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We study the nucleation and dynamics of vortices in rotating lattice potentials where weakly linked conden-
sates are formed with each condensate exhibiting an almost axial symmetry. Due to such a symmetry, the on-site
phases acquire a linear dependence on the coordinates as a result of the rotation, which allows us to predict the
position of vortices along the low-density paths that separate the sites. We first show that, for a system of atoms
loaded in a four-site square lattice potential, subject to a constant rotation frequency, the analytical expression that
we obtain for the positions of vortices of the stationary arrays accurately reproduces the full three-dimensional
Gross-Pitaevskii results. We then study the time-dependent vortex nucleation process when a linear ramp of the
rotation frequency is applied to a lattice with 16 sites. We develop a formula for the number of nucleated vortices
which turns out to have a linear dependence on the rotation frequency with a smaller slope than that of the
standard estimate which is valid in the absence of the lattice. From time-dependent Gross-Pitaevskii simulations
we further find that the on-site populations remain almost constant during the time evolution instead of spreading
outwards, as expected from the action of the centrifugal force. Therefore, the time-dependent phase difference
between neighboring sites acquires a running behavior typical of a self-trapping regime. We finally show that, in
accordance with our predictions, this fast phase-difference evolution provokes a rapid vortex motion inside the
lattice. Our analytical expressions may be useful for describing other vortex processes in systems with the same

on-site axial symmetry.
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I. INTRODUCTION

In the past decades the study of the dynamics of quantized
vortices in superfluid systems [1] has been an active area of
research. In confined Bose-Einstein condensates (BECs) [2]
the first experimental realization that succeeded in generating
and observing a vortex was performed in 1999 [3], and subse-
quently Anderson et al. measured the precession frequency of
a vortex moving around the axis of a harmonic trapping poten-
tial [4]. Such experiments have constituted the starting point
of a growing number of works on either static or dynamical
configurations of vortices in BECs within different types of
confining potentials (see [5] and references therein). Among
them, the most commonly used trapping potentials are the
harmonic, quadratic plus quartic, and toroidal ones, to which
optical lattices may also be superimposed. The low-density
regions of such condensates, such as the central hollow of a
torus, have shown to favor the pinning of vortices, whereas,
for rotating systems with superimposed optical lattices, the
low-density paths that connect the outside and inside of the
condensate help to reduce the vortex nucleation frequency.
The reason is that the energy barrier for a vortex to enter the
system becomes flattened when lowering such density.

The first experiments on producing arrays of many vortices
were performed with rotating harmonic traps for large enough
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rotation frequencies [6—8] and rotating quadratic plus quartic
potentials for even larger frequencies [9,10]. Then experi-
ments dealing on quantized circulation have included toroidal
trapping potentials [11-13]. In the more recent realization
[13], a multiply quantized superfluid circulation has been
generated about the central density hollow with a winding
number around the torus as high as 11, which persisted for at
least 3 s. From the theoretical point of view, in such toroidal
trappings, stationary arrays of vortices have been studied in
rotating systems [14,15] and in nonrotating ones [16,17].
Finally, in rotating optical lattices, some pioneer theoretical
studies in searching equilibrium vortex configurations have
been carried out [18-20]. Such works dealt with vortices that
became pinned on the density minima, which was latterly
experimentally observed by Tung et al. [21] in triangular and
square lattices, whereas for sufficient rotation intensity they
reported a structural crossover to a vortex lattice. From then
on, these studies were extended to include other systems,
e.g., mixtures of species with more complex types of atomic
interactions, such as the dipolar one [22]. More recently, re-
searchers have also analyzed the consequences of including
finite temperature effects [23].

In an experimental work in a rotating lattice [24], the vortex
nucleation process has been undertaken in a rather distinct
manner, since the optical lattice was subject to a time-varying
rotation frequency. In such work it has been observed that the
number of nucleated vortices increased linearly as a function
of the frequency for barriers high enough so that the system
can be considered as formed by weakly linked condensates
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(WLCs). In the present work, although we use a simpler
system, we work with WLCs and apply similar dynamical
conditions to those of the experiment, with the aim to better
understand such vortex nucleation process. An early attempt
to theoretically describe such results [25] includes an ad hoc
dissipation parameter to relax the system into the equilibrium
configuration, although in view of some mismatches that ap-
pear with respect to the experimental data, it might not be the
experimental case.

It is interesting to mention that density profiles similar
to those of lattice systems can be attained in the supersolid
phase of dipolar BECs [26-28] given that the formed parti-
cle droplets are separated by low-density valleys. Hence, in
rotating condensates the nucleation of vortices become more
favored in the supersolid phase than in the superfluid one.
In particular, it was shown that low-density regions tend to
reduce the energetic barrier for a vortex to enter the system,
and thus lower the nucleation frequency and help in pinning
vortices in the interstitial zones between droplets [27]. We
finally note that in an experimental work, vortices have been
recently observed in dipolar condensates [29].

The goal of this work consists in showing that for WLCs
formed in deep lattice potentials, the expressions for the
rotation-induced on-site phases constitute a powerful tool
for describing the nucleation and dynamics of vortices. In
Ref. [30] it has been observed that when a ring-shaped lattice
is subject to rotation, the induced on-site phase of each lo-
calized function (LF), and hence the associated velocity field,
depends on the geometry of the corresponding well. In some
cases, such LF phases acquire a simple expression, with a lin-
ear dependence on the coordinates. In this work we will obtain
an analytical formula for predicting the position of vortices
on rotating optical lattices by using such phases’ expressions.
The formalism applies to square lattices for which the system
can be considered to be formed by WLCs with each of the
condensates having an approximately axial symmetry around
a direction parallel to the rotation axis. In particular, we will
focus our study on four- and 16-site square lattices confined
by a harmonic potential. For the four-site system the LFs are
obtained by a basis transformation from four Gross-Pitaevskii
(GP) stationary states. Considering that the order parameter
can be written as a linear combination of the on-site LFs
with their corresponding phases, the location of vortices is
determined by searching the zeros of such an order parameter.
The vortex positions between two neighboring sites can be
easily obtained by considering only both associated LFs. In
doing so we obtain the stationary array of vortices in the
case of a lattice of four sites, which show to be in very
good accordance with the vortex positions obtained by GP
simulations. In a second step, we generalize such a formula
for a lattice which does not exhibit a ring-type form, and hence
the LFs cannot be obtained through a basis transformation.
Nevertheless, in order to find the vortex positions, due to the
sites’ symmetry, we can assume that the LFs phases acquire
the same analytic expressions. Finally, we analyze the vortex
nucleation process when the rotation frequency varies linearly
in time from zero to the radial trap frequency, reproducing
the dynamical conditions applied in the experimental device
[24]. Although we do not adjust the size of the lattice and
parameters to the experimental ones, the present study allows

us to analyze the dynamical characteristics of a similar time-
dependent nucleation process.

