The force acting on the YIG sphere is calculated by
surface integrating the Maxwell tensor

B,B,
F= / / ds. (B1)
2 1o

Trapping potentials (Fig. 3) were calculating by changing the
YIG sphere position for varying superconductor sizes. Finally,
a time-dependent study is used to calculate the dynamics of
the YIG sphere to determine the trap frequency and eddy
current losses.

APPENDIX C: FINITE-ELEMENT METHOD MESH

Constructing a fine-enough mesh is crucial for finite el-
ement calculations, especially in force calculation. In our
setup, the mesh of the SF sphere itself and the surround-
ing air within the superconductor hole and slit is critical to
get reliable results. We simulated the force on a SF sphere
with varying minimum allowed mesh element size lyesn to
accurately resolve the small regions between the sphere and
superconductor wall. A mesh conversion analysis showed that
Imesh S 0.176 a is sufficient to calculate the force on the SF is
accurate for two significant figures. The largest mesh element
size was ~1.144 a.

We simulated the trap frequencies for a largest mesh ele-
ment size of 0.286 mm and a slightly varying minimum mesh
around /lyesh ~ 4.4um for a YIG sphere of a = 0.25 mm.
The trapping frequencies were f, = 538.75, 538.87, 538.85,
538.85, 538.85, 538.84 Hz, resulting in a mean value of f, =
538.84 £ 0.05 Hz. This accounts to a 0.009% uncertainty in
trap frequency which is negligible throughout the paper.

APPENDIX D: MAGNETIC GRADIENT-INDUCED
FORCE F,

To estimate the stable levitation conditions, the vertical
magnetic force F, was approximated as the magnetic-
gradient-induced levitation force on a magnetic point dipole
a— 0Oas

dB

Fey = MV d;-

(D1)

To verify whether this equation holds true for finite-size
spheres, we compare this force with the magnetic force
calculated from the Maxwell stress tensor in Eq. (4) in
Fig. 8. Both calculation methods coincide when the YIG
sphere is near the center half of the superconductor hole,
where the magnetic field gradient is nearly homogeneous over
the sphere. However, discrepancies arise towards the edges of
the superconductor hole, when the magnetic-field gradient is
nonuniform over the sphere. Thus, the magnetic point dipole
approximation in Eq. (1) is valid when the YIG sphere is near
its stable levitation point.

40 05 00 05 10
z coordinate (mm)

FIG. 8. Example of vertical magnetic force F, dependence on
YIG sphere position for B, = 100 mT, 2a = 0.5 mm calculated
from black line: Eq. (1) with B, from Fig. 2; red dots: Maxwell stress
tensor in Eq. (4); gray area: inside superconductor hole.

APPENDIX E: MAGNETIC POINT DIPOLE LIMIT

To show that our horizontal trapping is indeed due to the
finite-size effect of the image field created inside the super-
conductor, we compare our results with the limiting case of
magnetic point dipole a — 0. The magnetic-field density of a
magnetic point dipole is

KO 13 p(em) — nir)?], (E1)
47 |r)3

where mg, is the magnetic moment, r is the position vec-
tor, and n is the unit vector in direction of the magnetic
moment. When this dipole approaches a superconductor in
the Meissner state, persistent currents in the superconductor
are established which produce a magnetic field opposing that
of the dipole. When the magnetic moment of the dipole is
parallel to the surface of the superconductor, the image field
reads

de(r) =

o
de,im(h) = ﬁ Mdp, (E2)
where £ is the distance between the dipole and superconduc-
tor. Thus the force the dipole experiences from a single image

field is

5 Momﬁp
27 Kt
When the dipole is placed in between two parallel planes of

superconductors of distance 4 and is displaced by §r, the force
created by the images fields is

Fap,r(h +8r) — Fyp (h — dr)

5, 1
= —_— m —_
27 e syt T =yt

2 2 2
_ SMOmdp h” + (6r) hsr (E4)
2 [h% — (6r))*

When §r « h and the sphere is close to the center of the coil,
the restoring force is linear to §r. As the sphere approaches
the sides of the superconductor §r — h, the restoring force

diverges with (h — §r)™*.
We simulate the force acting on a magnetic point dipole
created by a YIG sphere that is smaller compared to the size
of the superconductor hole and height. The restoring force

de,r(h) = (mdp : V)de,im(h) = (E3)
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FIG. 9. Example of the force a YIG sphere of a = 50-um expe-
riences from a large-enough superconductor of » = 1.07 mm, h =
1 mm, Bnax = 53.5 mT. Red: magnetic force calculated by COMSOL
multiphysics; Black: dipole force analytically calculated by Eq. (E4).

acting on a YIG sphere of a = 50 um from a large-enough
superconductor of » = 1.07 mm, 2 = 1 mm under an external
magnetic field Byax = 53.5 mT is given in Fig. 9. This shows
that our simulations hold true in the dipole limit where the
force scales with (h — §r)~%.

