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Multiscale simulation of high-order harmonic generation: From microscopic to macroscopic
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We developed a theoretical method to study the high-order harmonic generation (HHG) from a gas target in an
intense laser pulse. We obtain the microscopic HHG by solving the time-dependent Schrödinger equation with a
single-active-electron approximation and the macroscopic HHG by summing over all the microscopic HHG with
phase matching and self-absorption in two scales. One is in the laser wavelength scale, within which the laser
peak intensity does not change while the propagation phase changes. Another is in the laser beam waist scale,
within which the laser intensity and Gouy phase shift change. Taking the Ar atom as an example, we calculate
the macroscopic HHG energy distribution and divergence. We also discuss the dependency of the macroscopic
HHG on the gas pressure and gas jet position.

DOI: 10.1103/PhysRevA.108.023118

I. INTRODUCTION

High-order harmonic generation (HHG), discovered in the
later 1980s [1], provides a way to generate a desktop x-ray
laser. The HHG has been studied extensively, from an at-
tosecond pulse train to a single attosecond pulse in the time
domain [2,3] and several tens of eV to several keV in the
energy domain [4,5]. The HHG can be controlled by two-color
pulses using linearly [6,7] or circularly polarized laser fields
[8]. Since the discovery of the vertex laser field or twisted
laser pulse [9–13], one can control the polarization and spatial
distribution of the HHG in the far field [14]. The HHG, or
attosecond pulses, can be used to probe electron dynamics in
femtosecond and even attosecond time scales [15–20].

To calculate the macroscopic HHG, one needs the mi-
croscopic HHG from individual atoms and the macroscopic
parameters, like laser intensity distribution and gas pres-
sure. The microscopic HHG, the single atomic response,
can be calculated by solving the time-dependent Schrödinger
equation (TDSE). Directly solving the TDSE for a many-
electron system is formidable work even for a supercomputer.
The best available method so far is the time-dependent
density-functional theory (TDDFT) [21], which considers
the electron-electron dynamical correlations [22–26]. The
TDDFT can be used to study the properties of the microscopic
HHG for a given laser pulse. It is difficult to use the method
for a macroscopic simulation since too many laser parameters
are involved.

Alternatively, the strong-field approximation (SFA) [27]
provides a simple way to estimate the microscopic HHG.
With the SFA, the electron parent-core interaction is ignored
and the electron wave function is described by an analytical
Volkov wave function [28]. With the analytical Volkov wave
function, the simulation is simplified greatly. The SFA can be
improved by using the Coulomb-Volkov wave function [29],
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in which the electron parent-core interaction is approximated
by a Coulomb interaction. The method is popularly used for
atomic above-the-threshold ionization [30,31]. Recently, the
partial-wave representation of the SFA method [32,33] has
been employed to include a better electron parent-core in-
teraction beyond the Coulomb interaction. The method can
also be applied to the HHG process. Based on the three-step
model [34], the last step, the radiative recombination, can be
further improved based on the quantitative rescattering theory
[35]. The HHG is emitted through a coherent process and the
relative phases play an important role. The SFA method relies
on the classical trajectories to get the phase or simply neglect
part of them [36]. For a single atom response, the Coulomb
phase could play an important role as shown in Ref. [37],
which is neglected in the SFA.

The atomic HHG can be calculated by solving the TDSE
[38] with the single-active-electron (SAE) approximation.
With a proper model potential, such a single-electron-like
simulation can provide all the HHG information, including
the phase at a single atom level. The method is affordable
computationally with the quantum phase information.

In principle, the macroscopic HHG is obtained by sum-
ming all the atomic dipoles with the proper propagation phase
and laser intensity spatial distribution. Directly summing all
the atomic dipoles is impossible since the atomic and macro-
scopic scales differ in several orders. One way is to use the
discrete dipole approximation [39,40]. Even in such a case,
one still needs the microscopic HHG at many laser intensi-
ties due to beam spatial distribution. Therefore, to calculate
the macroscopic HHG [12,40,41], in most cases, one has to
estimate the microscopic HHG.

