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BCS-BCS crossover between atomic and molecular superfluids in a Bose-Fermi mixture
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We examine theoretically a continuity between atomic and molecular Fermi superfluids in a Bose-Fermi
mixture near the Feshbach resonance. Considering a two-channel model with Fermi atoms f, Bose atoms b,
and the closed-channel molecules F', we construct a mean-field framework based on the perturbative expansion
of the b-f-F Feshbach coupling. The resulting effective Hamiltonian not only exhibits the continuity between
atom-atom to molecule-molecule Cooper pairings but also becomes equivalent to the two-band-superconductor
model with Suhl-Matthias-Walker—type pair-exchange coupling. We demonstrate how these atomic and molecu-
lar Fermi superfluids coexist within the two-band-like superfluid theory. The pair-exchange coupling ff < FF
and resulting superfluid gaps (ff) and (FF) are found to be strongly enhanced near the Feshbach resonance
due to the interplay between the infrared singularity of Bogoliubov phonons and their Landau damping arising
from the coupling with fermions. The pair-exchange coupling can be probed via the observation of the intrinsic
Josephson effect between atomic and molecular superfluids.
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I. INTRODUCTION

Quantum simulations with ultracold atoms have opened
a new frontier to investigate exotic matter in laboratories.
One of the most illuminating examples is the experimental
realization of the crossover between the Bardeen-Cooper-
Schrieffer (BCS) superfluid and the molecular Bose-Einstein
condensate (BEC) in the Fermi-Fermi mixture [1]. Further-
more, degenerate Bose-Fermi mixtures such as 2Na-°Li [2],
87Rb _ 4OK [3’4]’ 173Yb _ 174Yb [5]’ 84Sr _ 87Sr [6]’ 41K . 40K
[7], and 7Li-°Li [8,9] have been realized and the Feshbach
resonance in a ’Na-“’K mixture has also been observed
[10]. The strong interaction between a fermion and a boson
in such systems may lead to unique quantum phenomena
such as the quantum phase transition from a polaronic to a
molecular phase [11] and the realization of long-lived Bose-
Fermi Feshbach molecules with the p-wave interaction in a
23Na - 40K mixture [12]. Moreover, the field-linked resonance
[13], which enables us to tune the molecule-molecule inter-
action, has been realized in a 2Na - “°K mixture towards the
realization of molecular superfluid [14].

Theoretically, the p-wave pairing of spin-polarized
fermions caused by the induced interaction in a BEC back-
ground is anticipated at low temperature [15]. Then it is an
interesting question whether such p-wave atomic Fermi su-
perfluidity changes to the molecular Fermi superfluidity with
an increasing attraction between the boson and the fermion.
A fascinating scenario is that in which the two phases show
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a BCS-BCS crossover between atomic and molecular super-
fluids as illustrated in Fig. 1. Incidentally, such a crossover
between the p-wave superfluids has been discussed in the
context of the high-density quantum chromodynamics (QCD)
matter realized inside neutron stars [16], in which the p-
wave down-quark pairing in the Bose condensate of bosonic
diquarks is smoothly connected to the p-wave pairing of
neutrons (a composite fermion composed of quarks and di-
quarks).1 In this sense, the BCS-BCS crossover of Fermi
superfluids in a Bose-Fermi mixture can help the further un-
derstanding of extremely dense matter in compact stars [20].
In the present study, we explore a theoretical possibility
of the continuity between atomic and molecular Fermi su-
perfluid states in a Bose-Fermi mixture near the Feshbach
resonance by considering a two-channel model with Fermi
atoms f, Bose atoms b, and the closed-channel molecules
F. We perform a perturbative expansion with respect to the
Feshbach coupling g, which can be justified in the case of
narrow Feshbach resonance where the small g is charac-
terized by the largely negative effective range [21]. In this
regard, our work involves new scattering processes (ff <
FF and fF < Ff) even within O(g?), which are absent in
the previous works for the single-channel model with the
contact-type interactions [22-26]. The effective interaction
induced by the anomalous propagator of Bogoliubov phonons
causes the pair-exchange interaction between two-atom and
two-molecule pairing states. This nontrivial interaction is sim-
ilar to the pair scattering extensively discussed in multiband

'In high-density QCD, such a phenomenon is generally called
quark-hadron crossover or quark-hadron continuity [17,18] and its
quantum simulation using the Bose-Fermi mixture of ultracold atoms
was discussed in Ref. [19].

©2023 American Physical Society


https://orcid.org/0000-0002-0815-144X
https://orcid.org/0000-0001-5247-7116
https://orcid.org/0000-0003-2206-9810
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.108.023304&domain=pdf&date_stamp=2023-08-02
https://doi.org/10.1103/PhysRevA.108.023304

GUO, TAJIMA, HATSUDA, AND LIANG

PHYSICAL REVIEW A 108, 023304 (2023)

Fermi atom

‘ i _ Bose atom

Atomic-pair superfluid Molecular-pair superfluid

FIG. 1. Continuity between atomic-pair and molecular-pair BCS
superfluids in the presence of a background BEC.

superconductors, called the Suhl-Mattias-Walker (SMW) or
Suhl-Kondo mechanism [27,28]. We demonstrate a continuity
between two-atom and two-molecule pairing condensates by
solving the two-band-like mean-field theory.

While we consider the spinless fermions with the p-wave
pairing relevant to the recent experiment in Ref. [11], the
present formalism can be easily extended to the spin—% case
with the s-wave pairing [19]. Although we use a simpli-
fied form of the interactions to demonstrate the continuity,
the present model can also be applied to condensed-matter
systems such as multiband p-wave superconductors for the
purpose of qualitative understanding of pairing properties as
well as an analogy with ultracold atoms and dense QCD. In
addition, the present study suggests an alternative route to
realize the two-band Fermi superfluidity with the incipient flat
band [29] in a mass-imbalanced Bose-Fermi mixture.

