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Determination of ionic polarizability by nonsequential double ionization
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We report on a theoretical study of nonsequential double ionization (NSDI) of magnesium atoms by circularly
polarized intense laser pulses. We introduce a concise model considering the laser-induced dynamic core
polarization, which is an often overlooked effect in understanding strong-field double ionization. By tracing
back the electron trajectories, we demonstrate how the ionic response to the instantaneous laser field enhances
the NSDI probability, which plays a crucial role in circular polarization. Furthermore, we propose a method to
extract the ionic polarizability from the ratio of double to single ionization. This scheme can be applied to other
polar targets and serves as a potential way to probe nonequilibrium states of strongly driven systems on the
subfemtosecond timescale.
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I. INTRODUCTION

Electron correlation plays an important role in many fun-
damental processes in light-driven atomic and molecular
systems. The development in ultrafast laser technology has
provided a valuable means to study and control electron cor-
relation with unprecedented spatial and temporal resolution.
One intriguing example is the correlated emission of two elec-
trons from atoms and molecules irradiated by femtosecond
intense laser fields, coined as nonsequential double ionization
(NSDI). Since its discovery, NSDI has attracted tremendous
attention [1,2]. This phenomenon shows a characteristic knee
structure, known as a dramatic enhancement in the double ion
yield versus intensity curve, which is much larger than the
prediction of the sequential tunneling theory [3]. Nowadays,
it is commonly accepted that the mechanism of NSDI can
be understood within the quasiclassical recollision model [4].
In this model, first the outmost electron tunnels through the
distorted Coulomb potential barrier suppressed by the intense
laser field; then, the freed electron is accelerated by the os-
cillating laser field; finally, when the laser field changes its
sign, the electron may return to the parent ion core, where
it can ionize another electron via inelastic scattering. This
physical picture has also been successfully applied to many
other strong-field ionization phenomena such as high-order-
harmonic generation [5] and above-threshold ionization [6].
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According to the recollision picture, NSDI probability will
be significantly suppressed in circularly polarized (CP) fields.
This is because a transverse drift velocity, resulting from the
additional transverse electric field component of the laser
light, can make the freed electron spiral away from the core,
which suppresses the recollision and thus NSDI yield. Earlier
experiments on strong-field double ionization of the noble
gas atoms have confirmed this view. For example, the knee
structure disappears when using CP laser pulses for He [7] and
Ar [8]. However, later experiments on NO, O2 molecules [8],
and Mg atoms [9] discovered unexpected knee structure in the
ion yield curve for double ionization with CP light.

As a nearly ideal two-electron system with various doubly
excited states exhibiting a high degree of electron correlation,
Mg has been widely used to study the interesting feature
of NSDI. Recently, a number of classical or semiclassical
simulations revealed that recollision is still responsible for the
surprising knee structure, i.e., NSDI with circular polarization
for Mg [10–13]. It was shown that the recollision probability
crucially depends on the initial transverse velocity of the tun-
neled electron and the atomic species [12]. Experimentally,
it has been identified that the NSDI of Mg mainly occurs
via the ionic excited state Mg+∗(3p 2P3/2,1/2) pumped by the
returning electron, while the direct ionization channel induced
by recollision plays a negligible role [14].

Although the previous works have been continuously ad-
vancing our understanding of NSDI [10–13], there is seldom
study focused on the influence of the remaining electrons’
motion on NSDI right after tunneling of the first electron.
Since such motion is closely related to the dipole potential in
the laser fields, it can be used to examine the multielectron
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FIG. 1. The diagram of a recollision-induced ESI channel lead-
ing to Mg2+.

effects. Because Mg+ has a large static polarizability and
the remaining electrons can be easily influenced by the laser
light, Mg has been regarded as an appropriate system aiming
at studying the role of the ionic core polarization in strong-
field ionization. Shvetsov-Shilovski et al. investigated the
role of the laser-induced dipole potential in the formation of
the photoelectron momentum distributions with a wide range
of laser intensities and wavelengths in elliptically polarized
fields [15]. In Ref. [16], it has been shown that the ionic core
polarization affects the recolliding electrons during the pho-
toionization process and clearly enhances the relative yields
of the low-energy structure and very low-energy structure.
It is well known that NSDI is closely related to the energy
and momentum distributions of the returning electrons [14].
However, whether and how the laser-induced dipole potential
influences NSDI is unclear.