Here we propose a procedure to calculate the macroscopic
HHG. We first calculate the atomic HHG in a broad laser
intensity range by solving the TDSE with an SAE approxi-
mation, in which the phases associated with the atomic HHG
are considered. Using this as a database, we take into ac-
count the propagation effect or phase matching in a multiscale
simulation. A fine grid with grid space is in the order of the
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FIG. 1. Setup of the coordinate system, gas jet position, and gas
thickness for macroscopic simulation, which mimics the experimen-
tal setup.

wavelength, and a coarse grid with grid space is in the order
of the laser beam waist, which is much larger than the wave-
length [42]. We will detail the formulas used in the simulation
and physical reasons for the choice in Sec. II, followed by
a discussion on the dependence of the macroscopic HHG on
the laser beam spatial distribution, gas density, and gas jet
position in Sec. III.

II. THEORETICAL METHOD

To generate HHG, one needs a laser beam and a working
material, atoms. Therefore, we first describe the laser beam,
then the atomic dipole generated in a strong field, and finally
the macroscopic HHG including the phase matching.

A. Laser beam

With the development of optical technology, optical
vertices or twisted laser beams have been available in labora-
tories. The spatial distribution of the beam can be described by
a Laguerre-Gaussian (LG) function in a cylindrical coordinate
as shown in Fig. 1. Here we assume that the laser propagates
along the z direction with focal point at the origin. The general
expression of the LG laser electric field [10,13,43,44] at a
position r = (z, r, φ) is

E(r) = E0S(r, z)ei�IR (r,z)+ilϕ, (1)

with

S(r, z) = W0

W (z)

( √
2r

W (z)

)|l|
L|l|

p

[
2r2

W 2(z)

]
e− r2

W 2 (z) , (2a)

�IR(r, z) = k
r2

2R(z)
+ �G(z). (2b)

Here l is the orbital angular momentum (OAM) of the LG
beam [11], p is the number of nodes in the radial direction, and
E0 and W0 are the electric-field vector and laser beam waist.
L|l|

p [x] is an associated Laguerre polynomial. We choose the
focal point as the origin and omit a factor used in Ref. [43].
Defining the Rayleigh range by the laser wavelength λ as

zr = π
W 2

0

λ
,

the quantities in Eq. (2) are expressed as

W (z) = W0

√
1 + z2/z2

r , (3a)

R(z) = z2 + z2
r

z
, (3b)

�G(z) = −(|l| + 2p + 1) arctan

(
z

zr

)
. (3c)

The laser intensity in Eq. (2a) changes over the space in the
order of W0, so as the IR laser phase in Eq. (2b). Including the
time propagation, the time-dependent local electric field at r
is written as

E(r, t ) = E0S(r, z) (4a)

× ei�IR (r,z)+ilϕ (4b)

× eikz−iω0t f
(

t − z

v

)
, (4c)

with v the velocity of light in the media and f (t ) the laser
pulse envelope. k and ω0 are the laser wave number and
frequency, respectively. The above equation is valid for a long
pulse which is the case of the present paper. For a short or
single-cycle pulse, the intensity space distribution depends on
the wavelength and we have to rewrite Eq. (4).

Three terms in Eq. (4) change differently in the different
scales. The local electric field in Eq. (4c) oscillates as a func-
tion of time, while it does not change in space if we consider
the retardation time t̃ = t − z/v. The position dependent peak
strength in Eq. (4a) and phase in Eq. (4b) change over the
space in the order of the beam waist, which is orders larger
[42] than the laser wavelength. The phase in Eq. (4b) is the
sum of the phase given in Eq. (2b) and the phase of OAM,
which can be treated analytically as shown in Eq. (17). We
also have to consider the phase associated with the laser and
HHG propagation, which is in the order of the laser wave-
length. Therefore, we calculate the macroscopic HHG from
three spatial scales: (1) atomic scale, in which we assume
that the laser peak strength is a constant and we calculate the
atomic HHG in dipole approximation without the propaga-
tion effect; (2) wavelength scale, in which we consider the
laser and HHG propagation effect while assuming that the
laser peak intensity and IR laser phase do not change; and (3)
laser beam waist scale, in which we consider the macroscopic
HHG emitted from different coarse grids including both laser
peak intensities and propagation effects. Although we dis-
cussed the LG beam, which is popularly used in strong fields,
the idea works for other types of beam so long as we know the
space and time-dependent electric field as shown in Eq. (4).

