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Interface entangled plasmon-plasmariton modes
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A theoretical study of the propagating electromagnetic surface waves confined to a plane vacuum–
homogeneous jellium interface is carried out. A classification of the entangled surface plasmon (L) and
plasmariton (T ) modes, which we name surface jellions, is given. The collective mode structure is obtained
using the Weyl (angular spectrum) expansion of the screened electromagnetic jellium propagator G. The pole
structure of G relates to the collective-mode pattern. The surface jellion dispersion relation is a central concept
in our analyses. We derive this for interfaces with and without self-consistently determined surface currents,
i.e., for so-called active and passive boundary conditions. A numerical calculation of the dispersion relation
is carried out for the hydrodynamic model. For this model the dispersion relation has three branches in the
region of strong surface plasmon-plasmariton coupling. Starting from a finite-relaxation time τ calculation,
the surface jellion eigenmode structure is obtained in the limit τ → ∞. Exponentially confined surface jellion
eigenmodes carry electromagnetic momentum along the surface, and we calculate the T , L, and T L parts of the
momentum, emphasizing numerical data for the hydrodynamic model. It is shown that the entangled T L part
carries a momentum backflow. The energy carried by the confined surface jellions is expressed in terms of an
equivalent mass concept. The equivalent mass formulation is useful for a harmonic-oscillator description of the
surface jellions and their quantization. The equivalent mass of the three branches of the hydrodynamic jellion
dispersion is calculated numerically and the T , L, and T L contributions to the equivalent mass are determined.
All numerical calculations presented in the article are carried out as a function of the surface jellion wave number
along the surface.
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I. INTRODUCTION

In order to understand numerous aspects of the manner
in which incoming electromagnetic fields and electrically
charged particles interact with free-electron-like metals and
semiconductors on the microscopic level, in a first approxi-
mation, theorists often treat the externally induced electron
dynamics in the framework of the well-known jellium model
[1,2]. In this model the ion potential is smeared out as a
uniform background for the conduction-electron motion. Even
for jellium the theoretical challenges are formidable. In a
certain domain of the field-electron interaction the collective
jellium excitations plays a dominant role [3,4], and in this
work the focus is on this domain.

The eigenmodes of the collective excitations basically are
self-sustaining (running) excitations in the absence of irre-
versible damping mechanisms. The irreversible damping can
be rooted in the jellium’s coupling to phonons, magnons,
impurities, etc., and in the framework of the jellium approach
to single-particle (electron) excitations [5,6]. When the damp-
ing mechanisms are weak, the positions of the collective
eigenmodes in a frequency–wave-vector diagram signal the
condition for resonance excitation in observed spectra [7]. For
an (assumed) infinitely extended jellium, running eigenmodes
belonging to a given (real) wave vector q are conveniently
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divided into two groups with electron displacement parallel
(L) and perpendicular (T ) to q, respectively. The two types
of modes are named bulk plasmon (L) and plasmariton (T )
modes. In Sec. IX A we briefly discuss the terminology used
for the collective bulk and surface modes in jellium. In the
small-wave-number limit (q → 0) the L and T modes are
indistinguishable and with resonance at the (long-wavelength)
plasma frequency. The plane-wave T - and L-mode wave-
vector spectra form a complete set, and in a sense their great
usefulness originates in this and the simplicity of the related
polarization displacements.

From an experimental point of view, jellium surfaces are
always present and in many cases of indispensable impor-
tance for the eigenmode structure (and the observed resonance
spectra). Once a surface of a given geometrical structure is
introduced, a new kind of eigenmode, called electromagnetic
surface waves, appears. In the perhaps simplest case, to which
we will limit ourselves, it is assumed that a semi-infinite ho-
mogeneous jellium occupies a half space (z � 0), with the rest
of space being vacuum. The assumption of homogeneity of the
jellium density right up to the surface implies that the electron
density variations in the surface region are ignored. These
variations originate in the quantum interference between the
incoming and specular reflected parts of a plane electron wave
function in the assumed sharp ionic step potential (see, e.g.,
[8,9]). The model underlying this is called the semiclassical
infinite-barrier (SCIB) model. The eigenmode analysis for a
given wave-vector component along the surface q‖ divides
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into examination of s- and p-polarized fields. In the absence of
magnetic permeability only p-polarized eigenmode solutions
exist. These eigenmodes are often named surface plasmaritons
(see Sec. IX A). In the presence of spatial dispersion both T
and L dynamics in the jellium are involved.

In the present article we undertake a systematic study
of the surface eigenmode structure based on the so-called
Weyl expansion of the electromagnetic field. This expansion
dates back to Weyl’s paper dealing with the propagation of
electromagnetic waves over a conducting sphere [10], where
he derived a new representation of a scalar spherical wave
field generated by a point source in vacuum. This expansion,
also called the angular spectrum expansion, is well known in
classical optics when dealing with wave fields in a domain
that is either a half space or bounded by two mutually parallel
planes [11]. For instance, electromagnetic diffraction from a
(small) hole in a plane metallic screen can with advantage be
examined starting from the angular spectrum expansion [12].

The Weyl expansion is a two-dimensional (2D) mode
representation of a wave field and as such any wave field
of our jellium-vacuum half-space system can be synthe-
sized from the surface eigenmodes of the Weyl expansion.
We have named these eigenmodes, which in general are
interface entangled surface plasmon-plasmariton modes, sur-
face jellions. Our systematic analysis based on the Weyl
expansion thus shows the presence of entangled surface
plasmon-plasmariton states not appearing in previous studies.
We hold the point of view that the surface jellion eigen-
modes are the genuine eigenmodes excited in the interaction
of incoming electromagnetic waves or charged particles in
geometrical configurations well modeled as a semi-infinite
jellium-vacuum system.

Our paper is organized as follows. In Sec. II we start from
a propagator formalism describing the induced electromag-
netics of a spatially dispersive homogeneous jellium. The
Weyl integral representation of the propagator has poles in
the integrand and the positions of these are related to the
plasmariton (T ) and plasmon (L) bulk dispersion relation. A
residue calculation gives one the propagator form in the pole
approximation. The propagator formalism giving the electro-
magnetic field in space requires a driving current density,
which for the eigenmodes must be located in the surface plane
and hence closely related to the jump (boundary) conditions
for the electromagnetic field. The field associated with the
collective jellium modes is studied in Sec. III, and in the wake
of a few remarks on bulk jellion eigenmodes in Sec. IV, the
central part of our study starts in Sec. V with the establishment
of the dispersion relation for surface jellions using in turn
so-called passive and active boundary conditions. The whole
analysis is based on the SCIB model. In Sec. VI the surface
jellion dispersion relation is examined in a hydrodynamic ap-
proach, and numerical results are presented for the dispersion
relation first for a finite relaxation time τ and then in the eigen-
mode limit τ → ∞. It appears that the dispersion relation
ω = ω(q‖) (q‖ being the wave number along the surface) has
three branches in a certain q‖ range. Outside this range the dis-
persion relation has two branches, which can be identified as
the surface plasmariton and plasmon branches. The presence
of three branches is a fingerprint of the plasmon-plasmariton
entanglement in the q‖ range in which the entanglement is

particularly strong. In a certain part of the ω-q‖ domain, the
field in vacuum and the L and T fields in the jellium all decay
exponentially away from the surface plane. Eigenmodes for
which this is the case we name confined surface jellion eigen-
modes. For these eigenmodes we study the field momentum
flow along the surface and present a number of numerical
results for the hydrodynamic model, all in Sec. VII. Particular
emphasis is put on the momentum backflow which is present
in the jellium in the low-wave-number part of the q‖ spectrum.
In Sec. VIII we discuss the field energy in confined surface
jellions. The energy can be described as related to an equiv-
alent surface jellion mass and this equivalent mass connects
to a harmonic-oscillator description of the surface jellions.
Via the introduction of a set of real canonical coordinate and
velocity variables, the harmonic-oscillator Hamiltonian can
be quantized in the standard manner. The quantum energy
h̄ωb(q‖) obtained from the surface jellion dispersion takes on
different values in the three branches (b = 1, 2, 3). We finish
Sec. VIII with a numerical study of the q‖ dependence of the
mass M = M(q‖), as this appears in the framework of the
hydrodynamic approach. Special attention is devoted to the
results for large-q‖ values. We conclude our paper in paper in
Sec. IX with some remarks and a summary of our results.

II. ELECTRODYNAMICS OF A HOMOGENEOUS
JELLIUM IN THE WEYL EXPANSION

A. Spatially dispersive conductivity tensor

In a homogenous infinitely extended (bulk) jellium the
linear microscopic conductivity tensor σ(r, r′, t, t ′) is trans-
lationally invariant in both space r and time t , i.e.,
σ(r, r′, t, t ′) = σ(r − r′, t − t ′). The space-time Fourier inte-
gral transform (R = r − r′ and τ = t − t ′)

σ(q, ω) =
∫ ∞

−∞
σ(R, τ )e−i(q·R−ωτ )d3R dτ, (1)

giving the conductivity tensor in the wave-vector (q)–
frequency (ω) domain, can, due to the rotational invariance
of the jellium, be decomposed as

σ(q, ω) = σT (q, ω)(U − q̂q̂) + σL(q, ω)q̂q̂. (2)

In Eq. (2), U is the 3×3 unit tensor and q̂ = q/q is a unit
vector in the q direction. The scalar quantities σT (q, ω) and
σL(q, ω) are transverse (T ) and longitudinal (L) microscopic
conductivities. As indicated, these depend only on the magni-
tude q of the wave vector (and on the frequency).

B. Propagator function formalism in the (ω, q) domain

In microscopic Maxwell-Lorentz dynamics, the wave
equation for the microscopic electric field E(r, t ) [with
Fourier transform E(q, ω)] hence takes the well-known form{[(

ω

c

)2

− q2

]
U + qq

}
· E(q, ω) = −iμ0ωJ(q, ω) (3)

in the (ω, q) domain, c being the vacuum speed of light. In the
presence of a yet unknown external current density Jext(q, ω),
the total current density is given by

J(q, ω) = σ(q, ω) · E(q, ω) + Jext(q, ω) (4)
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in the framework of linear response theory. In compact form,
the wave equation hence can be written as

L(q, ω) · E(q, ω) = −iμ0ωJext(q, ω), (5)

where

L(q, ω) =
[(

ω

c

)2

− q2

]
U + qq + iμ0ωσ(q, ω). (6)

By insertion of Eq. (2), the algebraic L(q, ω) operator can be
given the dyadic form

L(q, ω) = NT (q, ω)(U − q̂q̂) + NL(q, ω)q̂q̂, (7)

where

NT (q, ω) =
(

ω

c

)2(
1 + i

ε0ω
σT (q, ω)

)
− q2, (8)

NL(q, ω) =
(

ω

c

)2(
1 + i

ε0ω
σL(q, ω)

)
. (9)

The quantities

εT (q, ω) = 1 + i

ε0ω
σT (q, ω), (10)

εL(q, ω) = 1 + i

ε0ω
σL(q, ω) (11)

may be recognized as the microscopic transverse [εT (q, ω)]
and longitudinal [εL(q, ω)] dielectric functions of the jellium.

Let us now introduce the algebraic dyadic propagator
G(q, ω) as the solution to

L(q, ω) · G(q, ω) = U. (12)

On the basis of Eq. (7), it readily appears that G(q, ω) is given
by

G(q, ω) = L−1(q, ω) = U − q̂q̂
NT (q, ω)

+ q̂q̂
NL(q, ω)

. (13)

The derivation leading up to the result in Eq. (13) is not new
[13], but the form of G(q, ω) is of significant importance for
what follows. The general solution to Eq. (5) thus can be
written as

E(q, ω) = E(0)(q, ω) − iμ0ωG(q, ω) · Jext(q, ω), (14)

where E(0) is a solution to the homogeneous (Jext = 0) part of
the wave equation.

