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Entangling optical and mechanical cavity modes in an optomechanical crystal nanobeam
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A scheme for the generation of steady-state entanglement between optical and mechanical cavity modes in an
optomechanical crystal nanobeam is proposed. Based on finite element simulation and the quantum Langevin
equation, we explore the evolution of entanglement with optomechanical properties in various device config-
urations, and demonstrate the ability of optimal entanglement generation in both blue and red detuned optical
pumps. The intrinsic relationship between optomechanical cooperativity and entanglement is further clarified
for depicting a clear physical picture of optomechanical interaction. Our work expands the understanding of
macroscopic quantum mechanics and is an important step for developing novel quantum optomechanical devices.
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I. INTRODUCTION

The spooky phenomenon of quantum entanglement not
only enhances our understanding of the physical world, but
also presents new opportunities for innovation and advance-
ment in information science and technology [1]. In recent
decades, numerous studies have reported on entanglement
generation using different physical platforms and informa-
tion carriers [2—14], wherein optomechanical systems have
emerged as particularly promising platforms due to their
versatility in design, fabrication, and control [15,16]. In
optomechanical systems, momentum is exchanged between
mechanical objects and electromagnetic radiation, providing
one pathway towards bipartite and multipartite entanglement
between phonons, optical and microwave photons, such as mi-
crowave radiation and mechanical modes [17], two microwave
radiations [18], two optical modes [19], and two mechanical
modes [20]. Among various designs of optomechanical sys-
tems, the optomechanical crystal nanobeam shows merits of
high sensitivity, tunability, and compactness, making related
research prosperous in recent years—for instance, realization
of entanglement between two mechanical oscillators with the
medium of light [8], transduction between microwave and op-
tical signals [21,22], mechanical quantum memory controlled
through optical interface [23], demonstration of violating Bell
inequality [24], and quantum teleportation [25] involving
massive and macroscopic optomechanical crystals. However,
the steady-state entanglement between optical and mechanical
cavity modes in nanobeam structure remains elusive, which
may hinder the development of multipartite entanglement
and applications mentioned above based on the nanobeam
platforms.
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In this work, we propose a theoretical scheme to generate
steady-state entanglement between optical and mechanical
modes in a single optomechanical crystal nanobeam. By con-
ducting finite element simulations, the effects of structural
parameters on device properties, i.e., single-photon coupling
rate, mechanical and optical resonant frequencies, and quality
factors that primarily determine the entanglement, are ana-
lyzed. We model the dynamics using the standard Langevin
formalism and quantify the entanglement at steady state
via logarithmic negativity, thereafter the optimal parameter
regimes in blue and red detuned optical pumps are com-
prehensively presented. Comparing the performance between
cooperativity and entanglement, optomechanical interaction
pictures are depicted. Our results are expected to be applied in
the device design for microwave-optical quantum transducers
and optical information processing.

II. MODEL

As shown in Fig. 1(a), we consider a single optomechanical
crystal cavity, including an integrated optical and mechanical
nanoscale resonator within two mirror regions, formed in the
surface layer of a silicon-on-insulator microchip. In principle,
the pump light with angular frequency w,, can pump into
the cavity and resonate at w,, then the mechanical modes
are driven via radiation pressure, building the optomechanical
interaction shown in Fig. 1(d). The total Hamiltonian of the
considered system reads [26]

hw
Hy = hw,d'a + T’"(ﬁz +¢%) — hGoa'ag
+ iRE(e7*'at — ' ), (1)
where § and p are the dimensionless position and momentum

quadratures of the mechanical mode, satisfying [4, p] = i. a
and &' ([a, a'] = 1) are the annihilation and creation operator
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FIG. 1. (a) Plane-view schematic diagram of the silicon optome-
chanical crystal nanobeam cavity and unit cell geometry in the mirror
region, where hy,, and h,,, correspond to the width and length of the
hole in the optomechanical crystal, and a, w, and ¢ are the length,
width, and height of the hole unit. (b and ¢) Schematic representation
of hole’s position d and unitary variation of hole dimension Ar in
nanobeam cavity. (d) E, component of optical fundamental mode at
telecom band. (e) Displacement field of the corresponding funda-
mental breathing mode. (f) Photon-phonon interaction picture with
red and blue detuned pump. Red detuned pump results in an interac-
tion reminiscent of a beam splitter, where a pump photon absorbs a
phonon to generate a resonant photon and vice versa. Blue detuned
pump results in an interaction of parametric down-conversion type,
in which a pump photon converts to a resonant photon and a phonon.

of the cavity modes. Gy is the single-photon coupling rate be-
tween the optical and mechanical modes, which is calculated
via device simulation in this work, and E is related to the
pump optical power P and decay rate k = w,/Q, (Q, is the
optical quality factor) by |E| = /2P« [hwg,.