This paper is organized as follows. In Sec. II we show
the theoretical model of the atomic Bose-Fermi mixture and
present the effective Hamiltonian based on the perturbation
theory. In Sec. III the numerical results are presented for the
purpose of demonstration of the continuity picture in this
system. For the numerical calculations, we consider the mass
ratio between the molecule and the fermionic atom mg /my =
(40 4-23)/40 = 1.575, which is relevant to the recent experi-
ments of the 2*Na - OK mixture [11,12]. In Sec. IV we discuss
the potential experimental observation of the continuity be-
tween atomic and molecular superfluids, such as the excitation
gap and the Josephson effect to see the direct consequence
of the pair-exchange coupling. We summarize the findings in
Sec. V.

II. SPINLESS BOSE-FERMI MIXTURE NEAR THE
NARROW FESHBACH RESONANCE

We consider the spinless Bose-Fermi mixture near the
single Feshbach resonance, which is directly relevant to the
recent experiment in Ref. [11]. The two-channel Hamiltonian
of the Bose-Fermi mixture is given by

H =HBose+HFermi+Vbev (1)

where Hpose = K, + Vi and Hperm; = Kf + fo + Kr + Vip
are the bosonic and fermionic parts of the Hamiltonian, re-
spectively. The kinetic terms read

K, = Zs,,,bb;b , (2a)
p

Kp = eprfifo (2b)
4

Kr =) eprF)Fp. (2¢)
p

where b" and f7 create a boson and a fermion in the open
channel, respectively, while FT denotes a creation operator
of a closed-channel molecular fermion. The single-particle
energies are given by

2

Epi = g T (i=0b f,F). 3)

Here w; are the chemical potentials satisfying the relation

WE = by + by — VF = by — D, €]

with v the closed-channel molecular energy and ¥ the renor-
malized energy. The mass of the molecular fermion is given
by mp = my + my,.

We consider the background fermion-fermion interactions
given by

1 /N £
fo = 5 Z Uff(k,k )karq/zfijrq/zf—k’+q/2fk/+q/2 )

k.k'.q
and
1
_ P gt
Ver =3 2 Urr . KOE oo FogpFisgp: (6)
kK .q

where the coupling strength Uss (rr)(k, k") is momentum
dependent because the momentum-independent (contact) s-
wave part vanishes due to the Fermi statistics. Also, the
repulsive boson-boson interaction with the coupling strength
gpp 18 given by

1 g §
Vib = 585t qu;;, brpaigPppgPpr2abrprg, (D

which develops a BEC in the mean-field level with (bg) =
(by)* = /ppe'®c, where the condensate bosonic density and
its phase are denoted by p, and 6ggc, respectively. Note
that the s-wave interaction is sufficient to describe the low-
energy boson-boson interaction in contrast to that between
two identical fermions. The Feshbach coupling of the com-
posite fermion F (closed-channel molecule) to the boson b
and the fermion f with the coupling strength g is given by

Vepr = Z §(Fibppr_gfrjiqg +Hee)). (8)
Pgq

The scattering length a; and the effective range ;¢ between
b and f at low energies are related to g and vy as [30]
-1

2ma v 1
oY ——— ] . )
my 8 7 Eq,b T Eq.f
2
L (10)
2
where m, = —L™_ s the reduced mass.

my+my

Although a;¢ in Eq. (9) approaches zero in the limit g —
0, the background b-f scattering which may be characterized
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FIG. 2. (a) Effective couplings between a fermion and a com-
posite fermion at the leading and the next-to-leading orders of the
Feshbach coupling g. (b) Bosonic self-energy %, for the Landau
damping.

by the contact interaction [15] makes ay finite in the limit
[30]. Under the presence of such background scattering, the
p-wave Fermi superfluids (the f f pairing and the F'F pairing)
would be further enhanced, in particular, in the regime away
from the resonance. However, we will not consider the effect
below, since our main focus is on the qualitative feature of the
resonant pair-exchange coupling between f f and FF.

In the following subsections we first derive the effective
interactions in Sec. Il A and evaluate the boson self-energy
associated with the Landau damping in Sec. II B. Then the

J

2ifpEC

effective Hamiltonian is presented in Sec. IIC. In Sec. IID
we demonstrate the BCS-BCS crossover between the atomic
(ff) superfluid and the molecular (F F') superfluid within the
mean-field theory.

A. Effective interactions

We consider the small-g case, which corresponds to the
narrow Feshbach resonance with the large and negative 7.
Under the BEC background, the one-body mixing of O(g)
reads [Fig. 2(a)]

Vu = gv/s Y_(Fp fr + f3Fp). (11)
P

Such a term is similar to the Rabi coupling in ultracold atoms
[31] as well as to the interband impurity in two-band super-
conductors [32].

In the following, the superfluid-phonon exchange in the
cold-atom system plays a crucial role. As shown in Fig. 2(a),
the next-to-leading-order terms of O(g?) are given by the
SMW-type pair-exchange interaction Vgyw and the phonon-
mediated (PM)-type interaction Vpy as

1
Vemw = 5 Z Usmw (g, w)
kK.P

+ i
X Jirpp L kot ppticspp + Hee o (12)

1
Vem = 2 Z Upm(gq, )
kK.P

i t
X FevppFwsrpfgipplivrp + He (13)

where ¢ and w are the momentum and energy transfers be-
tween fermions, respectively. While @ depends on k, k', and
P in principle, we will approximate it later by a typical energy
scale associated with the Fermi energy [Egs. (20) and (21)].
The effective interactions Usyw and Upy can be expressed in
terms of anomalous and normal parts of the bosonic Green’s
function [D,(q, ) and D1;(q, w), respectively] as

w* —E}, + (g, 0) = 2iol(g, »)

Usmw (g, @) = &D12(q, ©) = g gmppe

[(@ — Egp)* + T2(q, o)][(w + Eg)* + T2(q, )]’

(14)

Urm(q, ©) = &D11(q, ) = &

Here the imaginary part of the boson self-energy due to Lan-
dau damping is denoted as I'(q, ) = —ImX;(q, w), while the
Bogoliubov phonon dispersion reads

Egb = Veqn(€qn + 286b00). (16)

with €, = q*>/2my,. Note that the boson chemical poten-
tial is given by w, = gpop» + Lo, With Xy a constant part
of ReX,(q, w), when the gapless condition for the phonon
excitation is imposed. The above expressions of Usyw (g, @)
for the precess ff <> FF and Upm(q, w) for the precess
fF < Ff represent the interaction amplitudes involving a

