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Laser-induced tunneling ionization triggers a broad class of strong-field phenomena in the attosecond commu-
nity. The understanding and application of these ultrafast phenomena require accurate knowledge of the position
information for the tunneling electron wave packet (EWP). Here, with strong-field photoelectron holography,
we theoretically demonstrate a scheme to retrieve the position of the EWP emitted from molecules in the
direction perpendicular to the tunnel. In our scheme, the photoelectron momentum distributions from strong-field
tunneling ionization are obtained by solving the time-dependent Schrödinger equation. When the molecule is
aligned with a nonzero angle to the linearly polarized laser field, a distinct shift of the holographic pattern
in the photoelectron momentum distribution is observed. With the quantum-orbit model, we demonstrate that
the shift of the holographic pattern is caused by a nonzero initial transverse position of the EWP immediately
after tunneling. By tracing their exact correspondence and examining the shift of the holographic pattern, the
transverse emission position of the tunnel-ionized EWP is probed accurately. Furthermore, we demonstrate that
the complex Coulomb interaction can be safely canceled in our scheme by performing the scheme for both of
the model molecules with the short-range and Coulomb potentials. The validity and accuracy of our scheme are
confirmed by its application to different molecules, alignments, and laser parameters.
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I. INTRODUCTION

Laser-induced atom or molecule tunneling ionization is
one of the most fundamental light-matter interaction pro-
cesses and it initiates a broad range of ultrafast phenomena
in the science community, such as high harmonic generation
[1], high-order above-threshold ionization [2], and enhanced
multiple ionization [3–5]. Understanding these ultrafast phe-
nomena and exploring their application are the fundamental
tasks of attosecond physics; therein accurate dynamic infor-
mation of the tunnel-ionized electron wave packet (EWP) is
essential. During the past years, much effort has been paid to
exploring the dynamics of the EWP from strong-field tunnel-
ing ionization of atoms or molecules, such as the time when
the electron exits the tunneling barrier [6–8], the time needed
for an electron to tunnel through the potential barrier [9–13],
the phase accumulated when a electron tunnels through the
potential barrier [14–16], and the initial momentum distribu-
tion of the EWP at the tunnel exit [17]. Recently, another
important issue, the emission position of the EWP in tunneling
ionization, has aroused wide concern.

The emission position of the EWP is involved in various
trajectory-based models, from which the EWP is tunneling
ionized through the potential barrier, and then accelerated by
the oscillating electric field of the laser pulse [18]. In previous
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studies, many physical processes triggered by tunneling ion-
ization in laser-atom or molecule interactions were explained
with the trajectory-based concept [19–25]. In these applica-
tions, the accurate knowledge of the emission position for the
tunneling EWP is required. Generally, the position component
longitudinal to the direction of the instantaneous tunneling is
estimated by −Ip/E (t ), where Ip is the ionization potential
of the atom or molecule and E (t ) is the instantaneous laser
field. Recently, the rapidly developing attosecond technique
facilitated the more accurate measurement of the longitudinal
component [26]. For the transverse emission position of the
EWP, the value is always zero in atoms since the tunnel ioniza-
tion is limited along the direction of the instantaneous electric
field, while in molecules, it is affected by the molecular orbital
and alignment [27].

A nonzero displacement of the EWP in position space
corresponds to an additional phase of the continuous elec-
tron in momentum space. In previous studies, it was reported
that the phase structure of the EWP immediately after tun-
neling could be extracted from the holographic interference
in photoelectron momentum distributions (PEMDs) [28]. In
their study, with the quantum-trajectory Monte Carlo method,
the asymmetry of holographic interference was reproduced
by artificially adding an initial phase to the tunneling EWP.
Recently, another basic insight was offered. It was proposed
that the transverse emission position of the tunneling EWP
can be directly probed by analyzing the phase distribution
of the holographic pattern [29]. In this scheme, gaining the
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linear phase distribution of the hologram was the key step.
In strong-field tunneling ionization, the holographic pattern
is originated from the interference of the EWP reaching to
the detector directly after tunneling and that undergoing a
near-forward rescattering with the parent ion [30]. Because
of the near-forward rescattering, the interference signal is
usually weak for the momentum region away from the field-
polarization axis, and in experiments, the hologram in that
momentum region is not even clear due to the laser focal
volume effect [31,32]. Additionally, the carpet-like interfer-
ence between the direct electrons dominates the spectrum
away from the field-polarization axis, which can seriously
influence the extraction of the linear phase distribution from
the hologram [33]. Therefore, it is still difficult to obtain the
transverse emission position of the tunneling EWP from the
hologram.

Strong-field photoelectron holography (SFPH) is consid-
ered as a powerful tool to probe the structural and temporal
properties of atomic or molecular systems with angstrom
and attosecond precision in which the structure and ultra-
fast dynamics of atoms or molecules are encoded in the
hologram through the delivery of EWPs. In the past years,
SFPH has been widely reported [34–38]. Recently, it was
demonstrated that the phase of the scattering amplitude for
atoms or molecules (structure information) [39], the dynamics
of the ultrafast charge migration in molecules [40], and the
ionization time information of the tunneling process can be
retrieved from the SFPH structure accurately [41–43]. Here,
we apply SFPH to survey the property of the EWP in strong-
field tunneling ionization.