By considering the damping and the corresponding Brown-
ian noise of both optical and mechanical modes, the nonlinear
quantum Langevin equations (QLEs) written in the interaction
picture with respect to fiwg,a'a are

é\ w}’ﬂﬁ9
p=—wongd — ymp+ God'a + £,

a 2ica™, ()

(iAo — k)i + iGoag + E +

where Ay = wg, — w, and Yy = w,,/Q,, is the mechanical
damping rate with mechanical quality factor Q,,. The zero-
mean vacuum radiation input noise a"* satisfies correlation

functions [27]
(@")a™ (1) = 8(t — 1),
(@™ (t)a"(t") = 0, 3)

and the Hermitian Brownian noise operator £ has the correla-

tion function [27]
= Yo [49 o) hw
sy =22 [ £2 w[coth (2kBT) 4 1],
o)

wn J 27

in which kg is the Boltzmann constant and 7 is the
environment temperature. In the limit of high mechan-
ical quality factor Q,, > 1, &(t) could be considered
as Markovian, whose correlation function is reduced to
(EWEM) +EWEWD)/2 & Y2 + 1)t — 1) [28], where
iy, = 1/[exp(fiw,,/kgT) — 1] is the mean thermal excitation
number of the mechanical modes.

One could always rewrite each mode operator as the sum of
a constant steady number and an additional fluctuation opera-
tor with zero-mean value, namely, & = o, + 84, p = ps + 8p,
and § = ¢g; + §4. Let all derivatives in QLEs be zero, the
steady-state mean values of the optical and mechanical modes
are presented as follows:

Ds = 0,
_ GO|Ols|2
S a)m 9
£ 5)
oy = s
Tk — A

where A = Ay + Gog, is the effective optical detuning. We
assume that the optical mode is strongly driven, i.e., |o| > 1,
then one could safely neglect the nonlinear terms and obtain
the linearized Langevin equations

84 = wwdP,

8p = —wnbG — yndp + GSX + &,

5X = —k8% — ASY + V2K K™,

8Y = —k8¥ + AKX + G8G + 2k P, (6)

where we have chosen the appropriate phase reference of
the optical cavity field so that oy could be taken as real and
positive. The cavity field quadratures are defined as 86X =
(8a+8a")/v/2 and 8Y = (8a — 8a")/ix/2, the correspond-
ing input noise terms are X" = (2" + a™")/v/2 and Y =
(@™ — &™) /ix/2, and the effective optomechanical coupling
G = Goa,/2.

Since the noise operators £ and &;,, are zero-mean Gaussian
and the dynamics is linearized now, the quantum steady state
of the system is fully characterized by a 4 x 4 covariance ma-
trix with its elements V;; = (u;(00)u;(00) + u;(co)u;(00))/2,
where u” (00) = [8§(00), 8 p(00), 8X (00), 8Y (00)] represents
the steady-state fluctuation operators. Thereafter, Eq. (6)
could be rewritten as a matrix form

u(t) = Au(t) +n(), @)
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where n” (1) = [0, (), 2k X™(t), ~/2cY " (¢)] and matrix

0 O 0 0
-0 —VYm G 0

4=1 o 0 —« —A ®
G 0 A —x
The solution of Eq. (7) is
u(t) = M@)u(0) + f dsM(s)n(t — s), )
0

with M(t) = e*’. The system is stable when M(c0) = 0 that
is equivalent to all eigenvalues of A have negative real parts,
which could be derived by Routh-Hurwitz criterion [26].
Without special statements, the parameter regime used satis-
fies the Routh-Hurwitz criterion in the following numerical
simulation.