In this paper, we present a detailed investigation of the
effects of the laser-induced dipole potential on the NSDI of
Mg by CP light. We perform a three-dimensional (3D) Monte
Carlo model simulation including the dynamic dipole poten-
tial. Our analysis of the electron trajectories reveals that the
dipole potential focuses the recolliding electrons and thus en-
hances the double ionization yields. Additionally, we propose
a method allowing us to extract the static polarizability of the
Mg+ ion from the ratios of Mg2+/Mg+.

This paper is organized as follows. The theoretical model
is presented in Sec. II. In Sec. III, we display and discuss the
results, and the conclusions are shown in Sec. IV.

II. THEORETICAL MODEL

In the spirit of the recollision picture, the returning electron
can induce an impact direct ionization, i.e., (e, 2e) process
or an excitation with subsequent ionization (ESI) [17–20].
For the latter, the excited electrons are assumed to be sub-
sequently ionized by the remaining laser field [21,22], as
shown in Fig. 1. It has been shown that the ionic excited
state Mg+∗(3p 2P3/2,1/2) induced by recollision mainly con-
tributes to the NSDI of Mg, while the (e, 2e) pathway plays
a minor role [14]. Following that finding, in this paper we
mainly consider the contribution of the ESI channel via the
Mg+∗(3p 2P3/2,1/2) state. In our model, the NSDI ratio is
proportional to the effective energy-averaged cross section,

which can be expressed as

R =
∫

dEretσ (Eret )Wret (Eret )Pexc∫
dEsiWd (Esi )

, (1)

where Eret and Esi are the energy of the returning electron
and of the directly ionized electron that accounts for the
single ionization event, for the numerator and denomina-
tor, respectively; σ (Eret ) is the field-free impact excitation
cross section obtained from the previous experiments on
Mg [23,24], Wret (Eret ) is the returning energy distribution,
Pexc is the instantaneous Ammosov-Delone-Krainov (ADK)
ionization probability of the ionic excited state, and Wd (Esi )
denotes the energy distribution of the directly ionized elec-
trons that account for the single ionization events. Here we
consider that the ionization of the second electron mainly
occurs within the half cycle after recollision. In this model,
the ionization probability of the ionic excited state is given by

Pexc = IpexeC
2
n∗l

(2l + 1)(l + |m|)!
2|m|(|m|)!(l − |m|)!

(
2(2Ipexe)

3
2

|F |

)2n∗−1

× ∗ exp[−2(2Ipexe)
3
2 /3|F |], (2)

where Ipexe represents the ionization potential of the ionic
excited state, C2

n∗l can be calculated by ( 2e
n∗ )n∗ 1√

2πn∗ with the
e constant and the effective principal quantum number. n∗ =
1/

√
2Ipexe, and l and m are the orbital angular momentum and

the magnetic quantum numbers, respectively.
Next, we resort to a 3D Monte Carlo model simulation to

obtain Wret (Eret ) and Wd (Esi ). The electron trajectories at each
time step during the laser pulse are determined by the classical
Newtonian equation of motion,

d2r
dt2

= −F(t ) − ∇V (r, t ). (3)

Here we consider the following CP electric field in the
(x, z) plane:

F(t ) = a(t )F0[sin(ωt )ex + cos(ωt )ez], (4)

with the amplitude F0 and the laser frequency ω. The envelope
function a(t ) is a constant equal to 1 for the first 11 cycles
(700 nm) or 10 cycles (800 nm) and is reduced to 0 with a
three-cycle ramp in the form of cos2, corresponding to a pulse
duration of 30 fs for both wavelengths. When including the
polarization effect, the ionic potential has the following form:

V (r, t ) = −1/r − αI F(t) · r/r3, (5)

where αI is the static polarizability of the singly charged ion.
The second term denotes the induced dipole potential. For
r → 0, we set a cutoff at a point where the laser field can
be counteracted by the core polarization [14,25]. The cutoff
point rc is solved by αI F (t )/r2

c − rcF (t ) = 0, which reduces
to rc = α

1/3
I . As r � rc, the polarization effects will no longer

have an influence on the electron because of the shielding of
the ionic system. Therefore, it is necessary to take into account
this cutoff point in the calculation.