[+ &4 + oo + iT'(q, w)][w — Ey, — il'(q, w)][w + E4, — iT'(q, ®)]
[(w — Egp)* +T%(q, o)[(w + Egp)* + T'%(q, w)] '

5)

(

one-phonon propagator in the lowest order of the Feshbach
coupling g as shown in Fig. 2(a). Since Vsmw (Vpm) contains
only the anomalous (normal) phonon propagator, an infrared
singularity arises at low momentum: Such a singularity is
tamed dynamically by the Landau damping described by the
phonon self-energy in Fig. 2(b). This mechanism is in con-
trast to the ff <> ff scattering diagram in the single-channel
model [33,34], where both the normal and anomalous phonon
propagators contribute simultaneously in the one-phonon ex-
change diagram and the infrared singularities cancel each
other.
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We find that Vgyw originating from the anomalous boson
propagator D, is similar to the pair-exchange Hamiltonian
in the context of multiband superconductors [27,28]. In par-
ticular, the present interaction induces the p-wave FF and
ff pairings and describes the transition between these pairs
simultaneously. Another effective interaction Vpy; originat-
ing from the normal boson propagator D;; is similar to
the phonon-mediated electron-electron interaction in con-
ventional superconductors and provides an attraction in the
mass-imbalanced F f pair.

For later purposes, we define the Fermi momenta and
Fermi energies of f and F as

K?
E, = —*

2m,-
with p; the number density. We introduce the total fermion
number density pp together with a reference momentum kg
and a reference energy Ej as

ki = (677 p)'/3, (i=fF), (7

Po = pr + pr, (18)
ks

ko = (61%pp)'7, :
2m0

Ey = 19)

with mg = n;"i" =
f F

We now consider the situation where F is heavier than f
due to the boson mass my, (i.e., mg = my + my, > my) and is
located near the resonance region (ur = s + up — vp = 0).
The mass imbalance leads to the Fermi-surface mismatch
between F and f (i.e., Ef # Er) even for the population-
balanced case and suppresses the BCS-type F f pairing [35].
Moreover, in the most general case with the population imbal-
ance, where there is a Fermi-momentum mismatch between
fand F (i.e., kf # kp), the formation of the BCS-type F f
pairing due to Vpy is suppressed further. Therefore, Vsymw is

J

expected to provide a dominant contribution leading to the
p-wave F'F and f f pairings in the perturbative weak-coupling
regime. Then the resonant scattering through the SMW-type
interaction enhances both the FF and ff pairing gaps, analo-
gous to the case of the two-band superconductors [36]. Thus,
we focus only on Vgmw in the following analysis and replace
its arguments by the characteristic momentum and energy
transfer as

Usmw (g, w) = Usmw (g = G, 0 = @), (20)

with

G= /6 +K — 2kskecosOy, @ =E;—Ep. (1)

Here 6y is the angle between k; and kr, which is essential
to obtain the effective p-wave interaction. We note that the
Landau damping factor I'(g, @) is crucial to tame the infrared
divergence of Usmw (g, ®)|r=o at & = £E; .

B. Effect of Landau damping

Let us evaluate the Landau damping factor originating
from the coupling between the Bogoliubov phonon with the
fermions through the scattering processes, phonon +f —
F and F — phonon +f. As shown diagrammatically in
Fig. 2(b), this process can be described by the one-loop
diagram. The imaginary part of the time-ordered phonon self-
energy [37] reads

ImX,(q, w) = —r(gzsgn(w) Zé(w — Epyq,F + Epf)
P
x [n(ep,r) — n(epyq.r)l, (22)

where n(x) is the Fermi distribution function. At 7 =0,
Eq. (22) can be evaluated as

Im%,(q, ) = —gff—qe(qz — 2mQ)sgn(w)[mpk;60(ky — Q1) + mpQ30(Q4 — ky) — mpQ*

— mgkz0(kp — Py) — mpPIO(Py — k) +msP2], (23)

with Q = w — E; + Ep and
1

mr
O+ = 5 [ —(g* — 2mpQ2) & q', (24)
mr¢ mg
1 mf 5
Py = s —(q” —2my2) £ q|, (25)
mgC |\ mp
1 1

1
G2

Substituting |gq| = §and w = @ (i.e., 2 = 0) into ImX;(q, w),
we obtain

r@.a) -o 2, 27)
q
o = —mfmng.

A (28)

(

We note that Eq. (27) is valid for a small momentum transfer
s NTE N e — /iy

q < min( T ky, N

analysis, we consider the case that the momentum scale asso-

ciated with the bosonic condensate is much larger than k; and
kF?

kr). To simplify the following

kp = /4mygpnop > ki F. (29)

In this case, we have &/(gmpp) = O(k,-kj/kf) and
E;b/(8wwPs) = vpG + O(kik;/k?), where i and j take either f
or F. Then Eq. (14) becomes

o

28 2.2
d"= —V
2ifEc 7 9

Usmw (G, @) =~ g gppope (30)

(2% +0332)"
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where v, = /gmwpp/myp 1s the velocity of the Bogoliubov
phonon. When obtaining Eq. (30), we use the expansion
& — E;, +T*(g, @) = 2idl(g, ®)
(86600 )?
_I’@G.o) —vg
(86600 )?
for i, j,£ = f, F (for details of power counting, see Ap-
pendix A). Equation (30) captures essential properties of
the effective interaction with the Landau damping: For
a small momentum transfer, we find Usyw (g — 0, @) =~

i e = K my ki
gzghhpbm < 00, since @ = m(l - m_pk_}) =+ 0; for a small

energy transfer, we find Usmw(g, @ — 0) =~ _gngbpbvg#

+ O(kikjke/K;) (31)

< 00, since g # 0. We note that the present Landau damping
at T = 0 is different from that in a pure bosonic system [38],
which occurs only at nonzero temperature.