In this work, we demonstrate a retrieval of the transverse
position for the EWP emitted from the molecule in tunnel-
ing ionization with SFPH. By solving the time-dependent
Schrödinger equation, we show that the hologram in the
PEMD exhibits a distinct shift along the direction perpendicu-
lar to the laser polarization, when the molecule is aligned with
a nonzero angle to the linear laser field. With the quantum-
orbit model, we demonstrate that the shift of holographic
pattern corresponds to a nonzero transverse emission position
of the tunneling EWP. By tracing their exact correspondence
and examining the shift of holographic interference near the
field-polarization axis, we show the transverse emission po-
sition of the tunnel-ionized EWP is retrieved precisely. In
strong-field tunneling ionization, the effect of the long-range
Coulomb potential on the EWP is complex [44–46]. Here,
by performing our scheme for both of the model molecules
with short-range and Coulomb potentials, we demonstrate that
its influence on the shift of holographic pattern can be safely
canceled, and thus the retrieval processes are greatly simpli-
fied. Additionally, the validity and accuracy of our scheme are
confirmed by applying it to different molecules, alignments,
and laser parameters.

II. THEORETICAL METHODS

A. Numerically solving 2D-TDSE

In the work, PEMDs for strong-field tunneling ionization
of molecules are obtained by solving the two-dimensional
time-dependent Schrödinger equation (2D-TDSE) of (atomic

TABLE I. The parameters of the one-electron soft-core potential
for the 2D mimic H+

2 and N2

H+
2 N2

H H N N

aα 0.83 0.83 1.2 1.2
σ 2

α ∞ ∞ 0.7 0.7
Z0

α 1 1 7 7
Z∞

α 1 1 0.5 0.5
R0 4 2

units are used throughout)

i
∂�(r, t )

∂t
= H (r, t )�(r, t ), (1)

where �(r, t ) is the electron wave function and r = (x, y)
indicates its position in the polarization plane of the laser field.
In length gauge, the Hamiltonian H (r, t ) is written as

H (r, t ) = − 1
2∇2 + V (r) + r · E(t ), (2)

with the one-electron soft-core potential of V (r) =∑N=2
a −Zα (rα )/

√|rα|2 + a2
α . Here, aα is the soft-core

parameter and rα = r − R0/2. α labels the nuclei at the
position of R0/2 and Zα = Z∞

α + (Z0
α − Z∞

α )exp(−|rα|2/σ 2
α )

is the position-dependent effective charge, where σα

characterizes the decrease of the effective charge with
|rα| [47]. In our calculation, the parameters of Table I are
adopted to produce the ground state with the same angular
momentum as N2 and H+

2 . The laser field is linearly polarized
along the x̂ axis, and the electric field of which is written as

E(t ) = − f (t )E0 cos(ωt )x̂, (3)

where E0 is the amplitude and ω is the angular frequency.
f (t ) is the envelope function of the laser field, which has the
trapezoidal form, ramping on and off over one optical cycle
with a plateau of three optical cycles. The wavelength of the
laser field is 1000 nm and the intensity is 2.5 × 1014 W/cm2.

To solve the 2D-TDSE of Eq. (1), we prepare the initial
wave function by the imaginary time propagation of the field-
free system [48]. The time-dependent wave function �(r, t )
is then propagated using the split-operator method on a Carte-
sian grid ζ × ζ with ζ = 700 a.u. [49]. The time step is fixed
at �t = 0.06 a.u. and the spatial discretization is �x = �y =
0.2 a.u.. After the end of the laser pulse, the wave function
is further propagated for four additional optical cycles of the
laser pulse to make sure the ionized part moves away from the
core. The PEMD is eventually calculated by Fourier transform
of the ionized wave function, which is obtained by filtering out
the bound part of the total wave function with a cos1/2-mask
function [50,51].

B. Quantum-orbit model

Our scheme is based on the holographic structure in
PEMDs, which is determined by the phase difference between
the near-forward rescattering and direct EWPs, i.e.,

M2 = |Md + Mr |2 = |Md |2 + |Mr |2 + 2|Md ||Mr | cos(�	).

(4)
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Here, Md and Mr are the transition amplitudes of the direct
and near-forward rescattering EWPs, respectively, and �	

denotes their phase difference. In previous studies [39], it was
reported that �	 has the form of

�	 = �	F + α, (5)

where �	F accounts for the phase difference accumulated
during the propagation of direct and near-forward rescattering
electrons in the laser field, and α indicates the phase induced
by the Coulomb interaction of the rescattering electrons with
the parent ion.

