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Signatures of the phase structure in multiphoton ionization of aligned N, molecules
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We experimentally measure the photoelectron momentum distributions of multiphoton ionization of aligned
N, molecules at 400 nm. The phase structure of the ionized electron wave packet is probed with a weak parallelly
polarized field at 800 nm. By inspecting the two-color phase-resolved photoelectron interference fringes, we
observe a relative phase shift between the yields of above-threshold ionization and sideband peaks that depends
on the molecular alignment angle. With the support of molecular strong-field approximation, we show the
measured alignment-dependent relative phase shift is associated with the initial phase of electron wave packet
dictated by the molecular orbital at the ionization exit, which is mapped into the intracycle interference. We find
that the initial phase which depends on the molecular alignment can be modulated by the two-color synthesized
fields and decreases with increasing photoelectron energy. Finally, we demonstrate the alignment-dependent
phase shift in momentum space allows the retrieval of the relative spatial displacement for electrons at the
ionization exit in position space between different alignments.
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I. INTTRODUCTION

Laser-induced photoionization of atoms and molecules,
as the fundamental process of light-matter interaction, has
triggered a broad range of strong-field phenomena, such
as high harmonic generation [1-4], above-threshold ioniza-
tion (ATI) [5,6], and photoelectron holography [7-9], etc.
Among these phenomena, photoelectron holography serves
as a well-established technique in revealing the details of
strong-field ionization [10-17], especially in uncovering the
structural information of atoms and molecules [8,9,16,17], as
it is associated with the recollision process. Recently, using
photoelectron holography, a nontrivial phase structure of the
tunneling electron wave packet in strong-field ionization of
molecules has been revealed [10,11]. This phase structure
is found to tightly depend on the molecular alignment and
can be accounted for by the transverse spatial displacement
of electrons at the ionization exit. Hence, it has important
implications for imaging the molecular orbital [16-18] and
probing the ionization geometry in molecules [19,20].

However, when the ionization transits to multiphoton
regime, the electron rescattering would be largely suppressed.
As a result, photoelectron holography disappears. Only the
intercycle and intracycle interference structures of direct
electron wave packets survive on photoelectron momentum
distributions. Disentangling these two kinds of interference
structures in the strong-field multiphoton regime has been
reported in atoms, in order to time the release of electrons
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[21-23], monitor the temporary retrapping of photoelectrons
by the atomic potential [24], and completely characterize
the electron wave function [25,26]. Transferring this analysis
of photoelectron interference from atoms to molecules con-
siderably increases experimental and theoretical complexity
because of the spatial distribution of electron density, i.e.,
the molecular orbital, which would leave a subtle finger-
print on the photoelectron interference pattern [27]. In this
case, how to unravel the effect of molecular orbital from
the electron interference pattern and resolve the phase struc-
ture of the electron wave packet in multiphoton ionization of
molecules is essential for comprehensively understanding the
laser-molecule interaction.

In this paper, we investigate the photoelectron interfer-
ence fringes in multiphoton ionization of prealigned N,
molecules and retrieve the phase structure, which encodes
the spatial displacement of the emitted electron wave packet
at ionization exit. Experimentally, we measure the photo-
electron momentum distributions (PMDs) of parallel- and
perpendicular-aligned N, molecules in a strong 400-nm ion-
izing field combined with a weak 800-nm probing field of
parallel polarization. By monitoring the two-color phase-
dependent photoelectron signals, we observe a relative phase
shift between the yields of the ATI peak and the sideband
(SB) peak that presents a considerable dependence on the
molecular alignment angle. Using the molecular strong-field
approximation (MOSFA) within the saddle-point approach,
we attribute the alignment-dependent relative phase shift be-
tween ATI and SB peaks to the alignment-dependent initial
phase carried by the electron wave packets at the ionization
exit, which is also dependent on the photoelectron en-
ergy. This molecular-orbital-dictated initial phase allows the

©2023 American Physical Society


https://orcid.org/0000-0002-0283-3685
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.108.023106&domain=pdf&date_stamp=2023-08-04
https://doi.org/10.1103/PhysRevA.108.023106