The paper is organized as follows. In Sec. II we describe
the theoretical framework for the four-site ring-shaped lattice
and analyze the spatial validity range of the phase expression
for the on-site localized function described in Ref. [30]. In
Sec. III we obtain the stationary arrays of vortices for the
rotating ring-shaped lattice at two given frequencies, whereas
in Sec. IV we study the vortex nucleation process when apply-
ing a time-linear ramp of the rotation frequency for a 16-site
square lattice. In particular, we determine the number of nu-
cleated vortices as a function of the rotation frequency and
analyze the involved vortex dynamics during such a process.
Finally, Sec. VI is devoted to our conclusions.

II. THEORETICAL FRAMEWORK

A. On-site localized functions for a ring-shaped lattice

Given we consider high barriers between sites, a quite
accurate approximation of the order parameter is obtained by
a superposition of on-site LFs. A previous work described
the method for obtaining such localized states for a rotating
ring-shaped lattice system [30]. Summarizing, one should first
obtain the stationary states 1, (r) by solving the correspond-
ing GP equation [31],

[Ho + gN (@) = - LIyn(r) = (), (1)

where Hy = —%VZ + V; with V; the trapping potential, g =
4mah®/m is the 3D coupling constant in terms of the s-wave
scattering length a of the atoms, L is the angular momen-
tum operator, and 2 = QZ is the applied angular rotation
frequency around the z axis. For a nonrotating system, the
index n denotes the winding number, where the velocity field
circulation is calculated along a circle that passes by the
links around the lattice. Such a winding number is generated
through a phase-imprinting method performed on the order
parameter before the minimization procedure. For a number of
sites NNy, the possible independent states are restricted to val-
ues of n in the interval —||(N; — 1)/2]] < n < ||N;/2]] [32],
where ||.|| denotes the standard integer part, whereas in a
rotating system, using the same phase-imprinting method, de-
pending on the value of €2, the winding number of the outcome
of the minimization can change in N; units. Hence, the differ-
ent stationary order parameters can still be labeled with the
same values of n, restricted to —|[[(N; — 1)/2]] < n < |IN;/2]]
[30], although n may not correspond to the actual winding
number. It has been shown in Ref. [32] that the stationary
states with different n values are orthogonal. Furthermore, one
can define a set of N orthonormal LFs, given by the following
basis transformation [30]:

1
N,

where 0, = 2mwk/N;. The index k labels the site where the
function is localized. For N; = 4, the value k = 0 corresponds
to the quadrant x > 0 and y > 0, and k& increases in the coun-
terclockwise direction around the ring fromk = —1to k = 2.
It is important to note that the choice of the global phase of
each y,,(r) can affect the localization of the LFs. A discussion

wi(r) =

> Yy e, )
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of how to choose such a phase in order to achieve maximum
localization is given in [33]. In this work we set arg (¢,,(r))=0
at the bisector of the kK = 0 site. We note that, in contrast to
the nonrotating case, the on-site LF obtained through Eq. (2),
cannot be reduced to a real function. Due to the rotation,
the wave functions ¥, (r) have a nonvanishing velocity field
within each site and hence carry a spatially inhomogeneous
phase profile. This inhomogeneity in the on-site phase is then
transferred to the LFs through Eq. (2).

Finally, the order parameter can be approximated employ-
ing the LFs as

Y1) =Y be(t) wi(r), 3)
k

with bp(t) = /nc(0)e®®, where n, = Ny/N with Ny the
occupation number at the site k. We note that the global time-
dependent phase ¢, (¢) does not represent the actual phase in
the k-site when €2 # 0, but it takes into account only its time
dependence, while as we have mentioned the spatial profile of
the phase is carried out by the complex function wy(r).

B. The system

The condensate is formed by rubidium atoms and the trap-
ping potential is given by

Vi(r) = im[w;r® + 02?] + Vi[cos® (rx/d) + cos® (ry/d)],
4)

where 2 = x* + y2 and m is the atom mass. Hereafter, the
time, energy, and length will be given in units of w, U how,,
and [, = /h/(mw,), respectively.

For the four-site, ring-shaped lattice we have chosen
the harmonic frequencies w, = 2w x 70 Hz and w, = 27w X
90 Hz, and the intersite distance d = 3.9/, = 5.1um. The
barrier height of the lattice is fixed at V}, = 25/iw, in order
to obtain a system of four WLCs for a number of particles of
N = 10* [30].

C. Validity range for the expression of the rotation induced
on-site phases

When the ring-shaped lattice is subject to rotation, the LF
phases acquire a linear dependence on the x and y coordinates,
related to a homogeneous velocity field [30]. Such a velocity
field profile is a consequence of the almost axial symmetry of
each localized on-site density around an axis parallel to the z
direction. In Ref. [30], an analytical expression for the phase
on each site has been obtained. In this section we will show
that such an expression is valid in a wide region that includes
the straight segments that separates the sites.

In particular, it has been shown [30] that the LF for the
k-site can be written as

we(r, Q) = [wi(r, Q)[e!F T rm) @xr), (5)

where r¥ is the center of mass of the localized density

|wy(r, Q)|%. Hereafter, for simplicity, we will omit writing the
implicit LF dependence on 2.

Such a particular phase dependence on the coordinates
has important consequences on the vortex nucleation phe-
nomenon, which takes place along low-density paths that
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FIG. 1. Top panels: Phase of wy(x,y,z) from Eq. (2) for
/2w = 28 Hz, at the planes z; = 0 and z, = 3/, in the left and right
panels, respectively. The form of the phase around the other sites
is necessary to ensure wo(x, y, z;) L wi(x, y, z;), with k£ # 0. Bottom
panels: Phase of wy(x,y, z;) e for the same Q and z planes
of the top panels. The dashed lines indicate the isodensity contour of
such a LF with a value of 10~3 of the maximum density. The color
scales correspond to arg (wo(r)) and arg (wy(r) e~ 4*+") in the top
and bottom panels, respectively.

connect the lattice junctions. Due to the discrete symmetry,
we will concentrate ourselves on a specific junction, but the
results remain valid for the other ones. In particular, we con-
sider the junction that separates the k = 0 and k = 1 sites,
which lies along the semiaxis y > 0. We first rewrite Eq. (5) in
terms of the center-of-mass coordinates: r’C‘m = (x, yx, 0) as

wi(r) = |wi(r)|e' T %02, ©)

For the trapping potential here considered, the coordinates of
the center of mass of the localized densities verify x; = —xg
and y; = yp, and their absolute values may be taken equal to
d /2. Then the neighboring LFs read

wo(x, y, ) = |wo(r)| A, (7

wi(x,y,2) = |w(r)] e A0, 8)

where A = dmS2/(2h).

