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We have theoretically studied the field-strength-dependent high-order harmonic generation (HHG) from doped
systems like nanosize or bulk materials. Our results show that when the amplitude of the vector potential Apeak of
the driving laser reaches the half-width of the Brillouin zone (π/a0), the harmonic yield of the undoped systems
is larger than that of the doped systems. The band-climbing process enhances the interband transition of HHG
for higher conduction bands. We find that the donor-doped states and valence-band states from the doped system
both contribute to the HHG. The destructive interference between the above two channels results in the harmonic
yield from the undoped system overtaking that of the doped system when Apeak is around or higher than π/a0,
especially when the phase of HHG contributed by the above two channels is close to π rad. When Apeak is below
π/a0, the harmonic yield of the doped systems is stronger than that of the undoped systems. The atomic doping
density also influences the field-strength-dependent spectra.
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I. INTRODUCTION

With the development of ultrafast laser technology, high-
order harmonic generation (HHG) in a gas medium was first
observed experimentally in 1987 [1]. A three-step model was
proposed to explain the physical mechanism of HHG in a
gas [2,3]. Based on the HHG, isolated attosecond-pulse syn-
thesis in experiments [4,5], the characterization of electronic
structure, and ultrafast dynamics were realized [6–8]. With the
development of midinfrared lasers [9,10], the experiment with
HHG in solids was carried out and has become a research hot
topic. The density and highly oriented arrangement of ions in
solids cause the HHG in solids to have many differences from
its counterpart in gases, such as the double-plateau structure of
HHG spectra [11,12], the unique dependence on the ellipticity
of the driving field [13–15], the linear dependence on the
driving field strength [13,16,17], and so forth.

In addition, the electronic structure and band energies of
solid targets can be designed through means of material-
processing technology and can then be used to control the
HHG process. Unlike gas media, solid target materials can
be used for the following: growing nanostructures on the
surface [18–20], modifications [21], reducing the dimension
of a material [22–24], stacking [25], heterostructures [26],
applying stress and strain [27–29], doping [30–39], and other
material-engineering methods. These methods can change the
electronic structure of the solid target, form the surface plas-
mon polaritons [18–20], and change the local solid medium
and driving field [21], and then HHG can be enhanced.

The acceptor dopant will form an impurity energy level that
is unoccupied in the band gap. Driven by the electric field,
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the electrons in the valence band (VB) of the acceptor-doped
semiconductor are easier to excite to the impurity energy
level, and more holes can be created in the VB than in the un-
doped system. However, for the donor-doped semiconductor,
the electrons in the occupied impurity energy level are easier
to excite to the conduction band (CB) compared with other
states in the VB, and more electrons can be created in the CB
compared than in the undoped semiconductor.

The physical scheme of the HHG in doped systems has
been theoretically investigated [32–39]. The addition of the
impurity energy level plays the role of a “ladder” for the
optical transition from a band with lower energy to one
with higher energy and greatly affects the HHG dynamics
[32,34,38]. In 2017, Huang et al. theoretically found the
second plateau of the HHG spectra of donor-doped semicon-
ductors is enhanced compared with that of the undoped system
by using the time-dependent Schrödinger equation (TDSE)
method [32]. Their work indicated the narrower band gap
and Brillouin zone in the donor-doped system strengthen the
population in the CBs and improves the HHG emission. In
2018, Almalki et al. developed a microscopic three-step model
for HHG from impurities [33]. In 2019, Yu et al. reported
the enhancement of the HHG in the donor-doped semicon-
ductor by using a time-dependent density-functional-theory
(TDDFT) simulation. Their work showed that the atomiclike
impurity state can be explained by a semiclassical three-step
model [34]. In 2019, Jia et al. investigated the HHG mag-
netically doped topological insulator Bi2Se3 and found the
crucial interplay between laser polarization and the symme-
try of the material [35]. In 2020, Mrudul et al. investigated
spin-polarized defects in two-dimensional hexagonal boron
nitride by using TDDFT [36]. Their calculation revealed that
different spin channels are influenced differently by the spin-
polarized defect. In the same year, Pattanayak et al.’s work
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FIG. 1. (a) The blue solid line, green dashed line, and red dash-dotted line show the potential of the undoped, donor-doped, and acceptor-
doped systems, respectively. (b) The band structure of the undoped system was calculated by using the Bloch-state expansion method. The
blue scatter in the center of the VB is the highest occupied state for the undoped system which contributes more to the HHG than the other
occupied states. (c) and (d) Comparison of the HHG spectra in the undoped, donor-doped, and acceptor-doped systems driven by an eight-cycle
Gaussian laser pulse with field strength E0 = 0.0038 a.u. and a central wavelength of 4000 nm. (e) and (f) Same as (c) and (d), except for the
field strength is E0 = 0.0045 a.u.

pointed out the impact of vacancy defects on the cutoff and
yield of HHG [37]. In 2021, Zhao et al. investigated the in-
fluence of the donor- and acceptor-doped impurities on HHG
and found that an impurity energy level in the middle of
the band gap will lead to a higher yield of HHG emission
[38]. In 2021, Nefedova et al. experimentally and numerically
investigated the field-strength dependence of the HHG in Cr-
doped MgO [30]. An enhancement of the HHG was found
even though the defect concentration is low, which agrees
with theoretical prediction [32,34,38]. In 2022, Yu et al. pro-
posed a formula estimating the strength of the HHG spectrum
from the impurity state which links to the tunneling Keldysh
model [39].