GUO, GE, DOU, LIU, LONG, WANG, GONG, AND LIU

PHYSICAL REVIEW A 108, 023106 (2023)

0,,=0° 0,,= 90°

a Yield

(a) 0.8 : - : (®) o5 : 1
0.8
-~ = 0.6

5 = '

< =

al " 0.4
0.2

0.8 ‘ - ‘ 0.8 . - . 0

08  -04 0 0.4 0.8 08  -04 0 0.4 0.8

Py (an)

Py (au)

FIG. 1. (a),(b) Measured two-dimensional photoelectron momentum distributions integrated over the relative phase ¢ of the two-color

fields at the 0° and 90° alignment angles.

retrieval of the relative spatial displacement of the emitted
electron wave packet at the ionization exit between the parallel
and perpendicular alignments.

II. EXPERIMENTAL SETUP AND RESUTLS

Experimentally, the linearly polarized femtosecond laser
pulse at 800 nm is generated from a Ti:sapphire laser sys-
tem (35 fs, 3 kHz). The pulse is first split into an alignment
pulse (~130 fs) and an ionizing pulse (~35 fs) with variable
relative delay. The alignment pulses have been stretched to
~130 fs and its intensity is carefully controlled so that no
apparent ionizing signal can be generated solely by the align-
ment pulses. The alignment angle is monitored by rotating the
polarization of alignment pulses with a half-wave plate. The
degree of alignment is estimated to be (cos?6y) ~ 0.61 by
inspecting the Coulomb explosion events. The delayed ion-
izing pulse is then input into a Mach-Zehnder interferometer
scheme to generate the parallelly polarized two-color (PTC)
field. Here, one arm is frequency doubled to generate the
second harmonic (400 nm) using a 250-um-thick B-barium
borate (8-BBO) crystal, which is used to trigger multiphoton
ionization of aligned molecules. The weak fundamental pulse
serves as the probing field. The relative phase ¢ between the
two-color components is controlled by using a pair of fused
silica wedges with the time accuracy ~5 as. Both aligning
pulses and ionizing two-color pulses are focused onto a cold
supersonic gas beam of N; by a silver concave mirror (f =
75 mm). The three-dimensional momentum distributions of
the fragment ions and the electrons are detected using a
cold target recoil ion momentum spectroscopy (COLTRIMS)
[28]. The intensity of the 400-nm field is calibrated to
be ~1.1 x 10™ W/cm2 (E400 ~ 0.04 a.u.) according to the
locations of ATI peaks. The intensity of 800-nm field is
calibrated to be ~1.1 x 10'? W /cm? (Eggo ~ 0.004 a.u.) by
the solution of two-dimensional time-dependent Schrédinger
equation (TDSE) [29].

In Figs. 1(a) and 1(b), we show the measured PMDs of
aligned N, molecules at 0° and 90° in the PTC field. Here
the PMDs are integrated with the relative phase of the PTC
fields, and the electrons are limited within a momentum slice
|p:| < 0.1 a.u. (p; is the electron momentum along the laser
propagation direction). As can be seen, the PMDs at the two
alignment angles are dominated by a series of ring structures,
which correspond to the alternating ATI and sideband peaks.
Two prominent rings in the PMDs are assigned to the first-
order ATI (ATI1) peak at p, ~ £0.21 a.u. and the first-order
SB (SB1) peaks at p, ~ £0.39 a.u. Owing to the imperfect
alignment in the experiments, the phase-integrated PMDs of
the parallel and perpendicular alignments are almost indis-
tinguishable except for the slight difference on the fine node
structures of the ATI1 rings.