J

C. Effective Hamiltonian

The effective Hamiltonian for atomic fermions f and the
closed-channel molecule F reads

Heir =Kot + Vsmw + EBose+V5r + Vrr, (32)

i Enr  &JPb\ ([ [p
Do g o

is the effective one-body Hamiltonian for fermions. The
ground-state energy of condensed bosons evaluated in the
mean-field approximation is

where

Ketr = Z(f o
)

Epose = — 460 + 38bb0p- (34)

To explore the fermionic superfluid state, we apply the
mean-field approximation as

1 1 1 1 .
- 1 1 fer L 1 t
Vomw + Vis + Verp — > Ek A% (k) f-k fe > Ek A f14 3 E Ay p(k)F_ F 7 Ek Arr()F/F,

k'

1
= 5 2_WUsww(@ &)FFL) (Fopfie) + Ui (@ @)L ) P )]

kK

1 -
= 5 2 U S FLO S o) + Upr G KL F- e F)), (35)

kK

where we introduce the pairing order parameters

Apsle) = = [Uduw (@ @NF_wF) + Up (e, K fio)], (36)
-

Apr(k) = =Y [Usuw (@, @) f i fi) + Urr (e, K ) (F_ Fye)]. (37)
k/

We perform the partial-wave decomposition as [39]

oo m=~l

Usww(q @) =47 Y > Uslky, ke )Yom () Yo (k)T
=0 m=—¢
(38)

where k = k/k and k = |k|. We note that Usyw (G, @) has the
O dependence via Eq. (21). Because of the Pauli principle,
the s-wave pairings (ff and F'F') are prohibited. On the other
hand, the p-wave pairings are induced by the effective interac-
tion Up—1,(kf, kr), whose explicit form (Appendix B) is given
by

3P ePiie (12 + k2
16k2K7

< In o?@* + vi(kf —kp)*
a?d? + vi(ky +kp)t )

Ulm(kfs kF) = _8'11,0

(39)

where we keep the term involving the logarithmic sin-
gularity relevant in the weak coupling. In our present
two-channel model, for the pair-exchange process (i.e., f f <
FF), only the anomalous part of the single-phonon prop-

(

agator contributes and causes a logarithmic singularity at
low momentum unless there is no Landau damping. As we
mentioned in Sec. IT' A, this is in sharp contrast with pre-
vious studies of the single-channel model [33,34] for the
ff — ff process, where both the normal and anomalous
phonon propagators contribute even in the single-phonon
exchange.

Based on Eq. (39), we arrive at the density-dependent pair-
exchange p-wave interaction

Usmw(q, ©) = kkk/Ylo(’})Ym(’;'), (40)
ke k
5 = a0k Ke) (41)
Kk

Similarly, we also consider the residual interactions in the
same p-wave channel as

Upr(k, k') = AppkK Yio(h)Yio(k'), (42)

Upk, k') = hprkk Yio(k)Yio(K), (43)

023304-5
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where the coupling constants can be expressed by the p-wave
scattering volume vj_s r as

. 1 3
e (44)

We introduce a momentum cutoff k., = k;,, because the ef-
fective interaction is valid for large k;, compared to the other
fermionic momentum scales (i.e., k, kK, and ks r). Although
the cutoffs for each interaction are not necessarily equal to

J

Ep.f —Asr(p)
1 A =A% (p) —&
MF _ ] ff p.f
Hi = 5 > 5 0
P
0 -y

1 1 1
- Zp"”dFFdefl cos(8yy — Opr + 20gEc) + §|)\ff||dff|2 + §|)»FF||dFF|2 ~+ EBose-

where W), = (f, fjp F, F_+p)T is the four-component Nambu
spinor and y = g,/py is the strength of one-body mixing
in Eq. (11). The separability of the interaction leads to the
simplified form of the pairing order parameters

Appll) = =Y kk'Yig(k)Yio (k)
-

X (WVAF_p Fy) + hpp(fop fie)

= kYio(k)(W'drr + hprdyp), (46)
Apr(k) ==Y kk'Yip(k)Yio(k')
-
X (M fi) +Arr(F_pFy))
= kYio(k)(Adff 4 hppdrr). (47)

Note that the mean-field Hamiltonian H}" does not have
global symmetry because of the finite BCS pairings (FF) # 0
and (ff) # 0O, similar to the case of two-band superconduc-
tors [40].

Eigenvalues of the 4 x 4 matrix in HY' are

P = A+ — LA+ 222 —4B]", (48a)
P = F[LA+ 2 + L/ (A+2y22 —4B]'"?,  (48b)
where
A=¢,  +&5p+ 18P+ Arr(P)I°,  (492)
p.f p.F a4 Fr(P)I",
B=(y*—¢psepr) +e5 | App(p)
+ep | Aps (@I + 1 Arr (PP 1A 7 (D)
+2y°Re[A (D) Arr (p)]- (49b)

each other, we use a common cutoff k;, for simplicity. This
approximation is valid in the weak-coupling regime, where
the momentum near kg is relevant.

D. Mean-field energy

Eventually, we obtain the 4 x 4 matrix mean-field Hamil-
tonian

Y 0
0 -y 1
Up+ 5 ) (epr+epr)
gp’F _AFF(p) 14 2 ; p.f p.F
_A?«"F(p) —&p,F

(45)

(

Thus, we obtain the ground-state energy as

1 _ _
EGS = E Z(Sp’f + Ep.F + 6(1 ) + 65 )) + EJ + EBose‘ (50)
P

The fermionic constant term given by

Ey = —3IMIdrr|ldssl cos(@fp — Opr + 268EC)

+ 5lhprlldss P + 3 prllderl? (51)
is called the Josephson coupling energy with drp =
|dFF|€igFF, dff = |dff|€i9ff, and A = |)L|€2ZBBEC, which should
be positive for the stable superfluid phase [41] and should
be calculated via the variational principle. Also, the relative
phases among order parameters are determined such that Ej is
minimized as COS(@ff — Orp + 26ggc) = 1.

