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Influence of spin on tunneling times in the super-relativistic regime
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For the relativistic tunneling effect described using Dirac’s equation, Winful ez al. [Phys. Rev. A 70, 052112
(2004)] presented the deduction of a general result that allows for the determination of the phase time (group
delay) as the sum of the particle dwell time inside a potential barrier and of the self-interference delay associated
with the incident and reflected wave functions interaction. In this paper, a mathematical model is derived through
a construction analogous to the proposal mentioned above, but based on an alternative representation for Dirac’s
equation. This representation is similar to the one introduced by Ajaib [Found. Phys. 45, 1586 (2015)]. Thus,
from the application of this model in the study of the tunneling effect in the absence of an external magnetic field,
the influence of spin on the tunneling times is described. More specifically, the tunneling time is obtained as the
sum of the dwell times inside the potential barrier for particles with spin up and spin down and the self-interaction
time associated with the incident and reflected wave functions for particles with spin up.

DOLI: 10.1103/PhysRevA.108.022218

I. INTRODUCTION

The unusual behavior of saturation in the tunneling times
of nonrelativistic particles in scattering problems, uncovered
by Hartman in 1962 [1], is known in the literature as the
Hartman effect (HE). The discovery of the HE stimulated
an intense debate about what is the correct definition for the
traveling time when such incident particles manage to cross
the potential barrier, and many related investigations were
carried out [2-21]. The definitions obtained from the direct
application of the Schrodinger equation in these situations
would lead to the apparent paradox of particles tunneling at
hyperluminous speeds [22,23].

In fact, the two most acceptable tunneling times definitions
in the literature are the dwell time, that is defined as the
integral of the probability density within the potential barrier,
and the phase time, that is defined as the variation of the trans-
mitted phase with respect to the energy [24,25]. By virtue of
such definitions, Winful, Ngom, and Litchinitser generalized
the previous tunneling time definitions by deducing an exact
relation that defines the phase time, for relativistic particles
that satisfy the Dirac equation (DE), as the sum of the dwell
time and of the self-interaction time between the incident and
reflected wave packets [26]. In the nonrelativistic limit, their
expressions lead to the results obtained from the direct appli-
cation of the Schrodinger equation [25]. In these works, the
existence of saturation of the tunneling times with the width
of the barrier is indicated, extending Hartman’s prediction also
to the relativistic regime.

But accepting such definitions as transit timescales would
imply accepting that the particle would somehow be aware of
the increase in barrier width. The particle would increase its
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speed by just the right amount to be able to cover a greater
distance in the same time, a statement that in the context
of quantum mechanics seems untenable. As a result, Winful
et al. [26,27] made the suggestion to consider the width of the
wave packet as a significant quantity to characterize the transit
time in quantum tunneling. The wave packet can be much
larger than the width of the barrier, which translates into a
loss of sense of the notion of the transit time of any individual
particle through the potential barrier when the uncertainty of
its position is greater than the width of the barrier itself, a
situation that can arise in quantum tunneling.

An alternative view for getting a correct definition of such
timescales was developed in the works of Biittiker [28] and
Réamos et al. [29], where definitions are presented that allow
for the determination of the tunneling time as a function of
the electron-spin evolution when crossing a potential barrier
in the presence of a magnetic field and the experimental
measurement of such a tunneling time, respectively. However,
once one cannot apply this technique for arbitrary systems,
it cannot be taken as a general method for quantifying and
measuring tunneling times. Furthermore, in Ajaib’s works
[30,31], it was presented how the influence of spin can be
obtained in scattering over potential barriers even without the
presence of a magnetic field. In this paper, this result is used to
develop a model that allows us to extend the results obtained
by Winful et al. and with that to determine the influence of
the spin in the definitions of the tunneling times deduced from
the sensitivity theorem of the wave function with respect to
energy variations, but in the super-relativistic regime.

The remainder of this paper is organized as follows. In
Sec. II, the deduction of an alternative representation of the
DE is presented. Subsequently, in Sec. I, the deduction of the
sensitivity theorem of the wave function to energy variations
in the alternative representation is discussed. In Sec. IV, we
introduce the solution of the DE and apply the expressions
deduced in the previous section to determine the tunneling
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times in the lowest-energy solution for relativistic and nonrel-
ativistic regimes in this alternative representation. In Sec. V,
by means of a procedure similar to the one applied in the
previous section, we report the solution of the DE and the
expressions for the tunneling times involving the influence of
the spin, introduced in the alternative representation, in the
super-relativistic regime and in the absence of an external
magnetic field. Finally, in Sec. VI, we give our concluding
remarks.