In order to reveal the phase structure imprinted in the in-
terference pattern, we transform the momentum distributions
into the energy spectra and inspect the measured photoelec-
tron energy spectra as a function of the relative phase of
two-color fields, as shown in Fig. 2. Here, the synthesized
two-color field can be expressed as E(t) = [E4o9 cos(Qwt) +
Egoo cos(wt + ¢)]x. One can observe that the yields of both
ATI1 and SB1 peaks experience periodic oscillations with
respect to the relative phase ¢ of the two-color field. For
clear visualization, we extract the photoelectron yield oscilla-
tions of ATI1 and SB1 peaks (the integration width is about
0.8 eV which corresponds to the width of the energy
peaks). The results are shown in Figs. 2(c) and 2(d)
for 6y = 0° and 6y = 90° cases, respectively. Each yield
oscillation of ATIl and SB1 peaks has been fitted by
Y = A+ Bcos(¢—«). Here « is the phase offset of os-
cillating modulations. To identify the effect of molecular
alignment on the two-color phase-dependent photoelectron
signals, we focus on the relative phase shift between
the ATI1 and SB1. For the 6, = 0° case, the relative
phase shift of ATIl and SB1 is Aag=og® — o' =
1.30 rad. For the 6y = 90° case, Aagy = ope! —afl! =
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FIG. 2. (a),(b) Measured photoelectron energy distributions with respect to the relative phase ¢ of the two-color fields at 0° and 90°
alignment angles. (c),(d) Yield oscillations of ATI1 and SB1 peaks as a function of relative phase ¢ at 0° and 90° alignment angles.

1.18 rad. The difference between the parallel and perpen-
dicular geometries is Sorg 90 = Aoty — Aagg = 0.12 rad. This
suggests the molecular-alignment-dependent two-color mod-
ulated photoelectron interference, which might encode the
phase structure in multiphoton ionization of N,. Resolving
this phase would help us to better understand the influence of
the molecular orbital on strong-field ionization of molecules.

III. THEORETICAL ANALYSIS

To model the experiment, we first numerically solve
the two-dimensional TDSE for N, in the PTC fields (see
Appendix A for a detailed description) [29,30]. In the sim-
ulation, we use a perfect alignment. The calculated two-color
phase-dependent energy spectra for parallel and perpendicular
alignments are shown in Figs. 3(a) and 3(b), respectively.
From these results, we extract the relative phase shifts
between ATI1 and SB1 for 6, = 0° and 90°, which are
Aag = afB! — of™ = 1.35 rad and Aagy = aSs! — afl! =
1.21 rad. The difference between the parallel and perpen-
dicular geometries is dagj90 = Acg—Aagg = 0.14 rad. The
solution of TDSE agrees well with the experimental mea-
surement, validating the experimental observation of the
alignment-dependent relative phase shift between the photo-
electron interference fringes.

To figure out the origin of alignment-dependent relative
phase shift, we turn to molecular strong-field approximation
(MOSFA) [31-34]. Within the saddle-point approach, the
transition amplitude M (p, 6y) of electrons with the final mo-
mentum p from the molecular ground state Wy, (r) to the final
Volkov state can be expressed as the coherent superposition of

quantum orbits M;(p, 6y ),

; I
M(p, Ou) = ZMJ(p’ Oy) = ZD§J)(p’ QM)elS(PJx/ ) (1)
J j

Here, t‘v(j ) is the saddle point which satisfies the saddle-

. . a2
point equation [p + A /241, =0. It represents the
ionization instant of the quantum orbit. The pre-exponential
term that encodes the molecular orbital structure reads

DY (p,0y) = (p+A(Y)|r - Et)|wy,@). (2

Here, A(¢) is the vector potential of the laser field. 6y, is the
molecular alignment angle, and I, is the ionization potential.
S(p. ;") = [7 dr{lp + A(x)I/2 + I} is the complex phase
of quantum orbit. According to the transition amplitude in
Eq. (1), the total phase structure ;‘3(;[{[ ) = arg[M ;(p, Oy )] of the
emitted electron wave packet is composed of two terms,

O = arg [DY(p, 6] + Re[S(p. 1) = & + 5. (3)

Om

Here, 8;{4 ) = arg[DY)(p, 6y)] corresponds to the initial
phase of electron at the ionization exit and tightly de-
pends on the molecular alignment angle 6y, [12,35]. s) =
Re[S(p, ts(’ ))] is the field-induced phase that is independent of
0y [36,37]. More details of the MOSFA model can be found
in Appendix B.