Following the quantum-orbit (QO) model, the phase dif-
ference �	F can be obtained with the saddle-point method,
which provides us the quantum orbits to analyze the holo-
graphic interference in PEMDs [52–63]. Thus, �	F is
given by

�	F = Sr − Sd =
∫ tr

t d
0

[p + A(t )]2

2
dt −

∫ tr

t r
0

[k + A(t )]2

2
dt

+ Ip
(
t r
0 − t d

0

) + [
k + A

(
t r
0

) − p − A
(
t d
0

)] · R, (6)

where Sd = −{∫ Tf

td
0

[p + A(t )]2/2dt − ∫ t d
0

0 Ipdt} + [p +
A(t d

0 )] · R and Sr = −{∫ Tf

tr
[p + A(t )]2/2dt + ∫ tr

t r
0

[k +
A(t )]2/2dt − ∫ t r

0
0 Ipdt} + [k + A(t r

0 )] · R represent the
phases of the transition amplitudes for the direct and
near-forward rescattering electrons. In these phases, p is
the final momentum of the electron and k is the intermediate
canonical momentum of the electron before rescattering.
t r
0 and tr are the ionization and rescattering times of

the rescattering electron. t d
0 is the ionization time of the

direct electron. Ip indicates the ionization potential of
the molecule and R = (x0, y0) shows the coordinate of the
electron immediately after tunneling in which x0 and y0

denote the longitudinal (along the polarization direction of
the laser field) and transverse displacements, respectively.
A(t ) = − ∫ t

−∝ E(t ′)dt ′ is the vector potential of the laser
pulse, and Tf denotes the pulse turn-off time.

For the linearly polarized laser field that we employed,
�	F could be further divided two parts:

�	Fx =
∫ tr

t d
0

[px + A(t )]2

2
dt −

∫ tr

t r
0

[kx + A(t )]2

2
dt

+ [
kx + A

(
t r
0

) − px − A
(
t d
0

)]
x0 + Ip

(
t r
0 − t d

0

)
(7)

and

�	Fy =
∫ tr

t d
0

p2
y

2
dt −

∫ tr

t r
0

k2
y

2
dt + (ky − py)y0. (8)

In Eqs. (7) and (8), px and py are the final parallel and
transverse (perpendicular to the laser polarization direction)
momenta of the electron. kx and ky are the parallel and
transverse components of k. For the direct electron, the
ionization time t d

0 can be obtained from the saddle-point
equation [∂ (Sd )/∂t d

0 = 0] of

1
2

[
px + A

(
t d
0

)]2 + 1
2 p2

y + Ip − x0E
(
t d
0

) = 0. (9)

For the rescattering electron, the ionization and rescattering
times of t r

0 and tr are determined by the saddle-point equa-
tions [∂ (Sr )/∂t r

0 = 0, ∂ (Sr )/∂tr = 0 and ∂ (Sr )/∂k = 0] of

1
2

[
kx + A

(
t r
0

)]2 + 1
2 k2

y + Ip − x0E
(
t r
0

) = 0, (10)

1
2 [kx + A(tr )]2 + 1

2 k2
y = 1

2 [px + A(tr )]2 + 1
2 p2

y, (11)∫ tr

t r
0

[kx + A(t )]dt = x0,

∫ tr

t r
0

kydt = y0. (12)

Physically, Eq. (9) stands for the energy conservation of
the direct electron at tunneling ionization. Equations (10)
and (11) indicate the energy conservation of the rescattering
electron at the moments of ionization and rescattering, re-
spectively. Equation (12) represents the return condition of
the rescattering electron. Note that the energy conservation
of the rescattering electron at the instant of rescattering [see
Eq. (11)] is the same as that of atom [42], while in Eq. (12),
two additional terms of x0 and y0 are introduced. This is
because the EWP can be released from the molecule with
an initial position of R, and then it is driven back to the
parent ion undergoing a rescattering with the molecular center.
The tunneled EWP spreads from the initial position to the
molecule, and the potential energy term of −x0E (t r

0 ) is thus
induced in Eqs. (9) and (10).

It should be mentioned that the transition amplitudes of
the direct and near-forward rescattering electrons in Eq. (4)
affect the contrast of holographic interference fringes, and
their phase difference �	 decides the position of interference
fringes that we are interested in. Thus for simplicity, we omit
the transition amplitudes in the paper, and consider the phase
difference �	 only.

III. RESULTS AND DISCUSSION

In Figs. 1(a) to 1(c), we show PEMDs for strong-field
tunneling ionization of N2 at three different alignments. The
laser field is linearly polarized along the x̂ axis, and the
molecule is aligned in the laser polarization direction with
the angles of θ = 0, π/4, and π/2, respectively. The intensity
of the laser field is 2.5 × 1014 W/cm2 and the wavelength is
1000 nm. At first glance, there are three types of interference
fringes that can be clearly observed from these PEMDs. The
first one presented as a ring-like structure centered around
zero momentum is the intercycle interference, known as the
above-threshold ionization peaks. The nearly vertical one,
most visible on the px axis, originates from the interference
of the direct electrons tunneling ionized during the adja-
cent quarter cycles of the laser pulse [64–66]. In PEMDs,
these two types of interference fringes are intertwined, and
in experiments, they are usually invisible due to the laser
focal volume effect. The other nearly horizontal fringes are
referred as holographic interference, which stems from the
interference of the electrons reaching to the detector directly
after tunneling and those undergoing a near-forward rescat-
tering with the parent ion [30]. This interference structure
is observed in a broad range of experiments, and it is the
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FIG. 1. (a)–(c) PEMDs for strong-field tunneling ionization of
N2 where the molecule is aligned with the angles of θ = 0, π/4,
and π/2 in the polarization direction of the linear laser pulse, re-
spectively. The intensity of the laser field is 2.5 × 1014 W/cm2 and
the wavelength is 1000 nm. The colorbars of (a)–(c) are logarithm
scaled.

most pronounced interference structure in the PEMDs for
the near-infrared and midinfrared laser pulses [46,67]. Here,
we focus on this holographic structure.