The discrepancies can be explained by the magnetic-
gradient-induced force as follows. If there were zero or a
completely uniform external magnetic field, the dipole would
experience the force given by Eq. (E4). However, the external
magnetic-field density in the center of the superconductor is
maximum in the vertical direction and minimum in the hor-
izontal direction. This will add a magnetic-gradient-induced
force given by

de,grad =My - VBext, (ES)

where mg, is the magnetic dipole of the YIG sphere and
B, the external magnetic-field density. Thus, when the YIG
sphere is close to the center, it will experience an attractive
force towards the sides of the coil. As it moves closer to the
superconductor, the repulsive force will become dominant.

APPENDIX F: MAGNETIZATION SATURATION EFFECT

Here we consider the effect of magnetization satura-
tion on the trapping frequency. Since YIG has a saturation
magnetization of Mg = 196 kA/m (noMsy ~ 246 mT), for
Biax = 100 mT which is below the saturation magnetization,
we use the relative permeability u, to calculate constitu-
tive relation B = pou, H used in Ampere’s law. Since the
trapping frequencies are sufficiently smaller than the ferro-
magnetic resonance of YIG in the GHz frequencies, where
the permeability changes rapidly, we use the initial magnetic
permeability at 40 kHz p,, = 32 [39] for relative permeability.
For By.x = 1 T which is well above the saturation magneti-
zation, we use the constitutive relation B = puo(H 4+ Mgy) in
Ampere’s law.

In Fig. 10, we show the trapping frequency dependence
on external magnetic field density By, for a sphere of a =
0.25mm. For Byig < moMsy, the trapping frequency in-
creases proportionally with the external field as f; = 5.1 Byax-
For Byig > 1oMsa, while the trapping frequency increases

External magnetic flux density (mT)

FIG. 10. Vertical trap frequency f, dependence on applied ex-
ternal magnetic field B« for a @ = 0.25-mm YIG sphere. Trap
frequencies are calculated using the relative permeability (black
dashed line) and saturation magnetization (black dotted line), with
the lower frequency of the two are shown in red.

linearly with the external magnetic field f, = 0.18 Byux +
640, the change is less acute. The trapping frequencies co-
incide at about Bp.x ~ 107.4mT, which about 43.7% of
HoMsae ~ 246 mT.

This discrepancy is likely due to the difference in modeling
the constitutional equation. When using the relative perme-
ability, the material is allowed to respond to the applied field
with a changing magnetization; the magnetization of the YIG
sphere is slightly nonuniform depending on the time-varying
external magnetic-field distribution. When using the magne-
tization as a prescribed vector, the magnetization of the YIG
sphere is aligned with By,,x independent of the external field.
When the force on the YIG sphere is calculated through sur-
face integration of the Maxwell stress tensor [Eq. (4)], this
spatial discrepancy of magnetization can cause a discrepancy
in electromagnetic force and trap frequency.

APPENDIX G: LONDON PENETRATION DEPTH

The London penetration depth Ap is a characteristic length
in superconductors that describes how far an external mag-
netic field can penetrate into the material before it is expelled
to maintain a diamagnetic state with zero resistance. We
asses this effect on SF spheres of diameter 2a = 100 nm,
1 um. First the magnetic-field distribution when the super-
conductor exhibits perfect diamagnetism is calculated by a
three-dimensional finite element method using COMSOL multi-
physics. Subsequently, the magnetic-field penetration into the
superconductor is calculated using the London equation

1

V-B=—
AL

B, (GD)
where Ap, = AL yBco(0 K) = 100 nm is the London penetra-
tion depth of YBCO (Fig. 11). The London penetration is
equivalent to rounding the edges of the superconductor by
approximately ~ Ap.