B. Microscopic HHG

The dynamics of atoms in a strong field can be studied by
solving the TDSE as (atomic units me = h̄ = e = 1 are used
throughout unless stated otherwise)

i
∂

∂t
ψ (t ) = H (t )ψ (t ), (5)

with

H (t ) = −∇2

2
+ V (r) − r · E(t ). (6)

The first term on the right-hand side of Eq. (6) is the kinetic
operator, the second term represents the electron parent-core
interaction, and the last term stands for the electron-laser
interaction with the dipole approximation. The electron
parent-core interaction is described by a model potential
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[45]. The equation is solved by a second-order split-operator
method with a generalized pseudospectral grid in differential
form [38]. Equation (5) can be solved in integral form [46] as

ψ (t ) = i
∫ t

0
e−i

∫ ∞
t ′ H (t ′′ )dt ′′

r · E(t ′)e−iεgt ′
ψgdt ′

+ e−iεgtψg, (7)

for a laser pulse from time t = 0 to ∞. Here ψg is the
ground-state wave function and εg is the corresponding or-
bital energy. The advantage of the integral form is that the
Hamiltonian H (t ) in the time propagation can be different
from the Hamiltonian of the ground state. Therefore, we can
calculate the atomic HHG under the SFA by setting V (r) = 0
in H (t ). We can also add the Coulomb correction to the SFA
(denoted by SFAc) by setting V (r) = −1/r and removing all
the bound states. Equation (7) essentially is the same as the
partial-wave representation of the SFA [32] in physics, but
treated in different numerical methods if we use the same
model potential. With the time-dependent wave function, the
time-dependent induced dipole is calculated as

d(t ) = 〈ψ (t )|d̂|ψ (t )〉, (8)

with d̂ the dipole operator, which can be in length, velocity, or
acceleration forms [47,48]. The Fourier transform of the in-
duced dipole, d(ω), provides the local atomic dipole at space
r as datm(r, ω) and it contains all the phases at a single-atom
level. The single-atom dipoles at different spaces correspond
to the different peak intensities with the same laser pulse and
center frequency. All the dipoles can be calculated in parallel
with a many-core workstation or many-node supercomputer.
Note that in the atomic HHG simulation, we only consider
laser intensities and time-dependent parts in Eq. (4c) without
the phase factor in Eq. (4b).

C. Macroscopic HHG

Additionally, the position dependent phase of the laser field
�IR(r, z) + lϕ multiplied by the harmonic order should be
added to the local atomic dipole. Thus, using the local electric
field in Eq. (4), the microscopic dipole is written as

d(r, ω) = datm(r, ω)ei�IR (r,z)ω/ω0+i[ω/ω0]lϕ. (9)

To calculate the macroscopic HHG, we have to consider prop-
agation. It takes time

t1 = 1

c

∫ z

za

n0(ω0, z)dz

for the laser pulse to reach the position r and time

t2 = 1

c

∫ zb

z
n(ω, z)dz + |rd − rb|

c

for the HHG to reach the detector in the far field at rd . Here
n0 and n are the refractive indices of the media for the lights
with frequencies of ω0 and ω, respectively, and rb is the right-
hand-side boundary of the media. Here we account for the
propagation phase from the left boundary of the media. The
propagation results in a phase

�p(r) = ω

ω0
k0(n0z + n|r − rb| + |rd − rb|).

In a far-field approximation when rd � r, |rd − r| ≈ rd − r̂d ·
r and the phase is recast as

�p(r) = ω

ω0
k0(n0z − nr̂d · r)

+ ω

ω0
k0[rd + (n − 1)r̂d · rb].