A closer inspection shows that there is a visible difference
between these holographic patterns in Figs. 1(a) to 1(c). In
Figs. 1(a) and 1(c), the holographic pattern is exactly sym-
metric about the px axis and the interference fringes always
maximize at py = 0. While, in Fig. 1(b), the holographic
structure is asymmetric, and it shows a remarkable shift along
the direction perpendicular to the laser polarization. More
obviously, the shift of the holographic pattern can be seen
from Figs. 2(a) and 2(b), where we wash out the vertical
interference fringes by averaging the raw PEMDs over px

with a window function [39], and several cuts of the obtained

FIG. 2. (a) The averaged PEMDs at the cut of px = 1.0 a.u..
(b) The same as (a), but for the cut of px = −1.0 a.u. In (a) and
(b), the dashed, solid, and dotted curves represent the results of
the molecule with the alignment angles θ = 0, π/4, and π/2,
respectively.

PEMDs for three alignments are presented. It is shown that,
for the alignment of θ = π/4, the interference minima or
maxima shift left at px = −1.0 a.u., and they shift right at
1.0 a.u.. We should mention that this phenomenon is in good
agreement with the recent experiments [27,31], where the
shift of the holographic interference for the aligned molecule
was clearly observed. In previous studies, it was reported
that the shift of holographic interference is related to the
phase structure of the tunneling ionized EWP [28]. Here, we
demonstrate that the holographic interference shift directly
corresponds to the initial spatial lateral coordinates of the
EWP emitted from the molecule in tunneling ionization. By
analyzing the shift of holographic interference fringes, the
transverse emission displacement of the tunneling EWP can
be retrieved accurately. In our study, the hologram is cen-
trosymmetric about (px = 0, py = 0), and thus we take the
interference fringes in the momentum region of px < 0 as an
example for analysis in the followings.

In strong-field tunneling ionization, the electron is usually
emitted from the atom with zero initial displacement in the
direction perpendicular to the laser polarization. While for the
molecule, there is a nonzero initial transverse displacement of
the tunneling EWP, due to the anisotropic molecular structure.
This transverse displacement relates to the electronic structure
and the alignment of the molecule. Therefore, to survey the
holographic interference for strong-field tunneling ionization
of N2, we monitor the time evolution of the electron density
distribution for the aligned molecule. Figure 3(a) shows the
linearly polarized laser field that we utilize, and Fig. 3(b)
shows the electron density distribution of the aligned N2

at the instant near the peak of the laser field. For a bet-
ter view, several cuts of the electron density distribution at
x = 12 a.u. and 14 a.u. are illustrated in Fig. 3(c), where the
solid and dotted blue curves indicate the amplitude of the
electron wave function and the solid orange curves indicate
its phase. It is shown that for both of the parallel (θ = 0)
and perpendicular (θ = π/2) alignments, the electron wave
function is exactly symmetric about the x̂ axis and it maxi-
mizes at y = 0. While for the alignment of θ = π/4, the wave
function maximizes at y = 1.6 a.u.. We should mention that
the longitudinal emission displacement of the EWP estimated
by −Ip/E (t ) is about 7–12 a.u. for our laser parameters. Thus,
the result in Fig. 3(b) presents a picture about the transverse
electron density distribution of the aligned N2 immediately af-
ter ionization, where the location of the maximum determines
the transverse launching displacement of the tunneling EWP
[68]. With this picture in mind, next we reveal the origin of
the holographic interference shift in PEMDs for the aligned
molecule in tunneling ionization.

Figure 4(a) illustrates the schematic diagram of the elec-
tron trajectories in tunneling ionization of the molecule. For
aligned N2, when the ionization occurs at the falling edge
of the laser field, the electrons are emitted from the parent
ion with a certain transverse displacement y0 illustrated in
Fig. 3(c). Driven by the oscillating electric field of the laser
pulse, some of the released electrons reach to the detector
directly after tunneling, while the other electrons can return
back undergoing a near-forward rescattering with the molec-
ular center. Due to the coherent nature of tunneling, these
two types of electrons interfere with each other, resulting in
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FIG. 3. (a) The electric field of the linear laser pulse (solid red
curve) and its vector potential (dashed red curve). (b) Electron den-
sity distribution of N2 in coordinate space for the instant near the
laser field peak. In (b1)–(b3), the molecule is aligned in the laser
polarization direction with the angles of θ = 0, π/4, and π/2, recep-
tively. (c) The electron density distribution of the aligned molecule
at the cuts of x = 12 a.u. and 14 a.u indicated by the lines in (b).
The amplitudes are shown by solid and dashed blue curves, and
the phases for the cut of x = 12 a.u. are presented by the solid
orange curves. Note that two cuts of the electron density distribution
amplitude are normalized such that the maximum is unity for a
better view.