For a 2a = 1 um sphere, this penetration length Ap is
smaller than the gap between the superconductor hole and
SF sphere r — a = 0.2 um. An increase in the effective hole
radius to ~ (r + i) = 1.6a will have little effect on the
trapping potential, as can be seen from Fig. 3. For maxi-
mum trapping strength, the magnetic flux penetration can be
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FIG. 11. Magnetic-field distribution considering London pene-
tration for By, = 100 mT, AL ypco(0 K) = 100 nm for YIG sphere
diameter of (a) 2a = 1 um, (b) 2a = 100 nm, with optimal trapping
conditions r = 1.4a, h = 4a.

compensated by using a superconductor hole with a smaller
diameter of ~2(r — Ap) = 1.2 um.

A 2a = 100 nm sphere is the same size as the penetration
length Ay, which is larger than the gap between the supercon-
ductor hole and SF sphere » — @ = 20 nm. An increase in the
effective hole radius to r + A, = 2.4a will result in almost
no trapping in the direction normal to the slit (x direction in
Fig. 1). This cannot be compensated by using a hole with
a smaller diameter. Thus the London penetration depth is
negligible for the SF spheres of 2a > 1 um in consideration.

APPENDIX H: EDDY CURRENT DAMPING ESTIMATION

When an object moves relative to a conductor, the electro-
motive force creates a current loop to counteract this motion.
The energy dissipation from this current flow is known as
eddy current damping and has been the dominant loss in
many magnetomechanical systems. The eddy current damping
is calculated by the electric energy dissipated per cycle in
the YIG and nearby plate using the time-dependent solver in
coMsSoL. The magnetic vector potential is calculated from

(jwo — w*e)A + V(iv X A) =0, (H1)
where o is the conductivity, ¢ the premittivity, u the perme-
ability, w the trap angular frequency, and § = +/2/wuo the
skin depth. For the YIG and silica plate which are insulators,
o < 1 and the skin depth § > 1 km is larger than the objects.
For the copper plate, we use o = 5.998 x 10® S/m for low
temperatures, the skin depth is nearly equal to the YIG diam-
eter § ~ 2a. In these cases, the eddy current dissipation can
be calculated by volume integration of the Poynting vector

Peagy = 3(Js - Ex), (H2)

where Jg is the induced current and E is the electric field
inside the object.

We use a time-dependent solver in COMSOL to calculate the
electrical losses in both the YIG and objects in consideration
for a single cylce (Fig. 12). As the YIG sphere oscillates, the
eddy currents induced in both the YIG sphere and surrounding
objects causes a displacement dependent dissipation. Since
the eddy current dissipation in the surrounding objects is a
first-order induction effect caused by the YIG motion, while

(a)
0.0
5 0.2
S -0.4-
2 064
o
O 0.8
>~
-1.0 , . ,
0.0000 0.0005 0.0010 0.0015
Time (s)
(b) 107"°
S I,’\\ II’\\
> / \ ] \
2 44 ! ‘\ ! \\
[ I 1
c ] \ 1 \
) 1 \ 1 \
% 2' II \ II \
= / \ / \
& ! N/ \
5 0 _/l \/, \
0.0000 0.0005 0.0010 0.0015
Time (s)
(c) 107"?
S 204
=)
£ 1.5
0
< 1.01
9
8 0.5
U) .
A 0.0+ . . .
0.0000 0.0005 0.0010 0.0015
Time (s)

FIG. 12. Time-dependent electromagnetic energy loss during
one cycle for 2a = 0.5 mm YIG sphere. (a) YIG position, (b) energy
dissipation in YIG sphere, (c) energy dissipation in a copper plate of
distance dy; = 0.1 mm.

the eddy current in the YIG sphere is a second-order induction
effect caused by the magnetic-field change due to eddy current
in the plate, the first is larger than the second. In the time-
dependent study, a cycle is divided into time slots of §t =
1/£./100 s, and the energy dissipation is calculated for every
temporal duration. The energy dissipation per cycle AEcqqy
can be calculated by averaging this energy loss within the
cycle. By comparing this to the kinetic energy E, = mA2w?/2
where m = py 4/ 3ma’ is the mass of the YIG sphere and A,
is the amplitude of oscillation taken from the position of the
YIG, the Q factor Qeqqy = 27 E; /(AEeqqy) is estimated.