III. CONTINUITY BETWEEN ATOMIC AND MOLECULAR
SUPERFLUIDS

Let us now study the crossover behavior from the atomic
ff superfluid to the molecular FF superfluid by increasing
the closed-channel molecular energy vy. Similar to the case of
the coupled-channel system with a contact s-wave interaction
[36], the ff and FF pairs are coherently coupled by the
pair-exchange interaction Vgyw. In this regard, Vsmw plays
a crucial role for the BCS-BCS crossover between atomic
and molecular superfluid states. Moreover, the effective cou-
pling strength A is strongly enhanced at py >~ pr due to the
logarithmic singularity. On the other hand, the effect of the
one-body mixing Wy characterized by y is insignificant during
the crossover between the ff and F'F pairing states as shown
in Appendix C. Therefore, we take y = 0 in the following
analysis, where we obtain the ground-state energy similarly to
the two-band BCS model,

1
EGS :5 Z(&‘p’f + Eva — Ep’f - Ep,F) + EJ + EBosea (52)
p
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with

Epy=./e;; + 1872 (53)
Epr = 5,2,,F + |Apr(p)%. (54)

In the following subsections, we present the numerical
results to demonstrate our continuity picture. First, we derive
the gap equations in Sec. III A. The relevant dimensionless
parameters are then introduced in Sec. IIIB and evaluated
accordingly based on typical realistic systems or experimen-
tal data. For specific numerical calculations, we consider

J

_ 52 PYR®) 402 PYA(B)
Mpf— Mg 2p 2E1,,4 IA] Z,, 2El,,,F
PYL(P) PYL(P)
—h = Adyy Zp 2E,; AFFA Zp 2E, r

As mentioned before, we have a momentum cutoff k., for the
integral over |p|.

B. Dimensionless parameters

Summarized in Table I are the four dimensionless parame-
ters, their physical meanings, and the actual values taken in
our numerical calculations. As a typical example, we con-
sider the *Na - K mixture (1n,/m r = 23/40) relevant to the
recent experiments in Refs. [11,12]. To estimate k;/ko, we
use the scattering length ap, = gppmyp/(4m) = 2.75 nm and
Py = 1013-10% cm™3 [42], as well as the large bosonic con-
densate pp/po = 10-100, similar to the Bose-polaron regime
[11]. Here we employ a finite effective range r,r so that
the system is stable with respect to the Thomas collapse.
Meanwhile, we assume sufficiently large condensates with
gwpp > Eo and pp > po. Then many-body instabilities such
as the phase separation and density collapse of the BEC due
to fermion-mediated boson-boson attraction, which can occur
when the fermion density exceeds a certain critical value [43],
do not occur either. The cutoff momentum k., is chosen as k;,
to be consistent with Eq. (29). Considering the experimental
situation with several narrow Feshbach resonances [10], we
take g to be of the order of 0.01, corresponding to the largely
negative effective range kor,; of the order of —10°, which
validates the present perturbative treatment with respect to g
[44.,45].

While we focus on the *Na - “°K mixture in this paper, the
present approach can also be applied to other Bose-Fermi mix-
tures such as 8’Rb - “°K near the narrow Feshbach resonance
[3,4]. Also, we note that the optical control of the effective

TABLE I. Summary of dimensionless parameters.

Parameter Physical meaning Numerical value
my/my mass ratio 23/40
ky,/ko Eq. (29) 6

keut/ko cutoff momentum 6

8 =g /mymy/ky Feshbach coupling 0(0.01)

2v2 (5
—AF — )\ff)\* Z rYo@ )\vFF)‘*

—ApF — Mg

mp /my = (40 + 23)/40 = 1.575, which is relevant to the
2Na-*K mixture [11,12]. In particular, we investigate the
number densities and density-dependent pair-exchange cou-
pling in Sec. I C. The superfluid gaps are also calculated in
Sec. III D and a related discussion is given.

A. Gap equations

The gap equations’ are obtained by taking variations of

Eq. (52) with respect to drr and dyy, respectively,

szlz(J(ﬁ)

P 2Epr dff>=0. (55)

Y@ A2y PYi®) drr
P 2E,r P 2E,;

P 2B,y

(

range (associated with g in this model) in the magnetic Fesh-
bach resonance was proposed in Refs. [46,47].

C. Number densities and density-dependent pair-exchange
coupling

Since we are interested in the weak-coupling BCS regime,
we may use an approximation where the interaction effect on
the number densities is negligible such that we can use their
expressions of the noninteracting case by taking £ = ur and
Er = up. Specifically, the number densities of atomic and
molecular fermions read

_ Qmysps)*? _ (2mpur)*?
- 62 - 672

with up = py + p — vp = uy — Vp. Figure 3(a) exhibits
the crossover of the number fractions pr/po and pr/pg. One
can clearly see the decrease of pr and the increase of py
with increasing Pr. While the closed-channel component is
dominant for negative ¥, dissociated fermionic atoms are
dominant for positive . The crossing point py = pr depends
on the mass ratio my/my, but the overall structures are un-
changed qualitatively.

Let us recapitulate the density-dependent pair-exchange
coupling A to be used in the present numerical calculations,
where

, (56)

’

3@ (k2 +12) G+ ke —ke)'
Akjki: CE 4 (ky + ki)t

A=

Here we take 07y — Opr + 20ggc = 0. Note that A is always
positive. To see the region where the pair-exchange process
is significant, we plot 2mokjA as a function of the reduced
molecular energy Uy in Fig. 3(b), where k; and kr are evalu-
ated by using Eqgs. (17) and (56). There A shows a sharp peak

2In numerical analysis, it is convenient to introduce the dimen-
sionless variables which read myr/mo, ks rp/ko, plko, keu/ko,
Aff',pp(p)/EQ, @/EQ, g’ =g mhm]v/ko, 2m0k8A, and Zm()kg)\‘,‘i.
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FIG. 3. (a) Noninteracting number densities of atomic fermions
0/ po and molecular fermions pr /0o in Eq. (56). (b) Dimensionless

interaction strength 2mok3 A in Eq. (57) calculated from the noninter-
acting number densities.

at py = pr due to the logarithmic singularity. In particular, the
maximum value at U /Ep =~ 0.13 reads

37rm;,g2 ln(

4
kf

16 vy,
mymp g g*

A‘1’1’12\)( x~

) (ky = kr). (58)

Because the BCS superfluid is supported by the Fermi energy
of each component (i.e., E; and Er) and the pair-exchange
coupling A, the dominant pairing state is expected to grad-
vally change from the atomic BCS state to the molecular
BCS state around ¥g/Ey ~ 0.13 without any phase transi-
tion. In the following, we focus on this crossover regime
(0.06<TF /Ep<0.24).