C. Weyl expansion of the screened propagator

Although it is obvious from Eq. (13) that the wave
equation (14) can be divided into two parts which describe, re-
spectively, the transverse ET = (U − q̂q̂) · E and longitudinal
EL = q̂q̂ · E electrodynamics with respect to a given q̂ direc-
tion, this decomposition is not so useful for the present theory.
Generally speaking, this is so because in every experimental
situation the excitation of the jellium must require a finite-
size jellium (metal, free-electron-like semiconductor, etc.).
Being interested in surface excitations of a jellium with spatial
(nonlocal) response, for a simple plane surface, the Weyl
expression is particularly useful, as we will realize below.

The Weyl expansion of the propagator describes this in a
mixed spatial domain: A 2D wave-vector and 1D direct-space

combination. Thus, the Weyl expansion is

G(q‖, ω; Z ) =
∫ ∞

−∞
G(q, ω)eiq⊥Z dq⊥

2π
, (15)

with

q = q‖ + q⊥ẑ, (16)

Fourier transforming back to direct space in the (arbitrary) ẑ
direction of a Cartesian coordinate system with unit vectors
(x̂, ŷ, ẑ). Thus q‖ = q‖,xx̂ + q‖,yŷ. In cases where only one q‖
direction is involved it is convenient to take, e.g., q‖ = q‖,xx̂.
In the Weyl expansion given in Eq. (15), one must write q
as q = (q2

‖ + q2
⊥)1/2 and q̂ as q̂ = (q‖ + q⊥ẑ)/(q2

‖ + q2
⊥)1/2 in

the expression for G(q, ω) [Eq. (13)]. Thus,

G(q, ω) = 1

q2
‖ + q2

⊥

(
(q2

‖ + q2
⊥)U − (q‖ + q⊥ẑ)(q‖ + q⊥ẑ)

NT [(q2
‖ + q2

⊥)1/2, ω]

+ (q‖ + q⊥ẑ)(q‖ + q⊥ẑ)

NL[(q2
‖ + q2

⊥)1/2, ω]

)
. (17)

D. Collective excitations: Pole contributions to G(q‖ω, Z)

The integrand in Eq. (15) is singular for q⊥ = κT
⊥ and q⊥ =

κL
⊥, where

NT (q‖, κT
⊥, ω) =

(
ω

c

)2

εT (q‖, κT
⊥, ω) − q2

‖ − (κT
⊥ )2 = 0,

(18)

NL(q‖, κL
⊥, ω) =

(
ω

c

)2

εL(q‖, κL
⊥, ω) = 0. (19)

Physically, the collective plasmariton (T ) and plasmon (L)
bulk dispersion relations are given in indirect form by
Eqs. (18) and (19). Under the assumption that the poles in
Eq. (17) are of first order, a residue calculation in a complex
q⊥ plane allows one to evaluate the integral in Eq. (15) [with
Eq. (17) inserted]. In terms of the upper-half-plane (super-
script +) residues

R(+)
T,L(q‖, ω) = lim

q⊥→κ
T,L
⊥

(
q⊥ − κT,L

⊥
NT,L(q‖, q⊥, ω)

)

=
(

∂NT,L(q‖, q⊥, ω)

∂q⊥

∣∣∣∣
q⊥→κL,T

⊥

)−1

, (20)

one obtains the following result for the two parts of the
screened propagator:

GT (q‖, ω; Z ) = iR(+)
T (q‖, ω)

[
(U − Q̂T

+Q̂T
+)eiκT

⊥Zθ (Z )

+ (U − Q̂T
−Q̂T

−)e−iκT
⊥Zθ (−Z )

]
(21)

and

GL(q‖, ω; Z ) = iR(+)
L (q‖, ω)

[
Q̂L

+Q̂L
+eiκL

⊥Zθ (Z )

+ Q̂L
−Q̂L

−e−iκT
⊥Zθ (−Z )

]
. (22)

The explicit expression for Q̂T
± and Q̂L

± are given in Eqs. (A5)
and (A6) of Appendix A, where aspects of the residue calcu-
lation are described.
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E. Fundamental integral equation for the electric field

It follows from Eq. (14) that the microscopic electric field
in the Weyl expansion is determined by the integral equation

E(q‖, ω; z) = E(0)(q‖, ω; z) − iμ0ω

∫ ∞

−∞
× G(q‖, ω; z − z′) · Jext(q‖, ω; z′)dz′, (23)

with G(q‖, ω; z − z′) given in the collective-mode approx-
imation by the sum of GT (q‖, ω; z − z′) [Eq. (21)] and
GL(q‖, ω; z − z′) [Eq. (22)]. In the remaining part of this pa-
per we will be interested in studying this integral equation in
the particularly simple case where the external current density
can be approximated by an expression with only δ-function
support in the z direction, i.e.,

Jext(q‖, ω; z) = Jext
0 (q‖, ω)δ(z − z0), (24)

where the current density sheet is supposed to be located at
z = z0. Our main effort will be devoted to an analysis of
the eigenmode structure of the field, obtained from Eq. (23)
setting E(0)(q‖, ω; z) = 0.

III. SPATIALLY ONE-DIMENSIONALLY CONFINED
FIELDS IN THE WEYL EXPANSION

A. Jump conditions of the electromagnetic field across
an external current sheet

As a primer to the introduction of what we call the bulk
jellion concept, we first derive the jump conditions for the
electromagnetic field across a current density sheet in our
infinite medium. The boundary conditions at a flat interface
between two media are well known even in the presence
of a current density perpendicular to the interface [14], and
recently the dispersion relation for surface plasmaritons at
a surface with a spatially local dielectric function has been
derived in the case with dynamic (active) boundary condi-
tions [15]. The external current density sheet is placed in a
jellium with a spatially nonlocal dynamics, described here via
the Weyl expansion of the propagator; see Eqs. (15), (A1),
and (21)–(23) and recall that only collective plasmariton and
plasmon modes are included.

Let us consider the jump in the microscopic electric field
across an external current density sheet carrying a current
density confined to the q̂‖ − ẑ plane (where q̂‖ = q‖/q‖). For
definiteness, we locate the sheet in the plane z = z0. For our
infinitely extended medium it is clear that the final result
cannot depend on z0. Thus, the current density Jext

0 (q‖, ω) of
Eq. (24) takes the form

Jext
0 (q‖, ω) = Jext

0,‖(q‖, ω)q̂‖ + Jext
0,z (q‖, ω)ẑ. (25)

For the jump in the electric field across the plane z = z0 we
use the notation

‖E‖ ≡ E(z → z+
0 ) − E(z → z−

0 ). (26)

For brevity, we leave out the notation (q‖, ω) from the two
fields on the right-hand side of Eq. (26) and in most of the
quantities appearing below. The jump ‖E(q‖, ω)‖ ≡ ‖E‖ is
independent of z0. The reader may find some details of the ex-
plicit calculation of ‖E‖ in Appendix B. Here we present only

the physically important final result. With the abbreviation

H = 2μ0ωq‖

(
R(+)

L κL
⊥

κ2
L

− R(+)
T κT

⊥
κ2

T

)
, (27)

where

κ2
T,L = q2

‖ + (κT,L
⊥ )2, (28)

one obtains

‖E‖ = H
(
Jext

0,z q̂‖ + Jext
0,‖ẑ

)
, (29)

a result independent of z0. Notice that the term in the large
parentheses is not the current density. Hence, a current density
in the plane of the sheet gives rise only to a jump in the
component of the electric field perpendicular to the sheet
plane. Oppositely, a current density in the ẑ direction results in
a field jump in the component along q̂‖. We will put this result
in perspective soon. The jump in the magnetic field, viz.,

‖B‖ ≡ B(z → z+
0 ) − B(z → z−

0 ), (30)

is given by

‖B‖ = 2μ0R(+)
T κT

⊥Jext
0,‖ẑ × q̂‖ (31)

(see Appendix B).

B. Jump condition in local electrodynamics

In order to make the bridge from the perhaps more-well-
known jump conditions in the limit where spatial dispersion
is neglected [15] to the results in Eqs. (29) and (31), we make
use of the result

R(+)
T = − 1

2κT
⊥

, (32)

which holds also in nonlocal electrodynamics in the frame-
work of the Lindhard formalism (see Appendix C in
Ref. [16]). Furthermore, the L mode is neglected because this
only exists in the framework of a nonlocal approach [cf., e.g.,
Eq. (19)].

With these two simplifications, one obtains the jump con-
ditions

‖D‖ = ε0ε(ω)‖E‖ = q‖
ω

(
Jext

0,z q̂‖ + Jext
0,‖ẑ

)
, (33)

‖B‖ = − μ0Jext
0,‖ẑ × q̂‖. (34)

These formulas are in complete agreement with the re-
sult obtained from an active vacuum-jellium interface
[viz., ε0‖E‖‖= (q‖/ω)Jext

0,z , ‖Dz‖= (q‖/ω)Jext
0,‖, and ‖Bẑ×q̂‖‖ =

−μ0Jext
0,‖] by replacing the vacuum with a medium with a

dielectric constant ε0ε(ω) (see Ref. [15]). This replacement
only affects the jump condition for ‖E‖‖, i.e., ε0‖E‖‖ ⇒
ε0ε(ω)‖E‖‖, as the reader my verify by consulting, for in-
stance, Ref. [14]. We will see this connection to Eqs. (33) and
(34) in a direct fashion when we use the Weyl expansion of a
propagator relating to a semi-infinite vacuum-jellium interface
in Sec. V C.

C. Jellions: Entangled plasmon and plasmariton modes

The collective-mode structure of the screened propagator
appears in a physically transparent manner if one introduces
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the generally complex four unit vectors

eT
± = 1

κT
(±κT

⊥ x̂ − q‖ẑ), (35)

eL
± = 1

κL
(q‖x̂ ± κL

⊥ẑ), (36)

where κT,L = [q2
‖ + (κT,L

⊥ )2]1/2. The vectors in Eq. (35) and
(36) relate to the choice q‖ = q‖x̂, which is convenient for
what follows. These vectors are polarization unit vectors for
the plasmariton (T ) and plasmon (L) modes in the two half
spaces z > z0 (+ sign) and z < z0 (− sign).

The tensorial structure of the propagators GT (q‖, ω; Z ) and
GL(q‖, ω; Z ) can be expressed in terms of the polarization unit
vectors. Thus

U − Q̂T
±Q̂T

± = ŷŷ + eT
±eT

±, (37)

Q̂L
±Q̂L

± = eL
±eL

±, (38)

as the reader may show. In fact, only the relation in Eq. (37)
needs to be worked out since Q̂L

± [Eq. (A6)] are just the unit
vectors eL

± [Eq. (36)]. The ŷŷ part of Eq. (37) is associated
with s-polarized fields, which have no plasmon part, and
these fields are of no interest here, so let us leave out the
ŷŷ-propagator part below.