FIG. 4. (a) Sample motion trajectories of the direct and near-
forward rescattering electrons. Tunneling ionization of a molecule
generates an EWP. When the ionization occurs at the instant near
the peak of the laser pulse, the EWP is launched from the molecule
with an initial transverse displacement of y0 (the dashed orange
line) depending on the molecular alignment. The tunneled EWP
subsequently spreads in the laser field, part of which reaches to
the detector directly after tunneling, while the others may be driven
back undergoing a near-forward rescattering with the molecular ge-
ometric center. (b) The holographic interference between the direct
and near-forward rescattering EWPs, in which the initial transverse
displacement y0 of the tunneled EWP is decoded, resulting the shift
of interference fringes shown by the dashed blue line in (b2). In
(b1)–(b3), the results of N2 with alignment angles of θ = 0, π/4,
and π/2 are obtained from Eq. (6), where the color coding is on a
logarithmic scale.

the holographic pattern in PEMDs. With the QO model, the
holographic pattern could be simulated by Eq. (6). The ob-
tained results for tunneling ionization of N2 are demonstrated
in Figs. 4(b1) to 4(b3), where the molecule is aligned in
the polarization direction of the laser field with the angles
of θ = 0, π/4, and π/2, respectively. It is shown that for
both of the parallel and perpendicular alignments, the zeroth
maximum of the holographic interference is located at py = 0,
and for the alignment of θ = π/4, the zeroth maximum of the
interference is shifted towards the −py direction. This result
agrees well with the TDSE results displayed in Figs. 1(a) to
1(c), which implies that the shift of the holographic pattern in
PEMDs is caused by the nonzero transverse emission position
of the tunneling EWP.

Quantitatively, to gain the exact correspondence be-
tween the holographic interference shift and the transverse
emission position of the tunneling EWP, we examine the
QO model. In the QO analysis (as demonstrated in Sec. II B),
the holographic structure in PEMDs is descried by the phase
difference between the near-forward rescattering and direct
electrons in strong-field tunneling ionization, which includes
two parts shown by Eq. (5). In the pioneering work on the
hologram, the effects of the Coulomb interaction on the phase
difference are not taken into account. Thus, the predicted
holographic interference fringes deviate from the TDSE and
experimental results [30,46]. This point can be seen from
Figs. 1 and 4(b), where we show the TDSE results, and the
results from Eq. (5) but without α. Recently, the term of α,
which accounts for the interaction between the parent ion and
the rescattering electron (i.e., the phase of scattering ampli-
tude), was reported [39]. It was pointed out that, with this
term included, the holographic pattern given by Eq. (5) agrees
excellently with the TDSE result. However, the calculation
about α is complicated and tedious, which can impede the
extraction of atomic or molecular structure and electron dy-
namic information from the holographic pattern. Interestingly,
as addressed in the following text, this Coulomb effect does
not matter for the shift of holographic interference fringes,
and it can be canceled out safely in our scheme.

First, we simplify the phase difference �	F of Eq. (5). For
the holographic interference in the PEMDs, the momentum
change of the electron along the y axis during the recolli-
sion process is fundamentally important. In our linear laser
field, the direct electron ionizes with an initial transverse
momentum close to the final transverse momentum py. For
the rescattering electron, it tunnels with a small initial trans-
verse momentum ky, and gets the final transverse momentum
py through the recollision. With the QO concept, the direct
and rescattering electrons following the different pathways to
the same final momentum can induce the phase difference
in the transverse momentum distribution, giving rise to the
fork-like holographic interference in the PEMDs [30]. For the
near-forward rescattering holographic pattern that we focus
on, the interference fringes exist at the momentum region
of |py| < 0.3 a.u. and px ∈ [−1.4,−0.8] a.u.. In this region,
the rescattering electron interacts very weakly with the target
[32,40,42]. In the direction parallel to the laser polarization,
the momentum of electron does not even change significantly
during the “soft recollision” process, and thus it allows for the
assumption of px

.= kx. With the result, it is then obtained that
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FIG. 5. (a) The parallel component of the intermediate canonical
momentum kx for px ∈ [−2, 0] a.u. and py ∈ [−0.6, 0.6] a.u.. (b) kx

at two cuts of py = 0 (dotted curve) and −0.3 a.u. (dashed curve).
(c,d) The real and imaginary parts of the ionization time difference
�t0 = t d

0 − t r
0 between the direct and near-forward rescattering elec-

trons, respectively.

the ionization times of the direct and rescattering electrons are
approximately equal through Eqs. (9) and (10), i.e.,

t d
0

.= t r
0 . (13)

Quantitatively, kx of the rescattering electron obtained
from the saddle-point equations and two cuts of kx at
py = −0.3 a.u. and 0 are displayed in Figs. 5(a) and 5(b),
respectively. The differences in the real and imaginary parts of
the ionization time are separately displayed in Figs. 5(c) and
5(d). It is shown that for the momentum range of |py| < 0.3
a.u, kx is close to px indeed, and the time differences are
well below 0.3 a.u.. This indicates that the approximations in
Eq. (13) are reasonable. In the following, we will omit the
superscript in t0.