D. Superfluid gaps

From Egs. (46) and (47) it is found that the pair-
ing gap exhibits a maximum in a direction p with
Yio(p) = v%. In this regard, we define AR¥(|p|=
ko) = v =ko(IMIdssl + [Arrllder]) and AT®(|p| = ko) =
Vﬁko(l)nlldFﬂ+|)»ff||df_f|) to examine the pairing ef-
fect. Dimensionless pairing gaps AR (|p| = ko)/Ep and
Amax(|p| = ko)/Ep with and without Vgyw are plotted in
F1g 4, where the intracomponent couplings are taken as
2m0k(3)k 7r = —3.89 and 2mokirrr = —2.47. In the absence
of Vsmw, the pairing gaps are decoupled from each other and

0.40 —tr rrrrTr+or+crr 15T
0.35 i i = FFI (a)
0.30 -
o L el
W oo5[ ~ -
~ A ’/ ~\.
—~ 020} -
*,‘, - »
& 0.15 .-’.,_/ \.\' 7
% 0.10 fonneremomm7 77T T \\ 4
£ = L ”~... N
< 00sfp 00 T—0u Tl ..
0.00 4——+—4—+—+—+—+4+—+—+—+—++—+—— . ~~~~
035 jj = ffl i (b) -
0.30 | .
o | '/ \_\
W oo5) "~
- - 2 N
~ 0.20} s ]
x o.15_ '
S .
% 0.0 |
E —
< 0.05
1 i 1 i 1 i 1 i 1 i 1 i 1 i 1

0.00 L— .
0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24
VF/ E0

FIG. 4. Pairing gaps Apz(Ipl = ko)/Eo and ATF*(|p| = ko)/Eo
with and without Vg, shown as a function of ¥, Where 1/(v Jk3) is
taken as —0.3 (with 2m0k3kff = —3.89 and ZmOk App = —2.47).
The case without Vp;r (§ =0) is shown by solid lines, while
the cases g = 0.010 (with 2m0k8A ~ [0.017, 0.045]) and g = 0.017
(with 2m0k8A ~ [0.050, 0.125]) are shown by dashed and dash-
dotted lines, respectively.

their magnitudes are purely determined by A;; (i = f, F) as

1+x,,2p 0(”) ~o. (59)

While A;}‘;"(l p| = ko) increases with increasing ¥p,
ARZ(Ipl = ko) decreases, reflecting the behavior of py
and pr. In order to achieve the weak-coupling regime in
numerical calculations, we let the dimensionless Feshbach
coupling g be of the order of 0.01, leading to a superfluid gap
sufficiently smaller than the Fermi energy scale Ej.

In the presence of Vgyw where g ~ 0(0.01) is taken, we
calculate the pairing gaps by using the perturbative treatment
with respect to 2mokgk, which is sufficiently small compared
to 2mokarrr = —3.89 and 2mokjApr = —2.47 as shown in
Fig. 3(b). It is found that both pairing gaps AF&(|p| = ko)/Eo
and Ama"(|p| = ko)/Eo increase compared to the case with
g=0. The enhancement of Arr (rr)(p) is associated with the
increase of the pair-exchange interaction A due to the loga-
rithmic singularity at ky = kr (i.e., oy = pr). This indicates
that the long-range property of Usyw associated with the low-
energy Bogoliubov phonons strongly assists these fermionic
superfluid states. At the same time, the Landau damping sup-
presses the logarithmic divergence due to the mass-imbalance
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between atomic and molecular fermions, and hence we obtain
the finite values of Arp(p) and A y(p) in the entire crossover
region.

Apart from the long-range nature of the interaction, this
result is also consistent with the fact that the pairing gaps are
largely enhanced by the resonant pair scattering [36,48,49].
Because the Landau damping factor is proportional to g* at
the leading order, the associated « can also be small and
hence the enhancement of both pairing gaps can be antic-
ipated even for small g, as shown in Fig. 4. Although our
weak-coupling approximation is valid where the pairing gaps
are sufficiently small, one can see that both pairing gaps are
strongly enhanced when the value of g increases, as expected
regardless of the weak-coupling approximation. In this sense,
the pair-exchange process would be much more significant
for larger Feshbach couplings. Note that perturbative calcu-
lations should be understood as qualitative near the resonance
region where there is a large enhancement of the gaps. Further
theoretical development is needed to perform quantitative cal-
culations, which is left for future study.

Regarding the stability of the system, the Josephson cou-
pling energy Ej should be positive throughout the crossover.
This fact can be understood from Eq. (52), where the first
term 1 > »(prtepr —Epy—Epr) is a decreasing func-
tion with respect to |dss (rp)| at T = 0. To find the global
minimum, E; should be an increasing function of |dsf (rr)l
(otherwise, the system would collapse to an infinitely large
negative energy state with |dyy (rr)| — 00). We confirm that
E; > 0 is satisfied during the whole investigating region. We
note that at finite temperature the thermal energy is also
involved in the quadratic term with respect to the order pa-
rameters of the Ginzburg-Landau energy [41]. In this regard,
the stability condition (Ej > 0) will be modified at finite tem-
perature.

IV. DISCUSSION

The experimental observation of the continuity between
two superfluid states is feasible by measuring the excita-
tion gaps of each component through the radio-frequency
spectroscopy [50] as well as the momentum-resolved photoe-
mission spectroscopy [51,52]. Measuring the enhancements
of two gaps with changing ¥y near the Feshbach reso-
nance can provide evidence of the coupling between two
Fermi atomic and molecular superfluid states associated
with pair-exchange interaction involving the long-range na-
ture with logarithmic singularity. Such an enhancement
becomes more significant when the Feshbach coupling is
larger.