APPENDIX I: DAMPING FROM YBCO IN MIXED STATE

The YBCO in the vortex solid state is a mixed state
where normal and superconducting regions coexist. If the
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O
O G

FIG. 13. Triangular vortex lattice of YBCO in mixed state, with
lattice constant /,, coherence length &.

external magnetic field is above B > H., vortices pene-
trate into the superconductor formmg a triangular lattice
configuration of lattice constant [, = 1.075,/®/B,, where
® =2.068,..., x10715 Wb is the magnetic flux quantum
(Fig. 13) [51]. The vortex core is a normal region the size of
the coherence length £, and a magnetic field penetrated region
the size of Ap. Thus the volumetric ratio of normal region
within a unit cell of the triangular lattice is

T&?
2 2m &2 2
Pn = = =
*/312 V312 115643
4 v

£2B.. (I1)

Assuming eddy current damping occurs only in the normal
regions and not in the superconducting regions, the eddy
current damping of the mixed state can be estimated from
the eddy current damping when the YBCO in a normal state

Qeddy, YBCO, n a8
2nE,  Qeddy, YBCO,n
Pn AEeddy Pn

Qeddy, YBCO = (12)
Note that the vortex core size is much smaller than the skin
depth of the ceramic YBCO in a normal state, and the actual
Q factor may be higher than estimated.

APPENDIX J: SQUEEZED FILM DAMPING ESTIMATION

Isothermal squeezed film damping (SQFD) in atmospheric
pressure is governed by both viscous and inertial effects of
the air, which can be simulated by the nonlinear Reynolds
equation [70]. However, for high vacuum systems where the
mean free path of gas molecules becomes much larger than
the gap distance, the viscous flow model is no more valid,
and the free molecular model has to be considered. Here
we use the model proposed by Bao [53] who calculated the
mechanical Q factor of an oscillating plate with a neighboring
surface using the energy transfer model to be

8/mpyw, V dy |RT 1
Osqn = oy ~oo o2 : an)
V2 PL\M,P

with density p, = 5172 kg/m?, V = 4/37a’ the volume, dj
the gap distance between the oscillating plate and neighboring
surface, [ the average traveling distance of a gas molecule
within this gap, L the peripheral length, gas constant R =
8.31m?kgs > K~'mol~!, temperature T =4 K, pressure
P = 1073 Pa, and molar weight of air M, = 28.966 g/mol.
Since SQFD is strongest against horizontal displacements,
we assume the angular frequency is w, = 27 f,, and treat the

superconductor as a cylinder, ignoring the slit for simplicity.
In this case, dy = r — a, L = 2ma, and

(r—\/ 22V dz =1 —

Thus the SQFD of a YIG sphere inside a cylinder is

16py |RT a*(r —a) 10}
= [ —. 13
O 3\ My, 12 +2/3a® — /2ar P J3)

Although the SQFD limited Q factor is roughly an order
lower than the vacuum limited Q factor, Qg > 10'? and is
negligible at high-enough vacuum P = 107> Pa compared to
eddy current losses.

zz_

APPENDIX K: FORCE NOISE FROM EXTERNAL
MAGNETIC FIELD NOISE

The magnetic force on the YIG sphere is given by the
surface integration of the magnetic field energy

Pl 5

where B, is the normal component of the field to the surface.
Here we consider the force fluctuations caused by the fluctu-
ations in the current source I.; used to generate the external
magnetic field B. Since

oF 9 B 1 9B,
= ds = — 2B, —dS,
0leoit 0leoil 210 20 0lcoit

the force fluctuation is

JoF
0F = — 8lcon = / —2B 8B, dS.
8Icml

(K1)

Since the magnetic field generated by a solenoid coil is pro-
portional to the current applied B o I.oii, 81c0i1/Leoil = 6B/B.
In this case, the force fluctuation is

1 81c0i1
5F = f _— B, B, )ds
20 Leoit

6Icoil Bn . Bn
=2— —dS
Leoil 210

(Slcoil

I coil

=2 F.

Since any external magnetic field fluctuation 6B can be mod-
eled as an equivalent current fluctuation §l.o;; of a solenoid
coil

§F i SIc()ll 6B

2—=2—.

= K2
F I coil B ( )

This result matches the current fluctuation induced force fluc-
tuation calculated using the harmonic perturbation study in
COMSOL multiphysics.
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