Based on the tunneling ionization theory [26], one can
obtain the initial conditions including the initial position and
velocity of the electron trajectory to solve Eq. (3). With a
similar method as used in Refs. [27,28], in our calculation
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for a CP field, we first calculate the initial conditions in
the rotated coordinate and then project them to the original
coordinate. At each tunneling instant t0, the z axis is ro-
tated to be along the instantaneous electric field direction.
For the initial position in the rotated coordinate, the coordi-
nates are x′

0 = y′
0 = 0 and z′

0 = −Ip/F (t0) [29,30], where Ip =
Ip(0) + 1/2(αN − αI )F 2

0 denotes the Stark-shifted ionization
potential, with Ip(0) the field-free ionization potential and αN

the static polarizability of the atom. Correspondingly, in the
original coordinate, the initial positions of the tunnel ionized
electron are x0 = Ip/F (t0) sin{arctan[tan(ωt0)]}, y0 = 0, and
z0 = Ip/F (t0) cos{arctan[tan(ωt0)]}. In addition, for the ini-
tial velocity in the rotated coordinate, the tunneled electron
has a zero longitudinal velocity and a nonzero velocity υ⊥
having a Gaussian distribution in the perpendicular direction
of the laser polarization z′ axis. Correspondingly, the initial
velocities in the rotated coordinate are v′

x0 = υ⊥cosθ , v′
y0 =

υ⊥sinθ , and v′
z0 = 0, where θ is the angle between υ⊥ and the

transverse direction of the polarization plane, i.e., the x′ axis.
Thus, in the original coordinate, the corresponding veloci-
ties of the electron are vx0 = υ⊥ cos θ cos{arctan[tan(ωt0)]},
vy0 = υ⊥sinθ , and vz0 = −υ⊥ cos θ sin{arctan[tan(ωt0)]}. For
each tunneling trajectory, the rate is given by the ADK
formula [26,31,32].

For a particular intensity I , an ensemble of 106 trajectories
is randomly distributed in the time interval −π/2 � ωt �
π/2 for a Mg atom, Ip(0) = 0.2811 a.u. (7.646 eV). To get
Wret (Eret ), we collect the recollision trajectories and calculate
the impact energies. Here, we define the recollision as an
event in which the distance between the electron and the
core is less than the tunneling exit point after 0.7 T from
the tunneling instant [33]. Wd (Esi ) can be obtained by picking
the directly ionized electron trajectories. Finally, by summing
up these trajectories, the NSDI ratio can be obtained according
to Eq. (1).

In the model calculations, the static polarizabilities of the
Mg atom and the Mg+ ion are 71.33 and 35.00 a.u. [15],
respectively. The cutoff point rc is determined to be 3.27 a.u.

III. RESULTS AND DISCUSSION

As shown in Fig. 2(a), the simulation with inclusion of
the dipole potential at 800 nm is in good agreement with
the experimental data from Ref. [9]. For intensities above
∼3 × 1013 W/cm2, the calculations are smaller than the ex-
perimental data. This is because sequential double ionization
dominates at such intensities, which is beyond the applicable
range of our model. To make a more direct comparison be-
tween the theoretical calculations and experiments, the laser
pulse width for the simulation is 120 fs, which is the same as
used in Ref. [9]. In Fig. 2(b), our model simulation also repro-
duces the ellipticity dependence of the ratio of Mg2+/Mg+

at 1.5 × 1013 W/cm2, which coincides with the conclusion
of Ref. [9] that the ratio becomes higher as the ellipticity
is closer to 0. For the intensities studied here, the Keldysh
parameter ranges from about 1.5 to 2.1, indicating that we
are working in the transition region between the tunneling
ionization and multiphoton ionization mechanisms. In this
region, the ADK simulation is found to be in good agreement
with the experimental ionization probability of Mg [34].

FIG. 2. (a) The ratio of Mg2+/Mg+ vs laser intensity for 120 fs,
800 nm pulses. Experimental data are from Ref. [9]. The intensity has
been divided by 1.3 for the simulation, considering the experimental
uncertainty of the intensity calibration. (b) Ellipticity dependence of
the ratios of Mg2+/Mg+ at 1.5 × 1013 W/cm2.

Figure 3 shows the ratios of Mg2+/Mg+ as functions of
laser intensity with and without the dipole potential included.
We also calculate the NSDI ratios of 700 nm for compari-
son, which are significantly larger than the ones for 800 nm.
Furthermore, for each wavelength, one can find that the sim-
ulation without inclusion of the dipole potential becomes
smaller and smaller than that considering the dipole potential
with increasing intensity. This indicates that the dipole po-
tential plays a key role in the NSDI of Mg in CP fields. For
higher intensities, the calculation decreases with increasing
intensity for each wavelength. This is because the electron can
be steered away from the core more easily at high intensities,
prohibiting the recollision and NSDI.