In this work, the field-strength-dependent HHG from the
doped systems is analyzed for a broad range of field strengths.
We find that the enhancement of HHG in the donor-doped
system is limited to a particular range of the field strength of
the driving laser. The enhancement from doping is no longer

preserved when the amplitude of the vector potential Apeak is
around or above the half-width π/a0 of the Brillouin zone,
with a0 being the lattice constant.

II. METHODS

The calculations in this work are based on the solution of
the TDSE in the periodic potential [40–43]. The Mathieu-type
potential is used to describe the periodic potential. For an
undoped periodic lattice, the potential is given by V (x) =
−V0[1 + cos(2πx/a0)], with V0 = 0.37 a.u. and lattice con-
stant a0 = 8 a.u. Mathieu-type potentials are often used to
simulate HHG in solids. The periodic potential of the undoped
system is shown by the blue solid line in Fig. 1(a).

For the doped system, the case in which a dopant replaces
the atoms of undoped systems is discussed in our work. The
dopant does not change the lattice constant, and the potential
energy of donor-doped and acceptor-doped semiconductors
can be written as [32]

V (x) =
{−V0[1 + cos (2πx/a0)] a � x � b or c � x � d,

−(V0 + �V )[1 + cos (2πx/a0)] b < x < c,
(1)
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where �V = −0.13 for acceptor-doped semiconductors and
�V = 0.25 for donor-doped semiconductors. Because the
dopant in the donor-doped system will contribute more elec-
trons, the excess positive charge will deepen the potential
energy. Thus, �V is positive for the donor-doped system and
negative for the dopant in the acceptor-doped system.

The atomic doping density is defined as the ratio of the
number of impurities to the total number of atoms. The typical
atomic doping density of the bulk crystals in the experiment
is between 0.1% and 3%. The band structure is not changed
much at a low doping rate of around 1% [34]. In our work,
an atomic doping density of 0.83% is used in Figs. 1–6. The
HHG spectra for the doped system are calculated for one
dopant atom in a finite chain with N = 121 ions. For N =
121 ions, the generated HHG spectra have all well-resolved
structures compared with the HHG spectra from the bulk
system [41,44,45]. To test the convergence of the results, the
field-strength-dependent calculation for HHG spectra is also
carried out for N = 488 and N = 1220 for comparison, and
the results are presented in Appendix A.

In Fig. 7, HHG spectra in the doped system with different
atomic doping densities of 1.64%, 2.44%, and 9.09% are
compared. For doping densities of 1.64%, 2.44%, and 9.09%,
the finite chain is constructed for 2 dopant atoms in a finite
chain with N = 122 ions, 4 dopant atoms in a finite chain with
N = 124 ions, 11 dopant atoms in a finite chain with N = 121
ions, respectively.

Figure 1(a) shows the potential energy of acceptor-doped
(red dash-dotted line), undoped (blue solid line), and donor-
doped (green dashed line) semiconductors, respectively. In
Fig. 1(a), the eigenstate energy of the above atomic chain
is obtained by solving the eigenstate wave function on a
coordinate grid [32]. The band structure in k space can be ob-
tained by the method of Bloch-state expansion [40,41,43], as
shown in Fig. 1(b). After the eigenstate is obtained, the time-
dependent calculation with the external driving laser field is
solved in coordinate space by using the second-order split-
operator method [46]. After the time-dependent wave function
ψi(t ) is obtained, the laser-induced current contributed by the
ith occupied state can be obtained by evaluating the expecta-
tion value of the momentum operator, ji(t ) = 〈ψi(t )| p̂|ψi(t )〉.
The current including the contributions of all electrons can be
expressed as

j(t ) = −
N∑

i=1

〈ψi(t )| p̂|ψi(t )〉, (2)

where i is the eigenstate number and N is the number of atoms.
The corresponding HHG spectra contributed by the ith occu-
pied state or all occupied states can be obtained by performing
the Fourier transform of the corresponding current.

The driving laser field used in our work has a Gaus-
sian profile in the time domain and is given by E (t ) =
E0 exp[−4 ln(2)t2/τ 2] cos(ω0t ), where E0 is the amplitude of
the driving field, ω0 is the fundamental frequency, and τ is
the FWHM of the laser field; τ = 8 o.c. (optical cycle) is
applied in our calculations. The TDSEs are solved by the split-
operator method with 216 = 65 536 temporal grid points. The
coordinate-space discretization is sampled with 214 = 4096

FIG. 2. False-color representations of the harmonic spectra vary-
ing with the field strength E0 (in logarithmic scale). The white dashed
line corresponds to the E0 = 0.0045 a.u. (a) and (d) undoped system,
(b) and (e) donor-doped system, and (c) and (f) acceptor-doped sys-
tem. (a)–(c) The HHG spectra are obtained by Fourier transforming
the current calculated by including only the highest occupied state.
(d)–(f) The HHG spectra are obtained by Fourier transforming the
current calculated by including all occupied states.