II. ALTERNATIVE REPRESENTATION
FOR DIRAC’S EQUATION

In the works presented by Ajaib in 2015 and 2016 [30,31],
an alternative representation for the Dirac equation was de-
duced in which the Schrodinger-Pauli equation is contained
when considering local invariance. Such equation allows for
the description of how the spin of the particle affects the
reflection and transmission coefficients when applied to quan-
tum scattering problems. This stimulated us to apply this
approach to study how the spin of the particles influences the
tunneling time when they cross a constant potential barrier.

In this sense, the objective of this section is to determine a
suitable alternative representation for the DE [32]:

{ihy"9d, — iysmcly(x*) =0, for u,k =0,1,2,3. (1)

Above i = +/—1, & is Planck’s constant, m is the rest mass of
the particle, and y* are the Dirac matrices

PO = ot = L O
<02 Z): o)
< ), for j=1,2,3, 3
v’ =iy’ = 4,e,wm/ YUy, 4)

that satisfy relationships
yryt + yyt =2¢"7,, for n,v=0,1,2,3, (5)
and
(r°) =1y,
Above,

Yy +yHyd =0y, for £ =0,1,2,3. (6)

+ 1 if (u, v, k, A) is an even permu-

tation of (0,1,2,3),
Euver. = 4 —1 if (u, v, k, 1) is an odd permu- 7
tation of (0,1,2,3),

0 otherwise

is the Levi-Civita symbol in four dimensions, g'’ =
diag(l, —1, —1, —1) is the Minkowski metric, Z; and O, are
the d x d identity and null matrix, respectively, and o/ are the
Pauli matrices:

1 (0 1 2 (0 —i s (1 0
"‘(10"":‘0’“—0—1'(8)
The DE of Eq. (1) can be rewritten as

{Eyo — ihcy;d; — iysmc*}o(x') = 0, )]

with j, [ =1,2,3. Following a procedure similar to that
applied by Ajaib [30,31], we can obtain an alternative rep-
resentation for the one-dimensional DE,

n+n'
n=p=""7 pm=tw=n'n-17,  (10)
and
=7
iys = , (11)
Vs NG
using the matrix
1 I2 03
= — , 12
U] ﬁ(_@ _7, (12)

that is an antisymmetric (37 # ) non-Hermitian matrix
(n" # n) of null trace and null determinant, with real eigen-
values, that have the properties

n”*=m"H? =0 and {n, '} =27, (13)

The particular one-dimensional case of Eq. (9) can then be
rewritten as

+ihicazd3}p(x*) + {Ein + Ean'lp(x’) = 0, (14)

where Ey = (E — mc?)/v/2 and E; = (E + mc?)/+/2.

On the other hand, Eq. (9), with j = [ = 3, written in terms
of the alternative representation, allows obtaining the continu-
ity equation. To do this, we multiply Eq. (9) by ¥ (x/)a3 8 by
the left, obtaining

ity T (e oy () 4 iy T (a0 ()
— iheyr (o faz s (x) — m YT (K Luy (x') = 0.
(15)

Then, we calculate the complex conjugate of Eq. (9), and we
multiply it by Bazy (x') on the right-hand side to get

— iny DT asy () — iR[BoY T () Zado v ()
+ ific[d3y " (s Basp (x) — m* YT (X Luy (x') = 0.
(16)

By subtracting this last equation from Eq. (15), the continuity
equation is finally obtained:

dp(x") + dJ(x") =0. (17)

Above, p(x') = ¥ (x")azy(x') is the probability density
while J(x') = ¥ T (x)caz Bas i (x') is the probability current
density.

III. GENERAL THEOREM OF WAVE-FUNCTION
SENSITIVITY TO ENERGY VARIATIONS IN THE
ALTERNATIVE REPRESENTATION

In this section, various algebraic procedures are applied
to Eq. (14) in order to derive the expression for the general
sensitivity theorem of the wave function to energy variations,
in a representation alternative to the one presented by Winful
et al. [26]. First, we take the derivative of Eq. (14), with
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negative sign, with respect to energy, and we multiply it on
the left by ¢ (x*), obtaining the following expression:

— @' () ihcasd3}dpp(x?)