To explain the much higher NSDI probability at 700 nm,
we compare the initial transverse velocity υx (along the x axis
here) and corresponding returning energy distributions of the
recollision events for both wavelengths at 3 × 1013 W/cm2,

FIG. 3. The ratio of Mg2+/Mg+ vs laser intensity for 700 and
800 nm. The pulse width is 30 fs for both wavelengths.
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FIG. 4. (a) The initial transverse velocity and (b) corresponding
returning energy distributions of the recollision trajectories leading to
NSDI, for 700 nm (black lines) with the dipole potential included and
800 nm with (red lines) and without (green lines) the dipole potential
included at 3 × 1013 W/cm2. Without loss of generality, here we
consider that the electron tunnels through the distorted Coulomb
potential barrier when the instantaneous field direction is along the x
axis, with a drift velocity υd along the x axis, as shown in the inset of
(a). The excitation cross sections used in our model simulations are
shown in (b) for reference. The diamonds are the experimental data
extracted from [23,24] and the line connects the diamonds.

as shown in Fig. 4. The main peak of the υx distribution
for 700 nm shifts towards the smaller momentum region,
with considerably higher rate than the result for 800 nm.
This behavior can be understood as follows. In CP fields, the
electron tunneling through the distorted Coulomb potential
barrier obtains a drift velocity υd = −F0/ω. Neglecting the
possible tunneling delay time, such velocity is perpendicular
to the instantaneous field direction and steers the electron
away from the core. In order to trigger efficient recollision,
the electron requires an appropriate initial transverse velocity
to compensate for the drift velocity, as depicted in the inset
of Fig. 4(a). For 700 nm, the required υx is smaller, as the
drift velocity is smaller, leading to a much higher tunneling
rate due to its exponential scale with the initial transverse
velocity [26]. In our model, the NSDI of Mg occurs mainly
via recollision-induced ESI. Therefore, the NSDI probability
is closely related to the returning energy distribution which
depends on the wavelength sensitively [14]. In Fig. 4(b), al-
though the corresponding excitation cross sections are around
two times smaller for 700 nm, the weight of the returning
electron distribution is much higher, resulting in larger NSDI
yields as compared with the 800 nm case.

In order to understand how the dipole potential enhances
the NSDI probability, we compare the υx distributions with
and without the dipole potential included for 800 nm, shown
in Fig. 4. The calculations at 700 nm show similar behav-
iors. When the dipole potential is considered, the required
υx becomes smaller [Fig. 4(a)] due to the influence of the
dipole potential on the recolliding trajectories, as we will
discuss later; in addition, the returning energy distribution
shifts towards the smaller side [Fig. 4(b)] because the induced
dipole force counteracts the electric field force, reducing the
amount of kinetic energy acquired by the electron from the
laser field [35]. Similar to the above discussion, when con-
sidering the dipole potential in the calculation, the rate of the

FIG. 5. Characteristic electron trajectories in the laser polar-
ization plane at 3 × 1013 W/cm2 for 800 nm. Here the electron
tunneling occurs when the laser field is along the z axis, as depicted in
the inset of Fig. 4(a). (a) The red line shows the recollision trajectory
with the initial transverse momentum υx = 0.36 a.u. when the dipole
potential is included. For comparison purpose, we present the green
line showing the trajectory with the same initial conditions, but
ignoring the dipole potential. (b) Same as (a), but for υx = 0.38 a.u.

The black globe indicates the core and the dots mark the instants
around 0.5, 0.75, and 1.0 T after tunneling for every trajectory. The
stars mark the instants when the electron is closest to the core for
the recollision trajectories. The arrows represent the induced dipole
forces, with the scale and direction showing the magnitude (rela-
tively) and direction of the force at different times along the x axis,
respectively.

returning electron distribution will be significantly larger due
to the smaller υx, giving rise to the considerably higher NSDI
ratio.

To offer an intuitive insight into the dipole potential effect,
we display two recollision trajectories with time evolution of
the induced dipole forces along the x direction (the transverse
dimension) in Figs. 5(a) and 5(b). By excluding the dipole
potential but with the same initial conditions, it is clearly seen
that the electron will be pulled away by the laser field and miss
the core, in contrast to the electron trajectory including the
dipole potential. This can be attributed to the induced dipole
forces attracting the electron along the transverse direction,
as indicated by the arrows in Fig. 5. Therefore, considering
the attraction of the dynamic dipole potential, the electron
will revisit the core more easily, implying that the required
υx becomes smaller, as shown in Fig. 4(a).