The p-polarized structure of the electric field outside the
current density plane at z = z0 is obtained from Eq. (B1). With

GT (z − z0) = iR(+)
T

[
eT
+eT

+eiκT
⊥ (z−z0 )�(z − z0)

+ eT
−eT

−e−iκT
⊥ (z−z0 )�(z0 − z)

]
, (39)

GL(z − z0) = iR(+)
L

[
eL
+eL

+eiκL
⊥(z−z0 )�(z − z0)

+ eL
−eL

−e−iκL
⊥(z−z0 )�(z0 − z)

]
, (40)

where ImκT,L
⊥ � 0, one obtains the result

E(z) = [
AT

+eT
+eiκT

⊥ (z−z0 ) + AL
+eL

+eiκL
⊥(z−z0 )

]
�(z − z0)

+ [
AT

−eT
−e−iκT

⊥ (z−z0 ) + AL
−eL

−e−iκL
⊥(z−z0 )

]
�(z0 − z),

(41)

where

AT
± = μ0ωR(+)

T

(
eT
± · Jext

0

)
, (42)

AL
± = μ0ωR(+)

L

(
eL
± · Jext

0

)
. (43)

The plasmariton and plasmon modes appearing in the ex-
pression for the electric field E(z) ≡ E(q‖, ω; z) in the Weyl
expansion are entangled. This means that one cannot excite a
(q‖, ω) Weyl mode which has pure plasmariton or plasmon
character. The entanglement follows from the fact that the
complex unit vectors for the T and L modes are not orthogo-
nal, i.e.,

eT
± · eL

± 	= 0. (44)

In consequence, one cannot make a choice for the sheet
current density which results in either pure plasmariton or
plasmon excitation. In Ref. [17] the name jellions was given

to these new modes and the related quanta. We will use this
name in the remaining part of our paper. As we will realize in
Sec. V, these modes also appear in the form of surface jellions,
which we claim are the fundamental modes in flat-surface
excitation of a jellium.

IV. BULK JELLION EIGENMODES

It appears from Eqs. (41)–(43) that the degree of the
plasmon-plasmariton entanglement depends on the external
current density Jext

0 . In general, it cannot be justified to con-
sider Jext

0 as a prescribed quantity due to important screening
effects from the jellium electrons.

In the framework of linear and spatially nonlocal electrody-
namics, the current density Jext(q‖, ω; z) ≡ Jext(z) appearing
in Eq. (33) is related to the microscopic electric field
E(q‖, ω; z) ≡ E(z) by a constitutive relation of the form

Jext(z) =
∫

ext
S(z, z′) · E(z′)dz′, (45)

where S(q‖, ω; z, z′) ≡ S(z, z′) is the response tensor. The
jellion field, obtained by setting E(0)(q‖, ω; z) ≡ E(0)(z) = 0
for all z in the range of Jext(z) [indicated by the subscript ext
on the integral in Eq. (45)], hence satisfies the homogenous
integral equation

E(z) =
∫

ext
K(z, z′) · E(z′)dz′, (46)

with a dyadic kernel given by

K(z, z′) = −iμ0ω

∫
ext

G(z − z′′) · S(z′′, z′)dz′′. (47)

A rigorous determination of S(z, z′) must be based on the
field-dependent (many-body) Schrödinger equation, and only
by invoking substantial simplifications in the analysis can an
explicit expression for S(z, z′) be given [18–24].

Self-sustaining jellion modes may be obtained from
Eq. (46) by neglect of irreversible losses in G and S. Although
losses usually cannot be neglected from an experimental point
of view, determination of these self-sustaining partially lo-
calized 1D modes is of great theoretical importance. Let us
assume that the microscopic electric field across the ext do-
main has been calculated; then the current density entering
Eqs. (42) and (43), viz.,

Jext
0 =

∫
ext

Jext(z)dz =
∫

ext
S(z, z′) · E(z′)dz′dz, (48)

is known and the jellion field [Eq. (41)] can be determined.

V. SURFACE JELLIONS: DISPERSION RELATION

The perhaps most important application of the jellion
concept appears in the form of surface jellion eigenmodes
spatially confined (in one dimension) at a flat interface sep-
arating a spatially nonlocal jellium from vacuum. The surface
jellions are the eigenmodes obtained, e.g., by the reflection of
p-polarized light from the surface [16] and when a charged
particle penetrates the jellium from vacuum. It has often been
claimed that the interface eigenmodes are surface plasmons
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and surface plasmaritons. In general, this claim is incorrect,
as we will realize.

A. Jellion field in the framework of the semiclassical
infinite-barrier model

Let us assume that an electronically sharp interface lo-
cated at the plane z = 0 separates vacuum (z < 0) and a
homogeneous jellium (z > 0). Such an interface model is
an idealization because it neglects the jellium selvedge (see
Appendix D). In the well-known semiclassical infinite-barrier
(SCIB) model [6,9,13], which (in an one-electron approxima-
tion) neglects the quantum interference between the incoming
and reflected parts of the wave function of a jellium electron
being scattered elastically of the surface, the boundary will be
sharp. We will use the SCIB model in the following and real-
ize that elements of the bulk jellion analysis can be transferred
with little effort to the surface jellion description.

In the SCIB model the microscopic conductivity tensor
relating to the Weyl expansion σ(q‖, ω; z, z′) ≡ σ(z, z′) has an
i j component given by

σi j (z, z′) = �(z)�(z′)
[
σ∞

i j (z − z′) + ζ jσ
∞
i j (z + z′)

]
, (49)

where

ζ j =
{

1, j = x, y
−1, j = z.

(50)

The quantities σ∞ and � are the conductivity tensor of an infi-
nite jellium and the Heaviside unit step function, respectively.
In the SCIB model the semi-infinite jellium is simulated by
an infinitely extended medium. Provided the extended electric
field has the specular reflection symmetry

Ej (−z) = ζ jE j (z), (51)

the ith component of the induced current density then is given
by

Ji(z) =
∫ ∞

0

[
σ∞

i j (z − z′) + ζ jσ
∞
i j (z + z′)

]
Ej (z

′)dz′

=
∫ ∞

−∞
σ∞

i j (z − z′)Ej (z
′)dz′, z > 0. (52)

As indicated, the result holds in the jellium half space (z > 0)
and the conductivity tensor is that of an infinitely extended
jellium. For what follows we the omit the superscript ∞ from
the conductivity to comply with the notation of Sec. II.

It follows from the analysis of Sec. II that the electric field
of the bulk jellium, given in Eq. (41), stems from the sheet
current density in Eq. (24). This tells us that the electric field
of a surface jellion in the half space z > 0, viz.,

E(z) = −iμ0ω

∫ ∞

−∞
G(z − z′) · Jfic(z′)dz′, (53)

can be obtained using a fictitious (fic) sheet current density

Jfic(q‖, ω; z′) = g(q‖, ω)δ(z′). (54)

Due to the antisymmetry of the z component of the electric
field Ez(−z) = −Ez(z), the fictitious current density has no z

component, so g = (gx, gy, 0). Furthermore, the surface jel-
lion is p polarized, implying that gy = 0. With

g(q‖, ω) =

⎛
⎜⎝g(q‖, ω)

0
0

⎞
⎟⎠, (55)

we have come to the conclusion that the SCIB model leads to
an electric field of the surface jellion in the jellium half space
given as

E(z) = �+(z) · g, z > 0, (56)

where

�+(z) = μ0ω
[
R(+)

T eT
+eT

+eiκT
⊥z + R(+)

L eL
+eL

+eiκL
⊥z

]
. (57)

Since

eT
+ · g = κT

⊥
κT

g, eL
+ · g = q‖

κL
g, (58)

one gets the entangled field

E(z) = μ0ω

(
R(+)

T

κT
⊥

κT
eT
+eiκT

⊥z + R(+)
L

q‖
κL

eL
+eiκL

⊥z

)
g, z > 0.

(59)

The associated Weyl expanded magnetic field, obtained from

B(z) = ŷ
iω

(
∂Ex(z)

∂z
− iq‖Ez(z)

)
, (60)

then becomes

B(z) = μ0ŷR(+)
T κT

⊥eiκT
⊥zg, z > 0. (61)

In the vacuum half space, the field of the surface jellion can
likewise be generated by a fictitious surface current density

Jfic(q‖, ω, z′) = g0(q‖, ω)δ(z′). (62)

One cannot expect a priori that the amplitudes

g0(q‖, ω) =

⎛
⎜⎝g0(q‖, ω)

0
0

⎞
⎟⎠ (63)

and g [Eq. (55)] are identical. Since there is no plasmon mode
in the vacuum, it follows from Eqs. (41) and (42) that the
surface jellion has a vacuum field part given by

E(z) = �0
−(z) · g0, (64)

where

�0
−(z) = μ0ωR(+)

T,0eT
0,−eT

0,−e−iq0
⊥z, z < 0, (65)

with a unit polarization vector in the vacuum

eT
0,− = c

ω
(−q0

⊥x̂ − q‖ẑ). (66)

From Eq. (20) one obtains the vacuum residue

R(+)
T,0 = − 1

2q0
⊥

. (67)

By combining Eqs. (64)–(67) one finally has

E(z) = μ0c

2
eT

0,−e−iq0
⊥zg0, z < 0, (68)
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and via Eq. (60)

B(z) = μ0

2
ŷe−iq0

⊥zg0, z < 0. (69)

The microscopic electric and magnetic fields of the surface
jellion thus are given by Eqs. (59), (61), (68), and (69) in
the SCIB model. Although fictitious surface currents are used
to determine the electromagnetic field of the surface jellion,
no external surface current density in the form related to
Eq. (23) [with Eq. (24) inserted] appears in the framework of
the SCIB model. As discussed in our recent paper on surface
plasmaritons [15], an external current density will be present
if selvedge dynamics is included or a quantum-well film is
deposited at the jellium-vacuum interface.

B. Surface jellions with passive boundary conditions

For what we have called a dynamically passive boundary
(Jext = 0), the jump boundary conditions for the electromag-
netic field, discussed in detail in Ref. [15], imply that the com-
ponents of the electric and magnetic fields in the surface plane
are continuous, that is, for p polarization (i) Ex(z → 0−) =
Ex(z → 0+) and (ii) By(z → 0−) = By(z → 0+). Applying
these conditions to the surface jellion case, one obtains, re-
spectively,[

R(+)
T

(
κT

⊥
κT

)2

+ R(+)
L

(
q‖
κL

)2
]

g = −1

2

(
c

ω

)2

q0
⊥g0 (70)

and

R(+)
T κT

⊥g = g0

2
. (71)

By combining Eqs. (70) and (71), one immediately obtains the
dispersion relation for surface jellions

R(+)
T

(
κT

⊥
κT

)2

+ R(+)
L

(
q‖
κL

)2

+ R(+)
T

q0
⊥κT

⊥
q2

0

= 0, (72)

with the abbreviation ω/c = q0 (vacuum wave number).
As shown in Appendix C, the residues appearing in

Eq. (72) are given by

R(+)
T = − 1

2κT
⊥

, (73)

R(+)
L = 1

2

(
c

ω

)2

κL
⊥
[
1 − ε−1

L (q‖, ω)
]
, (74)

where εL(q‖, ω) ≡ εL(q‖, qL
⊥ = 0, ω). In passing, one should

note that the result in Eq. (73), when inserted in the boundary
condition for the parallel component of the magnetic field
[Eq. (71)], gives

g = −g0. (75)

The amplitudes of the two fictitious surface currents appearing
in the analysis hence have the same magnitude but opposite
phases. If one also makes use of the dispersion relation for
bulk plasmaritons, viz.,

κT = ω

c
ε

1/2
T (κT , ω), (76)

a combination of Eqs. (72)–(74) and (76) shows that the
surface jellion dispersion q‖ = q‖(ω) can be written in the

implicit form

q0
⊥εT (κT , ω) + κT

⊥

+
(

q‖
κL

)2

κL
⊥εT (κT , ω)

[
ε−1

L (q‖, ω) − 1
] = 0. (77)

In the local limit, where no plasmons exist and εT (κT , ω) →
ε(ω), the surface jellion dispersion relation in the SCIB model
reduces to the one for the plasmariton field with passive
boundary conditions, viz.,

κT
⊥ + q0

⊥ε(ω) = 0. (78)

The dispersion relation in Eq. (77) also appears as a
resonance condition for p-polarized light reflection from a
vacuum-jellium interface [16]. In this context, it is of im-
portance, for instance, for electrodynamic surface dressing
studies of moving electrons, not just phenomena related to
Cherenkov-Landau surface shock waves [25].