When the system is stable, the elements of the covariance
matrix read

Vi=Y | ds| dsMu(s)Mj(s)Puls =), (10)
k.l 0 0

where @y (s — 5') = (m()n(s") + (s Hne(s)) /2 is  the
matrix of stationary noise correlation functions. One
could also write ®y(s—s)=Dyd(s—s"), where
Dy, = Diag|O0, y,,(27,, + 1), k., k]. Then Eq. (10) becomes

oo
V= / dsM(s)DM? (s). (11)
0

With M(oco) = 0 and Lyapunov’s first theorem, Eq. (11) is

equivalent to
AV + VAT = —D. (12)
By solving Eq. (12), matrix V = (‘Z‘r \‘2) that describes
the optomechanical system could be obtained. Then, logarith-

mic negativity that quantifies the steady-state optomechanical
entanglement is [29,30]

E, = max[0, —In2n"], (13)

where n*z\/EV—\/(EV)2—4detV/\/§ and TV =

detV; + detV, — 2 det V3.

III. RESULTS

In Fig. 2, we modulate Q, and Q,, over a wide range while
minimizing the fluctuation of w,, w,, and Gy by changing
hyn in the mirror region [31-34]. The entanglement with
effective detuning A = —w,, and A = 0.8w,, is presented.
Due to the Routh-Hurwitz criterion, A = 0.8w,, is chosen
instead of A = w,,, with ignoring this limitation in the pulsed
operation case [35,36]. We could find that the entanglement at
A = —w,, gains its maximum value at A, = 130 nm, while
the A = 0.8w,, situation obtains its comparatively large value
at hy,, = 250 nm and 260 nm. For each point, the error bars in
entanglement dots are the standard deviation with +10% fluc-
tuations of input optical power. In the following results, we
fix hy,, = 130 nm for analyzing the entanglement properties

109 L
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FIG. 2. Optical quality factor Q, (green circle), mechanical qual-
ity factor Q,, (green square), and entanglement with two effective
detuning A = —w,, (orange dot) and A = 0.8w,, (orange square)
versus h,,,. The hole’s position d and unitary variation of hole dimen-
sion Ar are equal to zero. The error bars in entanglement dots are the
standard deviation with £10% fluctuations of input optical power.
The temperature 7 = 10 mK and optical pump P = 10 mW, where
w, ~ 27w x 192.6 THz, w,, ~ 27 x 5.17 GHz, and Gy ~ 1.03 x 10°
are nearly unchanged.

in the red detuned case and both /,,, = 250 nm and 260 nm in
the blue detuned case.

In the case of red detuned driving A = —w,,, the trend of
entanglement and cooperativity defined by I' = G/« y,, is ba-
sically consistent as shown in Figs. 3(a)-3(d). In fact, optical
and mechanical excitations are effectively exchanged, where
high cooperativity corresponds to larger entanglement. Note
that E, as well as Q, monotonically increases as Ar range
from —10 nm to —4 nm. In this region, Q, is comparatively
small on the order of 10° ~ 10%, resulting in large optical
damping. The few intracavity photons contribute to a tiny
amount of E,. Furthermore, the entanglement versus both d
and Ar is shown in Fig. 3(e), where the light gray area cor-
responds to the unstable parameter regime in which E, = 0.
Entanglement larger than 1072 can be realized within a certain
range, which provides valuable guidance for device design
improvement. In Fig. 3(f), as the temperature is increased
to 1 K, we observe a monotonic decrease in entanglement
due to quantum decoherence between the interaction modes.
In contrast, entanglement is found to be proportional to the
optical power pump owing to enhanced cavity photons.