—p"(x° ){ 7 }w(X) @ NEm + Ean'}ape().
(18)

Secondly, we take the conjugate transpose of Eq. (14), with
a positive sign, and multiply this result by dz¢@(x?). Thus, we
obtain

— {ihcdse" () Yoz }dpe(x?)
= —¢ (NEn + Exn} ope(x). (19)
By subtracting Eqs. (18) and (19), we obtain
— ihcds{e’ (X )z dpp(r))

—p'(x° >{ 7 }sv(X) o (UEn + Ean'}

+1{Ein + Exn'}10pe (), (20)

which allows to analyze two cases of interest in the present
paper for the expressions of energy. In the first case, the
rest energy value is considered predominant, (E; ~ (—1)/ mc?
with j = 1, 2), which leads to

En+ Exn' = V2mé? <02 _“3>. 1)
03 (92
Therefore, Eq. (21) implies the equality
{Ein+ Exn'}' = —(E + Ea'), (22)

and allows us to rewrite Eq. (20) as

—ihcd{p () dpp(x®)} = —'(x ){ (). (23)

V2 }
Consequently, if the expression (23) is integrated in the inter-
val from zero to a, we obtain

—ific{e’ (D395 (G = — f dx’e" ()Be(*). (24)
0

The second case analyzed in this paper is obtained by
considering the particle energy being large with respect to its
rest energy (E ~ E; with j = 1, 2), which allows us to write

Emm+En'~E{n+n'}, (25)
and consequently
{Eln+n' 1) =E(n+n'}. (26)

We then repeat the procedure applied to obtain Eq. (20), but in
this case we consider only the expression (14) with a positive
sign and Eq. (26). It can be obtained again the equation cor-
responding to Eq. (23), and consequently (24), which is the
general sensitivity theorem of the wave function to energy
variations, but in the alternative representation. Clearly, the
expression (24) obtained by considering large-energy regimes
(E>»mc> > E~E ;) is valid only for massive particles (as
in the first case) and would also imply the appearance of the
Klein tunneling phenomenon [26].

"""""""""""""" E >V
Vo
----------------------- === <)
I 1 117 4
:L'“
0 a

FIG. 1. Schematic representation of a potential barrier with
width a and height V, for a particle with energy E. In the figure,
we identify the regions I, II, and III.

IV. SOLVING DIRAC’S EQUATION
IN THE ALTERNATIVE REPRESENTATION

In this section, we obtain exact relationships among the
tunneling times, similar to the ones obtained by the authors in
Ref. [26]. We then study the the manifestation of Hartman’s
effect in this case. Additionally, we give the correct expres-
sions that should be obtained for the tunneling times when
considering the nonrelativistic limit, correcting thus the typos

that appear in Ref. [26].
We start by writing Eq. (14) as
mcto’ o5
_E12 PDs ’
27

02 lTlCO'333 ()} _ E12
ifico3d; 0, O  \=mc?e?

with ¢ = ¢ (x?) and Oy = (ps(x3). By its turn, this matrix
equation can be recast as the following scalar equations:

Pl = (-7~ {lhcawl o) +mcpl ()}, (28)
1 . .
s mtet = ENel ) + angl 6D =0, (29)
with j = 1,2 indicating the jth component of ¢; or ¢,. We
then consider the problem of particles incident from the left

on a constant potential barrier, as illustrated in Fig. 1, with
height V, and width a defined by

V() = Vo0 (x*)O(a — x%), (30)
where © is the Heaviside function defined as
0 for x* <0
0x) = . (31)
1 for ¥* <0

When solving Eq. (29), considering j = 1 (stationary solu-
tion of the particle scattering problem), the component / can
be written as

go,] ) = Ae* 1 Be_ikxz, (32)

where A and B are coefficients to be determined. Then, the s
component is obtained by substituting Eq. (32) into Eq. (28).
Thus we get

0! (%) = T Ae™ + B, (33)

where I'y = mc?/E — hick/E and Ty = mc?/E + hickJE.
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The expressions (32) and (33) allow us to write the general
solution for each of the regions of interest as

1 1
0 ik 0 i3
3\ ikx —ikx
or(x”)=A _rle +B rle , (34)
0 0
1 1
3\ 0 gx* 0 —gx
o) =C| o |+ 0| o |e™, 39)
0 0
1
0 ik(x*—a
om(’) =F[ " e, (36)
0
where the coefficients I' and I are obtained from

Eq. (33) when considering the lowest-energy regimes
'y~ —hck/E = -T, Ty~ +hck/E =T with Jick =
m2c* —E? and TV = heg/E’ with E? = 2m?c¢* — (E —
Vo)? and ¢ = k*(E’) < 0), in which the Klein tunneling
phenomenon does not occur (mc* > E and V}).