C. Surface jellions with active boundary conditions

For a number of problems it is necessary to go beyond
the SCIB model. Among these problems a microscopic un-
derstanding of the electrodynamics in the selvedge region
poses a particularly difficult challenge. To the extent that it
is meaningful in a first approximation to treat the selvedge
dynamics on the basis of a sheet model approach, one adds
to the SCIB model an active surface current density, ade-
quately placed just outside the jellium half space (at z = 0−).
In its own right it is also of interest to consider the electro-
dynamics in cases where a quantum-well film is deposited
at the vacuum-jellium interface. In our recent article on sur-
face plasmaritons [15], a detailed discussion of active surface
electrodynamics was given, emphasizing classical as well as
photon wave-mechanical and second-quantized aspects. The
surface plasmariton approach is valid in cases where the jel-
lium response is treated on the basis of local electrodynamics.
Below we extend the classical surface plasmariton approach to
surface jellions, still within the framework of the sheet model
approach.

For p-polarized fields the jump conditions for the tangen-
tial components of the microscopic electric and magnetic field
are given by [15]

‖Ex‖ = 1

ε0

q‖
ω

JS
z , (79)

‖By‖ = − μ0JS
x (80)

for monochromatic fields with a wave vector q‖ = q‖x̂ along
the interface. The jump in F ≡ Ex or By across the z = 0 plane
above is defined as [cf. Eqs. (26) and (30)]

‖F‖ ≡ F (0+) − F (0−) (81)

and the external surface current density is JS ≡ JS (q‖, ω;
z = 0).
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From Eqs. (59) and (68) one obtains, recalling Eqs. (35),
(36), and (66),

Ex(z → 0+) = μ0ω

[
R(+)

T

(
κT

⊥
κT

)2

+ R(+)
L

(
q‖
κL

)2
]

g, (82)

Ex(z → 0−) = − μ0ω

2

(
c

ω

)2

q0
⊥g0, (83)

and hence the following jump condition for the tangential
component of the electric field:[

R(+)
T

(
κT

⊥
κT

)2

+ R(+)
L

(
q‖
κL

)2
]

g

+ 1

2

(
c

ω

)2

q0
⊥g0 =

(
c

ω

)2

q‖JS
z . (84)

Since 2R(+)
T κT

⊥ = −1 [Eq. (C6)] one obtains from Eqs. (61)
and (69) the limiting values

By(z → 0+) = −μ0

2
g, By(z → 0−) = μ0

2
g0, (85)

and hence the following jump in the tangential component of
the magnetic field:

1
2 (g + g0) = JS

x . (86)

By means of Eqs. (84) and (86), the unknown quantities g
and g0 can be given in terms of (JS

x , JS
z ). However, to obtain

a dispersion relation for surface jellions, it is necessary to
relate the surface current density to the prevailing electric field
on the current density sheet. As discussed in some detail in
Ref. [15], one obtains quite generally (in 2×2 matrix notation)(

JS
x

JS
z

)
=

(
Sxx Sxz

Szx Szz

)(
Ex(z → 0−)

Ex(z → 0−)

)
, (87)

where S is the surface response function calculated in the limit
where the sheet acts as an electric dipole (ED) receiver and
emitter. In this limit the response has been called an ED-ED
response [26]. In our surface plasmariton paper [15] it was
shown how S can be obtained for a quantum-well surface layer
on the basis of quantum mechanics.

In the present study Eq. (87) takes the general form(
JS

x

JS
z

)
= −μ0ω

2

(
c

ω

)2

g0

(
Sxx Sxz

Szx Szz

)(
q0

⊥
q‖

)
. (88)

By a combination of Eqs. (84), (86), and (88), g and g0 can be
eliminated and the following dispersion relation obtained for
surface jellions with active boundary conditions:

q0
⊥ + q‖

ε0ω
(q0

⊥Szx + q‖Szz )

− 2

(
ω

c

)2
[
R(+)

T

(
κT

⊥
κT

)2

+ R(+)
L

(
q‖
κL

)2
]

×
(

1 + 1

ε0ω
(q0

⊥Sxx + q‖Sxz )

)
= 0. (89)

If wished, the explicit expressions for the T and L residues
given in Eqs. (73) and (74) can be inserted in Eq. (89).

In the local limit, where R(+)
L = 0, Eq. (89) takes the sim-

plified form

κT
⊥ + ε(ω)q0

⊥ + q0
⊥

ε0ω

[
ε(ω)q‖

(
Szx + q‖

q0
⊥

Szz

)

+ κT
⊥

(
Sxx + q‖

q0
⊥

Sxz

)]
= 0, (90)

as the reader may verify using the dispersion relation for
bulk plasmaritons [Eq. (76) with εT (κT , ω) → ε(ω)] and the
general relation 2κT

⊥R
(+)
T = −1. The dispersion relation (90)

is identical to the one obtained in Ref. [15] and analyzed
analytically and numerically for a jellium quantum-well inter-
face dominated by diamagnetic and paramagnetic responses,
respectively.

D. Exponentially confined eigenmodes

The central concept for an understanding of the physical
properties of a wide class of surface jellions is the dis-
persion relation given in an implicit form for passive and
active boundary conditions by Eqs. (72) and (89), respectively.
Notwithstanding the extreme difficulties one is facing in solv-
ing these equations in general, let us assume that an explicit
solution

ω = ω(q‖) (91)

has been obtained for a given (microscopic) jellium model.
Usually, one finds that the dispersion relation has several
branches. If needed, these may be distinguished by adding a
subscript b to the frequency [ω(q‖) ⇒ ωb(q‖), b = 1, 2, . . .].
For the angular spectrum (simple Weyl) the expansion q‖ is
real, and due to obvious symmetry one can limit the consid-
erations to positive-q‖ values. Self-sustaining surface jellions
are described by real values of ω.

In the presence of irreversible loss mechanisms, described
in the simplest approach by a relaxation time (τ ) model, ω

becomes complex, i.e., ω = ωR + iωI (with ωI < 0). The sur-
face jellion dispersion relation also can cover monochromatic
modes (ω = ωR) decaying along the jellium-vacuum surface.
For such modes q‖ is complex (q‖ = qR

‖ + iqI
‖).

In the eigenmode limit (τ → ∞), where both ω and q‖ are
real, each of the three wave numbers q0

‖, κT
⊥ , and κL

⊥, char-
acterizing the field behavior perpendicular to the surface, are
either real or purely imaginary. Among the various possibili-
ties, what one may call a confined surface jellion eigenmode
stands out. For this mode all three underlying modes decay
exponentially with the distance from the surface. The confined
eigenmodes thus belong to the part of the ω − q‖ domain for
which

q0
⊥ = i|q0

⊥|, κT
⊥ = i|κT

⊥|, κL
⊥ = i|κL

⊥|. (92)

This part we call the confinement region.

VI. SURFACE JELLIONS IN THE
HYDRODYNAMIC APPROACH

A. Hydrodynamic model and confinement conditions

In the hydrodynamic approach to electrodynamics, the
transverse and longitudinal dielectric functions are given
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by

εT (ω) = 1 − ω2
p

ω(ω + i/τ )
, (93)

εL(q, ω) = 1 − ω2
p

ω(ω + i/τ ) − Dq2
(94)

in the relaxation time approximation, with the quantities ωp,
D, and τ denoting the bulk angular plasma frequency, the par-
ticle (electron) diffusion coefficient, and the relaxation time,
respectively. In the numerical calculations to follow below we
take [3,5,8] D ≈ 3

5v2
F , where vF is the electron Fermi velocity.

For an electron density n, ωp = (ne2/mε0)1/2, where m is the
effective electron mass, and e2 is the squared electron charge.
In Eq. (93) we have neglected the generally small spatial
dispersion, i.e., εT (κT , ω) ≈ εT (ω) ≡ ε(ω) (see Ref. [13]).

Let us now consider the confinement conditions for a
given branch of a surface jellion eigenmode (remembering
τ → ∞). In the vacuum half space where q2

‖ + (q0
⊥)2 =

[ω(q‖)/c]2, exponential confinement requires that

(cq‖)2 − ω2(q‖) > 0, z < 0, (95)

giving

|q0
⊥| = 1

c
[(cq‖)2 − ω2(q‖)]1/2. (96)

For the plasmariton (T ) mode, where

κ2
T =

(
ω(q‖)

c

)2

εT [ω(q‖)] = 1

c2

[
ω2(q‖) − ω2

p

]
, (97)

it follows from Eq. (28) that confinement is obtained for

ω2
p + (cq‖)2 − ω2(q‖) > 0, (98)

and hence

|κT
⊥| = 1

c

[
ω2

p + (cq‖)2 − ω2(q‖)
]1/2

. (99)

Exponential confinement of both the vacuum and T modes
thus requires that

ω(q‖) < cq‖, (100)

where q‖ and ω(q‖) both positive quantities. For the plasmon
(L) mode, where εL(q, ω) = 0 [Eq. (19)], Eq. (94) leads to

κ2
L = 1

D

[
ω2(q‖) − ω2

p

]
. (101)

Inserting this result in Eq. (28), it appears that L-mode con-
finement requires that

ω(q‖) <
(
ω2

p + Dq2
‖
)1/2

, (102)

and thus

|κL
⊥| = 1

D1/2

[
ω2

p + Dq2
‖ − ω2(q‖)

]1/2
. (103)

All three modes underlying a surface jellion eigenmode are
exponentially confined provided the conditions (100) and
(102) are satisfied.

B. Three-branch dispersion relation

The dispersion relation for surface jellions with passive
boundary conditions is obtained by inserting the specifics of
the hydrodynamic model into Eq. (77). Since

ε−1
L (q‖, ω) − 1 = ω2

p

D(κL
⊥)2

(104)

and

ε(ω)ω2
p

Dκ2
L

=
(

ωp

ω

)2

, (105)

one obtains in an implicit form the following dispersion rela-
tion:

κL
⊥[κT

⊥ + q0
⊥ε(ω)] + q2

‖[1 − ε(ω)] = 0. (106)

In the local limit κL
⊥ → ∞ (recalling D → 0) and to uphold

Eq. (106), the surface plasmariton dispersion relation given in
Eq. (78) must be satisfied. In the electrostatic limit c → ∞,
use of κT

⊥ → iq‖, q0
⊥ → iq‖, and some simple algebra leads

to the Ritchie dispersion relation for surface plasmons [27],
namely,

q‖ = 1 + ε(ω)

2

(
ω(ω + i/τ )

D

)1/2

. (107)

In the lossless limit q‖ = ω[1 − (ωs
p/ω)2]/D1/2, the familiar

result.
How many branches does the dispersion relation have? To

answer this question it is useful to rewrite Eq. (106) in the
following form:

± 2

(
D

ω(ω + i/τ )

)1/2

q3
‖ −

[(
ω

c

)2 D

ω(ω + i/τ )

+ 1 + ε(ω)

]
q2

‖ +
(

ω

c

)2

ε(ω) = 0. (108)

Although the calculation leading from Eq. (106) to Eq. (108)
in a sense is straightforward, it is somewhat cumbersome.

For each of the signs in front of the q3
‖ term, one has a

third degree equation in q‖. It appears that if q(+)
‖ is a solution

to Eq. (108) with the plus sign in front of the first term,
then q(−)

‖ = −q(+)
‖ will be a solution to the equation with the

minus sign. The six solutions therefore can be divided into
two sets belonging to Imq‖ > 0 and Imq‖ < 0, respectively.
For Imq‖ > 0 the waves decay in the positive-x direction and
for Imq‖ < 0 the decay is in the negative-x direction. Using
Al as an example, we have made numerical calculations of
the three solutions belonging to Imq‖ > 0. Hence, for positive
real frequencies ω we show in Figs. 1 and 2 the numerical
results obtained for Req‖ and Imq‖ as a function of ω normal-
ized to ωp.