With blue detuning, A = 0.8w,,, one could find that the
cooperativity nearly possesses the same trend with Q,, in
the parameter regime of our simulation, and the entangle-
ment behaves oppositely compared with cooperativity, where
Refs. [37,38] had found a similar behavior. In Fig. 4(e), E,
versus d and Ar is analyzed, and the parameter range where
entanglement is maximized is limited compared to Fig. 3(e),
calling for more stringent requirements for fabrication preci-
sion. Figure 4(f) chooses the maximum entanglement point to
analyze the influence of temperature and optical pump on the
entanglement, obtaining the same law as Fig. 3(f). In the case
of hy, = 260 nm, despite the maximum entanglement being
slightly improved as shown in Fig. 5, the drastic deterioration
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FIG. 3. The entanglement properties with red detuning A = —w,,. (a and b) Q, (blue triangle) and Q,, (orange circle) versus d and Ar and
entanglement (green square). The error bars are the standard deviation of £10% fluctuations in input optical power. (c and d) Entanglement
(green square) and cooperativity (orange circle) versus d and Ar. (e) Entanglement versus both d and Ar. (f) For maximum entanglement
point in (e), the parameters are optical angular resonant frequency w, = 27 x 1.94 x 10'* Hz, mechanical angular resonant frequency w,, =
27 x 5.17 x 10° Hz, optical quality factor Q, = 2.17 x 10°, mechanical quality factor Q,, = 8.59 x 10*, and single-photon coupling rate
Gy = 1.07 x 108, the temperature range is 0~1 K and optical pump ranges from 0 to 30 mW. Other parameters: %, = 130 nm, temperature
T = 10 mK, and optical pump P = 10 mW in (a)—(e).
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FIG. 4. Entanglement properties with blue detuning A = 0.8w,,. (a and b) Q, (blue triangle) and Q,, (orange circle) versus d and Ar and
entanglement (green square). The error bars are the standard deviation of £10% fluctuations in input optical power. (c and d) Entanglement
(green square) and cooperativity (orange circle) versus d and Ar. (¢) Entanglement versus both d and Ar. (f) For the maximum entanglement
point in (c), the parameters are optical angular resonant frequency w, = 27 x 1.98 x 10'* Hz, mechanical angular resonant frequency w,, =
27 x 4.92 x 10° Hz, optical quality factor Q, = 1.30 x 10°, mechanical quality factor Q,, = 5.66 x 102, and single-photon coupling rate
Gy = 1.06 x 10°, the temperature range is 0~1 K, and optical pump ranges from 0 to 30 mW. Other parameters: /,,, = 250 nm, temperature
T = 10 mK, and optical pump P = 10 mW in (a)—(e).
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FIG. 5. The entanglement properties with blue detuning A =
0.8w,, versus both d and Ar for h,,, = 260 nm, in which temperature
T = 10 mK and optical pump P = 10 mW.

of the stability region is also observed. A comprehensive
consideration should be moved toward detailed device design.

We also calculate the entanglement rates E,, which
are given by E, = E;B [18,39,40]. The entropy of for-
mation £y = oy log, oy — o_log, o_, where oy = (1/4/6 +
V60)2/4 with 6 = 27E»_ The bandwidth of emitted radiation
B=(1+T)y,. For the maximum entanglement parame-
ter regime in the red detuned case as shown in Fig. 3(f),
the entanglement rates E, =~ 0.13 Mebits/s, and the blue
detuned counterpart E, ~ 0.33 Mebits/s with parameters
in Fig. 4(f). Compared to other generalized optomechani-
cal systems [41,42], our scheme obtains the same order of
magnitude.

In this section, we analyze the influence of the parameters
decided by structural design on entanglement, i.e., w,, Wy,
Qo Om, and Gy, together with the environmental parameters
T and P. Accompanied by explaining the standard theory
of optomechanical entanglement, logarithmic negativity with
its maximum 0.014 and 0.016 can be obtained in the region
of detuning A = —w, and A = 0.8w,,. Moreover, the cor-
responding entanglement rates are calculated, reaching the
same order compared with other similar systems. Our work is
expected to expand the understanding of entanglement gener-
ation for the development of integrated entanglement sources
based on optomechanical systems.

IV. CONCLUSION

We conduct a theoretical study of steady-state optome-
chanical entanglement in nanobeam structure, an area of
research that has not been explored previously. Using finite
element simulations and logarithmic negativity as the entan-
glement measure, we identify optimized parameter regimes
in red and blue detuned optical pump situations. Our results
show that the entanglement could reach an order of 102 and
is robust against temperature. These findings provide guidance
for the design of nanobeam structures for different application
scenarios, as previously reported in literature [43—45]. For
example, electrodes can be added at the end of phononic
waveguides in nanobeam structures where microwave-to-light
conversion is constructed through their common interaction
with mechanical modes. In this case, the mechanical quality
factor is inevitably attenuated to the order of 10°. Our re-
sults indicate that the optomechanical entanglement could be
generated with this parameter regime, providing a reference
for further microwave-optical entanglement device design in
this scheme. For optical information processing, our results
can be applied to the entanglement generation between two
optical modes of different frequencies in a nanobeam. The
blue detuned optical mode could get entangled with the red
detuned optical mode under proper parameter regimes. Our
work covers the case of red detuning and blue detuning, which
has instructive implications for the entanglement of two opti-
cal modes in nanobeams. Notably, the present electron beam
lithography technique allows for fabrication accuracy of less
than 1 nm [46], making it possible to develop practical devices
in the future.
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