points in space. The maximum momentum cutoff is obtained
with Nyquist’s sampling theorem, pc = π

δx = 13.2893 a.u.
The vector potential of the driving laser field is defined

as A(t ) = − ∫ t
−∞ E (t ′)dt ′. Then the amplitude of the vector

potential is given by Apeak = E0/ω0. The wave vector of the
electron is defined as [47,48]

k(t ) = k0 + e

h̄
A(t ), (3)

where k0 is the initial wave vector at the � point. When
the electron-hole pairs are created through tunnel excitation,
the excited carrier experiences intraband motion driven by the
laser field. In the classical model, when an electron and a
hole recombine, harmonic photons are emitted with an order
given by η(t ) = εc (k(t ))−εv (k(t ))

h̄ω0
, where εc(k(t )) and εv (k(t ))

are the energies of electrons in the CB and holes in the VB,
respectively.

III. RESULTS AND DISCUSSION

A. Field-strength-dependent solid high-order
harmonic generation

Figure 1(b) presents the energy band of the undoped sys-
tem in k space. In Fig. 1(b), the blue, red, orange, purple,
and cyan solid lines show the VB, conduction band 1 (CB1),
conduction band 2 (CB2), conduction band 3 (CB3), and
conduction band 4 (CB4), respectively.

Figures 1(c) and 1(d) illustrate the HHG spectra driven by
an eight-cycle Gaussian pulse with field strength E0 = 0.0038
a.u. and a central wavelength of 4000 nm. The vertical blue,
red, orange, and purple dashed lines in Figs. 1(c) and 1(f)
denote the minimum band gap between CB1 and VB and the
band gap energy between CB1 and the VB at the boundary of
the Brillouin zone (BZ) which leads to the cutoff energy of the
first plateau, the cutoff energy of the second plateau, and the
cutoff energy of the third plateau, respectively.
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FIG. 3. Left: the HHG yield difference obtained by subtracting
the yield of the undoped system from that of the donor-doped system.
Right: the HHG yield difference obtained by subtracting the yield
of the undoped system from that of the acceptor-doped system. The
darkest red indicates HHG yield from the doped system is stronger
than that of the undoped system. The darkest blue shows that the
HHG yield from the undoped system is larger. (a) The difference be-
tween Figs. 2(b) and 2(a). (b) The difference between Figs. 2(c) and
2(a). (c) The difference between Figs. 2(e) and 2(d). (d) The differ-
ence between Figs. 2(f) and 2(d). The yield difference is plotted on a
linear scale.

In Figs. 1(c) and 1(d), as in Huang et al.’s work [32],
the second plateau of the HHG spectra from the donor-doped
semiconductor (green solid line) is enhanced by several orders
compared with its counterparts from the acceptor-doped and
undoped systems. The results that include only the highest
occupied state and all electrons show the same trend. How-
ever, the HHG spectra from acceptor-doped semiconductors
are slightly stronger than those of undoped semiconductors.
The large enhancement of the HHG spectra from donor-doped
semiconductors agrees with Yu et al.’s work using the TDDFT
calculation [34] and the experimental observation of enhance-
ment of HHG spectra in Cr-doped MgO [30].

In Figs. 1(e) and 1(f), the HHG spectra are driven by the
same Gaussian laser field as Figs. 1(c) and 1(d) but have
a larger field strength, E0 = 0.0045 a.u. This field strength
corresponds to Apeak = π/a0, which is equal to the half-width
of the Brillouin zone. In this case, the magnitude of the vector
potential is able to drive the electron to reach the boundary of
the BZ. Different from the case of E0 = 0.0038 a.u., the yield
of HHG spectra in the undoped system is larger than in the
acceptor-doped and donor-doped systems.

Figure 2 illustrates that the HHG spectra vary with the
field strength of the driving field. The HHG spectra shown in
Figs. 2(a)–2(c) are calculated while including only the highest
occupied state. However, Figs. 2(d)–2(f) present the results
calculated while including all the occupied states. The white
dashed line marks the driving field strength E0 = 0.0045 a.u.,
which corresponds to Apeak = π/a0.

In Figs. 2(a) and 2(d), when E0 = 0.0045 a.u., the HHG
spectra from undoped semiconductors shows a double-plateau

structure [49]. For Apeak = π/a0, the wave vector of the elec-
tron k(t ) = k0 + A(t ) can reach the boundary of the BZ. The
electrons in CB1 can be pumped to CB2 through the band-
climbing mechanism [49], and then the electrons experience
intraband motion driven by the laser field. In the following
half optical cycle, the electrons are driven backward and move
toward the center of the BZ (k = 0) and can be pumped to
CB3 through band climbing. Therefore, the second plateau
and higher plateau structure appear when Apeak = a0/ω0.