In the top panel of Fig. 1 we show the LF phase profile
for the k = O site, given by Eq. (2), at the z = 0 and z = 3I,
planes, in the left and right panels, respectively. In such panels
it may be seen that the LF has a phase gradient with the shape
of Eq. (7) within the site. Moreover, in the bottom panels we
depict such a phase minus its approximate analytic expression
of Eq. (7). It may be seen that the resulting phase turns out
to be zero around the region determined by x > 0 and y > 0,
for both z planes. We further note that given that the area
of homogeneity is slightly larger than the mentioned quad-
rant, the actual phase A(—x + y) remains valid surpassing the
neighborhood of the junctions. Then one can safely use the
order parameter of the type of Eq. (3), with the expression
for the LFs given by Eq. (5), along the low-density paths that
separate the sites. As we will see, such an expression with the
analytical phase turns out to be crucial to correctly define the
location of vortices.
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III. VORTEX NUCLEATION ON STATIONARY STATES
IN A RING-SHAPED LATTICE

A. Vortex nucleation on ¥ (r)

In order to analyze the appearance of vortices in the sim-
plest case, and in view that in current experiments the system
is initially in a vortex free state, we will first focus on the
n = 0 stationary order parameter. For a fixed Q2 value such
a state, in terms of the LFs, with the on-site velocity field
provided by the rotation, is given by

Yo(r) = JLV ; wi(r). ©)

It is well known that a superfluid system is characterized
by an irrotational flow given by the condition on the veloc-
ity field V x v(r) = 0. Since the vortex has a nonvanishing
velocity field circulation around its core, it implies that the
density should vanish at the coordinates of the vortex line
R, = (X,, Yy, 2) to guarantee the superfluid condition in every
point of the fluid. Hence, we will analytically obtain such
coordinates of the vortex for the junction around x >~ 0 with
y > 0, by searching the points that verify ¥(R,) = 0, which
yields a vanishing density.

Using the analytic expression for the phases of the LFs and
retaining only the terms of the order parameter that include
the relevant localized states around that junction, we ob-
tain the vortex position by solving +/N;¥o(R,) = wo(R,) +
w;(R,) = 0 with the approximations of Egs. (7) and (8). This
yields the following equation:

lwo(R,)| e4HH) 4y (R,)| e A5H) =0, (10)
which can be rewritten as
e MO Jug(Ry)] € + i (R)) = 0. (11)

Taking into account the real and imaginary parts of the previ-
ous equation we further obtain

[wo(Ry)| cos(24Y,) + w1 (Ry)| =0 (12)
and
sin(2A4Y,) = 0, (13)

respectively.

Equation (13) implies 2AY, = k', where k' is a natural
number, whereas Eq. (12) restricts such a value to an odd
number k' =2/ 4+ 1 given that it should verify cos(wk) =
— w1 Xy, Yy, 2|/ |wo(Xy, Yy, 2)| = —1. We note that the con-
dition for the absolute values of the localized states, taking
into account the symmetry, is fulfilled for X, = 0, whereas
from the other conditions, one obtains the expression for the
Y, coordinate along the low-density path between the k = 0
and the k = 1 sites,

wh
=@ +1 T 14
where [ > 0 labels the sequence of vortices that enter the
system from the y > 0 border of the lattice. Moreover, given
the fourfold symmetry of the lattice, each [ value defines
the positions of four vortex lines: (0, Y, (1), z), (¥,(1), 0, 2),
(0, =Y, (1), z), and (Y, (1), 0, z), in the whole system.

X/l

FIG. 2. Left panel: Phase (in colors) and velocity field (arrows)
extracted from the GP order parameter ¥, (r) around the junction
y >0 and at the z = O-plane for /(27 ) = 28 Hz. The position
of the vortex, obtained by the plaquette method, is marked with a
red plus sign. Right panel: Three-dimensional configuration of the
on-site condensates (blue) and the vortex lines (red) extracted from
GP simulations. The color scale in the left panel corresponds to
arg (Yo (r)). The border of the condensate in the right panel is fixed
at a density of 5 x 1072 of its maximum value.

In the left panel of Fig. 2 we show with colors the phase
and the corresponding velocity field of yy(r) obtained from
the GP (1), for the rotation frequency 2/(27) = 28 Hz. There
we mark with a red plus sign a vortex position which has
been extracted from such a state using the plaquette method of
Ref. [34]. It may be seen that for / = 0, the estimate given by
Eq. (14) yields Y, (0) = 2.03/,, which is in good accordance
with the GP result. Such a position corresponds to a point of
the vortex line (0, ¥;,(0), z). In the right panel we show the
full system in three dimensions, with the four vortex lines. We
note that such vortices coincide with straight lines parallel to
the z axis as we have stated.