The last term is a constant and we remove the part and explic-
itly express the phase as

�p(r) = ω

ω0
k0[(n0 − n cos θd )z]

− ω

ω0
k0[r sin θd cos(ϕ − ϕd )],

with (θd , ϕd ) the direction of HHG in the far field. Assum-
ing that the IR intensities centered at r = (r, ϕ, z) within
dr, dz, and dϕ space are the same, the far-field HHG electric
field from the dipole emitter dD(r, ω) is

dE(r̂d , r, ω) = 1

|rd − r| {r̂d × [r̂d × dD(r, ω)]}

∝ {r̂d [r̂d · dD(r, ω)] − dD(r, ω)}, (10)

with dD(r, ω) the emitted dipole in the media within a volume
of rdrdzdϕ. To derive Eq. (10), we use the far-field approxi-
mation (rd � d) and add the propagation phase onto dD(r, ω)
in acceleration form. The total electric field in the far field in
the r̂ direction is

E(r̂d , ω) ∝ {r̂d [r̂d · D(r̂d , ω)] − D(r̂d , ω)}, (11)

with D(r̂d , ω) written as

D(r̂d , ω) =
∫

dD(r, ω) =
∫

datm(r, z, ω)natm(r, z) (12a)

× ei�IR (r,z) ω
ω0 e−(ω)(zb−z) (12b)

× ei�p(r)+i[ω/ω0]lϕrdrdzdϕ, (12c)

with natm the gas density. All phase factors, like atomic dipole,
laser phase including the OAM, and self-absorption, are in-
cluded in Eq. (12).

The above equation connects the microscopic HHG to the
observed macroscopic HHG. The macroscopic electric field
in far field is the sum or integral of all the microscopic dipole
emitters in Eq. (10). The sizes of microscopic and macro-
scopic differ in several orders. Now we look at the dipole field
in Eqs. (12a)–(12c). The first two terms in Eq. (12) change
over the space in the order of beam waist W0, and the phase in
Eq. (12c) changes over the space in the order of wavelength
λ. Since W0 � λ, we separate the above integral into two
domains, a fine grid with the integration over a cell in a coarse
grid.

In Eq. (12), we choose dr and dz in a fraction of the beam
waist and sum over all the cells, and the macroscopic dipole
is written as

D(r̂d , ω) =
∑

i j

datm(ri, z j, ω)natm(ri, z j ) (13a)

×ei�IR (ri,z j ) ω
ω0 e−(ω)(zb−z j ) (13b)

×FP(ri, z j, θd , ω), (13c)
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with

FP(ri, z j, θd , ω) =
∫

ei�p(r)+i[ω/ω0]lϕrdrdzdϕ. (14)

FP stands for the phase propagation within a �r and �z cell,
and we call it the fine grid integration. e−(ω)(zb−z) represents
the self-absorption of the HHG by the media.

The phase in Eq. (14) is explicitly written as

�p(r) +
[

ω

ω0

]
lϕ =

(
ω

ω0
k0z(n0 − n cos θd )

)

+
([

ω

ω0

]
lϕ − n

ω

ω0
k0r sin θd cos ϕ

)
. (15)

In Eq. (15), the phase in Fp is separated into two groups. One
is only a function of z (the first term on the left-hand side of
the equation), and another is a function of r and ϕ. Therefore
the three-dimensional integral in Eq. (14) is recast as a product
of one- and two-dimensional integrals as

FP(ri, z j, θd , ω) = F1(ri, θd , ω)F2(z j, θd , ω). (16)

We integrate over z from z j − �z/2 to z j + �z/2 as

F1(z j, θd , ω) =
∫ z+�z/2

z j−�z/2
ei ω

ω0
k0z(n0−n cos θd )dz

= sin x�z

x
ei2xz j

with

x = ω

2ω0
k0(n0 − n cos θd ).

For the second term in Eq. (15), we first integrate over ϕ

analytically as

FJ (r, θd , ω) =
∫ 2π

0
e

i
[

ω
ω0

]
lϕ−in ω

ω0
k0r sin θd cos ϕ

dϕ

= 2π i
[

ω
ω0

]
l
J[

ω
ω0

]
l

(
− ω

ω0
k0nr sin θd

)
, (17)

with [ω/ω0] the integer close to the value of ω/ω0 and J the
first kind of Bessel function. The fine grid integration over r
from ri − �r/2 to ri + �r/2 is expressed as

F2(ri, θd , ω) =
∫ ri+�r/2

ri−�r/2
FJ (r, θd , ω)rdr. (18)

F2 is calculated numerically using a Gaussian-Laguerre in-
tegration, while F1 is calculated analytically. F1 and F2 can
be calculated separately so the three-dimensional integral re-
duces to just a one-dimensional integration since we assume
that the laser beam is of cylindrical symmetry. Here we
chose the observation direction at θd , ϕd = 0 without loss of
generality.