Applying the continuity conditions

@ ()] = 9 ()3, (37

Ao, ()| g = dag ()], (38)

with r = {I, II} and x> = {0, a}, we can obtain the expressions
for each of the coefficients:

i (1+ 22
B= —%(+—H) sinh {qa)F, (39)
1
C= (1 +i8)e . (40)
1 .
D= (1= ig)e"F, (41)

=
=

. —1
F= { cosh {ga} — %[: ! ] sinh {qa}} A (42
with E = kE’/qgE. For our purposes here, we can assume,
without loss of generality, that A = 1. Using |T|> + |R|> = 1
we can rewrite the expressions B = R = |R|expi¢g and F =
T = |T|expi¢r. The above considerations allow us to write
Egs. (34)—(36) in terms of the reflection, R, and transmission,
T, coefficients, which when substituted into Eq. (24) give us

1
— 2th{|T|ZaE¢T + |R1?0dr + FIm(R)aEr}

alT|?

inh 2
- {(1 + 81 -1l

2
+1 -850+ r’z)}. (43)
Definitions of the group time for particles transmitted and

reflected, the self-interaction time, and the time group are
given by the expressions

T = hoggr, (44)
Tk = NOp PR, (45)

% = —hIm(R)(3:T)/T, (46)
By = [T 1?2 + |RI*ter 47)

From Eq. (43) we can write
IT P2 + IRI*2r — &1 = T, — & = 4. (48)

Substituting ', T, and Im(R) into Eq. (48), we obtain the
mathematical expressions for the dwell, interaction, and group
times in the alternative representation:

alT|?

. sinh {2ga}
W= 1rs =g T,
4hc*qEE

{m2c4(1 + 2%

2qa
+ [Bm2c* —2(Vy — EYH (1 — Ez)}, (49)
. mT)? =23 o
% :m(l + &) sinh {2ga}, (50)
2, = a|T|? et + Ez)sinh {2qa}
4hc2qEE’ 2qa

+ Bm?ct = 2(Vy — E)*1(1 — 52)]

m2 C4 | T |2
4hc’k*EE
When considering very wide potential barriers (a — 00),
these equations are reduced to the expressions

(1 + 2%)sinh {2¢a}. (51)

2. = ﬁi (52)
T hRPE (1 + B2)
. 2mAct o)
U= 5KE 1+ 22 (53)
. m?c* ) 1 2
5T 1+ &) (qu’ * kZ_E> o4

The graphical representation of these expressions, shown in
Fig. 2, allows us to see how the group time curve, %, is com-
posed through the sum of the curve of the dwell time of the
particles inside the barrier, 7;, with the curve of the interaction
time between the incident and reflected wave pulses, 7;. In
addition, the group time saturation is seen when E/V; goes
toward 1. However, it is important to point out that in the
alternative representation, Eqgs. (10) and (11), the timescales
are altered when compared with the the ones obtained in
Ref. [26], since here the interaction time, 7;, and dwell time,
4, are modulated by E~! and (2E’)~!, respectively. This
causes a distortion in the group time curve, that is, a more
pronounced growth of %, when E/Vy — 1.0, which can be
attributed to the loss of symmetry associated with the matrix
n. On the other hand, it is evident that, as a result of the
chosen representation, there is an exchange in the behaviors
of the dwell and self-interaction times in relation to what was
reported in Ref. [26].

The nonrelativistic limit of the expressions (49)—
(51) is obtained by substituting E = +/2E, = E; — mc?
in fick = /m2c* —E2?, E = 2E, = Ex +mc® in heq =
Jm2c* — (Vo —E)?, and E' = ./2m2c* — (Vo — E)?. This
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2.5
——- Self-interaction time (T;/To)
— - Dwell time (T4/To)

2.0 1 . N
—— Group time (Ty/To)

DELAY

0.0 - . ; . . . . :
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

KINETIC ENERGY (E/Vq)

FIG. 2. Group time, %,/1, dwell time, %,/7, and self-interaction
time, %;/7, as a function of the ratio of energies E/V;. The expres-
sions for the times are normalized with respect to the transmission
time at the vacuum light speed, 7y = a/c. Additionally, for these
plots, we set Voa/lic = 27 and mc?/V, = 0.98.

allows us to write k' = /2mEy/h, q' = /2m(Vy — Ey)/h,

E ~mc?, and E' = mc? = B = k'/q’. Consequently,
. _mlT/|2a ] g%\ sinh {2¢'a}
"O2mk k2 2q'a

 m|Ta 1+ k\ sinh {2¢'a} (1 k' (56)
Ty =—— - — S B
d Ahkk' q/2 zq/a q/z
m|T')?a ([1 k' ¢'*\ 7 sinh {2¢'a}
LI | Y R TR N e o )
== 12U T 2) U e 2qa