However, in Figs. 2(b) and 2(e), for the donor-doped sys-
tem, when the Apeak is still below a0/ω0, the second plateau
and higher-order emission are clearly observed. The doped
impurity energy level between the VB and CB1 is not occu-
pied by electrons. Compared with the occupied states in the
VB, the impurity energy level is closer to CB1 and is easier to
excite to CB1. The ladder provided by the impurity energy
level increases the excitation rates of optical transition and
strengthens the HHG dynamics [34,38].

Figures 2(c) and 2(f) present the field-strength dependence
of HHG spectra in acceptor-doped semiconductors. Like in
the donor-doped system in the middle column, when Apeak

is still below a0/ω0, the second plateau and higher-order
emission are observed. However, in acceptor-doped semicon-
ductors, the impurity energy level between the VB and CB1
is occupied by the electrons, but the impurity energy level is
close to the VB. Compared with the undoped semiconductor,
the electrons in the VB are easier to excite to CB1 with the
same electric-field strength. This makes the yield of HHG
spectra stronger than that of the undoped system when the
amplitude of the vector potential is below a0/ω0. However,
because the doped energy level in the acceptor-doped system
is not occupied by the electrons, the acceptor-doped semicon-
ductor does not have a channel of HHG contributed by the
excitation from the impurity energy level to CB1 directly. This
causes the yield of HHG from the acceptor-doped system to
be less efficient than that of the donor-doped system.

In Fig. 3, the effect of doping on HHG is investigated by
subtracting the yield of HHG spectra in the undoped system
from that of the doped system. Figures 3(a) and 3(c) show the
difference between the HHG spectra from the donor-doped
and undoped systems. Figures 3(b) and 3(d) present the differ-
ence between the HHG spectra from the acceptor-doped and
undoped systems. The darkest red indicates that the yield in
the doped system is higher than in the undoped system, while
the darkest blue indicates that the yield in the undoped system
is higher than in the doped system. Both the calculation in-
cluding only the highest occupied state and that including all
occupied states show that the division separated by the white-
dashed line corresponds to a field strength of E0 = 0.0045 a.u.
(Apeak = a0/ω0). When Apeak is below a0/ω0, the HHG from
the doped system is stronger. In contrast, when Apeak is around
or above a0/ω0, the HHG from the undoped system is brighter.
This result indicates that the enhancement of the yield in HHG
from doping is field strength dependent for a typical atomic
doping density of around 1% in the experiment.

In Fig. 4, the temporal profile of HHG is calculated by
including all occupied states. Figures 4(a)–4(c) present the
HHG driven by an eight-cycle, 4000-nm laser with field
strength E0 = 0.0038 a.u. from the undoped, donor-doped,
and acceptor-doped systems, respectively. In Fig. 4(b), the
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FIG. 4. The temporal profile of HHG spectra plotted on a logarithmic scale. (a)–(c) The temporal profile of HHG driven by a laser field with
E0 = 0.0038 a.u. (d)–(f) The temporal profile of HHG driven by a laser field with E0 = 0.0045 a.u. (a) and (d) Undoped system, (b) and (e)
donor-doped system, and (c) and (f) acceptor-doped system. The white, orange, and red dash-dotted lines show the trajectory predicted by the
quasiclassical model for the interband transition from conduction bands CB1, CB2, and CB3 to the VB, respectively. The cyan dash-dotted lines
represent the trajectory involving the transition between CB3 and CB1. When the driving field strength E0 = 0.0038 a.u., the harmonic yields
at the second and third plateaus of the donor-doped semiconductor become much stronger than those of the undoped target and acceptor-doped
system. For higher field strength (E0 = 0.0045 a.u.), for the doped target, the harmonic in the second and third plateaus become weaker than
in the undoped system.

trajectory of the donor-doped systems is stronger than those
of the undoped and acceptor-doped systems in Figs. 4(a) and
4(c), respectively.

In Figs. 4(d)–4(f), for a driving field strength of E0 =
0.0045 a.u., the temporal profile of HHG in the undoped
semiconductor in Fig. 4(d) is stronger than those of the donor-
doped and acceptor-doped systems in Figs. 4(e) and 4(f),
respectively. In addition, the HHG trajectories in Fig. 4(d)
are almost perfectly repeated in each half optical cycle and
have a well-resolved temporal structure. This indicates that
these trajectories will interfere with each other constructively,
which leads to the enhancement of the total HHG spectra in
the frequency domain.

In Fig. 5, the left, middle, and right columns show the band
structures of the undoped, donor-doped, and acceptor-doped
systems, respectively. The top row presents the eigenstate
energies in ascending order, including the energy bands of the
VB, CB1, CB2, CB3, and all doped impurity energy levels.
The “in-band” energies in Figs. 5(b) and 5(c) for the donor-
doped system are almost unchanged compared with those of
the undoped system shown in Fig. 5(a) [34]. In Fig. 5(b), for
the donor-doped system, the impurity energy level between
the VB and CB1 is occupied by electrons. However, for the
acceptor-doped system in Fig. 5(c), the impurity energy level
between the VB and CB1 is unoccupied.