Let us look at the three branches of the dispersion relation
ω = ω(Req‖) (Fig. 1). Asymptotically, the three branches col-
lapse into two in the limits ω/ωp → 0 and ω/ωp → ∞. In the
high-frequency limit the two branches coincide with the local
(D1/2 → 0) surface plasmariton dispersion relation (thick-line
branch) and the electrostatic (c → ∞) surface plasmon dis-
persion relation (dashed-line branch), both here for finite τ of
course. It follows readily from Eq. (108) that for D1/2 → 0
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FIG. 1. Dispersion relation ω = ω(Req‖) (normalized to ωp).
The three branches are indicated by thick, thin, and dashed lines.
Note that the thick-line branch has Req‖ < 0 for ω � ωs

p = ωp/
√

2.
The numerical calculations is for Al (jellium) electron density n =
1.81×1029 m−3. The relaxation time used is τ = 7.5×10−15 s. The
values for n and τ are used in all subsequent calculations (figures) of
this article. Qualitatively significant single-particle excitation effects
(omitted in this paper) occur for q‖ � kF ≈ 1.8×1010 m−1.

one obtains the surface plasmariton dispersion relation in its
standard form q‖ = (ω/c){ε(ω)/[1 + ε(ω)]}1/2. The radiative
high-frequency branch of the local plasmariton dispersion
relation commonly is called the Brewster branch [15]. At
low frequencies, one recognizes the nonradiative Fano branch
of the surface plasmariton dispersion relation (the coincident
dashed and thin lines). For the thick-line branch the reader
should notice that Req‖ < 0 for frequencies below a fre-
quency close to the surface plasma frequency ωs

p = ωp/
√

2.
In the lossless limit (τ → ∞) the crossover point is exactly
at ω = ωs

p. Below ω ≈ ωs
p the phase velocity ω/Req‖ is neg-

ative. A negative phase velocity is not in itself an unphysical
feature.

FIG. 2. Imaginary part of the wave number Imq‖ plotted as a
function of ω (normalized to ωp) for the three branches. As discussed
in the text, branches with Imq‖ > 0 are shown.

FIG. 3. Three-branch eigenmode dispersion relation ω = ω(q‖)
(normalized to ωp). The white domain in the ω/ωp − q‖ plane indi-
cates the region in which the eigenmodes are exponentially confined
[conditions (100) and (102) are both satisfied].

The presence of three distinct branches of the dispersion
relation is a fingerprint of the plasmon-plasmariton entangle-
ment. It appears from our numerical calculations (carried out
now by letting τ increase towards infinity) that one for ω > 0
still has six solutions for q‖ which all have real q‖ values.
These can be divided into two sets belonging to q‖ > 0 and
q‖ < 0. In each group the eigenmodes dispersion relation ω =
ω(q‖) has three branches. The (inverse) dispersion relation in
the two groups are related, as for finite τ , by q(−)

‖ = −q(+)
‖ .

In Fig. 3 the branches of the eigenmodes are plotted for
q‖ > 0, and the domain in the ω/ωp − q‖ plane in which the
eigenmodes are exponentially confined is indicated as a white
area.

The running eigenmodes for q‖ > 0 and q‖ < 0, belong
to wave propagation in the positive- and negative-x direction,
respectively. In Fig. 4 we have zoomed in on the q‖ range in
which the entanglement is most pronounced.

FIG. 4. Enlarged plot of the three branches of the eigenmode
dispersion relation ω = ω(q‖) in the q‖ range in which the surface
plasmon-plasmariton entanglement is particularly pronounced.
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In the framework of the hydrodynamic model, Moreau
et al. [28] and Pitelet et al. [29] studied the effect of the
surface density profile on the surface plasmariton dispersion
relation. Their result was given in the form of a correction to
Eq. (78), extended thus to κT

⊥ + q0
⊥ε(ω) − iε(ω)
 = 0, where


 = κT
⊥/[(κT

⊥ )2 − ω2/D] in the collisionless limit. The results
in [28,29] to some extent are a macroscopic counterpart to our
surface active microscopic dispersion relation in Eq. (90). In
a paper based on the Boltzmann transport equation and with
a somewhat limited scope, a dispersion relation of the form
given in Eq. (108) has been derived previously in relation
to a study of the material and electromagnetic energy flow
associated with surface electromagnetic waves [30].

VII. MOMENTA OF CONFINED SURFACE
JELLION EIGENMODES

A. General result

In the framework of classical electrodynamics the total
momentum of a global field plus particle system Ptot is the
sum of the momenta of the particles Ppar = ∑

α pα (pα is
the momentum of particle α) and the electromagnetic field
Pem ≡ P. The sum Ptot = Ppar + Pem is a constant of the mo-
tion, that is, independent of time. In the following we focus
our attention on the electromagnetic momentum of monochro-
matic surface jellions belonging to a given branch, described
by the dispersion relation ω = ω(q‖). It is well known that (Re
stands for the real part of)

P = ε0

∫ ∞

−∞
E(r, t ) × B(r, t )d3r

≈ ε0

2
Re

(∫ ∞

−∞
E(z; q‖) × B∗(z; q‖)d3r

)
, (109)

where the last expression holds if rapidly oscillating factors
exp[±i2ω(q‖)t] are, as usual, neglected. For an infinitely ex-
tended surface, the integration over the surface is carried out
in the usual box (L×L area) normalization, i.e.,∫ ∞

−∞

∫ ∞

−∞
dx dy ⇒ L2. (110)

Limiting ourselves to the field momenta of confined surface
eigenmodes, the integral

∫ ∞
−∞(· · · )dz is finite. The plane-wave

character of a given q‖ mode (q‖ = q‖x̂) implies that the
integrand in the second expression of Eq. (109), as indicated,
is a function of z only [cf. Eq. (110)]. The field momentum

P = P< + P> (111)

is the sum of the momenta carried in vacuum (P<) and in the
jellium (P>).

Let us first calculate P<. Recalling that q0
⊥ = i|q0

⊥|
[Eq. (92)] and g0 = −g [Eq. (75)], the electric and magnetic
fields, obtained from Eqs. (68) and (69), are given by

E(z; q‖) = −μ0c

2
eT

0,−e|q0
⊥|zg, (112)

with

eT
0,− = c

ω(q‖)
(−i|q0

⊥|x̂ − q‖ẑ), (113)

and

B(z; q‖) = −μ0

2
ŷe|q0

⊥|zg. (114)

Utilizing Eqs. (112)–(114), one obtains

ε0

2
Re[E(z; q‖)×B∗(z; q‖)] = μ0gg∗

8ω(q‖)
exp(2|q0

⊥|z)q‖x̂. (115)

As expected, the momentum P< is directed along q‖ = q‖x̂.
Finally, integration over z (from −∞ to 0) and box normal-
ization give

P<(q‖) = μ0L2gg∗

16

q‖x̂
ω(q‖)|q0

⊥(q‖)| . (116)

The determination of the momentum carried inside the
jellium starts with the relevant expressions for E(z; q‖) and
B(z; q‖), given in Eqs. (59) and (61). For the magnetic field
one obtains immediately the expression

B(z; q‖) = −μ0

2
ŷe−|κT

⊥|zg. (117)

In a sense this result may have been guessed: (i) The
passive boundary condition for B gives By(z → 0−; q‖) =
By(z → 0+; q‖) and (ii) the B field decays exponentially in
both half spaces. The electric field is, for confined surface
jellions, given by (R(+)

T κT
⊥ = − 1

2 )

E(z; q‖) = μ0ω

(
− 1

2κ2
T

(i|κT
⊥|x̂ − q‖ẑ)e−|κT

⊥|z

+ q‖R(+)
L

κ2
L

(q‖x̂ + i|κL
⊥|ẑ)e−|κL

⊥|z
)

g, z > 0.

(118)

The expression for R(+)
L [Eq. (74)] is a pure imaginary quan-

tity for a confined L mode. Thus,

R(+)
L = iR|κL

⊥|, (119)

where

R = 1

2

(
c

ω(q‖)

)2[
1 − ε−1

L (q‖, ω(q‖))
]
. (120)

Since only g may be complex in the expression for B(z; q‖)
[Eq. (117)] and g∗g is real, only the real part of the factor
to g in Eq. (118) contributes to Re(E×B∗). Therefore, since
−ẑ×ŷ = x̂, ẑ×x̂ = ŷ, and κ2

T and κ2
L are both real, one obtains

ε0

2
Re[E(z; q‖) × B∗(z; q‖)]

= μ0ω(q‖)

4c2
gg∗

(
1

2κ2
T

exp(−2|κT
⊥|z)

− R|κL
⊥|2

κ2
L

exp[−(|κT
⊥| + |κL

⊥|)z]

)
q‖x̂, z > 0. (121)

Multiplying this momentum density by L2 and integrating
over z from 0 to ∞, we get our final result for the momentum
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in the jellium half space, viz.,

P>(q‖) = μ0L2gg∗

16c2
ω(q‖)

(
1

κ2
T |κT

⊥| − 4R

κ2
L

|κL
⊥|2

|κT
⊥| + |κL

⊥|
)

q‖x̂,

z > 0. (122)

B. Hydrodynamic model: Numerical results

The quantity R [Eq. (120)] is given by

R =1

2

(
c

ω(q‖)

)2 ω2
p

ω2
p + Dq2

‖ − ω2
= 1

2

(
c

ω(q‖)

)2 ω2
p

D|κL
⊥|2
(123)

in the hydrodynamic model, with

Dκ2
L = c2κ2

T = ω2(q‖) − ω2
p. (124)

By inserting these results into Eq. (122) it appears that the
field momentum in the jellium takes the hydrodynamic form

P>(q‖) = μ0L2

16

ω(q‖)

ω2(q‖) − ω2
p

[
1

|κT
⊥|

− 2

(
ωp

ω(q‖)

)2 1

|κT
⊥| + |κL

⊥|

]
gg∗q‖x̂. (125)

The essential q‖ dependence in the vacuum and jellium half
spaces are contained in the normalized (N) scalar quantities

P≷(q‖) ≡ 16

μ0L2

1

gg∗ P≷ · x̂. (126)

By multiplication by ωp, one obtains the following dimension-
less forms:

ωpPN
< (q‖) = ωp

ω(q‖)

[
1 −

(
ω(q‖)

cq‖

)2
]−1/2

(127)

and

ωpPN
> (q‖)

= ωpω(q‖)q‖
ω2(q‖) − ω2

p

[
1

|κT
⊥ (q‖)| − 2

(
ωp

ω(q‖)

)2 1

|κT
⊥| + |κL

⊥|
]
.

(128)

The result of a numerical calculation of ωpPN
< (q‖) and

ωpPN
> (q‖) for each of the three branches of the surface jellion

eigenmodes is shown in Figs. 5 and 6, and the total quantity
ωp[PN

< (q‖) + PN
> (q‖)] is plotted in Fig. 7.

In the vacuum half space the field momentum is for all q‖
directed in the q‖ direction, i.e., P< · q‖/q‖ > 0. This result is
obvious from Eq. (127) since ω(q‖)/cq‖ < 1 in the exponen-
tially confined region.