In Figs. 4(a) and 4(b), we show the calculated
photoelectron energy spectra as a function of the relative
phase ¢ for 6, = 0° and 6y, = 90° using the MOSFA model,
respectively. Likewise, we also extract the yield oscillations of
ATTI and SB1 peaks from the calculated photoelectron energy
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FIG. 3. (a),(b) Simulated photoelectron energy distributions with respect to the relative phase ¢ using TDSE at 0° and 90° alignment angle.
(c),(d) Photoelectron yield oscillation of ATI1 and SB1 peaks as a function of relative phase ¢ at 0° and 90° alignment angles, respectively.

1

(¢) —ATIl — SBI1 (d)o —ATIl — SBI
% /\/\/ % /\/\/
E Aao ; E | A%Oi |
o) - ! Q i s
~ ! ~ PN

0 2 4 6 0 2 4 6
¢ (rad) $ (rad)

FIG. 4. (a),(b) Simulated photoelectron energy distributions with respect to the relative phase ¢ using MOSFA at 0° and 90° alignment
angles. (c),(d) photoelectron yield oscillation of ATI1 and SB1 peaks as a function of relative phase ¢ at 0° and 90° alignment angles,
respectively.
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FIG. 5. (a),(b) Graphical representation of the intracycle interference between electron wave packet 1 (WP1) and wave packet 2 (WP2)
for 6y, = 0° and 6, = 90° cases. (c),(d) Intracycle interference of WP1 and WP2 as a function of the relative phase ¢ and electron energy
for 6y, = 0° and 6, = 90° cases. (e) Normalized differential intracycle interference between 0, = 0° and 6y, = 90° cases. (f) Extracted most
probable energy curves of the first-order intracycle interference fringes, which are indicated by the black lines in panels (c) and (d). The
electron energies of ATI1 and SB1 peaks are indicated by the black dashed lines.

spectra, as shown in Figs. 4(c) and 4(d). For the 6); = 0° case
[Fig. 4(c)], the extracted relative phase shift A« = 1.40 rad.
For the 6y = 90° case [Fig. 4(d)], Aagy = 1.29 rad. The
difference between the parallel and perpendicular geometries
dagjoo = 0.11 rad. It is evident that the MOSFA calculations
basically reproduce the alignment-dependent phase shift of
experiment and TDSE simulation. As for the larger relative
phase shifts Axy and Aag, it might result from the neglect
of the long-range tail of the molecular Coulomb potential in
the MOSFA.

Within the MOSFA, the electron interference pattern can
be decomposed as the supposition of two types of electron
interference, i.e., intercycle and intracycle interferences [38].
Considering the periodicity of the two-color synthesized field,
the electron wave packets that are emitted at the ionization
instants separated by 800-nm cycles give rise to the intercycle
interference, which manifests as the 800-nm ATI peaks and
accounts for the emergence of the SB peaks in two-color
fields. For this interference, the electron wave packets are re-
leased in the same electric field [e.g., E(ts(j )) = E(ts(j ) 4+ T300)
and A(ts(j)) = A(ts(j )4 Tg00)] and thus they have the same

initial phase &4, [see Eq. (2)]. When these electron wave
packets interfere, the effect of the alignment-dependent ini-
tial phase would be eliminated. Consequently, the intercycle
interference is independent of the molecular alignment angle
Oy and the relative phase ¢.