Figures 5(d)–5(f) are a pictorial representation of the
band structure and laser-field-induced electron trajectories of
the undoped, donor-doped, and acceptor-doped systems in k
space, respectively. For the donor-doped system in Fig. 5(e),

FIG. 5. The energy band structure of the (a) and (d) undoped,
(b) and (e) donor-doped, and (c) and (f) acceptor-doped sys-
tems, including valence band VB1 and conduction bands CB1,
CB2, and CB3 and all doped energy levels. (a)–(c) The band
energies are plotted in ascending order. (d)–(f) Pictorial represen-
tation of the band structure and electron trajectories in momentum
space.
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FIG. 6. The HHG spectra for the donor-doped system driven by
a laser with (a) field strength E0 = 0.0038 a.u. and (c) E0 = 0.0045
a.u.. The gray shading, orange solid line, and green solid line repre-
sent HHG obtained by Fourier transforming the total current from all
occupied states, with only the highest doped-energy-level state, and
without this state, respectively. A comparison of the HHG spectra
contributed by the doped energy level, with (b) field strength of the
driving field E0 = 0.0038 a.u. and (d) E0 = 0.0045 a.u.

the electrons can be directly pumped from the occupied im-
purity energy level to CB1, which is marked by the upward
orange arrow between the VB and CB1 in Fig. 5(e). According
to the Keldysh model [50], the excitation rate increases expo-
nentially with the narrowing of the band gap. The occupied
doped energy level which is closer to CB1 has a much larger
excitation rate to reach CB1 compared with the other occupied
states in the VB.

When the field strength of the driving field is weak (Apeak

< a0/ω0), for the donor-doped system, the direct excitation
from the impurity energy level is the main factor which causes
the several-order enhancement of the HHG dynamics. For
the acceptor-doped system in Fig. 5(f), the unoccupied im-
purity states between the VB and CB1 provide a ladder in the
step-by-step transition process which results in an increase of
HHG.

The orange arrows between CB1 and CB2 in Fig. 5(d)
denote the “band-climbing” process [49]. When the field
strength of the driving laser is large (Apeak > π/a0), after
the transition to CB1 from the VB, the electrons experience
intraband motion driven by the laser, can be accelerated to
the BZ boundary, and can climb up to the higher CB2. In
the following half optical cycle, the electrons pumped to
CB2 are driven backward by the laser field and experience
intraband motion along CB2. When the electrons in CB2 are
driven to the vicinity of k = 0, the electrons can climb to
CB3. The band-climbing process was proposed to explain the
multiplateau structure in HHG spectra from solids [49]. In
our work, when Apeak = π/a0, the electrons in the undoped
semiconductor can be pumped to CB2 and then CB3 through a
band-climbing process, which leads to a large enhancement of
the yield in the second and third plateaus on HHG the spectra.

In Fig. 6, we analyze the HHG spectra contributed by
the doped impurity energy level. The left column of Fig. 6
presents the HHG spectra from the donor-doped system. The

FIG. 7. The laser-induced current and HHG spectra in the donor-
doped system when E0 = 0.0045 a.u. (a) Total (green circles),
donor-doped-state HHG (blue dash-dotted line), VB-state HHG
(magenta dashed line), and the coherent superposition of donor-
doped-state and VB-state HHG (red solid line). (b) Detailed view
of (a). (c) Donor-doped-state HHG (blue dash-dotted line), VB-
state HHG (magenta dashed line), and the total HHG (black solid
line). (d) Yields of donor-doped-state HHG (blue dash-dotted line),
VB-state HHG (magenta dashed line), the absolute value of the
interference |Sinterference| (green solid line), and their coherent sum
(black solid line) relative to the total harmonic yield.

right column of Fig. 6 compares the HHG spectra from the
impurity energy level in the donor-doped system and HHG
spectra from the undoped system by including all occupied
states.

FIG. 8. Phase of the HHG spectra. (a) HHG spectra in the fre-
quency range of 70ω0–81ω0. (b) The interference term (green solid
line) is plotted to reveal the emergence of the destructive interference
between the donor-doped-state HHG and VB-state HHG.
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FIG. 9. Time-frequency analysis of the HHG in donor-doped
HHG for E0 = 0.0045 a.u. (a) Temporal profile of the donor-doped-
state HHG. The black solid line, black dash-dotted line, black dashed
line, and blue dash-dotted line show the quasiclassical analysis of
the transition from donor-doped state 4 to CB2, donor-doped state
3 to CB1, donor-doped state 3 to CB2, and donor-doped state 2 to
CB1, respectively. (b) The temporal profile of the VB-state HHG.
The red solid line, red dash-dotted line, and red dashed line show
the trajectory predicted by the quasiclassical model for the interband
transition from conduction bands CB3, CB2, and CB1 to the VB,
respectively. The magenta solid line shows the interband transition
from CB3 to CB1. (c) Temporal profile of the total HHG.

In Figs. 6(a) and 6(c), the gray shading represents the
HHG spectra contributed by all occupied states. The green
solid line and orange solid line represent the HHG spectra
contributed by only the impurity energy level and the other
occupied states, respectively. In Fig. 6(a), for driving field
strength E0 = 0.0038 a.u., in a wide range of orders, the HHG
spectra obtained from the highest occupied state agree with
the spectra including all occupied states. This agrees with Yu
et al.’s work [34], in which HHG spectra from the donor-
doped system are mainly contributed by the impurity energy
level.