72
(=) <57>

where T’ = (cosh{q'a} — (i/2)[k'/q' — ¢’ /k'] sinh {g'a})~".
Thus, when considering very wide barriers (a — 00), these
equations are reduced to

) (55)

me&
Tg=———, 58
4 5 1 B (58)
2mE
b= 59
U e+ gy (59
. mE 12
“Eharenigr k) ©0

The graphical representation of the expressions (58)—(60) is
given in Fig. 3. We see how the group time curve, in the
nonrelativistic limit, is again composed by the sum of the
time curve of the dwell time and of the interaction time
curve between, as in the model deduced in Refs. [13,26].
Additionally, Fig. 3 shows again the saturation effect of the
group time, when E;/Vy goes toward 1. Furthermore, it is
important to point out the shift to the right we observe in the
minimum of the curve of the group time, when E; /Vy — 1.0.
This effect is caused by the halving (in orders of magnitude)
of the dwell time 7; with respect to the dwell time t,; obtained
in Ref. [26]. This effect can be attributed, in the same way as

2.5
——- Self-interaction time (T;/To)
— .- Dwell time (T4/To)

2.0 1 : ~
—— Group time (Tg/To)

DELAY

KINETIC ENERGY (Ex/V,)

FIG. 3. Group time, %,/1, dwell time, %;/7o, and self-interaction
time, %;/79, as a function of the energies ratio E;/V; in the non-
relativistic limit. The expressions for the times are normalized with
respect to the transmission time for the vacuum light speed, 7o = a/c.
Additionally, for these plots, we set Voa/lic = 2.

the relativistic case, to the loss of symmetry associated with
the matrix »n, that was used in the alternative representation
for Dirac’s equation we use here. On the other hand, in the
nonrelativistic limit, the dwell time %, and interaction time ;
keep the same behavior they had in the representation chosen
in Ref. [26].

In contrast to the expressions (55)—(57), in Ref. [26], the
authors present a set of mathematical expressions for the
nonrelativistic case, from which it is clearly not possible to
recover the characteristic saturation curve of tunneling times
(the Hartman effect) when considering a very wide potential
barrier. However, such nonrelativistic expressions would be
correct if the quantity m|T’|>a/2kk’ [33] multiplied all the
terms that define the phase time 7, and the dwell time 7,4, and
if, in addition, the first term in brackets in 7, were squared (see
Refs. [13,27]).

V. INFLUENCE OF SPIN ON TUNNELING TIMES

By considering the solution of Dirac’s equation [Eqgs. (34)—
(36)] associated with the lower-energy regime where Klein
tunneling is not present, in Sec. IV we showed that the alter-
native representation for Dirac’s equation [Eqs. (10) and (11)]
leads to exact relationships between tunneling times similar
to those reported in Ref. [26]. However, the most relevant
aspect of this alternative representation is obtained by writing
Eq. (14), with the negative sign, in the momentum basis. That
is, by considering P = —ifid; and ¢ = ¢'(p') exp —ipAX =
go’(pl)exp —i[Et — plx’] = <p(pl)exp —iEt [34], we derive
the equations

Evpl (0P) + (=)' Tepyl (pP) = 0, 61)

(=)' epg] (p) — Exgl(p) = 0, (62)
with j=1,2. Considering the super-relativistic energy
regime (Ey > mc? — E ~ E; = I*p?/2m and cp + mc?* ~
cp), in which the Klein tunneling phenomenon is again not
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appreciable (E — mc? < Vy < E + mc?), we solve Egs. (61)
and (62) to obtain the general solution for each of the
regions:

1 1 0
AlO 3 ! 0 _ ! 1 3
3y ipx - ipx? - ipx
QDI(X )— Yz|r +T -r +T2 0
0 0 I
(63)
1 1
C 0 3 C’ 0 /3
3 —_ —pX X
(ﬂll(x ) T,z lF/ P + ,Y,,z lr‘/ e[’
0 0
0 0
D 1 i D’ 1 %
+ 2| o P 2| o e, (64)
i’ —il’
1 0
Flo| .. ] e
on@) = [ o [70+ 5 ] [¢70 ©9)
0 r

with I' = ¢p/E, TV = cp'/E[, p' = /2m(Vo — E)/1, E| =
Vo — E, [Y217'=1//1+ (£cp)?/E?, and [Y?]' =1/
14 (Fcp')? /E,?. Furthermore, it becomes evident that the

expressions (63)—(65) are written as a linear combination of
the vectors

1 0
ol = =g | oo | md vk= | g (66)
0 ==
These vectors satisfy the orthogonality relations
[pll'pl =1, (67)
[pl1Tor = [pil'el = [pL]Tel = 0. (68)