C. Momentum backflow

It appears from Fig. 6 that the momenta inside the jellium
in the major part of the q‖ range shown are oppositely directed
q‖, i.e., P> · q‖/q‖ < 0. In a qualitative sense this backflow
of the momenta originates in the sign of the factor [ω2(q‖) −
ω2

p]−1 in Eq. (128). Thus, from the dispersion relations in the
confinement region (Fig. 3), we see that ω(q‖) < ωp except at

FIG. 5. Normalized (N) projection of the field momentum in vac-
uum in the q̂‖ direction [PN

< (q‖)], made dimensionless [ωpPN
< (q‖)],

as a function of the wave number q‖. Plots are shown for each of the
three confined surface jellion eigenmodes.

the highest wave numbers for one of the branches. This branch
is essentially the electrostatic plasmon branch since the L-T
entanglement is vanishingly small at high wave numbers.

If we write Eq. (128) in the form

ωpPN
>(q‖) = ωpω(q‖)q‖

ω2(q‖) − ω2
p

1

|κT
⊥|F (q‖), (129)

where

F (q‖) = 1 − 2

(
ωp

ω(q‖)

)2[
1 + |κL

⊥|
|κT

⊥|
]−1

, (130)

it appears that the main (qualitative) result of the momentum
backflow is changed in the regions where F (q‖) becomes
negative. Thus, where F (q‖) < 0, the momentum flow is
in the forward direction like in the vacuum domain. The

FIG. 6. Normalized (N) projection of the field momentum in
jellium in the q̂‖ direction [PN

> (q‖)], made dimensionless [ωpPN
> (q‖)],

as a function of the wave number q‖. Plots showing the momentum
backflow are presented for each of the three confined surface jellion
eigenmodes.
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FIG. 7. Total dimensionless scalar momentum ωp[PN
< (q‖) +

PN
> (q‖)] for each of the three confined surface jellion eigenmodes

plotted as a function of the wave number q‖.

factor [ωp/ω(q‖)]2 in front of the term in square brackets
in Eq. (130) indicates that the change from backflow to for-
ward flow happens first (with increasing q‖) for the thick-line
branch, as the reader may observe in comparing Figs. 3 and 6.

In closing this section one should note that the total mo-
mentum (in the various branches) of the global field plus
particle system contains a part stemming from the kinetic
momentum flow of the jellium electrons. This part, only
nonvanishing in the presence of spatial dispersion, is always
directed in the q‖ direction [30]. It is beyond the scope of this
article to examine the momentum flow in the global system.

VIII. EQUIVALENT MASS OF CONFINED
SURFACE JELLIONS

The Weyl representation of a given electromagnetic field
is a mode representation, often called the angular spectrum
representation [11]. This implies that the total energy of the
jellion field is a sum of the energies of the individual q‖
modes.

A. Classical field Hamiltonian of a single Weyl mode

Below we focus on the field Hamiltonian H (q‖) belonging
to a specific branch of the surface jellion with dispersion
relation ω = ω(q‖). Furthermore, as in Sec. VII, we limit our
study to the confined eigenmodes. It is for such modes that
one can introduce an equivalent mass concept for the surface
jellions, as we will realize in the following.

It is convenient for the general discussion to write the
electric and the magnetic fields in the form

E(z; q‖) = VE (z; q‖)g, (131)

B(z; q‖) = VB(z; q‖)g, (132)

VE = [�+(z; q‖)θ (z) − �0
−(z; q‖)θ (−z)] · x̂, (133)

VB = − μ0

2
ŷ[e−|κT

⊥|zθ (z) + e|q0
⊥|zθ (−z)]. (134)

In the confinement regions

�+(z; q‖) · x̂ = μ0ω

(
− 1

2κ2
T

(i|κT
⊥|x̂ − q‖ẑ)e−|κT

⊥|z

× iR|κL
⊥|q‖

κ2
L

(q‖x̂ + i|κL
⊥|ẑ)e−|κL

⊥|z
)

(135)

[see Eqs. (118) and (119)] and

−�0
− · x̂ = −μ0c2

2

1

ω(q‖)
(−i|q0

⊥|x̂ − q‖ẑ) (136)

[from Eqs. (112) and (113)]. The total classical Hamiltonian
(field energy) H (q‖) of a single mode hence is given by

H (q‖) = ε0

4
gg∗

∫ ∞

−∞
[|VE (z; q‖)|2 + c2|VB(z; q‖)|2]d3r

= ε0L2

4
gg∗

∫ ∞

−∞
[|VE (z; q‖)|2 + c2|VB(z; q‖|2]dz,

(137)

where the last expression comes from the box (L×L) area nor-
malization. In the exponential confinement region the integral∫ ∞
−∞(· · · )dz is finite.

B. Surface jellion equivalent mass:
Harmonic-oscillator description

In the confinement domain an equivalent mass concept can
be introduced by the definition

M(q‖) ≡
∫ ∞

−∞
[|VE (z; q‖)|2 + c2|VB(z; q‖|2]dz. (138)

The reader should notice here that M(q‖) does not have the
dimension of an usual mass. However, this fact is not of
importance in what follows.

Let us now introduce a time-dependent quantity

g(t ) = gexp[−iω(q‖)t] (139)

and next a real coordinate variable by the definition

q(t ) ≡ L

2

√
ε0

2

1

ω(q‖)
[g(t ) + g∗(t )], (140)

with associated velocity

q̇(t ) = −i
L

2

√
ε0

2
[g(t ) − g∗(t )]. (141)

Note that also the coordinate and velocity concepts do not
have the usual dimension. Equations (140) and (141) can be
inverted to give

g(t ) = 1

L

√
2

ε0
[ω(q‖)q(t ) − iq̇(t )]. (142)

The product g(t )g∗(t ) is time independent and given by

g(t )g∗(t ) = g(0)g∗(0) = 2

ε0L2
[ω2(q‖)q2(t ) + q̇2(t )]. (143)

By inserting Eq. (143) into Eq. (137) and with the equiva-
lent mass concept it appears that the classical Hamiltonian can
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be written in the harmonic-oscillator form

H (q‖) = 1
2 M(q‖)[ω2(q‖)q2(t ) + q̇2(t )]. (144)

Introduction of a momentum variable

p(t ) = M(q‖)q̇(t ), (145)

one obtains the form

H (q‖) = p2(t )

2M(q‖)
+ M(q‖)

2
ω2(q‖)q2(t ). (146)

C. Quantization

The quantities q(t ) and p(t ) form a pair of real canonical
variables, that is,

q̇ = ∂H

∂ p
, ṗ = −∂H

∂q
, (147)

where q̇ = P
M and ṗ = −Mω2(q‖)q, and the quantization now

follows the textbook approach for a massive harmonic oscil-
lator. The extension to the operator level, i.e., q ⇒ q̂, p ⇒ p̂,
and H ⇒ Ĥ , and introduction of the normalized (N) observ-
ables

q̂N ≡
√

M(q‖)ω(q‖)

h̄
q̂, p̂N ≡ 1√

M(q‖)h̄ω(q‖)
p̂, (148)

give

Ĥ = 1
2 h̄ω(q‖)

[
q̂2

N + p̂2
N

]
, (149)

with the canonical commutation relation [q̂N , p̂N ] = i (ob-
tained from [q̂, p̂] = ih̄). By means of the annihilation and
creation operators

â = 1√
2

(q̂N + i p̂N ), â† = 1√
2

(q̂N − i p̂N ), (150)

satisfying [â, â†] = 1, one obtains the standard form

Ĥ = h̄ω(q‖)
[
â†â + 1

2

]
, (151)

giving the surface jellion quantum energy h̄ω(q‖) for the
eigenmode with index q‖.

D. Analysis of M: Numerical results
for the hydrodynamic model

The close relation between the Hamiltonian H and the
equivalent mass M [Eq. (137)] makes it of interest to study the
structure of M(q‖) for each of the three branches of the eigen-
mode dispersion relation. The physical information carried
by H and M essentially is the same since the two quantities
[apart from the trivial constant (ε0/4)L2] only deviate by the
absolute square of the SCIB model’s fictitious sheet current
density gg∗. The magnitude of gg∗ is of course arbitrary for
an eigenmode. In a p-polarized optical reflection experiment,
with a known value of the incoming field energy, a specific
value for gg∗ follows.

Our quantitative analysis or interpretation of the M struc-
ture as a function of q‖ partly is illustrated below by numerical
results for the hydrodynamic model (using the Al data). In
Fig. 8 the total equivalent mass M = M< + M> is shown as
a function of q‖ for each of the three branches. In order to

FIG. 8. Equivalent mass M(q‖) of each of the three confined
surface jellion eigenmodes, given in arbitrary units, plotted as a
function of the wave number q‖.

understand the underlying structure we have plotted M< and
M> separately in Figs. 9 and 10.

Let us first consider the equivalent mass carried on the
vacuum side of the surface. Since the electric and magnetic
energy densities are equal in vacuum, one readily obtains

M<(q‖) = 2c2
∫ ∞

−∞
|VB(z; q‖)|2dz =

(
μ0c

2

)2 1

|q0
⊥| (152)

using Eq. (134). Since q0
⊥ = {q2

‖ − [ω(q‖)/c]2}1/2, M< essen-
tially tends towards the same value for all branches at large-q‖
values, viz.,

M<(q‖) =
(

μ0c

2

)2 1

q‖
, q‖ → ∞, (153)

as Fig. 9 shows. The result is obvious for the two branches
which have ω(q‖) � 0.75ωp for all q‖. For the Ritchie
branch [Eq. (107), with τ → ∞] ω(q‖) = D1/2q‖ at large q‖,

FIG. 9. Vacuum part of the equivalent mass M<(q‖) of each of
the three confined surface jellion eigenmodes, given in arbitrary
units, plotted as a function of the wave number q‖.
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FIG. 10. Jellium part of the equivalent M>(q‖) of each of the
three confined surface jellion eigenmodes, given in arbitrary units,
plotted as a function of the wave number q‖. Note that the equivalent
mass is scaled in the same manner in Figs. 8–10.

implying that q0
⊥ → q‖(1 − D/c2)1/2, thus giving an insignif-

icant deviation of the order D/c2 ≈ 10−4 from the asymptotic
result in Eq. (153). The balance between the vacuum and jel-
lium mass parts changes with increasing q‖: M<(q‖) decreases
(as given by q−1

‖ ) and M>(q‖) increases for the three branches,
as shown in Fig. 10.

The general expression for the mass carried in the jel-
lium (z > 0) can be calculated using Eqs. (133)–(135). It
appears from Eq. (135) that the density VE (z; q‖) · V∗

E (z; q‖)
consists of three parts with the z dependences exp(−2|κT

⊥|z),
exp(−2|κL

⊥|z), and exp[−(|κT
⊥| + |κL

⊥|)z]. The magnetic mass
contribution has the z dependence exp(−2|κT

⊥|z). The con-
tributions of the T , L, and T L parts to the jellium mass are
denoted by MT

>, ML
>, and MT L

> , respectively. Note that MT
> is

the sum of electric- and magnetic-field parts. The parts are
additive, so

M>(q‖) = MT
>(q‖) + ML

>(q‖) + MT L
> (q‖). (154)

Although a bit tedious, the calculation of the three parts to
M>(q‖) is straightforward and, as the reader may find on their
own, the results are

MT
>(q‖) =

(
μ0ω(q‖)

2κ2
T

)2 q2
‖ + |κT

⊥|2
2|κT

⊥| +
(

μ0c

2

)2 1

2|κT
⊥| , (155)

where the last part is the B-field contribution. Note that
this part can be obtained from the magnetic vacuum
part M<(q‖)/2 by the replacement |q0

⊥| → |κT
⊥|. The sum

M<(q‖) + MT
>(q‖) is a pure surface plasmariton equivalent

mass. The pure plasmon contribution to the equivalent mass
is

ML
>(q‖) =

(
μ0ω(q‖)q‖

κ2
L

)2

(R|κL
⊥|)2

q2
‖ + |κL

⊥|2
2|κL

⊥| , (156)

with R given by Eq. (120). The plasmon-plasmariton part of
the equivalent mass is given by

MT L
> (q‖) = −

(
μ0ω(q‖)q‖

κT κL

)2

(R|κT
⊥|). (157)

FIG. 11. Branch 1 (thin line in Fig. 3): Individual jellium equiv-
alent mass contributions MT

> (q‖), ML
>(q‖), and MT L

> (q‖) as functions
of the wave number q‖. Note that MT L

> (q‖) is negative.