In Fig. 6(b), HHG spectra contributed by only the impu-
rity energy level are larger than the HHG spectra from the
undoped system including all electrons. This indicates that the
enhancement of the yield of HHG by donor doping is mainly
caused by the impurity energy level.

In Fig. 6(c), driven by a laser with field strength E0 =
0.0045 a.u., the yield of the HHG spectra contributed by all
the other states is comparable to the HHG contributed by only
the impurity energy level. As discussed above, when the am-
plitude of the vector potential reaches a0/ω0, a large number
of electrons can be driven to the vicinity of the boundary of
the BZ and pumped to CB2 through band climbing.

In Fig. 6(d), the HHG spectra from the undoped system are
stronger than the HHG spectra contributed by the impurity en-
ergy level from the donor-doped system. In addition, the HHG
spectra from the undoped system have a clear harmonic signal
of integer order. This indicates that the HHG trajectories in the
time domain constructively interfere with each other.

B. Analysis of the doped states, valence-band states, and
interference contributions to the harmonic spectrum

In this work, the total current is obtained as

jtotal (t ) = −〈ψ (t )| p̂|ψ (t )〉, (4)

where ψ (t ) is the time-dependent wave function numerically
solved by the TDSE and p̂ is the momentum operator. We
calculate the time-dependent donor-doped states ψdonor (t ) and
valence-band states ψvb(t ) using TDSE and extract the cur-
rents contributed by the donor-doped states and valence-band
states as follows:

jdonor (t ) = −
∑

n∈ndonor

〈ψdonor (t )| p̂|ψdonor (t )〉, (5)

jvb (t ) = −
∑
n∈nvb

〈ψvb(t )| p̂|ψvb(t )〉, (6)

where the superscripts donor and vb are the indices for eigen-
states. Then,

jtotal (t ) = jdonor (t ) + jvb (t ). (7)

The harmonic spectra are obtained from the Fourier trans-
form of the temporal currents [42]:

Stotal (ω) =
∣∣∣∣
∫

jtotal (t )e−iωt dt

∣∣∣∣
2

, (8)

Stotal (ω) = Sdonor (ω) + Svb (ω) + Sinteference (ω), (9)

where

Sdonor (ω) =
∣∣∣∣
∫

jdonor (t )e−iωt dt

∣∣∣∣
2

, (10)

Svb (ω) =
∣∣∣∣
∫

jvb (t )e−iωt dt

∣∣∣∣
2

, (11)

and

Sinterference(ω)

=
∫

j∗donor (t ) exp(iωt )dt
∫

jvb(t ) exp(−iωt )dt

+
∫

j∗vb(t ) exp(iωt )dt
∫

jdonor (t ) exp(−iωt )dt (12)

023105-7



TIAN-JIAO SHAO PHYSICAL REVIEW A 108, 023105 (2023)

FIG. 10. False-color representations of the harmonic spectra
varying with the field strength E0 for doping rates of (a) 1.64%,
(b) 2.44%, and (c) 9.09%. The HHG spectra are obtained by Fourier
transforming the current calculated with all occupied states. The
white dashed line corresponds to E0 = 0.0045 a.u. (d)–(f) The dif-
ference between HHG yields from the donor-doped and undoped
systems. The laser parameters are the same as those used in Fig. 4.

are donor-doped states, VB states, and interference contribu-
tions to the spectra, respectively.

The laser-induced current is shown in Fig. 7(a). The am-
plitude of the current contributed by the donor-doped state
(magenta dashed line) is close to that contributed by the
valence-band states (blue dash-dotted line). The superposi-
tion of donor-doped-state current and VB current [ jdonor (t ) +
jvb(t )] is completely consistent with the total current jtotal(t ).
The current over a short time period is presented in Fig. 7(b)
to show the details of Fig. 7(a).

In Figs. 7(c) and 7(d), the total, donor-doped-state, valence
-band-state, and interference spectra are calculated inde-
pendently according to Eqs. (8)–(12). The summation of
donor-doped-state and VB-state spectra cannot explain the
final structure. Since the yields of donor-doped-state and VB-
state spectra are close, their interference will have a significant
impact on the total spectra.

The yields of donor-doped states (magenta dashed line),
VB states (blue dash-dotted line), and the interference har-
monic (green solid line) relative to the total harmonic yield are
shown in Fig. 7(d). Near orders 70–80, there is a suppression
of the total harmonic caused by destructive interference.

Figure 8(a) shows the extracted phases of donor-doped-
state (magenta scatters) and VB-state (blue scatters) HHG
spectra. Phase differences between donor-doped states and
VB states for orders 70–76 are about −π rad where de-
structive interference occurs. The interference between the
donor-doped states and VB states was discussed less in pre-
vious work.

In Fig. 8(b), the spectrum is displayed on a linear scale,
and the interference term has negative values. For harmonic
orders 71, 73, 75, and 77, the interference counteracts the
contributions from donor-doped states and VB states, and the
total yield is suppressed.