On the other hand, the coefficients A, A’, B, C, C’, D, D/,
F, and G in Egs. (63)—(65) are determined by applying the
continuity condition

0, () = @ ()], (69)

with r = {I, II} and x> = {0, a}. Thus, we obtain

1 =2
A= ;L sinh {pa)F, (70)
T2 ,
C= ﬁ(l — iB)e’ F, (71)
22
C = ﬁ(l—l—ﬁ)e rap, (72)
fY«/Z
D= ﬁ(l — l':')ep“G (73)
' ,
D = e (1+i8)e "G, (74)

. -1
F = {cosh {(pa} — %[E — %i| sinh {p/a}} , (75)

G = {cosh {p'a} — iEsinh {p'a}}"'B. (76)

Having these equations, for our purposes here, we can choose,
without loss of generality, A =1. So A’ « |R|e**, B’
IR'|e® | F o |T|e", and G o |T'|e'r . Additionally, |T'|* +
IT'|> + |R|? + |[R'|? = 1. With this, we can rewrite Eqs. (63)—
(65) in terms of these parameters, and substitute them into
Eq. (24). With this, we arrive at

2hcl”
[Y2]?

{ITI I br + |T'1* 0,1

+ |RI* 35, ¢k + R |* 0k, dr

Ekr}

|T|2 { 2 2 sinh (2p a)
— 1— 1 il ihete
2[ P ( )1+ &%)

+(1+T%(1 - E )}

1T""a [a (1 -T2y + Hz)sinh (2p'a)

Z[Tz]2 2p'a

+(1+T)(1 -2 )}- 77
From this last equation, we identify the tunneling times:
t] =T (95¢r) + IRI>(9g,0r), (78)
th = |T'1*(50r) + IR *(9g,¢r). (79)
Im(R)(9g, "
s = IMRELT) )
r

t, =1+ (81)

Then, by substituting I', [/, and Im(R) into Eq. (77), we obtain
the following expressions for tunneling times:

2hp' S inh (2p/
C2WPE ot (e~ Voy/ame — 111 + B TP
m|T|2a 2p'a
+ [(Ex — Vp)/2mc* + 1](1 — B), (82)
2n _,.sinh (2p'a)
_2E b ((E — Voy/2me — (1 4 &) TGP
m|T'|*a 2p'a
+ [(Ex — Vo)/2mc® +11(1 — B2), (83)
T
8 = :;' 2|H(1 + E2)sinh (2p'a), (84)
t, =1t + 1)+t (85)

Now, if we regard very wide barriers (a — 00), the expres-

sions above are reduced to

2m[(E; — Vp)/2mc? — 1]1E
p?(1 + E?)

! 2m[(Ey — Vp)/2mc?* — 1]E

Ty =— , &7
2 AL (87)

T = , (86)

022218-6



INFLUENCE OF SPIN ON TUNNELING TIMES IN THE ...

PHYSICAL REVIEW A 108, 022218 (2023)

25
o Self-interaction time (/7o)
. — - Dwell time spin up (T} /7o)
= = = Dwell time spin down (T4 /7o)
—==- Group time spin up (T /To = T4 /To + Ti/To)
1.51

—— Group time (Tg/To =T /To + T4 /To + Ti/To)

DELAY

057 ‘e ~~

0.0 0.2 0.4 0.6 0.8 1.0
KINETIC ENERGY (Ex/Vo)

FIG. 4. Group time, %,/7, group time considering only the con-
tribution of the spin-up particles, %gT /%o, dwell times, i'; /T and
fj /7o, and self-interaction time, %;/7o, as a function of the ratio of
energies E; /V; in the super-relativistic limit. The expressions for the
times are normalized with respect to the transmission time at the
vacuum light speed, 7y = a/c. Additionally, for these plots, we set
Voa/lic = 2w and Vy/mc* = 0.98.

. 2mE (88)
L= 5T =
ap*(1 + E2)
2mE E, —V, 22 1
o 2B [[E-V/me =2 1]
Fl(l + EZ) p/2 p2

The graphical representation of these expressions is pre-
sented in Fig. 4. The curves for tunneling times obtained in
the super-relativistic regime are seen to be similar to those
obtained in Sec. IV for the relativistic and nonrelativistic
regimes. In other words, by summing the curves for the dwell
times of particles with spin up, %dT, and with spin down, %l,
and the curve of the interaction time between incident and
reflected particles with spin up, 7;, a curve for the group time
is obtained, £,, which is similar to that obtained in Sec. IV for
the group time in the relativistic regime. On the other hand,
it is evident that if the term of the dwell time for particles
with spin down, f:j, is eliminated in that sum, a curve is
obtained with the shifted minimum for the group time, 1,
as obtained in Sec. IV for the nonrelativistic regime. It is
interesting that by changing the representation in which we
express Eq. (14), the results of the saturation curves can be
obtained as a consequence of the contribution of the tunneling
times of particles with a specific spin, since in the super-
relativistic energy regime the reflection of particles with spin
down can occur even in the absence of external magnetic
fields.