The fact that the entanglement contribution is negative should
not disturb the reader; only the sum in Eq. (154) needs to be
positive.

We obtained the results for the hydrodynamic model using
τ → ∞, the dispersion relation given implicitly by Eq. (108),
the R value [Eq. (123)], and the expressions for κ2

T [Eq. (97)],
κ2

L [Eq. (101)], |κT
⊥| [Eq. (99)], and |κL

⊥| [Eq. (103)]. The
numerical data for MT

>, ML
>, and MT L

> given as functions of q‖
are shown for the three branches in Figs. 11–13, respectively.

In the major part of the q‖ range plotted, a fairly
good approximation is obtained by the simple asymptotic
(q‖ → ∞) expressions for the masses. Thus setting |κT

⊥| ≈ q‖
and |κL

⊥| ≈ q‖ and using the abbreviation

N (q‖) =
(

μ0ω(q‖)c2

2

)2

q‖
[
ω2(q‖) − ω2

p

]−2
, (158)

FIG. 12. Branch 2 (thick line in Fig. 3): Individual T , L, and
T L jellium equivalent mass contributions as functions of the wave
number q‖. Here −MT L

> (q‖) is plotted for the negative-T L part.
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FIG. 13. Branch 3 (dashed line in Fig. 3): Individual T , L, and
T L jellium equivalent mass contributions as functions of the wave
number q‖. Here −MT L

> (q‖) is plotted for the negative-T L part. The
branch only exists for wave numbers smaller than q‖ ≈ 3.3×108

m−1.

one obtains

MT
>(q‖) = N (q‖), (159)

ML
>(q‖) = N (q‖)

(
ωp

ω(q‖)

)4

, (160)

MT L
> (q‖) = −2N (q‖)

(
ωp

ω(q‖)

)2

. (161)

Note that the magnetic contribution to MT
>(q‖) vanishes for

q‖ → ∞. The total equivalent mass hence takes the asymp-
totic form

M>(q‖) =
(

1

2ε0

)2 q‖
ω2(q‖)

, q‖ → ∞. (162)

We know from the analysis in Sec. VI A that the dispersion
relation of branch 1 at high-q‖ values approaches the linear
Ritchie result ω(q‖) ≈ D1/2q‖ [Eq. (107) for τ → ∞]. How-
ever, this electrostatic form does not imply that the surface
jellion mass can be calculated keeping only its L part. If
this were the case, a resonance would occur in M>(q‖) at a
q‖ value corresponding to ω(q‖) = ωp [see Eq. (160)]. The
numerical result for branch 1, presented in Fig. 10, exhibits
no resonance at this q‖ value. It appears from Fig. 11 that the
equivalent mass contributions from the T , L, and T L parts all
are at resonance at ω(q‖) = ωp, but the asymptotic (q‖ → ∞)
analysis leading to Eq. (162) shows that a delicate balance
between the three parts occurs.

IX. SUMMARY

In this work the Weyl representation of wave fields has
been used to establish the eigenmode structure of collective
jellium excitations at a sharp and flat jellium-vacuum inter-
face. The eigenmodes, which we have named surface jellions,
form a complete set and are the true eigenmodes related
to surface excitation spectra, emerging in optical reflection
studies and when a charged particle penetrates a jellium, for

instance. The q‖ wave-number spectrum of the surface jellions
includes interface entangled plasmon-plasmariton states not
present in previous analysis based on the surface plasmon
(L) and surface plasmariton (T ) eigenmodes and their mere
interference. In a manifest manner the entanglement results, in
a hydrodynamic approach, in the presence of three branches in
the surface jellion dispersion relation ω = ω(q‖). Outside the
effective q‖ range of entanglement, the branches of the disper-
sion relation collapse asymptotically into two. In an inverse
dispersion relation plot q‖ = q‖(ω), asymptotically (i.e., for
ω/ωp → 0 and ω/ωp → ∞) the two branches are recognized
as those belonging to surface plasmaritons [with their forbid-
den gap in the frequency range ωs

p (≡ωp/
√

2 < ω < ωp)] and
to surface plasmons (existing only for ω > ωs

p).
It is known from previous studies on surface plasmaritons

that the boundary (jump) conditions play a crucial role in
the form of the dispersion relation in regions where spatial
dispersion is important. For so-called active boundary condi-
tions real surface currents are present. These may originate
in, for example, selvedge effects or the effect of a mesoscopic
(quantum-well) layer deposited on the surface. For the SCIB
model passive boundary conditions (no real surface currents)
can be employed. In the screened propagator formalism, here
described in the Weyl expansion, some kind of surface current
density distribution is needed to obtain an electromagnetic
field in the jellium and vacuum half spaces. In the framework
of the SCIB model, the needed sheet current density is a ficti-
tious one directed parallel to the q‖ direction for p-polarized
fields.

We illustrated the main principles of the surface jellion
formalism by applying our theory in numerical calculations
based on the well-known hydrodynamic model for the elec-
tron response to the prevailing field. In particular, surface
jellion dispersion relations with three branches were calcu-
lated for a finite relaxation time τ and in the limit τ → ∞
(eigenmode spectrum).

Surface jellions in which the vacuum and T and L parts all
decay exponentially away from the interface are nonradiative
and of utmost importance as one knows from surface plas-
mariton and surface plasmon studies. For the hydrodynamic
model, we identified the part of the ω-q‖ domain in which the
surface jellion eigenmodes are exponentially confined.

For these so-called confined surface jellion eigenmodes,
we have carried out a general calculation of the associated
electromagnetic momentum flow, which always is directed
parallel to q‖. We illustrated the main results in a numerical
study of the momentum flow for the hydrodynamic model.
For each of the three branches the momentum was calculated
as a function of the wave number P = P(q‖). In the major
part of the studied q‖ range, the momentum flow is opposite
to q‖ inside the jellium. To this electromagnetic momentum
backflow one must add the momentum carried in vacuum. The
sum of these two parts is in the q‖ direction, as expected. For a
coupled particle (electron)-field spectrum the total momentum
is the sum of the field part and the part carried by the induced
kinetic energy of the particles. The effect stemming from the
particle potential energy is included in the L dynamics of the
electromagnetic field.

We finished our theory with a study of the field energy as-
sociated with the surface jellion eigenmodes. By introducing a
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certain equivalent mass concept related to the eigenmode en-
ergy, a harmonic-oscillator description was established. This
description led, via the introduction of a set of canonical
coordinate and velocity variables, to a Hamiltonian formal-
ism. Upon extension of the variables to the operator level
we obtained, as expected, the surface jellion quantum energy
h̄ωb(q‖) for branch number b (b = 1, 2, 3). Numerical calcu-
lations of the electromagnetic equivalent mass as a function
of the wave number along the surface, i.e., M = M(q‖), were
carried out in the framework of the hydrodynamic model for
each of the three branches of the dispersion relation. The
mass M = M< + M> is the sum of a vacuum part M< and
a jellium part M>. The mass is composed of three parts: (i) a
plasmariton part MT , which has contributions from both the
vacuum and the jellium half spaces MT = MT

< + MT
>, (ii) a

plasmon part ML = ML
>, to which only the jellium contributes

since there is no longitudinal field in vacuum, and (iii) an
entangled T L part MT L = MT L

> . In order to obtain further
insight into the structure underlying M>(q‖), numerical data
were presented for MT

>(q‖), ML
>(q‖), and MT L

> (q‖) for each of
the three branches.

A. Terminology

Over the years researchers have used various names for the
collective eigenmodes of a metal (jellium). The name bulk
plasmon, which refers to the rotation-free [in wave-vector
space longitudinal (L)] eigenmodes, is used universally (see,
e.g., Refs. [2–4,6–8,27]) and so is its related surface mode, the
surface plasmon. The divergence-free [in wave-vector space
transverse (T )] bulk eigenmode is most often called a bulk
polariton in the literature. This name is used as reference to the
fact that an electromagnetic wave traveling through a metal
induces (microscopic) polarizations in the ionic lattice struc-
ture. In the jellium approximation, where the ionic potential
is smeared uniformly in space, we prefer the name bulk plas-
mariton, a name dating back to at least Patel and Slusher [31]
and used in our previous work on collective jellium excitations
[15,32]. The related surface modes go under the name surface
polaritons or equivalently surface plasmaritons. While authors
may use either the polariton or plasmariton terminology, we
warn against use of words like plasmon polaritons (surface
plasmon polaritons) for the collective T modes, because these
names mix in terms that refer to an L mode and hence might
be confusing for the reader.

The entangled plasmon-plasmariton modes which appear
in the Weyl expansion, and are studied in this paper, are
genuinely new eigenmodes. Following a naming made in
Ref. [17], we suggest that the names jellion and surface jellion
might be used to classify the quanta of these new modes.

B. Key results

In brief, we would like to emphasize that the presence of
a surface or interface inevitably leads to a fundamental entan-
glement between the surface plasmon and surface plasmariton
modes in collective jellium electrodynamics. One important
manifestation of this entanglement appears in the form of a
new (third) branch of the surface (jellion) mode’s dispersion
relation. Outside the wave-number region of strong entangle-
ment the three branches collapse into two in a manner which
most easily is determined making use of the Weyl expansion

sometimes used in rigorous diffraction analyses from, e.g.,
nanosize holes in a metal screen and often in macroscopic
diffraction theory. By introduction of a so-called equivalent
mass concept, we have shown how the quantization of the
surface jellion eigenmodes can be done.

A number of numerical calculations have been carried out
within the framework of the hydrodynamic approximation
and we believe that the obtained entangled surface plasmon-
plasmariton dispersion relations are within experimental reach
using, for instance, near-field optical methods and/or inelastic
diffraction techniques.