B. Vortex nucleation on the stationary states

We now extend the study to stationary states with arbitrary
n values. It is interesting to note that such states change their
relative energy values when varying the rotation frequency
[30], hence the ground state is not achieved at a fixed n value
for any Q. By inverting the basis transformation of Eq. (2),
such stationary states in terms of the LFs acquire the form

1
VN

forn € {—1,0, 1, 2}. In an analogous manner to the described
in the previous subsection, we can obtain the ¥, coordinate for
the junction between k = 0 and k = 1 sites. We then search
the solution of

lwo(Ry)| eiA(*XerYu) + lwi(Ry)] e*iA(XLr+YLy)+i27Tn/N§. =0,
(16)

Ya(®) = —= > wi(r) ">/ (15)
k

where R, = (X,,Y,,z), from which the following equa-
tion should hold:

lwo(R,)] e H=2750) 4 Jwi (R,)| =0, (17)

which is satisfied by 2AY,, — 27n/N; = 7w (2l + 1). Therefore,
using that Ny = 4, the Y, coordinate of the vortex is given by

Y,(Qn, 1) = <g+21+1) (18)

_,
m
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D W

Y /l,

FIG. 3. Vortex coordinate ¥, given by Eq. (18) as a function of
rotation frequency 2. The different types of lines indicate the curves
for the possible n values, with / = 0 and / = 1 for the first and second
sequence, respectively. The vertical dashed lines indicate the rotation
frequency values 2/27 = {28, 35, 50} Hz.

where [ > 0 labels the different sequences of vortices that
enter the condensate, for the distinct n values. In Fig. 3 we
plot the vortex coordinate Y, as a function of the rotation
frequency, for all n values and the branches with [ = 0 and
[ = 1. It may be seen that up to 2/2w ~ 35 Hz only one
vortex is nucleated per junction, whereas for increasing 2 a
second vortex per junction, with [ = 1, enters the system for
the stationary states with successive n values.

In particular, in Fig. 4 we show the arrays of vortices in the
(x, y, 0)-plane for the different n € {—1, 0, 1, 2} values at two
rotation frequencies, $2/2m = 28 Hz and 50 Hz. The vortex
positions of such arrays were extracted from v, (r) of Eq. (1),
by means of the plaquette method [34]. The central vortices
are related to the imprinted phases necessary to obtain the dif-
ferent ,,(r) states. The label n = 1 (n = —1) corresponds to a
singly quantized vortex (antivortex), n = 2 to a doubly quan-
tized vortex, and n = 0 has no central vortex. Such vortices
are present even for low frequencies. In such a figure, one can
observe that each, noncentral vortex position is in good agree-
ment with the expression of ¥, which is depicted in Fig. 3,
for the different n and [ values. For the smaller frequency
the vortex positions are accurately reproduced by the [ =0
sequence, whereas for the larger frequency, it may be seen,
that in Figs. 3(a) and 3(b) a second vortex per junction enters
the lattice as expected from Eq. (18) for / = 1. By comparing
the vortex positions obtained from both approaches one can
infer that the estimate derived using the analytic expression
for the phases of the LFs is shown to be a very reliable one.

It is interesting to recall that the energy differences
between the stationary states v, (r) can change their sign for
different frequencies. In particular for n = {—1, 0, 1, 2} we
have obtained E, ={—4.2,0, —6.7, —10.8}10 */w, +
16.501048%w, and E, = {-0.6,0,3.9,3.3}10*/iw, +
15.213832%w,, for Q/2m =28 Hz and 2/27 =50 Hz,
respectively. Hence, for the smaller (larger) frequency
the ground state corresponds to n=2 (n=—1). By
comparing Eq. (15) to Eq. (3), for a given frequency, the
stationary states ¥, (r) have all the same population numbers
but differ in the phase differences between neighboring
sites @ = ¢Px—1 — ¢ = —nmwr /2. Then the small energy
differences, around 10~*/iw,, between the states 1/, (r) can be
attributed only to such phase differences.

Q =27 x 28Hz

420 2 4
I, X/

FIG. 4. Stationary vortex arrays at the z = 0-plane obtained from
¥, (r) of Eq. (1), for Q/(27) = 28 Hz and /(27 ) = 50 Hz. The
black arrows represent the velocity field of the corresponding order
parameter. Panels (a) to (d) of each frequency correspond to the dif-
ferent values n = —1, 0, 1, 2, respectively. The vortex and antivortex
positions, obtained by the plaquette method, are marked with red
plus signs and circles, respectively. Note that in the (d) panels, cor-
responding to n = 2, the central plus signs denote doubly quantized
vortices centered at x = y = 0. The red dashed lines correspond to
isodensity curves for a value equal to 5 x 107> of the maximum
density.

It is important to remark that the previous expression (18)
for Y, does not describe the existence of the central vortices
since we have restricted the order parameter to the superposi-
tion of only two neighboring LFs, while at the origin the four
localized functions should be considered. We thus have

1
N,

¥n(0,0,2) = ——= > [wi(0,0,2)| ">, (19)
k

and since |wg (0,0, z)| = |wp(0, 0, z)|, one can ensure the
presence of at least one vortex or antivortex along the z axis,
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for any n # 0, given that the previous expression vanishes for
such n numbers.

IV. TIME-DEPENDENT NUCLEATION OF VORTICES
ON EXTENDED SQUARE LATTICES

We now consider a square lattice with a larger number of
sites. We are interested in systems with N; > 4 in order to
analyze the effects of the centrifugal force when the system is
subject to a time-linear ramp of the rotation frequency. Such
a number of sites, which involves different absolute values
of the center-of-mass distance to the rotation axis, enables a
possible redistribution of particles during the time evolution.
We further assume that each site has a high occupation number
and that the system forms a bosonic Josephson junction array
of N; weakly linked condensates. In particular, we are inter-
ested in studying the appearance of vortices when an initial
vortex-free ground state, for 2 = 0, is subject to the linear
sweep of the frequency without losing the coherency between
neighboring sites during the evolution. Such a type of nucle-
ation process has been experimentally studied in Ref. [24].

We first note that as the system is multiply connected, a
single vortex cannot be generated inside the lattice, since the
winding number along any closed curve that connects the
WLCs through the links cannot be changed spontaneously.
As established in the celebrated Helmholtz-Kelvin theorem
[35], the winding number around a closed curve is conserved
during the time evolution if the superfluid condition is not
broken [36]. Therefore, the value of the velocity circulation
can change only when a vortex crosses such a curve. Hence,
the vortex nucleation process is originated by a vortex that
penetrates the system from the outside region, where the su-
perfluid condition is broken. It is worthwhile to mention that
another possible process, not observed in our case, could be
the creation of a vortex-antivortex pair within the lattice with
a later departure of the antivortex.

In this study, we will consider each on-site condensate
with the same axial symmetry as has been assumed in the
previous sections. Although obtaining complete approximate
expressions for the on-site LFs in an arbitrary square lattice
does not constitute an easy task [37], we will see that in order
to estimate the position of vortices only the phase dependence
on the coordinates is needed. Due to this axial symmetry, one
can safely assume that the rotation should induce a linear
phase with the same analytical expression as that of Eq. (5)
on each LF.