VI. CONCLUSION

In this paper, we built a mathematical model to obtain
tunneling times through a procedure analogous to the one pro-
posed in Ref. [26], but based on an alternative representation
of Dirac’s equation. This allowed us to find exact relationships
between tunneling times, similar to those obtained in Ref. [26]

for relativistic and nonrelativistic energy regimes. Moreover,
the use of this alternative representation allowed us to analyze
the influence of the particle spin on the exact relationships be-
tween tunneling times obtained by studying this phenomenon
considering a constant potential barrier, super-relativistic en-
ergy regimes, and the absence of external magnetic fields.

From the mathematical expressions obtained in Sec. V, we
showed that, in this regime, the group time, %, is obtained
as the sum of the dwell times inside the potential barrier
for particles with spin up, de, and with spin down, fj, and
the self-interaction time, 7;, associated with the incident and
reflected wave functions for particles with spin up. Indeed, the
above summation resulted in a group time curve similar to that
obtained in Sec. IV for relativistic energy regimes. In addition,
it was shown that when considering only the contribution of
the particles with spin up, the result obtained is similar to the
group time curve presented in Sec. IV, with a minimum point
shifted to the right and obtained when considering nonrela-
tivistic energy regimes.

However, it is interesting that from a purely mathematical
procedure, that is, the choice of an alternative representation
for Dirac’s equation, and the consideration of the super-
relativistic energy regimes, a model is obtained that leads to
results involving the influence of particle spin on the exact
relationships between tunneling times. Furthermore, it is im-
portant to highlight that the results presented in our paper
depend on the chosen representation, which is based on the
one introduced by Ajaib [30,31].

Consequently, it is this representation that leads to our
expressions for the tunneling times, which cannot be obtained
by direct application of the Dirac equation written in terms of
the standard representation of y matrices. This is so because
in such an approach there is no apparent physical or mathe-
matical reason to consider an ansatz as presented in Sec. V. By
taking the nonrelativistic limit of the Dirac equation in its stan-
dard form, the Schrodinger equation is obtained in which the
influence of spin does not appear in the absence of a magnetic
field. Therefore, considering an ansatz like the one proposed
in Sec. V is interesting only for this type of alternative rep-
resentation. In addition, for the Dirac equation considered
in Sec. IV, from its first order is obtained the equation in-
troduced by Ajaib in Refs. [30,31], where the influence
of spin is mathematically appreciable even in the nonrela-
tivistic regime and in the absence of an external magnetic
field.

On the other hand, the fact that the results obtained depend
on the chosen representation seems to lead to a theoretical
model that offers the description of different tunneling times.
This may seem like a physically inconsistent result, since,
in general, any physical result should be independent of the
mathematical tool used. However, it should be noted that
the formalism of the Dirac equation dictates only that the
representations of Dirac’s have to be such that they warrant
its invariance under a Lorentz transformation and lead to a
Hermitian Hamiltonian.

For that reason, there is no impediment for a description
of different tunneling times to emerge as a consequence of
the representation change. This apparent controversy between
what seems to be the description of different types of tunnel-
ing times becomes an open problem that can only be resolved
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by carrying out the experiment itself. In other words, if it is
possible to carry out an experimental measurement of the tun-
neling time (in the absence of an external magnetic field and
for systems that can reach super-relativistic energy regimes),
our theoretical predictions could then be tested. This is left as
an open problem for future research.

Finally, the results reported in this paper could, in princi-
ple, be applied to nuclear physics phenomena in high-energy
regimes. However, it is important to highlight that the
Hartman effect is present in all our results. Therefore, more

work must be done to properly define the tunneling time of
quantum systems.

ACKNOWLEDGMENTS

This work was supported by the National Institute for the
Science and Technology of Quantum Information (Grant No.
465469/2014-0) and by the National Council for Scientific
and Technological Development (Grants No. 309862/2021-3
and No. 409673/2022-6).

[1] T. E. Hartman, Tunneling of a wave packet, J. Appl. Phys. 33,
3427 (1962).