For the intracycle interference, it corresponds to the in-
terference between the two electron wave packets emitted
from adjacent 400-nm cycles [abbreviated as wave packet 1
(WP1) and wave packet 2 (WP2) in Figs. 5(a) and 5(b)] with
their ionization instants labeled as t™PD and t™WF?) . In sin-
gle 400-nm fields, t"F? = ¢tWPD 4 T, while in two-color
fields, at these two instants, the 800-nm electric field points
to the opposite direction. As a result, the emitted two electron
wave packets would experience opposite modulations induced
by the weak 800-nm laser field. In this case E@¢VFPD) £
E@¢"P?) and A¢WVPD) £ A VP2). WP and WP2 would
carry different initial phases (sgjpl) #* sxm)) at the ioniza-
tion exit. This leads to the molecular-alignment-dependent
intracycle interference. For simplification, we normalize the
amplitude of electron wave packet (e.g., [M;(p,6y)l = 1),
then the intracycle interference of WP1 and WP2 can be
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FIG. 6. (a) Relative phase shift §&y,90 as a function of electron energy E; and the relative phase ¢. Here 8eg/90 = Agyg—Asgg, with Agy and
Agy the initial phase difference between WP1 and WP2 for 6), = 0° (6)y = 90°) case. (b) Relative spatial displacement Axg,9y of electrons in
position space as a function of the relative phase ¢ and electron energy Ej.

written as

(WP1) (WP2)

lﬁ"M + elﬁ"M | ~ COS( (WP1)

‘Bgypz)) ~ COS (AﬂgM).
“4)

(WPI) (WP2) (WP1) _ (WP2)
oy )t (s st

Here, AP, =
represents the phase dlfference of intracycle interference.
Based on Eq. (4), we calculate the intracycle interference
patterns for the alignment angles 6 = 0° and 6, = 90°.
The corresponding results are shown in Figs. 5(c) and 5(d),
respectively. Discrete interference fringes that are separated
by one 400-nm photon energy can be clearly observed. And
these fringes are oscillating as a function of the relative
phase ¢. To resolve the alignment dependence of the phase-
dependent intracycle interference, we present the normalized
differential interference spectrum with [M(Ey, 6y = 90°) —
M(Ex, Oy = 09)1/[M(Ey, O = 0°) + M(Ey, 6y = 90°)] in
Fig. 5(e), where M(Ey, 6y =0°) and M(E, 6y = 90°)
respectively represent the interference patterns for parallel
and perpendicular alignments as shown in Figs. 5(c)
and 5(d). The differential spectrum directly confirms the
alignment-dependent features of the intracycle interference.
Besides, the normalized differential interference fringes
exhibit prominent dependencies on the two-color relative
phase and the photoelectron energy.

In Fig. 5(f), we extract the most probable electron energy
E} of the first-order intracycle interference fringe for parallel
and perpendicular molecular alignments [indicated by the
black lines in Figs. 5(c) and 5(d)]. It is evident that, besides
the difference in the oscillating amplitude of the interference
fringes, the peak position of the interference fringe in 6, = 0°
case has a slight offset with respect to the case of 8y, = 90°.
Then we extract the phases ¢ of the intracycle interference for
the selected electron energy Ej (respectively corresponding
to ATI1 and SB1 peaks) and calculate the relative phase shift
for ATI1 and SB1 peaks. The extracted Ao and Ay are
in excellent agreement with the results of MOSFA model
(Fig. 4). This means that the alignment-dependent phase
shift between the ATI1 and SB1 peaks is associated with
the alignment-dependent intracycle interference, which can
be modulated by the weak 800-nm field and depends on the
photoelectron energy.

In the next step, we resolve the subtle initial phase of
electrons from the molecular alignment-dependent intracycle
interference. As governed by Eq. (4), the difference of the
intracycle-interference phase between the parallel and perpen-
dicular alignments can be written as

8Bos90 = ABo — ABog

= (VP _ gVPD) 4 ((OVPD _ (WP))]
) 0

= o = ] - e - P

= 8€0/90- 4)