On the other hand, taking into account the time-dependent
character of the present study, the LFs, the populations, and
on-site global phases could evolve in time, and then the order
parameter should be approximated by

NOA
1 )
e UL O BN N el

k,p=1

where the indices k and p label the sites in the x and y
directions, respectively. We number the sites starting from
the corner determined by the smallest and largest, x and y
coordinates, respectively. Such indices run from 1 to /Nj.
The population in each site is given by Ny , = ny ,N. In what

follows, for simplicity, we omit writing the €2 dependence on
time.

In order to find the vortex position between the £k — 1- and
k-sites, for a given p, one can reduce the sum of Eq. (20) to
the two nearest-neighboring LFs, and hence ¥ (r, t)+/N; can
be approximated by

wi_1(r, Q) 1O (1) + wi(r, Q) O /mi (1), (21)

where for simplicity we have omitted the index p. Approxi-
mating the localized function by

we(r, Q) = [wi(r, Q)[e!F T rn) @xx), (22)

and taking into account that k increases for increasing x values
we haver’, = rf_1 + d%, where d is the intersite distance, we
may write the phase factor of wy(r, 2) from Eq. (22) as

(r—rgn) - (@ xr6) = (r—r") - (R x xy ') + yQd.
(23)

By introducing (22) and (23) in Eq. (21) one obtains the fol-
lowing condition for the vortex position R®) = (X&) y® 7).

Vi @|w (RY, @) YO~ (1))
Vo Owa RO, Q) =0, (4

where ¢ (t) = ¢r—1(t) — ¢dr(¢) is the phase difference be-
tween such neighboring sites, with —m < ¢ (t) < w. The
superscript (k) in the vortex position denotes that it belongs
to the path parallel to the y axis that separates the sites labeled
with £k — 1 and k. Then, from the imaginary part of Eq. (24),
one can derive the expression for the vortex coordinate,

1) wh
y® @y = (D 4 1) T 25
L) ( - + 2l + TS (25)

where [ is an integer number that labels the vortices located
along such a path parallel to the y axis. If one wants to
calculate Y ®(¢) along the whole low-density straight line that
crosses the lattice, one should incorporate in Eq. (25) the
phase differences ¢ (¢) for all the p values. However, due to
the fourfold symmetry of the square lattice one can restrict the
study to Y® > 0, which is given for p < /N;/2 and [ > 0.

Finally, we note that, from the real part of Eq. (24) one
should obtain the transversal coordinate X¥(¢) of the vortex
along such a straight path, if having at hand |wi(R%®, Q)],
which is not the present case. Although possible variations
on the site populations, N, and Ni_;, could lead to slight
shifts in such transversal coordinate, this effect turns out to be
almost imperceptible due to the tight on-site localization, as
we have observed from our numerical GP simulations. Then
we will consider such x values constant along the straight lines
parallel to the y axis.

In the following subsection we will show the usefulness of
the previous formula for determining the number of nucleated
vortices.

A. Number of nucleated vortices

In what follows, we will be focused on the number of
vortices that become nucleated on the lattice as a function of
2, which turns to be an increasing function of time. Assuming
the vortices are generated outside the lattice, one can obtain
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such a number by counting how many vortices enter into
the low-density paths by what we will call entrances. Taking
into account the fourfold symmetry, we will consider only
the ¥® > 0 case. Being the first vortex labeled by I = 0,
the number of vortices, for a given €2, that enter by such an
entrance reads N©) = IIEL) + 1, with ZIEL) the largest [ value.
The value of l,EL) as a function of €2 can be obtained through
Eq. (25) with the condition that Y*) is located at the entrance,
hence Y®) = d/N,/2, where 4/N,/2 is the number of sites in
the y direction (labeled by p), up to the x axis. Then, replacing
N® = I,EL) + 1, we finally obtain

md’ /N (pk(t)+1
4 h 2w 2\

NO@) = H (26)

Given that the time evolution depends on the way the
rotation frequency is varied, we can obtain only bounds of
the previous expression taking into account —m < ¢ (¢) < 7,
which yield

md? /N
=[] @
and
md*/N;Q
NP = ”W” +1, (28)

for the lower and upper bounds, respectively.

Multiplying by the number of entrances around the lattice
4(4/N; — 1), and approximating the integer part function by
a straight line that passes by the middle points of the steps,
we obtain ||X|| =~ X — 1/2, for X > 0, we conclude that the
total number of vortices N, inside the lattice lies between the
following values:

2
N® = 4(/N; — 1)(%) £2(N, -1, (29

which can be rewritten as

2N —
md (stm«/lvs)ﬂiz(m

N&E = — 1. (30)

Finally, an estimate of such a number of nucleated vortices
can be obtained as the average of N'® which yields

md* (N, — /N,)Q
A ’

Consequently, the total number of vortices nucleated in the
lattice is a linear function of €2 in agreement with the experi-
mental observation of [24]. We note that Eq. (31) differs from
the best estimate used in [24], where it is assumed that the
density of vortices for a given €2, whether a lattice is present
or not, is n, = mS2/mh. Then the total number of vortices
follows the Feynman’s rule [38] NI = mQR?/h, where R
is the Thomas-Fermi radius. In Ref. [24] the authors claim
that, when working with WLCs, a good estimate for their
results is given by a straight line which is obtained by using a
fixed R(2) = R(2 = 0), instead of considering an increasing
R(£2). Such an approximation in terms of the number of sites
N, and the intersite distance d may be rewritten as N/ =
mQd>N,/mhi, given that the area 7 R? should be replaced by
N,d?. Here, by assuming that the vortices are coming from

N, =

€29

40 ape

30 |

=20 |

0.8 1

FIG. 5. Number of vortices N, as a function of the rotation
frequency 2 for V, = 75hiw,. The red points correspond to time-
dependent GP simulations, obtained by solving Eq. (32), whereas
the blue lines indicate our predictions; in particular, the solid line
indicates the mean value given by Eq. (31), and the dashed lines
correspond to the upper and lower bounds from Eq. (30). The green
solid line, with the higher slope, corresponds to the estimate N7 =
mQd>N,/mh.

outside the lattice, we have obtained a smaller slope due to the
subtraction of the term /Nj inside the parentheses of Eq. (31).