In QO analysis, the phase difference �	F can be divided
into two parts of �	Fx and �	Fy, as shown in Eqs. (7)
and (8). For the near-forward rescattering, it can be easily
proved that the parallel momentum of �	Fx is approximately
canceled by

�	Fx
.=

(
p2

x

2
− k2

x

2

)
(tr − t0) + (px − kx )

∫ tr

t0

A(t )dt

=
(

p2
x

2
− k2

x

2

)
(tr − t0) + (px − kx )[x0 − kx(tr − t0)]

.=
(

p2
x

2
+ k2

x

2

)
(tr − t0) − pxkx(tr − t0)

= 1

2
(tr − t0)(px − kx )2

.= 0, (14)

and the transverse momentum of �	Fy is simplified by

�	Fy
.=

(
p2

y

2
− k2

y

2

)
(tr − t0) + (ky − py)y0

=
(

p2
y

2
− k2

y

2

)
(tr − t0) + ky(ky − py)(tr − t0)

=
(

p2
y

2
+ k2

y

2

)
(tr − t0) − ky py(tr − t0)

= 1

2
(tr − t0)(py − ky)2. (15)

Here, Eq. (13) is involved in Eqs. (14) and (15). Addition-
ally, for both Eqs. (14) and (15), the saddle-point equation of
Eq. (12) is employed, i.e.,

kx =[x0 −
∫ tr

t0

A(t )dt]/(tr − t0),

ky =y0/(tr − t0). (16)

With the obtained Eqs. (14) and (15), the phase difference
�	 of the direct and near-forward rescattering electrons in
tunneling ionization is eventually rewritten in a very simple
form

�	 = �	F + α

= 1
2 (tr − t0)(py − ky)2 + α. (17)

Through Eq. (17), the transverse momentum py of the
holographic interference minima or maxima [where �	 =
nπ (n = 0, 1, 2)] is straightforwardly given by

py = ±
√

2(nπ − α)

tr − t0
+ ky. (18)

Here, ky indicates the transverse component of the interme-
diate canonical momentum for the near-forward rescattering
electron, and it corresponds to the transverse emission posi-
tion of the tunneling EWP through Eq. (16). The shift of the
holographic interference for the molecule with the alignment
angle of θ relative to that with 0 is subsequently obtained by

�py = py(θ ) − py(0)

= ±
√

2(nπ − α)

tr − t0
+ ky(θ ) ∓

√
2(nπ − α)

tr − t0
− ky(0).

(19)

In Eq. (19), α is the phase induced by the Coulomb interaction
between the parent ion and the rescattering electron. For py

close to 0, it is almost unchanged with θ [39,69]. When
the molecule is aligned to the linearly polarized laser field
with θ = 0, the EWP is driven out of the molecule along the
laser polarization direction with zero transverse displacement.
Thus, we have ky(0) = 0. Equation (19) is rewritten as

�py = ky(θ ) = y0/(tr − t0). (20)

Equation (20) shows that the shift of holographic interfer-
ence is induced by the transverse emission position y0 of
the tunneling EWP, and it is related to the parallel momen-
tum px through the time difference between the recollision
and ionization of the near-forward rescattering electron. The
Coulomb interaction between the parent ion and the rescatter-
ing electron influences the position of the interference fringes,
but it does not affect the shift of the interference fringes.
Therefore, by analyzing the shift of holographic interference
for the molecule with the alignment angle of θ relative to that
with 0, the transverse emission position y0 for the tunneling
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FIG. 6. (a) The shift �py for the zeroth maximum of the holo-
graphic interference. The solid blue and dashed red curves represent
the results of N2 and H+

2 aligned with the angle of θ = π/4 in the
laser polarization direction, respectively. (b) The transverse emission
position y0 of the tunneled EWP retrieved from (a). (c) The same
as (b), but the dashed curve represents the result of the molecule
with the short-range potential. (d) The transverse electron density
distribution of N2 as a function of the coordinate x for the instant near
the laser pulse peak. The result is normalized such that the maximum
is unity. (e) The same as (d), but for H+

2 . (f) The same as (d), but for
the molecule with the short-range potential.

EWP is accurately retrieved. Moreover, Eq. (20) indicates
that we can focus on the zeroth maximum of the holographic
interference, which is clearly visible experimentally. For the
molecule with the alignment angle of θ = 0, the zeroth max-
imum of the holographic interference is always located at
py = 0. In Eq. (20) the recollision and ionization times of
the electron can be obtained from Ref. [42], in which the
results are consistent with that from the QO model. There-
fore, through Eq. (20) the transverse emission position of the
tunneling EWP is directly determined by the zeroth maxi-
mum shift of the holographic interference in PEMDs. This
is a key point of our scheme. It should be mentioned that
y0 represents the transverse displacement of the EWP emit-
ted from the molecule with respect to the rescattering point.
For the near-forward rescattering, the corresponding impact
parameter is larger, and thus the rescattering EWP does not
feel the asymmetric potential of the aligned molecule. At a
large distance from the molecule, the molecular potential is
nearly isotropic. Therefore, the recollision occurs almost at
the molecular center.

To demonstrate the retrieval of y0 for strong-field tunnel-
ing ionization of N2, we trace the zeroth maximum of the
holographic interference in the PEMD for each px. The ob-
tained �py for N2 aligned with the angle of θ = π/4 in the
linearly polarized laser field is presented in Fig. 6(a). It is
clear that |�py| shown by the solid curve gradually increases
with the parallel momentum |px|. With this dependence, the
transverse emission position of y0 for the tunneling EWP is

extracted through Eq. (20). The obtained results are presented
in Fig. 6(b), where y0 is nearly independent on the final elec-
tron momentum px. By averaging the data for px varying from
−1.5 a.u. to −0.7 a.u., the transverse emission position of
the tunneling EWP is eventually determined by y0 = 1.58 a.u.
To check the accuracy of the result, we refer to the electron
density of N2. For the laser parameters in our calculation, the
longitude tunneling exit is approximately 7–12 a.u.. Thus, we
trace the time evolution of the electron density and integrate it
from x = 12 a.u. to the boundary at each time step during the
time propagation. The transverse electron density distribution
for the instant near the peak of the laser field is obtained, as
shown in Fig. 6(d). It is clear that the density distribution
is maximized at y = 1.6 a.u.. The location of the maximum
electron density distribution shows that the tunneling EWP
is emitted from the molecule with an initial displacement in
the direction perpendicular to the tunnel [68]. The retrieved
y0 in Fig. 6(b) agrees well with the result. It indicates that
the transverse emission displacement of the tunneling EWP is
accurately retrieved with our scheme.