In the phase matching, we need the refractive indices
(n0, n) and the absorption coefficient . The refractive index
can be expressed as

n(ω) = 1 + 2πα(ω)natm − 2πnatm
Pion

ω2
. (19)

The equation is valid for a lower gas density and lower IR
intensity (<1015W/cm2) as shown in the experiments [49,50].

TABLE I. Polarizabilities at λ = 1030 nm for Ar, Kr, and Xe
atoms used in this paper and the results of the RRPA method.

Methods Ar Kr Xe

This paper 11.14 16.71 27.24
RRPA [55] 10.77 16.47 26.97
Expt. [56] 10.5 16.1 26.2

The last term stands for plasma effect due to the ionization of
atoms with ionization probability Pion, which is obtained when
solving Eq. (5). (ω) is the self-absorption coefficient, which
relates to the photoabsorption cross section σ (ω) as

(ω) = 1
2σ (ω)natm. (20)

The refractive index can be either found in literature or ob-
tained by simulation.

We use α(ω) and σ (ω) calculated by the linear-response
density-functional theory with self-interaction correction [51].
The calculated cross sections are in good agreement with the
experiments [52–54] for several noble gases.

To check the liability of the calculated polarizabilities by
the method, we compare the polarizabilities α(ω) of Ar, Kr,
and Xe atoms by the method and by the relativistic random-
phase approximation (RRPA), and the results are listed in
Table I. The RRPA results [55] were calculated at zero fre-
quency and the experimental data were obtained from the
refractive database [56]. The simulations reasonably agree
with the experiment. Therefore, we use the refractive indices
and absorption coefficients calculated by Ref. [51] in this
paper. We can also apply the method to other atoms.

III. RESULTS AND DISCUSSION

Since the HHG from Ar atoms has been reported recently
[6,7], we use Ar as an example and choose the laser pa-
rameters close to the experiments. The parameters are the
wavelength λ = 1030 nm, pulse duration τ = 35 fs, and laser
peak intensity I = 2 × 1014 W/cm2 unless stated otherwise.

To obtain the macroscopic HHG, we first calculate the
microscopic HHG at different laser intensities. Figure 2 shows
the atomic HHG yield (|d (ω)|2) of Ar atoms for intensities
up to 2.5 × 1014 W/cm2. d (ω) is the Fourier transform of the
dipole [Eq. (8)] in acceleration form. We also show the atomic
HHGs calculated with SFA as shown in Fig. 2(b) and SFA
with the Coulomb correction in Fig. 2(c). The SFA fails to
describe the HHG in the lower IR intensity and the low-order
HHG. Figure 2(b) shows that the SFA works well for the HHG
near the cutoff for the IR intensity higher than 1014W/cm2.
It can be understood that the SFA is valid for the tunneling
ionization so it is not a surprise that it does not work well
for a lower IR intensity. The HHG is generated when the
electron returns to the parent-core so neglecting the Coulomb
interaction will reduce the returning probability significantly,
especially for low-energy electrons. This explains why the
lower-order HHG yield is suppressed even for a higher IR
intensity. For a high-energy electron, the Coulomb interaction
is less important. To confirm the argument, we also calculate
the HHG by adding the Coulomb correction [37] to the SFA
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FIG. 2. Ar atomic HHG in strong laser fields with intensities up
to 2.5 × 1014 W/cm2 calculated by TDSE with (a) SAE approxima-
tion, (b) SFA, and (c) SFAc [37]. Photoionization cross sections (in
the unit of 0.1 Mb) calculated with SAE using the model potential
(solid line) and by linear-response theory [51] (dashed line) are also
plotted in (a).