The numerical simulations are performed by solving the
3D time-dependent GP equation,

d N “
ih——cp(r,1) = [Ho + gNIYar(r, HIF — Q) - L1yee(r, 1),
(32)

using as the initial order parameter, ygp(r, 0), the ground state
of the nonrotating system. The rotation angular frequency
Q(t) = Q(r)zis linearly increased in time from zero up to w,Z,
with a ramping time interval T = 10°/w,. We change the lat-
tice intersite distance to d = 3/, to simplify the notation, and
use a less confining harmonic potential with w, = 2 x 10 Hz
and o, = 2w x 20 Hz. The number of sites is increased to
N = 16 and the total number of particles to N = 4 x 10*. In
Figs. 5 and 6 we show the number of vortices nucleated within
a lattice as a function of Q, for V,, = 75hw, and V}, = 40hw,,
respectively. For both barriers the system is formed by WLCs,
being the barriers 1.3 to 1.9 larger than the chemical potential
of the ground state. In order to observe how the results are
affected when the fourfold symmetry is slightly broken, a fact
that can also occur in an experiment, we discuss two possibil-
ities shown in Fig. 6. In the upper panel we present the results
when a small perturbation in the initial populations of the
ground state has been applied, and in the bottom one, we per-
form a slight displacement ér = 0.1/, (X 4 §) of the axis of the
harmonic potential. One can observe that a number of nucle-
ated vortices different from a multiple of four is now allowed,
and hence a smaller spreading of the points with respect to
the line that estimates the mean value is attained. In each
case we also draw the estimate NUF = dest/nh, which
corresponds to NI = mQR(2 = 0)*/1i given in Ref. [24]. We
note that, when drawing the points of Figs. 5 and 6, we count
the total number of GP vortices by adding the vortices and
subtracting the antivortices, both obtained by the plaquette
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FIG. 6. Number of vortices N, as functions of the rotation fre-
quency 2 for V, = 40/iw,. The points correspond to time-dependent
GP results from Eq. (32). The top panel (a) corresponds to simula-
tions using small perturbed initial populations, and the points in the
bottom panel (b) were obtained using a slightly shifted harmonic po-
tential, Im[w?(x — 0.11,)* + @*(y — 0.1/,)* + w?z?]. The lines are
the same as in Fig. 5.

method, up to the borders of the lattice. However, at such
borders, some fluctuations appear which give rise to the points
that exceed the upper and lower bounds.

From our numerical calculation it may be seen that, for the
present dynamical vortex nucleation process, Feynman’s rule
can be improved when applied to an optical lattice. Moreover,
although our approximation has been derived for a differ-
ent system, it is easy to verify that it better describes the
experimental data for the higher barrier of Ref. [24], which
correspond to WLCs.

In the next section we will see that the outer sites do not
increase their populations as expected from the centrifugal
distortion, and hence support the fact of working with a fixed
number of sites during the whole dynamics. It is important to
distinguish our dynamical nucleation process from the theo-
retical study [25] where the dissipative parameter allows the
system to relax into a wider lattice and hence the number
of nucleated vortices increases faster with 2. Another differ-
ence is the critical rotation frequency €2./w, =~ 0.2 needed in
Ref. [25] to start nucleating vortices.

In Figs. 5 and 6 one can observe that the number of nu-
cleated vortices exhibits fast variations as a function of the
rotation frequency. Such rapid variations are related to the
fact that a self-trapping (ST) dynamics, with very short time
periods, is triggered, which in turn provokes a rapid movement
of vortices. In the following subsection we will analyze such
a vortex dynamics.

B. Vortex dynamics

In a homogeneous BEC, the vortex velocity is determined
by the background superfluid velocity through the Magnus
force [1,39,40], whereas in a nonhomogeneous BEC, the vor-
tex velocity acquires an additional term which depends on the
density gradient [17,40-42] and on the form of the vortex core
[42]. In systems where the order parameter can be written in
terms of LFs, an instantaneous passage of a vortex can be
easily predicted. However, in these cases, no relation between
the velocity of the vortex and the macroscopic coordinates,
of the type of Eq. (25), has been established. In particular,
in nonrotating double-well systems, such passage of vortices
across the junctions has been related to the presence of phase
slips [43] which occurs in the ST regime [44,45]. Their motion
turns to be much faster than the variation of the macroscopic
coordinates which describe the relevant dynamics. We recall
that the ST regime is characterized by a phase difference time
derivative that never vanishes and is referred to as running
phase [44,45]. It is worthwhile noting that the ST behavior
is also encountered in lattice systems [33,46], showing the
same phase difference behavior. In this section we will show
that in rotating systems the GP vortex dynamics is in close
connection with the evolution of the phase difference between
neighboring sites, as stated in Eq. (25), and hence they share
the same time periods.

In stationary conditions, attained from a GP energy min-
imization procedure, each phase difference and population
should remain static. However, the static population in each
site should differ for distinct constant frequencies due to the
centrifugal force. Here we may distinguish three sets of sites
according to their center-of-mass distance to the rotation axis,
namely, the central (C), lateral (L), and diagonal (D) ones,
consisting of four, eight, and four sites, respectively (see inset
of Fig. 7). In the notation of Eq. (20), the central site labels
k and p are given by the combinations of the numbers {2, 3},
the diagonal by {1, 4}, and the lateral by the rest ones. Hence,
the centrifugal force should push particles from central to
lateral sites, and from lateral to diagonal ones as marked with
arrows in the right corner of inset of Fig. 7. In the top panel of
Fig. 7, we show as dashed lines the number of particles in the
different types of sites in stationary conditions as a function of
the static rotation frequency. It may be seen, for example, that
all sites acquire the same number of particles when 2 = w,,
due to the full compensation of the harmonic trapping with the
centrifugal force.

For the barrier of Fig. 5, we found that the number of par-
ticles in each site remains fixed at their initial value during all
the time evolution, whereas, for the lower barrier, a different
evolution of the populations is encountered. In Fig. 7 we show
the low barrier height case with V,, = 40%w,, which is nearer
to the chemical potential which is about u ~ 30hw,. It may
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FIG. 7. Site populations N , as functions of €2, which are de-
picted with solid lines, were obtained by solving Eq. (32) during the
time sweep of the frequency, for V, = 40/iw,. The top (a) and bottom
(b) panels correspond to the same cases of Fig. 6. The blue (upper)
lines, the red (middle) lines, and the green (lower) lines correspond
to the number of particles in the central, lateral, and diagonal sites,
respectively. The correspondence between the indices &, p and the
different sets of sites is explained in the text. The dashed lines in the
top panel depict the GP stationary populations at the corresponding
static frequency, obtained via a minimization procedure.

be seen that there exists an initial movement of particles to
the more external sites up to 2 >~ 0.4w,. In particular, in that
range of frequencies, a sizable number of particles move from
the central sites to the lateral ones. For larger values of €2,
the populations perform only small oscillations around some
fixed numbers.