To see a more direct consequence of the pair-exchange
coupling, it is helpful to borrow from the physics of multi-
band superconductors. In particular, one may find the intrinsic
Josephson effect [53] in the presence of the pair-exchange
coupling. The time evolution of the average number-density
difference is given by the Heisenberg equation

d(ps — pr) .
fdt F _l([

Heg', Ny — Nr])

€

l

>~ —4|A|ldprldrr) sin(@ry — OpF + 26BEC),
(60)

where Ny = 2 flj'fp and Ny = o F;Fp are the number
operators. In Eq. (60) the statistical average (- - -) is approxi-
mately evaluated within the thermal equilibrium. In this way,
the Josephson current occurs when the relative phase is mod-
ulated from the equilibrium value 0y — Orfr + 20ggc = 0.
This relative-phase-dependent term is proportional to |A| and
therefore such a behavior of the number density difference
between atoms and molecules can be evidence of the pair-
exchange coupling and the resulting crossover. We note that
the Josephson effect of a two-component superfluid Fermi gas
has already been observed experimentally [54].

Another interesting feature of the multiband superconduc-
tors is the emergence of the Leggett mode [55], which is the
out-of-phase collective excitation of two order parameters.
Like the massless Leggett mode discussed in three-band su-
perconductors [56], a similar collective mode may appear in
the present system due to the three coupled phases 6¢, Orr,
and Oggc. Because the collective modes of Fermi superfluids
were experimentally measured in cold-atom systems (e.g.,
the Nambu-Goldstone mode [57] and the Higgs mode [58]),
the analog of the Leggett mode associated with atom-atom
and molecule-molecule pairing order parameters in a Bose-
Fermi mixture should be accessible in the future. In addition,
in the case with heavy bosons (and hence heavy molecular
fermions), the high-temperature superconducting mechanism
discussed in the context of the FeSe multiband superconductor
may appear due to the realization of the shallow band with
screened pairing fluctuations [59,60]. These nontrivial effects
which are specific for multiband fermionic superfluid can also
be utilized to confirm the continuity picture for atomic and
molecular Fermi superfluids in a Bose-Fermi mixture.

Here we mention the case where the bosonic density p,
is comparable to oy and hence the atom-dimer coupling effect
on p, is not negligible. As a first approximation, we can incor-
porate these effects by considering the mean-field framework
of bosons as dEgs/dpp, =0, where p, is self-consistently
determined. It can be rewritten as

— +g};}7/0b + a_)" aEFerml + 8 8EFerml — 0’ (61)

app O 2 /o, Oy

where the fermionic energy density Epem; is defined through
Egs = Epose + Erermi- In the case with large condensates
Pb > prr), We may recover the situation that we demon-
strated above, because the last two terms in Eq. (61) vanish.
Exploring physical properties around the tricritical point in
the system with pr = p; observed in Ref. [11] is left for
interesting future work. Nevertheless, the present continuity
picture may be qualitatively valid even in the case with py >~
pp once the coexistence of FF and ff pairing states and the
bosonic condensates is found around vy = 0. Moreover, the
present theoretical model can be easily extended to a spin-%
Bose-Fermi mixture with the s-wave pairing, which is more
relevant to dense QCD [19].

V. SUMMARY

We have investigated theoretically the continuity between
atomic and molecular Fermi superfluids in a Bose-Fermi
mixture near the heteronuclear Feshbach resonance. Consid-
ering the perturbative regime with respect to the Feshbach
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atom-dimer coupling, we have developed a multicomponent
superfluid theory. The effective mean-field Hamiltonian for
the atom-atom and molecule-molecule pairing states is equiv-
alent to the two-band BCS Hamiltonian originally proposed
by Suhl, Matthius, and Walker for superconductors with over-
lapping bands, except for the pairing symmetry.

In particular, we found that the pair-exchange term for
the atom-atom and molecule-molecule pairing states occurs
through the anomalous propagator of the bosonic component.
Such a pair-exchange coupling can be dramatically enhanced
in the crossover regime due to the long-range property of the
mediated interaction. We have demonstrated numerically the
continuity picture within the simplified models. The existence
of the pair-exchange coupling can be probed via the intrinsic
Josephson effect, where the difference between the atomic
and molecular number densities is associated with the relative
phases, 07 — Opr + 20gec. The present results towards the
quantum simulation of dense QCD using atomic Bose-Fermi
mixture imply that the continuity between the dibaryon and
diquark condensates can also be understood in terms of the
two-band-like superfluid theory.

For a quantitative comparison with experiments, further
investigations with realistic interactions and wider ranges
of density fractions are needed. Moreover, it is also impor-
tant to consider the strong-coupling effects associated with
higher-order terms of the Feshbach coupling. In such a case,
we need to consider other multibody cluster states such as
mass-imbalanced atom-molecule pairing beyond the BCS
framework. It would also be interesting to address the speed
of sound in the crossover regime [61].
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APPENDIX A: POWER COUNTING IN THE NUMERATOR
OF EQS. (14) AND (15)

Here we perform the power counting with respect to the
fermionic momenta k and k' for the term 2iwI'(q, @) in the
numerator of Eq. (14) in order to obtain Eq. (30) with the large
bosonic momentum scale ki—r r/ky < 1. In detail, dividing
the numerator of Eq. (14) by the squared bosonic energy scale
(guspp)*, We have

& —E}, +T%(q, @) — 2io(q, @)
(govop)?
e R A )
B (86b00)?

+ O(kikjke/Ky) G j, = f,F),
(A1)

where we used the relations

(1)2 _ <mb k2 my, k/2>2
(8obop)? myky  mp k;
= O(kikjke/k}). (A2)
E? 272
3.b Vpq 3,73
= +0(q°/k
Gwon)*  (Zobop)? (7'/k)
”2‘72 3
= + Ol(kik ko /k3,), (A3)
(8bb0p)* (kik ke k)
(g, ®) ||
. ;=o' 7 = O(kik;/k3). (A4)
(gnbow) q*(gvvPp)
and
2iwl(G, @) o I'(q,®)
90 _ L2 — O(kikke/KD). (AS)

j
(8ob0p)* 8vbPb  &bbPb

Furthermore, as for the scattering process fF — F f, the
numerator of Eq. (15) with the same power counting reads

[ — Egp — iT(g, o))[w+ E;p — iT(q, ®)]

(8ubop)*
2.2 2
qu + F (C], CL)) 3
= ————— + Olkikjk /k;), (A6)
(gvv0p)? (kikjke/k;)
where we used
T,
@+ &g + gy + (g, ©) _ |+ 0ki/ky). (A7)
8bbPb
The resulting effective interaction
1
Upm(q, w) = (A3)

T Y re——
quZ + aZC;_Z

does not show the infrared singularity at ¢ — 0 due to the
existence of « (i.e., the Landau damping).