Furthermore, the enhancement of the recollision prob-
ability by the dipole potential can be highlighted via the
distributions of the distance between the returning electron
and the core, and the ratios of the returning electron weight
with and without the dipole potential considered, shown in
Fig. 6. It is obvious that there are more returning electrons
when the dipole potential is considered [Figs. 6(a) and 6(b)].
The ratio in Fig. 6(c) always remains higher than 1 since
the returning electrons focused by the dipole potential re-
quire smaller υx to revisit the core, which is consistent with
Fig. 4(a). In addition, this ratio increases as the intensity
increases because of the strong dependence of the polarization
effect on the intensity [Eq. (5)].
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FIG. 6. The distributions of the distance between the returning
electron and the core in the first 10 laser cycles at 3 × 1013 W/cm2,
(a) with and (b) without inclusion of the dipole potential. The color
scales are the same here. The red lines mark the demarcation of
whether the recollision occurs. (c) The ratio between the returning
electron weight with and without the dipole potential included vs
intensity. The calculation is made with an ensemble of 40 000 trajec-
tories for each panel at 800 nm.

From the above discussion, it is clear that the polarization
effects play a prominent role in the recollision-induced double
ionization of Mg in CP fields. In turn, we propose a method
allowing one to extract the static polarizability of the Mg+

ion from the ratios of Mg2+/Mg+. The procedure is described
in detail as follows. First, to isolate the polarization effects,
we present a “ratio of the ratio,” as given by Ri = Bi/Ai,
where Ai is the ith point of the calculated ratios of Mg2+/Mg+

with the dipole potential included in the intensity range where
NSDI dominates, and Bi is the corresponding calculated ra-
tios obtained from the Monte Carlo simulation ignoring the
dipole potential and the Stark shift of the ground state. Both
terms are the ones involving αI in our model. Therefore,
the static polarizability of the Mg+ ion is closely related to
Ri. Neglecting the dipole potential and the Stark shift of the
ground state, the ratio of Mg2+/Mg+ can be approximately

expressed as (2Ip(0))1/4

5
√

π

√
F0

ω
exp[−√

2Ip(0)υ2
c /F0] [12], where υc

is the critical velocity. As the initial transverse momentum υx

is above υc, the tunneled electron can overcome the potential
hump and effectively trigger NSDI. In the quasistatic limit,
we consider ω → 0 and obtain υc ≈ F0/ω [12]. As shown in
Fig. 4, the dipole potential makes the required υx smaller for
the returning electrons; correspondingly, υc is also smaller.
Therefore, when considering the dipole effects, the ratio of

Mg2+/Mg+ is given by (2Ip)1/4

5
√

π

√
F0

ω
exp[−√

2Ip(υc − υ f )2/F0]

with Ip = Ip(0) + 1/2(αN − αI )F 2
0 . The offset momentum re-

sulting from the induced dipole force is υ f ≈ 2αI F0
ω|Z0|3 (see the

FIG. 7. [(a),(c)] The values of S corresponding to different αI

for 800 and 700 nm, respectively. [(b),(d)] The comparison between
Ri = Bi/Ai (black point) and the numerical simulation of Eq. (6)
(red line) with αI = 32.64 a.u. and αI = 34.49 a.u. for 800 nm and
700 nm, respectively.

Appendix), where Z0 = Ip/F0. We then calculate the result of
the following equation:

f (αI ) =
(

Ip

Ip(0)

)1/4

exp

[√
2Ip(υc − υ f )2 − √

2Ip(0)υ2
c

F0

]
.

(6)

Using this equation and the known αN , we can extract the
value of αI from the simulation of the NSDI ratio. To this end,
we get a series of αI to reproduce Ri by Eq. (6). To estimate
the accuracy of αI , we introduce a formula S = 1

N

∑
i | [Ri −

f (αI )i]/[Ri + f (αI )i] |, with N the total number of the points
used. For each αI , the corresponding S has different values.
For the minimum value of S, we determine the optimized
value of αI .

In the calculations, αI are uniformly distributed in the in-
terval (20, 50 a.u.) with the adjacent separation � = 0.01 a.u.