In what follows we will see how the populations Ny ,, the
phase differences, and the vortices evolutions are related when
the time-linear ramp of the rotation frequency is applied. As
a consequence of the phase differences evolution a dynamics
of vortices appears as expected from Eq. (25), which exhibits
distinct behaviors. More precisely, for neighboring sites that
belong to the same set (C, L, or D), very small variations of
the phase differences are observed, and hence, the vortices
located between such sites move slowly, whereas, when the
neighboring sites belong to different sets, and the populations
turn to be far from the stationary configuration values, running
phase differences, with related fast vortex dynamics, develop.
Hence, the fast variation of the phase differences, connected to

0.06
0.03

S Y

o/
(an)

-0.03
-0.06

04 06 08 1

2y ryy
> P,
3 g o 1)~ 1

0 02

04 06 08 1

0 02 04 06 08 1
Q/w,

FIG. 8. Top panel: GP phase differences between sites at both
sides along x = 0, ¢, = Pr—1,p — Prp, Which are given for k =3
and p = 1 to 4, as functions of €, for V, = 75hw,. The phase differ-
ence between the lateral sites fory >0 (y < Q) withp=1(p=4)
is depicted with blue filled triangles (circles), whereas the difference
between the central sites for y > 0 (y < 0) with p=2 (p=3) is
depicted with red hollow triangles (circles). Middle panel: Vortex
positions along the x = 0 low-density path. The positions extracted
from the order parameter of Eq. (32), obtained by the plaquette
method, are depicted with blue dots, whereas the red dashed line
and the yellow triangles, almost superimposed on the blue dots,
correspond to Eq. (25) replacing ¢ (t) by zero and by the GP @3 ,, (1)
of the top panel, respectively. Bottom panel: Antivortices obtained
through GP simulations.

a ST regime, seems to be the responsible for the permanence
of almost all the particles within the same sites of the non-
rotating system. Such an observation of the atoms remaining
within the initial confinement has also been reported in the
experimental work [24].

We first study the dynamical nucleation process along the
low-density paths that separate sites belonging to the same
set, such as the x = 0 path, where the phase differences are
calculated between two central sites and two lateral ones.
In the notation of Eq. (20) such phase differences are given
by @3 ,(t) = ¢2,,(t) — ¢3,,(¢) with p =1 to 4. From the top
panel of Fig. 8 it may be seen that the phase differences remain
almost vanishing, since | (z)|/m < 0.06, and thus a reason-
able estimate for the position of vortices can be obtained
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using Eq. (25) with ¢, = 0, for all p values. In the middle
panel of Fig. 8 we display the vortex positions. Focusing
on the vortices with Yv(k> > 0, with £k = 3, we may see that
the positions obtained from Eq. (25) with ¢ replaced by the
GP results ¢ ,(t) (for k =3 and p =1, 2 values) and with
or = 0, where we have used [, = 0, 1, and 2, are superposed,
and hence the variation of the phase differences has no siz-
able effect on the vortex nucleation at the axes. Moreover,
both curves are in good accordance with the points extracted
from the time-dependent GP simulations using the plaquette
method. We note that at the end of the evolution there are three
vortices located at the points marked with horizontal arrows in
the middle panel that have entered the lattice at the frequencies
indicated with vertical arrows. Given that the largest /; value
is l,EL) = 2 the number of vortices that entered through the

top entrance is in fact lek) = l,iL) + 1 =3, as stated above
Eq. (26). The reflection symmetry observed in such a panel is
a direct consequence of the fourfold symmetry of the lattice.
Then, by the four entrances located at the axes, during the
whole evolution 12 vortices penetrate in the system.

It is important to mention that many vortex-antivortex pairs
are created and annihilated instantaneously throughout the
GP dynamics, especially near the intersections of the low-
density paths. Hence, as we are depicting only the vortices,
in the middle panel, some points that appear occasionally in
the graph correspond to such vortex-antivortex fluctuations,
and they do not contribute to the net number of nucleated
vortices, as they cancel each other. In the bottom panel of
Fig. 8 we show the antivortices positions. Such antivortices
appear, as we have stated around the intersections of the
paths, where the approximation of Eq. (25) is not appropri-
ate for predicting the existence of vortices, since the four
LFs should be taken into account. We want to mention that
by analyzing the three-dimensional structure of such vortex-
antivortex pairs, we have observed that they do not correspond
to straight vortex lines, and in some cases they form part of a
vortex ring.

For the paths that separate neighboring sites belonging to
different sets (C, L, or D), the time-dependent nucleation of
vortices is not only due to the process observed at the axes.
The phase differences time variations, between the centers of
such sites, can also provoke the penetration and departure of
vortices, and hence change the values of l,EL) . In particular,
when the on-site populations depart sizably from their station-
ary values, the vortex nucleation process is combined with a
rapid motion of vortices. The fast vortex dynamics seems to
be related to the fact that the macroscopic coordinates enter a
self-trapping regime characterized by an almost constant oc-
cupation number and a running phase difference between such
neighboring sites. From Eq. (25) one can infer that an increas-
ing (decreasing) running phase should produce a monotonous
increasing (decreasing) vortex coordinate. In our system such
dynamics develops along the four low-density paths defined
by the straight lines x = £3/, and y = £3/,, which separate
sites of distinct sets. In Fig. 9 we illustrate such behavior along
the path located at x = —3/,, when the linear ramp has been
switched off, and hence around six vortices have been nucle-
ated. In the top panel we show the phase differences ¢y ,(t) =
@r—1,p(t) — ¢y p(t) for k = 2 and different 1 < p < 4 values,
from time-dependent GP simulations. In the bottom panel we

FIG. 9. Top panel: The phase differences as function of time be-
tween both sides of the line x/I, = —3, @ ,(t) = ¢r—1,,(t) — i p(t),
for k = 2 and p = 1 — 4. The phase difference between the diagonal
and lateral sites ¢, 1(¢,3), for y > 0 (y < 0) is depicted with blue
filled triangles (circles), whereas the difference between the lateral
and central sites for y > 0 (y < 0) with index p=2 (p=3) is
depicted with red hollow triangles (circles). Given the high symmetry
of the system both curves with blue (red) points are superimposed.
Bottom panel: The vortex positions ¥*) as function of time are de-
picted with blue dots for time-dependent GP simulations by solving
Eq. (32), and the yellow triangles (almost on top of the blue ones) are
obtained through Eq. (25) replacing ¢, () by the GP results ¢, ,(t),
with p = 1 to p = 4, which yield the different Y® values from top to
bottom. The barrier height is V, = 75/w,, and the time interval has
been extracted after the linear ramp was switched off.