To check the validity of our scheme, we apply our scheme
to strong-field tunneling ionization of H+

2 as well. In Figs. 6(a)
and 6(b), the obtained �py and y0 for the zeroth maximum of
the holographic interference are shown by the dashed curves.
In Fig. 6(e), the transverse electron density distribution for
H+

2 is displayed. It is shown that the density distribution
maximizes at y = 1.34 a.u. and the average of y0 for different
px is about 1.4 a.u.. The good agreement between these two
results indicates that our retrieval scheme is valid. Further,
we illustrate our scheme for the short-range potential. In the
short-range potential, the screening is introduced by multiply-
ing the molecular potential by an isotropic cutoff term e−(r−r0 )

for the radial distance r larger than r0 = 3.5 a.u., where r0 rep-
resents the spatial extent of the molecule [70]. The screening
procedure was established in the previous study of Ref. [10]
and it can cancel the influence of the long-range potential
on electron scattering. Here, for the screened molecule, the
obtained y0 and transverse electron density distribution are
presented in Figs. 6(c) and 6(f), respectively. For comparison,
the results of N2 with the Coulomb potential are also presented
in Fig. 6(c). It is shown that for the short-range potentials,
y0 = 1.57 a.u., which agrees well with that of the Coulomb
potential, and it is consistent with the transverse displacement
of the maximum electron density distribution in Fig. 6(f). This
indicates that the Coulomb potential does not affect the shift of
holographic interference fringes and it can be safely canceled
in our scheme. The validation of the approximation made in
Eq. (20) is thus confirmed.

Furthermore, we survey the transverse emission position of
the tunneling EWP for the molecule with different alignments.
The results are presented in Fig. 7, where N2 and H+

2 are
aligned in the polarization direction of the laser field with
the angles of θ ranging from 0 to π/2. The circles indicate
the results exacted from the shift of holographic interference,
and the bars present the data obtained from the transverse
electron density distribution. It is shown that y0 obtained
from the holographic interference agrees excellently with the
peak position of the transverse electron density distribution,
which confirms that our retrieval scheme is accurate and ef-
fective for different molecules and alignments. Moreover, as

023110-7



JIA TAN et al. PHYSICAL REVIEW A 108, 023110 (2023)

FIG. 7. (a) y0 of the tunneled EWP for N2 (with the internuclear
distance of 2 a.u.) aligned in the laser polarization direction with θ

ranging from 0 to π/2. The data of circles are exacted from the shift
of the holographic interference and that of the bars are obtained from
the transverse electron density distribution. (b) The same as (a), but
for H+

2 with the internuclear distance of 4 a.u.

the alignment angle increases, the transverse displacement
of the electron density distribution increases first and then
decreases for both of N2 and H+

2 . A closer inspection of Fig. 7
shows that, the dependence of y0 on the molecular alignment
is extraordinarily different for N2 and H+

2 . This difference
may be attributed to the discrepancy of the molecular orbital.
Considering the molecular orbital as linear combinations of
atomic orbitals, the highest-occupied molecular orbital of H+

2
is 1sσg, which is contributed by the atomic s orbitals only. For
N2, the highest-occupied molecular orbital is also σg, while
the atomic p orbital has significant contributions to it [47]. The
probability distribution of the p orbital is very different from
the s orbital, which leads to the discrepancy in Figs. 7(a) and
7(b). Thus, the dependence of y0 on the molecular alignment
indicates that the shift of the holographic fringes encodes
the information of the electronic structure of molecules, not
the internuclear distance. The dependence difference between
N2 and H+

2 shows that this electronic structure sensitively
depends on the molecular orbital and alignment.

Last but not least, we retrieve the transverse emission
positions of the EWP for various laser intensities and wave-
lengths. The obtained results for N2 with the alignment angle
of θ = π/4 are presented in Fig. 8, where Fig. 8(a) shows
the data for different laser intensities of 3.0 × 1012 W/cm2

(dotted curve), 2.5 × 1012 W/cm2 (solid curve), and 2.0 ×
1012 W/cm2 (dashed curve). Figure 8(c) presents the results
for different wavelengths of 1200 nm (dotted curve), 1000 nm
(solid curve), and 800 nm (dashed curve). The correspond-
ing transverse electron density distributions of molecules are
shown in Figs. 8(b) and 8(d). It is clear that the transverse
emission position of y0 is almost unchanged with our laser
parameters. At all laser intensities and wavelengths, it is about
1.58 a.u. and the maximum of the transverse electron density
distribution is well located at y = 1.6 a.u. The good agreement
between these two results confirms that our scheme is stable
for different laser parameters.