APPENDIX A: RESIDUE CALCULATION OF
THE COLLECTIVE MODE PART OF G(q‖, ω; Z)

In the Weyl expansion the screened propagator is given by
the integral expression

G(q‖, ω; Z ) =
∫ ∞

−∞
G(q, ω)eiq⊥Z dq⊥

2π

= GT (q‖, ω; Z ) + GL(q‖, ω; Z ), (A1)

where [see Eqs. (15) and (17)]

GT (q‖, ω; Z ) =
∫ ∞

−∞

1

NT [(q2
‖ + q2

⊥)1/2, ω]

×
[

U − (q‖ + q⊥ẑ)(q‖ + q⊥ẑ)

q2
‖ + q2

⊥

]
eiq⊥Z dq⊥

2π

(A2)

and

GL(q‖, ω; Z ) =
∫ ∞

−∞

1

NL[(q2
‖ + q2

⊥)1/2, ω]

× (q‖ + q⊥ẑ)(q‖ + q⊥ẑ)

q2
‖ + q2

⊥
eiq⊥Z dq⊥

2π
. (A3)

Physically, the integrals in Eqs. (21) and (22) have contri-
butions from collective as well as single-particle excitations.
The single-particle contributions are hidden in the branch
cut structure of the integrands and often have been stud-
ied on the basis of the Lindhard dielectric theory in linear
electrodynamics [33,34] and on the basis of the Boltzmann
equation in nonlinear acousto-optic scattering [35]. Below
we will be interested only in the transverse and longitudinal
collective excitations. These are associated with the pole parts
of the GT and GL integrals, respectively. Before showing
how collective-mode parts of the propagator are obtained by
residue calculations, let us note that

q̂ = q‖ + q⊥ẑ
(q2

‖ + q2
⊥)1/2

(A4)

is a unit wave vector q̂ = q/q. The solutions to the dispersion
relations (18) and (19), denoted by κT

⊥ and κL
⊥, are in general

complex quantities. Associated transverse and longitudinal
complex unit vectors defined by

Q̂T
± ≡ q‖ ± κT

⊥ ẑ
[q2

‖ + (κT
⊥ )2]1/2

, (A5)

Q̂L
± ≡ q‖ ± κL

⊥ẑ
[q2

‖ + (κL
⊥)2]1/2

(A6)
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Im q

Re q

κL

-κL

-κT

κT

q=0

FIG. 14. Contours in the upper half plane (Imq⊥ � 0) of
a complex q⊥ plane used to calculate the first-order residues
R(+)

T (q‖, ω) and R(+)
L (q‖, ω) located at the zero points κT

⊥ and
κL

⊥ for NT (q‖, q⊥, ω) and NL (q‖, q⊥, ω), respectively. The contour
runs along the Req⊥ axis (with an infinite small radius semicircle
around the origin added in the R(+)

L calculation to avoid the pole
at q⊥ = 0). In both cases, the contours are closed by a semicircle
with a radius expanding towards infinity. The residues R(−)

T (q‖, ω) =
−R(+)

T (q‖, ω) and R(−)
L (q‖, ω) = −R(+)

L (q‖, ω), located at −κT
⊥ and

−κL
⊥, respectively, can be obtained using the dashed-line con-

tour shown, again with the infinitesimal radius included in the L
calculation.

are of primary importance for the residue calculation carried
out.

Expanding semicircles are used as contours (and for the
R(+)

L calculation also an infinite small semicircle around the
origin), which for Z > 0 and Z < 0 are located in the upper
and lower half planes of a complex q⊥ plane, respectively (see
Fig. 14). Since εT and εL are functions alone of the squared
quantities (qT

⊥)2 and (qL
⊥)2, the lower (R(−)

T,L) and upper (R(+)
T,L)

half-plane residues, related to the poles at ∓κT
⊥ and ∓κL

⊥,
satisfy

R(−)
T,L = −R(+)

T,L. (A7)

As a result of the first-order residue calculations, one obtains
the expressions given in Eqs. (21) and (22) for the collective-
mode approximation to the screened propagator in the Weyl
expansion.

APPENDIX B: CALCULATION OF ‖E‖ AND ‖B‖
It appears from Eqs. (23) and (24) that the electric field

from the current density sheet is given by

E(z) = −iμ0ωG(z − z0) · Jext
0 , (B1)

omitting the reference to (q‖, ω) from the various argu-
ments. The jump in the electric field across the sheet hence
becomes

‖E‖ = −iμ0ω[G(z → z+
0 ) − G(z → z−

0 )] · Jext
0 . (B2)

The jump in the propagator is obtained utilizing the forms
given in Eqs. (21) and (22):

G(z → z+
0 ) − G(z → z−

0 )

= iR(+)
T (Q̂T

−Q̂T
− − Q̂T

+Q̂T
+) + iR(+)

L (Q̂L
+Q̂L

+ − Q̂L
−Q̂L

−).

(B3)

By inserting the expressions for Q̂T
± and Q̂L

± [Eqs. (A5) and
(A6)] one obtains

G(z → z+
0 ) − G(z → z−

0 )

= 2iq‖

(
R(+)

L κL
⊥

κ2
L

− R(+)
T κT

⊥
κ2

T

)
(q̂‖ẑ + ẑq̂‖). (B4)

With this expression for the jump in the propagator, the jump
in the electric field [Eq. (B2)] takes the form cited in Eq. (29).

In order to derive the jump in the magnetic field, it is useful
to let q‖ = q‖x̂. This implies that Jext

0 = Jext
0,x x̂ + Jext

0,z ẑ. For z >

z0, the transverse part of propagator (with a superscript >)
hence is given by

G>
T (z) = iR(+)

T

κ2
T

⎛
⎜⎜⎝

(κT
⊥ )2 0 −q‖κT

⊥
0 κ2

T 0

−q‖κT
⊥ 0 q2

‖

⎞
⎟⎟⎠eiκT

⊥ (z−z0 ). (B5)

The related transverse part of the electric field thus has the
components

E>
T,x(z) = μ0ω

κT
⊥

κ2
T

R(+)
T

(
κT

⊥Jext
0,x − q‖Jext

0,z

)
eiκT

⊥ (z−z0 ), (B6)

E>
T,z(z) = μ0ω

q‖
κ2

T

R(+)
T

(−κT
⊥Jext

0,x + q‖Jext
0,z

)
eiκT

⊥ (z−z0 ). (B7)

It follows from the Maxwell equation ∇×E = iωB that the
magnetic field, which points in the y direction, B = ŷBy, may
have its component calculated from

By(z) = 1

iω

(
∂ET,x(z)

∂z
− iq‖ET,z(z)

)
. (B8)

For z > z0, using Eqs. (B6) and (B7) leads to the explicit result

B>
y (z) = μ0

κ2
T

R(+)
T

{
κT

⊥[(κT
⊥ )2 + q2

‖]Jext
0,x

− q‖[(κT
⊥ )2 + q2

‖]Jext
0,z

}
eiκT

⊥ (z−z0 )

= μ0R(+)
T

(
κT

⊥Jext
0,x − q‖Jext

0,z

)
eiκT

⊥ (z−z0 ). (B9)

The magnetic field in the domain z < z0 can be obtained from
Eq. (B9) by making the replacement κT

⊥ → −κT
⊥ , as the reader

may see from Eqs. (21) and (A5). Thus,

B<
y (z) = μ0R(+)

T

(−κT
⊥Jext

0,x − q‖Jext
0,z

)
e−iκT

⊥ (z−z0 ). (B10)

The jump of the magnetic field across the current density sheet
then becomes

‖B‖ = [B>
y (z → z+

0 ) − B<
y (z → z−

0 )]ŷ

= 2μ0R(+)
T κT

⊥Jext
0,x ŷ. (B11)

Since the longitudinal (plasmon) part of the electric field has
no associated magnetic field, the result in Eq. (B11) represents
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the entire jump in the magnetic field across the external cur-
rent density sheet. To obtain ‖B‖ for an arbitrary q̂‖ direction
one just needs to make the replacement

Jext
0,x ŷ ⇒ Jext

0,‖ẑ × q‖. (B12)

APPENDIX C: CALCULATION OF R(+)
T AND R(+)

L

In order to calculate the upper-half-space T and L residues,
we take as a starting point the following result valid for
a function F (q⊥) approaching a constant (q⊥-independent)
value F (∞) for q⊥ → ∞:

lim
z→0

∫ ∞

0
F (q⊥)

sin(q⊥z)

q⊥
dq⊥ = F (∞) lim

z→0

∫ ∞

0

sin(q⊥z)

q⊥
dq⊥

= π

2
F (∞). (C1)

Next we assume that F (q⊥) is an even function of q⊥. Then∫ ∞

0
F (q⊥)

sin(q⊥z)

q⊥
dq⊥ = 1

2i

∫ ∞

−∞
F (q⊥)

eiq⊥z

q⊥
dq⊥ (C2)

and thus

lim
z→0

∫ ∞

−∞
F (q⊥)

eiq⊥z

q⊥
dq⊥ = π iF (∞). (C3)

1. Calculation of R(+)
T

Let us make the choice

F (q⊥) ≡ FT (q⊥) = q2
⊥

NT (q)
. (C4)

Residue calculation along the contours shown in Fig. 14 then
gives ∫ ∞

−∞

q2
⊥

NT (q)

eiq⊥z

q⊥
dq⊥ = 2π iκT

⊥R
(+)
T , (C5)

a result which is independent of z. Since FT (∞) = −1,
because σT (q, ω) → 0 for q⊥ → ∞, one obtains limq⊥→∞
NT (q) = −q2

⊥. Applying Eq. (C5) to the left-hand side of
Eq. (C3), one ends up with the result in Eq. (73), viz.,

2κT
⊥R

(+)
T = −1. (C6)

2. Calculation of R(+)
L

The same approach as used for the calculation of R(+)
T now

is used to obtain R(+)
L , by taking

F (q⊥) ≡ FL(q⊥) = 1

NL(q)
. (C7)

Since σL(q, ω) → 0 for q⊥ → ∞, Eq. (9) gives limq⊥→∞
NL(q) = (ω/c)2, and thus FL(∞) = (c/ω)2. With first-order
poles in the upper half plane at q⊥ = κL

⊥ and at the origin q⊥ =
0, contour integration along the contour shown in Fig. 14
gives∫ ∞

−∞

1

NL(q)

eiq⊥z

q⊥
dq⊥ = 2π i

(
R(+)

L

κL
⊥

+ 1

2NL(q‖, q⊥ = 0)

)
.

(C8)

The relation in Eq. (C3), together with the connection

NL(q‖, q⊥ = 0) =
(

ω

c

)2

εL(q‖, q⊥ = 0), (C9)

leads to (
c

ω

)2

= 2R(+)
L

κL
⊥

+
(

c

ω

)2

ε−1
L (q‖, ω). (C10)

This result is identical to the one appearing in Eq. (74).

APPENDIX D: SELVEDGE DYNAMICS

In the present work on surface jellions we have not
taken into account the modifications which inevitably may be
needed if the dynamics of the selvedge is included. A full
account of these modifications is beyond the scope of this
paper. However, let us indicate why the results obtained in this
article might be useful as a starting point for surface jellion
calculations with selvedge dynamics.

On the basis of the sharp-boundary solution for the elec-
tric field ESB(z) and the related propagator GSB(z, z′) ≡
G(z, z′) ≡ GT (z − z′) + GL(z − z′) [Eqs. (21) and (22)], one
may establish the integral equation for the microscopic elec-
tric field E(z) in the selvedge region

E(z) = ESB(z) − iμ0ω

∫ ∞

−∞
GSB(z, z) · JSE(z′)dz′, (D1)

with a selvedge current density given by

JSE(z) =
∫

SE
σSE(z, z) · E(z′)dz′, (D2)

where

σSE(z, z′) = σ(z, z′) − σSB(z, z′). (D3)

The selvedge conductivity tensor σSE(z, z′) here takes the
form of the difference between the “correct” microscopic
conductivity tensor σ(z, z′) and the sharp-boundary (SCIB)
conductivity tensor σSB(z, z′) used in this article. The scheme
in Eqs. (D1)–(D3) hence uses the results of this work as a first
approximation to the theory of surface jellions with selvedge
dynamics. The use of a Born-scheme iterative technique so-
lution to investigate the modifications of the surface jellion
dynamics is left for future work. In first order E(z) ≡ E(1)(z),

E(1)(z) = ESB(z) − iμ0ω

∫
GSB(z, z′) · σSE(z′, z′′)

· ESB(z′′)dz′′dz′. (D4)

The first-order Born result given in Eq. (D4) is adequate for
numerical calculations provided σ(z, z′) is known (approxi-
mately). In line with a previous study of ours [15] on surface
plasmaritons, the Lindhard dielectric function [5] may serve
as a good yet simple quantum mechanical model for a first
analysis.

In the present work we left out single-particle excitations
from the theory. The extent to which this may be justified was
examined in detail in [15] for the surface plasmariton case.
The role of the single-particle excitations for entangled sur-
face plasmon-plasmariton states is not known and is another
issue left for future work.
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