APPENDIX B: DERIVATION OF EQ. (39)

In this Appendix we show the derivation of Eq. (39). The
projection of Usmw (G, @) to the p-wave (£ = 1) component is
given by

1 ~ ~r
Uty k) = 1 / o / A% Ussw (@, D)7, R)Yim(R),
B1)

where €2 is the solid angle with respect to k. One can see
that the m = 41 components disappear after the angular inte-
gration. Note that g is a function of G = koK. By taking
the axis along the k direction, we can reduce the angular
integration as

3 (7 . _
U]()(kf, kF) = 5 / dekk’ Sin Gkk/ COS Gkk/USMW(qa (,()) (BZ)
0

023304-10



BCS-BCS CROSSOVER BETWEEN ATOMIC AND ... PHYSICAL REVIEW A 108, 023304 (2023)

The 6 integration in Eq. (B2) can be performed analytically as

Urolky, kp) >~ —

3mygeditme  3mpg e (ki + ki) - o2a? + vp(ky — k)t
2k ke 16k2k2 @2@? 4 v2(ky + kp)*

3myg* e o @2 1 n 1
4k rkp o?@? + Ug(kf + kp)* a@? + Ug(kf — kp)*
3 2i0BEC 1y k k 2 ke —k 2
+ —mbgze 575 xe arctan —Ub( f—i__ F) — arctan —Ub( f - F) , (B3)
4vbkko oW ow

where we used Eq. (30) in Eq. (B2). In the weak-coupling limit (i.e., g — 0) near k; = kr, the logarithmic term become
extremely large so that for simplicity we keep only this singular term as shown in Eq. (39).

APPENDIX C: ONE-BODY MIXING EFFECT

To see the more relevant situation for an ultracold atomic Bose-Fermi mixture near the Feshbach resonance, one may consider
the nonzero interband impurity effect (i.e., one-body mixing) occurring at the lowest order of g. The gap equations in this case
can be obtained from

dE 1
Wi}s = —5(Wdpp +ypdyy)
fr
[ A+2y2) —2¢2 . —2|A 2 2 Toax
—12% (1 ( v?) = 2e5 = 2| Apr(p)| )Aff(p)+ 292 Apr(p) f,;(p)
25 dey | V(A+2y2)2 —4B VA+2y2)2 —4B | 9dp,
1 1 [ (A+29y2) =262 . —2|Apr(p))? 22A Taax.(p)
__Z_+ ( N Y o — 2|1AFr(p) Apr(p)— Y Arr(p) ff*
25740 | V(A+2y2)? — 4B VA+2y2)2 —4B | 9dp,
i A+2y2)—2¢2 . —2|A 2 2 T o ax
iy L (1_( rh) =265, = 210 P)] )m( NPV O LT-VoAT)
24 4er | VA+2y2)?2 — 4B VA+2y22 —4B | 3dj,
1 il (A+2y?) =265  —2|As(p) 292A IEN
Y <1+ pf r Arr(p) — v Arr(p) F}:(P)
257 4ey | V((A+2y2)? — 48 VA+2y2)2 —4B | 9df,
-0, (Cla)
JE, 1
ad*Gs = —E(def + Aprdpr)
FF
1 1] (A4 2y2) —2¢2 —2|A ) 2y2A 1A% (p)
e <1 Y p.F Fr(p ) Ay(p) + Y~ Arr(p) i
257 de | V(A+2y2)? - 48 VA+2y2)? —4B | ddip
1 [ (A+2y%) =262, — 2| Apr(p)I? 2y2A 19A%.(p)
__Z_+ < n 14 o F — 2lApp(p)] Ay () — Y Arr(p) fip
25740 | VA+2y2)2 —4B VA+2y2)? —4B | ddip
[ A+2yY) =262 . —2|As1(p)? 2A . TaAx
_12% (1_( 1 VN )AFF(p) 28y ®) | 985@)
257 dey | V(A+2y?)? —48 V(A+2y2y —4B | ddrp
iy LT A2 2, 28000 2280 00
2574 | V(A+2y2)7 —4B VAT 2y 4B ddyy
—0, (C1b)
where
A% (p) AA%L . (p) A% (p) 0AL ()
fr _ ANq ok FF _ ANk ff _ ~ FF _ ANg
3 a7 PYio(P)Ay;, d a7, PYio(PIA", dr dr, PYio(P)A, dr. ar, PYo(P)App- (C2)
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The one-body mixing strength is related to the dimensionless
values given by m%g2 /ko and pp/po as

(C3)

2\ 1/2
r_ 2 LS ) " [en

Ey 76 \mpmy 00

For example, for the case of g = 0.010, since we consider the
case with the large bosonic condensate as % = 10-100 (e.g.,
Bose-polaron regime in Ref. [11]), the resulting y /E, reads

0.0075%50.021. (C4)

0

Figure 5 shows the superfluid order parameters |AF (p =
ko)| and |A'}‘}‘X(p = ko)| near the Feshbach resonance with
y/Ey = 0 and 0.01, respectively. The solutions are obtained
by using a method similar to that shown in Fig. 4. Since suffi-
ciently small g (weak coupling) is adopted in this work, which
also restricts the corresponding y to be small [Eq. (C4)], the
difference among the results with different y is not qual-
itatively significant. In addition, while nonzero y partially
modifies the magnitude of the pairing gaps, their qualitative
behaviors are similar to the results with y = 0. Thus we found

Y —
016 o

014
012}
010 f
0.08 [
0.06 |
004
0.02f

0_00'.|.|.|.|.|.|.|.|.
0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20 0.22 0.24

vF/EO

solid lines y=0
dashed lines y=0.01

(p=k,)| /E,

|Amax

FIG. 5. Pairing gaps AR (|p| = ko)/Eo and A;‘ﬁ"(|p| = ko)/Eo
as a function of 9r/Ey with y = 0 and 0.10, where 1/(v;k3) is taken
as —0.3. Here 2 is taken as 0.01.

that the crossover picture for atomic and molecular Fermi
superfluids is unchanged qualitatively by the one-body mixing
effect.
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