We present the corresponding S for different αI in Figs. 7(a)
and 7(c). It is obvious that S achieves its minimum for αI =
32.64 a.u. (800 nm) or αI = 34.49 a.u. (700 nm), which is
very close to the theoretical value of 35.00 a.u. In Figs. 7(b)
and 7(d), we exhibit the comparison between Ri = Bi/Ai and
the result of Eq. (6) with αI = 32.64 a.u. and αI = 34.49 a.u.

for 800 nm and 700 nm, respectively, which satisfactorily
reproduce the features of Ri in the chosen intensity range.
Because of the applicable range of the Monte Carlo model,
the highest intensity in the calculation is limited to ∼4 ×
1013 W/cm2. Since the NSDI ratio can be measured with
a high precision, the method present here can be applied to
extract αI accurately by comparing the experiments with the
calculations without dipole potential in the future.

Based on Eq. (5), the polarization effects can be selectively
enhanced or weakened by adjusting the laser intensity [16].
Here, we present another effective approach to manipulate
the induced dipole force by introducing a three-cycle laser
pulse with the carrier-envelope phase (CEP) varied. The pulse
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FIG. 8. (a) Two typical electron trajectories in the laser polariza-
tion plane at 3 × 1013 W/cm2 for CEP = 0 (black line) and π (blue
line), respectively. Both electrons are ionized along the z axis at the
peak laser field with the same absolute value of the initial transverse
velocity. The purple globe represents the core, and the black dots
or blue dots mark the instants around 0.25, 0.5, and 0.75 T after
tunneling for each trajectory. The arrows represent the direction of
the induced dipole force along the x axis. (b) The calculated ratios
of Mg2+/Mg+ as functions of laser intensity. (c) The returning time
distributions of the first electron and temporal evolution of the elec-
tric field envelope (dotted line) at 2.5 × 1013 W/cm2. The 800 nm,
three-cycle cos2 laser pulses are used here.

envelope is cos2(tπ/3T ), where T is the optical period. In
Fig. 8(a), we depict two typical returning trajectories for
CEP = 0 and π , respectively. In these two cases, the electron
will be emitted in the opposite direction since the direction of
the electric field is flipped. In the two centrosymmetric tra-
jectories, the induced dipole forces are in opposite directions
when the freed electrons propagate in the laser field before
returning. Thus, the dipole force can be controlled by tuning
the CEP. The CEP also plays a key role in the NSDI ratio
for the few-cycle laser case, as shown in Fig. 8(b). In order
to reveal the underlying mechanism, in Fig. 8(c) we show the
returning time distribution of the first electron at the two CEP
values of 0 and 0.2π for 2.5 × 1013 W/cm2. Obviously, the
result for CEP = 0.2π is closer to the peak of the electric
field envelope. According to Eq. (2), the second electron will
be ionized much more easily, giving rise to the higher NSDI
ratios in Fig. 8(b).

IV. CONCLUSION

In conclusion, we have investigated the effects of the dipole
potential on the double ionization probability of Mg for 700
and 800 nm CP fields. We perform a 3D Monte Carlo sim-
ulation considering the laser-induced dipole potential. The
current studies clearly identify that the dynamic dipole po-
tential enhances the recollision probability. The underlying
physical mechanism can be well understood as the returning
electrons are focused by the dipole potential, which gives rise
to the much higher NSDI ratio. In addition, we introduce a
method to determine the static polarizability of the Mg+ ion
from the ratios of Mg2+/Mg+. We also provide a characteris-
tic knob, i.e., changing the CEP of few-cycle pulses, to control
the laser-induced dipole force in NSDI.
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APPENDIX

In the following, we present a simple derivation of υ f . We
consider that the recolliding electron leaves the core at time t0
and returns at time tr in CP fields. The induced dipole force is
given by Fd = ∇[αI F(t ) · r/r3]. For the return electron, the
contribution of the induced dipole force to the momentum
becomes [15]

Pd =
∫ tr

t0

dt

(
αI F(t )

r3
− 3αI [F(t ) · r]r

r5

)
, (A1)

where r(t0) = r(tr ) = |Z0|. For simplicity, we treat the
Coulomb and dipole potentials as perturbations and primarily
consider the first returning events [see Fig. 6(a)]. Since the
induced dipole force decreases very rapidly with increasing r,
Pd is mainly determined by the part of the electron trajectory
close to the tunneling exit, i.e., r ≈ |Z0|. When the electron
returns to the core, the momentum generated by the external
field F(t ) is −F0/ω in the transverse direction [36]. Therefore,
in such direction, the offset momentum from the induced
dipole force is given by

υ f = Pd⊥ ≈ 2αI F0
ω|Z0|3 . (A2)
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