Here the alignment-independent field-induced phase term
sU) can be erased and the difference of the initial phase be-
tween parallel and perpendicular alignments is revealed. Fig-
ure 6(a) displays the difference of the intracycle-interference
phase d&g90 as a function of the relative phase ¢ and electron
energy Ej. One can see that 8g9/90 vanishes at ¢ = 7 and
¢ = 2 because of the vanishing modulation of the 800-nm
laser field, and the magnitude of §& 9 slightly decreases with
increasing electron energy E. As the initial phase results from
the transition of bound electrons from the molecular orbital to
the continuum state by absorption of photons, the phase differ-
ence d¢&g 90 also reflects the discrepancy in photoemission dy-
namics between parallel and perpendicular alignments. From
the perspective of the Fourier transform, the relative phase
shift of the electron wave functions between parallel and per-
pendicular alignments in momentum space corresponds to the
relative spatial displacement in position space (the momentum
space and the position space are linked by Fourier transfor-
mation; also see Refs. [39—41]). In the momentum space, the
electron wave functions in parallel and perpendicular align-
ments satisfy ®g(p) = Pog(p)e®*%. According to the Fourier
transformation, the electron wave functions in position space
at the two alignment angles could be governed by

Wo(x) = Woo(x + Seo00h/p) = (6)

Here Axo90 = 8€0j00fi/p = 8&0/00/i/~/2E) Tepresents the
relative spatial displacement of the electrons between parallel
and perpendicular alignments at the ionization exit. Based on

Woo(x + Axo/90).
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the result of §£o,90 as shown in Fig. 6(a), we further obtain the
two-color phase- and energy-dependent Axg9 as displayed
in Fig. 6(b). Clearly, one can see that the relative spatial dis-
placement of electrons at the ionization exit between parallel
and perpendicular alignments evolves from a negative value
of —3 a.u. at ¢ = 1.57 rad to a positive value of 3 a.u. at
¢ =4.71 rad. And the magnitude of Axgo decreases with
increasing electron energy E.

IV. CONCLUSION

In summary, we have measured the photoelectron energy
spectra of multiphoton ionization of aligned N, molecules
and resolved the signatures of the initial phase from the
alignment-dependent photoelectron interference fringes using
the parallel two-color fields. Building on the analytical saddle-
point MOSFA model, we have demonstrated that the observed
alignment-dependent relative phase shift between ATI and SB
results from the intracycle interference of emitted electron
wave packets, which encodes the subtle initial phase dictated
by the molecular orbital during photoionization of N,. We
show that the initial phase of emitted electron wave packets
can be modulated by the two-color synthesized laser fields
and allows the reconstruction of the relative spatial displace-
ment of the electrons at the ionization exit between different
molecular alignments. This study provides direct insight into
the effect of molecular orbital on strong-field ionization of
molecules and can be used to further explore the phase struc-
ture of strong-field ionization of complex molecules.
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APPENDIX A: TDSE CALCULATION

We numerically solve the two-dimensional TDSE with
the single-active-electron approximation for the N, molecule,
which is given by [atomic units (a.u.) are used throughout
unless stated otherwise] [29]

] Vv?
lg\ll(r,t) = (—7 +V(r)+r-E(t)>\IJ(r,t), (AD)

where W(r, t) represents the electron wave function and r =
(x, y) denotes the electron position in the polarization plane.
V (r) is the effective soft-core potential with

2\ Z° 4+ (29 — Z2°) exp(—|r — Ry */0?)

Vir)=—
' JX:I: JVir —Ry|2 +a?

(A2)

Here J = 1, 2 labels the nuclei at fixed position R;. For N,
the bare charge parameter Z'= 0.5 and the effective nuclear
charge Z7°= 7, respectively. The soft-core parameter a and
the effective charge shielding parameter o are chosen to match
the highest occupied molecular orbital (HOMO) of N,. Here,
we choose a = 1.2 and o = 0.833.

The wave function is propagated using the splitting-
operator method [42]. The initial wave function is prepared
by imaginary-time propagation. For the real-time propagation
of the initial wave function, we split the electron wave func-
tion W(r, ¢;) at each time step #; into the inner-bound part
Whound (T, 1;) and the ionizing part Wionizing (T, #;) by a smooth
absorbing function. Then we transform the ionizing part
Wionizing (T, #;) into momentum space Pionizing (P, #;) and prop-
agate the ionizing wave packet under the Volkov Hamiltonian
into the end of the laser pulse. Finally we obtain the photoelec-
tron momentum distribution by the sum of the ionizing wave
packet | X; @ionizing (P, fend, #)]>. The calculated two-color
phase-resolved photoelectron energy spectra using TDSE for
the parallel and perpendicular alignments are shown in Fig. 3.