FIG. 8. (a) The retrieved y0 as functions of px for different laser
intensities of 3.0 × 1012 W/cm2 (dotted curve), 2.5 × 1012 W/cm2

(solid curve), and 2.0 × 1012 W/cm2 (dashed curve). The laser wave-
length is fixed at 1000 nm. (b) The transverse electron density
distribution of N2 at three different laser intensities. (c) The same
as (a), but for the laser field with the fixed intensity of 2.5 ×
1012 W/cm2 and various wavelengths of 1200 nm (dotted curve),
1000 nm (solid curve), and 800 nm (dashed curve). (d) The same as
(b), but for different wavelengths. In the calculation, N2 is aligned in
the laser polarization direction with the angle of θ = π/4. In (a) and
(c), px is scaled by the amplitude of the vector potential A0 = E0/ω.

In the practical application, the holographic interference
in PEMDs should be observable and measurable. In ex-
periments, the observation of the hologram requires the
ponderomotive energy of Up = E2

0 /4ω2 is substantially larger
than the photon energy [67]. For the well-known tunnel-
ing regime [Keldysh parameter γ = √

Ip/(2Up) < 1], the
holographic interference is clearly visible, and for the mul-
tiphoton regime (γ > 1), the signature of the hologram could
be observed. Therefore, our scheme is applicable for the tun-
neling regime. In addition, Eq. (20) shows that the shift of
the holographic interference is related to the time difference
between the recollision and ionization of the near-forward
rescattering electron. The time difference of tr − t0 is insen-
sitive to the laser intensity, while it depends on the laser
wavelength [46]. This means that the shift of the holographic
interference can vary with the laser wavelength, as shown
in Fig. 9, where we present �py as a function of the laser
wavelength for px = −0.7A0. The half width of the zeroth

FIG. 9. For the parallel momentum of px = −0.7A0, �py indi-
cated by the solid curve gradually varying with the laser wavelength.
The dashed line represents the cut of �py = 0.018 a.u..
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maximum of the holographic interference is of about 0.18 a.u..
Assuming that a shift of 10% of this width could be experi-
mentally observed. We can estimate that the laser wavelength
should be smaller than 1400 nm, so that the transverse emis-
sion position of y0 = 1.6 a.u. can be measured in experiments.

The principle of our scheme is that the transverse emission
position of the tunneled EWP is mapped onto the phase of
the transverse momentum amplitude in strong-field tunneling
ionization, and it is manifested as the shift of the holographic
interference in PEMDs. By examining the shift of interference
fringes, the transverse emission position of the tunnel-ionized
EWP can be retrieved without other reconstruction procedures
and information about the target. This principle is universal
for different targets. Recently, it was reported that the holo-
gram in PEMDs for molecules can be clearly observed in
experiments [27,32,71]. Thus, our study provides a general
and efficient approach for direct observation of the transverse
emission position of the EWP in molecules. More interest-
ingly, the retrieved transverse displacement of the tunneling
EWP is directly related to the electron density distribution in
molecules. Strong-field photoelectron holography possesses
particularly high time resolution [30]. In a previous study,
it was demonstrated that by mapping the parallel momen-
tum to the ionization time and treating this map as the time
axis, the attosecond resolution can be achieved [39]. Based
on this concept, when the ultrafast electron dynamics such
as charge migration occurs in molecules with the timescale
of femtosecond to attosecond, the motion of the electron
could be monitored with our method. In a previous study, a
proof-of-principle study of this aspect was performed [40].
Thus, our study will encourage one applying the strong-field
photoelectron holography to investigate ultrafast dynamics in
more complex molecules.

IV. SUMMARY

In conclusion, by solving the time-dependent Schrödinger
equation in the linearly polarized laser field, we investigate

the holographic interference in PEMDs for strong-field tun-
neling ionization of molecules. It is shown that, when the
molecule is aligned in the polarization direction of the laser
field with a nonzero angle, the holographic interference in
PEMDs presents a distinct shift. With the QO model, we
demonstrate that the holographic interference shift is caused
by the nonzero transverse displacement of the EWP emitted
from the molecule, and there is an exact correspondence. By
tracing the correspondence and examining the shift of the
holographic interference near the field-polarization axis, the
transverse emission position of the tunneling EWP is directly
visualized. In intense laser atoms or molecules interactions,
the Coulomb effect is a tough problem and it complicates the
information retrieval from the PEMDs. Here, by performing
our scheme for both of the molecules with short-range and
Coulomb potentials, we demonstrate that it does not affect our
scheme and can be safely canceled. Additionally, the validity
and accuracy of the scheme are confirmed by applying it to
different molecules, alignments, and laser parameters. Our
study demonstrates a general and efficient approach for direct
observation of the transverse emission position of the EWP in
molecules. The obtained transverse displacement is directly
related to the electron density distribution, and it depends on
the molecular orbital and alignment. Thus, this study pro-
vides another insight into probing the electronic structure of
molecules.
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and M. Lewenstein, Feynman’s path-integral approach for
intense-laser-atom interactions, Science 292, 902 (2001).

[54] M. Ivanov, M. Spanner, and O. Smirnova, Anatomy of strong
field ionization, J. Mod. Opt. 52, 165 (2005).
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