Figures 9(a)–9(c) show the small-window time-frequency
analysis of donor-doped states, VB states, and total current.

FIG. 11. The energy-band structures of the (a), (c), and (e) un-
doped and (b), (d), and (f) donor-doped systems, including valence
band VB1 and conduction bands CB1, and CB2, CB3 and all impu-
rity energy levels. The band energies are plotted in ascending order.
System sizes of N = 122, 488, and 1220 are presented with growing
system sizes from top to bottom.

In Fig. 9(a), the energy difference between the CBs and VB
is plotted, corresponding to the laser-induced quasiclassical
trajectory. Figure 9(b) presents the energy difference between
the donor-doped states and CBs and the energy difference
between the donor-doped states and the VB. The temporal
profile of the total HHG in Fig. 9(c) comes from the coherent
superposition of donor-doped-state HHG and VB-state HHG.
Figure 9(a) shows that the transition between the donor-doped
states and the energy bands covers the energy of the entire
platform region in the HHG spectra. This fact indicates that
the instant intensity of the total harmonic is affected by the
interference between the donor-doped states and VB states.

C. Field-strength-dependent solid high-order harmonic
generation for other doping rates

Further, the effect of atomic doping density on the HHG
spectra is investigated. Figures 10(a)–10(c) represent the
HHG from the donor-doped semiconductor with atomic dop-
ing densities of 1.64%, 2.44%, and 9.09%, respectively.
Figures 10(d)–10(f) represent the difference between the
HHG spectra from the donor-doped system and those from
the undoped system. With the increase of the atomic doping
density, the channels transited directly from the occupied im-
purity energy level to CB1 will increase, which will give rise
to the enhancement of the HHG.

In Fig. 10(d), when the atomic doping density is equal to
1.64%, the enhancement of the HHG by doping shows clear
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FIG. 12. HHG spectra for system sizes of N = 122, 488, and
1220 using the same laser parameters as in Fig. 1. The HHG spectra
are presented with growing system size from top to bottom to test the
convergence of our calculation results. The vertical blue, red, orange,
and purple dashed lines present the minimum band gap between
CB1 and the VB and the band-gap energy between CB1 and the
VB at the boundary of the BZ which leads to the cutoff energy of
the first plateau, the cutoff energy of the second plateau, and the
cutoff energy of the third plateau, respectively. In the left column,
when the amplitude of the vector potential Apeak is below π/a0

(E0 = 0.0038 a.u.), the yield of HHG from the donor-doped system
is several orders larger than that of the undoped system. In the right
column, when Apeak reaches the half-width of the BZ (E0 = 0.0045
a.u.), on the contrary, the yield of HHG from the undoped system
is larger than that of the donor-doped system. Since the excitation
for crystal-momentum states far from the minimal band gap is low,
the total HHG spectra include the crystal-momentum states that are
located within a distance of 5% from the minimum band gap.

dependence on the laser field strength. An atomic doping
density of 1.64% should be common in experiments. When
the atomic doping density increases to 2.44% and 9.09%,
with the increase in impurity energy levels, for Apeak greater
than π/a0, the advantage of an undoped system become less
obvious. However, such a high doping density of 9.09% is rare
in typical experiments.

IV. CONCLUSION

In conclusion, our research showed that under the common
atomic doping density of 0.1%–3%, the improvement in the
harmonic yield in doped systems such as nanomaterials and
bulk materials is field strength dependent. When the ampli-
tude of the driving laser vector potential Apeak is lower than
π/a0, because the impurity energy level provides a ladder for
interband transition, electrons more easily transit from the VB
to CB1, CB2, and CB3, which causes the harmonic yields of
the acceptor-doped and donor-doped systems to be larger than
that of the undoped system. In particular, in a donor-doped
system, the electrons from impurity energy levels can be di-
rectly excited to CB1, which greatly improves the harmonic
yield.

When Apeak is around π/a0 or higher than π/a0, because
the electrons in CB1 can move to the boundary of the BZ, the

FIG. 13. Integrated HHG yields of the second plateau vary with
doping potential depth �V . (a) The acceptor-doped system with neg-
ative �V . (b) The donor-doped system with positive �V . Maximal
yields of HHG are located around �V = 0.25 for the donor-doped
system.

electrons can climb up to CB2 and then experience intraband
motion in CB2 driven by the external field and can then
be pumped to the higher CB3 through band climbing near
k = 0, which greatly enhances the interband transition [49].
The time-frequency analysis in Fig. 4 indicates that the instant
intensity in a half-cycle HHG process from the undoped sys-
tem is stronger than that in the doped system. This indicates
that the result of the harmonic yield from the undoped system
overtaking that of the doped system when Apeak is around or
higher than π/a0 is not because of the interference over the
cycles.

For the HHG from the doped system, the donor-doped
states and VB states both contribute to the HHG. The de-
structive interference between the above two channels results
in the harmonic yield from the undoped system overtaking
that of the doped system when Apeak is around or higher than
π/a0. In Figs. 7–9, the HHGs contributed by the donor-doped
states and VB states were calculated separately. The harmonic
phases contributed by the donor-doped states and the VB
states are different, resulting in destructive interference. The
destructive interference counteracts contributions from the
donor-doped states and the VB states, especially when the
phase of HHG contributed by the above two channels is close
to π rad.