APPENDIX B: MOLECULAR STRONG-FIELD
APPROXIMATION MODEL

To gain further physical insight, we resort to the molecular
strong-field approximation (MOSFA). The direct ionization
transition amplitude of the photoelectron is given by [31]

i
M(p) = —i/ dt(p+A@®)Ir - E@)| Wy, (). (B1)
Iy

Here Wy, (r) is the bound initial state of N, and p is the
canonical momentum. The interaction of molecules with the
laser field takes place between the times # and #;. E(t) and
A(?) are the electric field and vector potential of the two-color
linearly polarized laser fields, respectively. S(¢) is the classical
action during ionization,

S(t) = / fdr{[p+A(r)]2/2+Ip}. (B2)

Here the ionization potential of N; is /, = 15.58 eV. If we
use the bound-state wave function in the momentum space
@y, (p), the matrix element in Eq. (3) can be calculated easily:

(p+A@)Ir-E@®)|Yy,) = iE@) - Vi®y, (k) lk=psac). (B3)

Introducing Eq. (B3) into (B1), the transition amplitude
becomes

T, '
M(p) = / di[E®) - Vi 0 ipiney.  (BY)
0

For N, molecules, the two-centered one-electron HOMO
can be derived from symmetric superposition of one-electron
hydrogenlike s orbitals [11]:

49312 _cos(k-Ry/2)
k2 +y2? JTI+SRy)

Here the equilibrium internuclear distance of N, is Ry =
2.068 a.u. y = ,/21,. S(Ry) is the atomic orbital overlap inte-
gral.

Using the saddle-point approximation, the time integral in
Eq. (B4) can be approximately calculated by [43]

Dy, (k) =

(BS)

. 2r  T(g/2) A
M(p) = —i4*! —— D(k,
x [<2i8(:97)] 250, (B6)
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where ¢ is .the order of the pole and D(k, ts(j)' )=
limt_)txmi(t—tﬁ]))qE(t) - Vi @y, (k). The saddle point 7’ is
obtained by solving the saddle-point equation,

$(t) = [p+A(D)] /2 +1, =0. (B7)
The pole originates from the fact that the momentum-space

wave function of N; in Eq. (B5) has a pole at the saddle point

t§j ) In our simulation, the electric field and vector potential
of the synthesized two-color linearly polarized laser fields are
given by
E E
A(t) = A(t)e, = —(ﬂ sin(wt) + —H0 sinRwt + d)))ex,
w 2w

(B3)
E(1) = Ei(r)e, = [Egoo sin(wt) + Esgo sinwt + ¢)]e,.

(B9)
Here w is the angular frequency of light at 800 nm, and ¢

is the relative phase between the two-color components. We
define the angle with respect to the x axis as the molecular

orientation 6y;. Then D(K, ts(j )) can be expressed as

D(k,t9) = lim (t —t9) Ec(r)

)
Py, (k
SOy — ﬂsin@u)

t—1g
Py, (k)
X |\ ———c¢Co
ok,

Ak,
(B10)

Inserting the molecular wave function of Eq. (BS) into
Eq. (B10), we can obtain

D(k,1) = — 16
e T S()A/[1 + S(Ro)]

[6pt] x [Ex(ts)ky cOs Oy — Ex(ts)ky sin Oy].

x cos(k - R/2)

(B11)

Combing Eq. (B11) with Eq. (B6), the transition amplitude is
rewritten as

M(p) =Y M, )
J

=Y Mia(t, Om) x Myo(t9, 011),  (BI2)
J
with
Miaa(t9), 64) = 2327252507, (B13)

Moo(t, 04) = {cos(k - R/2)[E(t)ky cos Oy

— Ec(t9)ky sin Oy ]} (B14)
Here, M (ts(j ), 6y ) is amplitude of the ionized electron wave
packet emitted from the saddle point 1. The total phase of

the ionized electron wave packet can be expressed as ﬁ;i ) =

arg[M;(p, Ou)].
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