denoted as SFAc in Fig. 2(c). Indeed, with the Coulomb cor-
rection, the calculated HHG has been improved significantly,
especially for the low-order HHG. The cutoffs of the HHG
in the three calculations are in reasonable agreement in a
broader intensity region. In Fig. 2(a), the atomic HHG has a
dip structure around a harmonic order of 30, lower than the
cooper-minimum position [52,57] observed in the experiment
[6]. The dip does not show up in the SFA or SFAc simulation.
Based on the quantitative rescattering theory [35], the dip is
associated with the photoionization process. To check it, we
also plot the photoionization cross sections calculated using
the SAE with the model potential used to solve the TDSE
(solid curve) and the one calculated by linear-response theory
[51] (dashed curve) in Fig. 2(a). Indeed, the minimum of the
photoionization cross section from SAE is close to the 35th
HHG where the dip structures appear in the HHG obtained
by TDSE with SAE. Considering the linear response, the
minimum shifts to high energy at the 41st HHG which is close
to the Cooper-minimum position. This explains why there is
a valley around the 35th HHG in Fig. 2(a). We see clear HHG
peaks near the cutoff and no clear peaks in the plateau regime.

The atomic HHG is emitted at every microscopic position,
and the macroscopic HHG is the superposition of the mi-
croscopic HHG with the phase matching in Eq. (12). In the
macroscopic HHG, we assume that the laser propagates along
the z direction with the focus point at the origin, with beam

FIG. 3. Divergence of far-field HHG of Ar atoms in the strong
laser field with a peak intensity of 2.0 × 1014 W/cm2. The gas jet
is located at the focal plane with gas pressure of 3.5 mbars and
thickness of 1 mm using different microscopic HHGs from (a) SAE,
(b) SFA, and (c) SFAc [37] in a LG00 beam as shown in Fig. 2.

waist W0 = 50 μm. The media from the gas jet are on the xy
plane with thickness d = 1 mm and the center of the plane is
at z0. The peak laser intensity 2 × 1014 W/cm2 is picked up at
the position where S(r, z) in Eq. (2a) reaches its maximum. In
the following, we investigate how the macroscopic HHG yield
depends on the gas pressure and center position z0.

First, we will check how the microscopic HHG affects
the macroscopic HHG if we use different microscopic HHGs
shown in Fig. 2. Figure 3 shows the divergence of the far-
field HHG obtained with the same phase-matching procedure
using different microscopic HHGs with the LG00 beam (l =
0, p = 0). The plotted macroscopic HHG is proportional to
|E(θd , ω)|2 in Eq. (11). The global patterns of the macro-
scopic HHG are similar to each other in that there is a broader
divergence about 10 mrad and strong narrow HHG peaks
around θd ≈ 0. There is a node structure starting from the
HHG order of n = 40. The global patterns, which originated
from Eqs. (13b) and (13c), are essentially the same for the
three simulations. The main differences of the three simula-
tions are the HHG strengths, which originated from Eq. (13a).
These observations can be explained as that the global pattern
is decided by the experimental setup and phase matching, so
the pattern is insensitive to the microscopic HHG. The HHG
strengths depend on the microscopic HHG, and it may differ
in orders from different microscopic HHGs. We conclude that
the SFA can provide a qualitative macroscopic HHG, not a
quantitative one.

Now, let us study the dependency of the macroscopic HHG
on the different laser beam with the same IR intensity and
the microscopic HHG. Figure 4 shows the macroscopic HHG
for (a) a Gaussian beam or LG00 and (b) an LG10 beam
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FIG. 4. Divergence of far-field HHG of Ar atoms in the strong
laser field for (a) LG00 and (b) LG10 beams. All the other macro-
scopic parameters are the same as the ones used in Fig. 3.

(l = 1, p = 0). For the LG10 beam, due to an additional
OAM, the HHG at the center (θd = 0) is zero. We see again
that the general pattern of the macroscopic HHG is decided
by the phase matching and the laser beam space distribu-
tion. Therefore, one can control the global pattern of the
far-field HHG by steering the laser space distribution. For an
LG10 laser beam, the HHG forms a scissor structure. The
calculated divergences are in reasonable agreement with the
experiment [7].

If we integrate over the divergence θd , we get the total
emission yields (

∫
(|E (θd , ω)|2)dθd ) as shown in Fig. 5. The

atomic HHG is also plotted in the figure for comparison. For
the single atom HHG, There are no clear harmonic structures
before the cutoff. After the phase matching, clear peaks are
observed for the LG00 and LG10 beams. For the lower-order
HHGs below n < 30, the harmonic yield of LG00 is larger
than the LG10. In the plateau region the HHG yield of LG10

FIG. 5. Far-field HHG yields of Ar atoms in LG00 and LG10
laser beams and atomic HHG. The laser parameters are the same as
in Fig. 3. The HHG from LG10 is downshifted four orders for easy
comparison.