The effect of atomic doping density on HHG spectra was
further investigated. With the increase of atomic doping den-
sity, the yield of HHG from the doped system can be increased
further, which will reduce this field-strength dependence.

ACKNOWLEDGMENTS

I thank Prof. X.-B. Bian, T.-Y. Du, and J.-Q. Liu for
discussions. I am grateful for the support from the National
Natural Science Foundation of China (Grant No. 12104395),
the Zhejiang Provincial Natural Science Foundation of China
(Grant No. LQ22A040004), and the Ningbo Natural Science
Foundation (Project No. 2023J289).

023105-9



TIAN-JIAO SHAO PHYSICAL REVIEW A 108, 023105 (2023)

FIG. 14. Comparison of HHG spectra between the undoped sys-
tem (blue solid line) and the donor-doped system (green solid line)
with other doping parameters �V = 0.17, 0.33, and 0.37 using the
same laser parameters as in Fig. 1. The vertical blue, red, orange,
and purple dashed lines present the minimum band gap between
CB1 and the VB and the band-gap energy between CB1 and the
VB at the boundary of the BZ which leads to the cutoff energy of
the first plateau, the cutoff energy of the second plateau, and the
cutoff energy of the third plateau, respectively. In the left column, the
amplitude of the vector potential Apeak is below π/a0 (E0 = 0.0038
a.u.). In the right column, Apeak reaches the half-width of the BZ
(E0 = 0.0045 a.u.).

APPENDIX A: CONVERGENCE TESTS

Figures 11 and 12 present the convergence test of our cal-
culation results. Figure 11 shows the energy band structures of
the undoped [Figs. 11(a), 11(c) and 11(e)] and donor-doped
[Fig. 11(b), 11(d) and 11(f)] systems of a finite chain in
ascending order. For doping densities of 1.64%, finite chains
with system sizes of N = 122, N = 488, and N = 1220 ions
are constructed for 2, 8, and 20 dopant atoms, respectively.

For instance, in Fig. 11(a), for the undoped system with
a system size of N = 122, the VB, CB1, CB2, and CB3
correspond to state numbers 123–244, 245–366, 367–488,
and 489–610, respectively. In Fig. 11(b), for the donor-doped
system with a system size of N = 122, the VB, CB1, CB2,
and CB3 correspond to state numbers 125–244, 247–366,
369–488, and 491–610, respectively. State numbers 245 and

246 correspond to the occupied impurity energy states be-
tween the VB and CB1. Figures 11(c) and 11(d) present
the band energies of undoped and donor-doped systems with
system sizes of N = 488, respectively. Figures 11(e) and 11(f)
have system sizes of N = 1220.

Figure 12 shows a comparison of HHG spectra from un-
doped and donor-doped systems for system sizes of N = 122
[Figs. 12(a) and 12(b)], 488 [Figs. 12(c) and 12(d)], and 1220
[Figs. 12(e) and 12(f)] using the same laser parameters as
in Fig. 1. The HHG spectra are presented with increasing
system size from top to bottom to test the convergence of our
calculation results. Since the excitation for crystal-momentum
states far from the minimal band gap is low, the total HHG
spectra in Fig. 12 include the crystal-momentum states that are
located within a distance of 5% from the minimum band gap.
For system sizes N = 122 [Figs. 12(a) and 12(b)], N = 488
[Figs. 12(c) and 12(d)], and N = 1220 [Figs. 12(e) and 12(f)],
we observe nearly identical HHG spectra. In the left column,
when the amplitude of the vector potential Apeak is below π/a0

(E0 = 0.0038 a.u.), the yield of HHG from the donor-doped
system is several orders larger than that of the undoped sys-
tem. In the right column, when Apeak reaches the half-width
of the BZ (E0 = 0.0045 a.u.), on the contrary, the yield of
HHG from the undoped system is larger than the donor-doped
one. Our results show, using the conventional doping ratio
of 0.5%–3%, the enhancement of HHG by doping is field
strength dependent in doped systems such as nanosized and
bulk materials.

APPENDIX B: OTHER DOPING PARAMETERS

As shown in Figs. 13(a) and 13(b), the yield of the second
plateau modulates with the doping parameter �V . The max-
imal integrated yield of HHG is located near �V = 0.25 in
the donor-doped system. This is the reason for �V = −0.13
being adopted for the acceptor-doped system and �V = 0.25
being adopted for the donor-doped system [38]. Thus, the
maximal HHG yields can be achieved in the doped system.

Other doping parameters �V = 0.17, 0.33, and 0.37 are
calculated in Fig. 14. The donor-doped system reveals a higher
intensity than the undoped system for almost all harmonic
orders for driving field strength E0 below 0.0038 a.u. Above
E0 = 0.0045 a.u., in Figs. 14(b), 14(d), and 14(f), the undoped
system intensity dominates in the second plateau region.
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