show the vortex coordinate extracted from time-dependent GP
simulations, through the plaquette method. Almost on top of
such points, indicated with yellow triangles, one can view the
points estimated by Eq. (25) using the time-dependent GP-
phase differences, showing the very good agreement between
both approaches. Hence, one can conclude that such vortex
dynamics is ruled by the phase differences evolution, rather
than by density gradients which become useful in other types
of systems. Furthermore, such vortex dynamics is much more
rapid than the typical timescales involved in the whole process
provided by the linear ramp. In the bottom panel it may be
seen that vortices enter the lattice from the bottom entrance
and depart from the top one at different times, which explains
the rapid variation of the nucleated vortices inside the lattice.
It is worthwhile recalling that if the fourfold symmetry is
broken, as in the case of the bottom panel of Fig. 6, the fluc-
tuation on the total number of vortices has shown to exhibit a
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FIG. 10. The phase of the GP order parameter, obtained by
solving Eq. (32), is depicted in colors at the z = 0 plane. The cor-
responding vortex locations, obtained by the plaquette method, are
marked with plus signs, whereas the antivortices with circles. The
nucleated vortices are marked with black symbols, whereas vortex-
antivortex pairs, in the top panel around |x| = |y| = 3/,, are depicted
with white symbols. The barrier height corresponds to V, = 75hw,.
The three times were selected at the end of the ramp, at w,t = 999.8
(top panel), 1000.0 (middle panel), and 1000.2 (bottom panel). In
each panel the color scale corresponds to arg (¥gp(r, 7)) at the se-
lected time.

smaller amplitude. A plausible explanation of such an effect
could be that the vortices that move along the four straight
lines x = %3/, and y = £3/,, do not enter, or exit, the system
simultaneously.

Finally, to better visualize the vortex dynamics in Fig. 10
we mark with plus signs the positions of vortices obtained by
time-dependent GP simulations, in the z = 0 plane, at three
times around ¢ >~ 1000a)r_1. In such figure, we also show in
colors the phase of the GP order parameter where one can first
view that the phases are, in fact, linear on such coordinates at
each site, as we have assumed, and that the phase gradient

increases with an increasing center-of-mass distance to the
rotation axis. In other words, the central, lateral, and diagonal
sites have increasing phase gradients in such an order. Second,
the vortices are clearly located along the six paths defined by
the straight lines, x/l, = —3,0,3 and y/I, = —3, 0, 3. Along
the axes x = 0 and y = 0 the vortices perform only very small
oscillations, and hence their total number remains fixed at
six vortices per axis in the time interval considered, and the
positions are in agreement with those nucleated at the end
of the evolution of Fig. 8, which are marked with horizontal
arrows at the middle panel of such a figure. On the other hand,
for the other four straight lines x/I, = 43 or y/I, = £3, the
running phase difference, shown in Fig. 9, generates a vortex
dynamics, which can involve either the ingress or the exit of
vortices from the lattice. For example, at x = —3I/, it may
be seen, by following the movement of the vortex which is
around y = 5/, at the top panel of Fig. 10, that it moves in
the positive y direction to its position in the middle panel, and
finally it disappears at the bottom panel. Hence, one has six
vortices moving in such direction, except in the lower panel
where only five remain. Once more, such dynamics explains
the change, from 36 to 32, of the total number of vortices
nucleated, in such a short time interval. Using our estimate
of Eq. (31), the number of vortices yields 34.4 in contrast
to Feynman’s rule applied to our 16-site system, which reads
45.8. The top panel also illustrates the appearance of vortex-
antivortex pairs, around the points that satisfy |x| = |y| = 3/,,
that disappear in the middle panel. We note that such fluctua-
tions are concentrated in the lower density regions.

V. CONCLUSIONS

For a four-site system which forms a ring lattice, by using
an accurate expression for the phases of the on-site localized
functions, we have analytically obtained the arrays of vortices
for the four different stationary states with a given rotation
frequency. By comparing with the GP results, we have shown
that our analytical estimates for such vortex positions turn out
to be very accurate.

Hence, in a second step, making use of the same type of
expressions, we have investigated a vortex nucleation process
for a square lattice with a larger number of sites. Such a pro-
cess consists on applying a a time-linear ramp of the rotation
frequency, similar to the method used in the experiment of
Ref. [24]. By analyzing such a dynamical process, we found
that the on-site populations perform small oscillations around
numbers very close to the initial ones, and that the phase
differences between different types of sites exhibit a running
phase behavior as function of time, typical of a ST regime. As
a consequence of such a behavior, the expanding effect of the
centrifugal force was canceled. An analogous observation, for
WLCs, has been reported in Ref. [24], where the experimental
results do not reflect an increasing Thomas-Fermi confine-
ment radius as expected from a centrifugal distortion.

With respect to the number of nucleated vortices we have
obtained a linear dependence on the rotation frequency sim-
ilar to the estimate NI = mQd>N;/m /i used in Ref. [24] for
WLCs. However, our prediction differs from such an estimate,
given that, instead of being proportional to the number of
involved sites, it turns to be proportional to N; — 4/N;. By
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introducing the parameters of the experiment of Ref. [24]
in our formula, it seems to better reproduce their experi-
mental results. Although our approach was derived for a
specific system, we believe that the new factor which is
related to the number of entrances should also be present
in the vortex nucleation estimates of other types of lattice
potentials.

Finally, the nucleation of vortices in other systems of cur-
rent interest such as a rotating supersolid dipolar gas [26,27]
with regular patterns in the density could be suitable for apply-
ing the present approach. Given that each droplet exhibits an
almost axial symmetry around an axis parallel to the rotation
axis, when subject to rotation its velocity field can be approxi-
mated by an homogenous one [30]. Then the rotation-induced
phase on the droplet should have a linear dependence on the

coordinates, which constitutes the main requirement for the
application of the present treatment. Since rotation may com-
promise the density pattern of the nonrotating ground state
[27,47], the study should contemplate the possible changes,
when varying the rotation frequency, in the number of droplets
and their distribution.
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