FIG. 6. Divergence of far-field HHG of Ar atoms in a strong laser
field at (a) z0 = −3 mm and (b) z0 = 3 mm for the LG00 beam. The
laser parameters are the same as in Fig. 3.

is larger than the LG00. The phase matching makes the macro-
scopic HHG sharper than the atomic HHG in general.

Although we marked the HHG yield in arbitrary units, the
absolute values in Fig. 5 are still meaningful. The HHG from
each atom is very small, many orders smaller than the macro-
scopic HHG. The macroscopic HHG is still strong enough for
practical use.

The macroscopic HHG also depends on the gas density
and gas jet position. The laser intensities on the planes at
z0 and −z0 are the same due to the reflection symmetry of
the LG beam, while the HHGs from the gas jet centered
at z0 and −z0 are not symmetric since the phase matching
breaks the symmetry. Figure 6 shows the divergence of the
HHG from LG00 when the center of the gas jet is at z0 = −3
and 3 mm. For z0 = −3 mm, the higher-order harmonics are
mainly generated at the forward side of the gas jet since the
laser intensity is higher when the gas is close to the focal
point as shown in Fig. 1. The higher HHGs are not dispersed
further by the media, and their divergences are narrow. For
z0 = 3 mm, the higher-order harmonics are generated at the
back side of the gas jet. They are dispersed further by the
media, and the divergences are broader.

We can tune the gas pressure and gas jet position to op-
timize the HHG yields. Figure 7 shows the HHG yield as a
function of the gas jet position and gas pressure for the 15th
and 63rd HHGs. We choose the two because the 63rd HHG
stands for the HHG near the cutoff and the 15th HHG stands
for the HHG near the ionization threshold. If the gas pressure
is too low, there are not enough atoms to generate HHGs,
so the macroscopic HHG yield is low. If the gas pressure is
too high, self-absorption can reduce the yield. There must
be an optimal condition at which the HHG yield reaches its
maximum. In Fig. 7, we see that the highest yield for the 15th
HHG appears at P = 11 mbars, z0 = 0.8 mm. There are long
tails at both z0 = −3 and 3 mm.

For the 63rd HHG, the structure is more complex. If we
pick up one gas jet position, namely, z0 = 0, we see that
the yield increases as the pressure increases at first, then
the yield decreases as the pressure increases further. Such
structure repeats as we increase the pressure continuously.
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FIG. 7. Position and pressure dependency of the far-field HHG
of Ar atoms in the strong LG00 laser field for (a) the 15th HHG and
(b) the 63rd HHG.

The HHG yields oscillate as a function of the gas pressure.
This has been observed in experiments [58,59] and attributed
to the phase matching. For a given laser pulse, we can still
tune the macroscopic HHG by varying the gas jet position.
If the gas jet is located after the focal point, one can select
the long trajectory [60–62]. For the present case, the strongest
63rd HHG appears at P = 18 mbars, z0 = 1.8 mm. Indeed,
the optimal condition depends on which HHG one wants to
enhance.

In summary, we proposed a method to calculate the macro-
scopic high-order harmonic generation. The key steps are
that we calculate the atomic HHG by directly solving the
time-dependent Schrödinger equation. All the atomic phases
are included without using classical trajectories. The phase
matching is carried out on the nested fine and coarse grids
based on physical considerations. Within the fine grid, we
assume that the IR intensity does not change, and the phase
associated with the propagation changes. In such a way,
we calculate the macroscopic over the coarse grid with the
different IR intensities and the propagation effect. Our cal-
culated divergences of the HHG beam are in reasonable
agreement with the recent experiments. Furthermore, we can
tune the gas jet position and pressure to optimize a speci-
fied HHG on the macroscopic level. The method can also
be used to study the HHG from multijet arrays [63]. The
atomic HHG can be improved by considering electron dynam-
ical correlation with the time-dependent density-functional
theory [21,23,64].
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