[2] S. Bandopadhyay, R. Krishnan, and A. M. Jayannavar, Hart-
man effect in presence of Aharanov-Bohm flux, Solid State
Commun. 131, 447 (2004).

[3] S. Bandopadhyay and A. M. Jayannavar, Hartman effect and
non-locality in quantum networks, Phys. Lett. A 335, 266
(2021).

[4] N. L. Chuprikov, A new mathematical model of tunnelling and
the Hartman effect puzzle, arXiv:0902.0061 v1 (2009).

[5] A. Goldberg, H. M. Schey, and J. L. Schwartz, Computer-
generated motion pictures of one-dimensional quantum me-
chanical transmission and reflection phenomena, Am. J. Phys.
35, 177 (1967).

[6] M. Hasan and B. P. Mandal, General(ized) Hartman effect,
Europhys. Lett. 133, 20001 (2021).

[7] M. Hasan, V. N. Singh, and B. P. Mandal, Role of PT-symmetry
in understanding Hartman effect, Eur. Phys. J. Plus 135, 640
(2020).

[8] S. Longhi, M. Marano, and P. Laporta, Superluminal optical
pulse propagation at 1.5 pm in periodic fiber Bragg gratings,
Phys. Rev. E 64, 055602(R) (2001).

[9] S. Longhi, Non-hermitian Hartman effect, Ann. Phys. (Leipzig)
534, 2200250 (2022).

[10] J. C. Martinez and E. Polatdemir, Origin of the Hartman effect,
Phys. Lett. A 351, 31 (2000).

[11] D. Sokolovski and Y. Liu, Semiclassical traversal time analysis
of superluminal tunneling, Phys. Rev. A 63, 012109 (2000).

[12] H. G. Winful, Energy storage in superluminal barrier tunneling:
Origin of the “Hartman effect,” Opt. Express 10, 1491 (2002).

[13] H. G. Winful, Nature of “Superluminal” Barrier Tunneling,
Phys. Rev. Lett. 90, 023901 (2003).

[14] T. Rivlin, E. Pollak, and R. S. Dumont, Determination of the
tunneling flight time as the reflected phase time, Phys. Rev. A
103, 012225 (2021).

[15] T. Rivlin, E. Pollak, and R. S. Dumont, Comparison of a direct
measure of barrier crossing times with indirect measures such
as the Larmor time, New J. Phys. 23, 063044 (2021).

[16] R. Landauer, Barrier traversal time, Nature (London) 341, 567
(1989).

[17] J. Petersen and E. Pollak, Tunneling flight time, chemistry, and
special relativity, J. Phys. Chem. Lett. 8, 4017 (2017).

[18] J. G. Muga, S. Brouard, and R. Sala, Equivalence between
tunnelling times based on: (a) absorption probabilities, (b) the
Larmor clock, and (c) scattering projectors, J. Phys.: Condens.
Matter 4, L579 (1992).

[19] C. R. Leavens, The “tunneling time problem”: Fundamen-
tal incompatibility of the Bohm trajectory approach with the

projector and conventional probability current approaches,
Phys. Lett. A 197, 88 (1995).

[20] R. Landauer and Th. Martin, Barrier interaction time in tunnel-
ing, Rev. Mod. Phys. 66, 217 (1994).

[21] M. J. Hagmann, Limitations on the use of Bohm’s causal
interpretation of quantum mechanics for the computation of
tunneling times, Solid State Commun. 86, 305 (1993).

[22] F. Delgado, J. G. Muga, A. Ruschhaupt, G. Garcia-Calder6n,
and J. Villavicencio, Tunneling dynamics in relativistic and
nonrelativistic wave equations, Phys. Rev. A 68, 032101
(2003).

[23] C. R. Leavens, and G. C. Aers, Dwell time and phase
times for transmission and reflection, Phys. Rev. B 39, 1202
(1989).

[24] E. H. Hauge, J. P. Falck, and T. A. Fjeldly, Transmission and
reflection times for scattering of wave packets off tunneling
barriers, Phys. Rev. B 36, 4203 (1987).

[25] H. G. Winful, Delay Time and the Hartman Effect in Quantum
Tunneling, Phys. Rev. Lett. 91, 260401 (2003).

[26] H. G. Winful, M. Ngom, and N. M. Litchinitser, Relation be-
tween quantum tunneling times for relativistic particles, Phys.
Rev. A 70, 052112 (2004).

[27] H. G. Winful, Tunneling time, the Hartman effect, and superlu-
minality: A proposed resolution of an old paradox, Phys. Rep.
436, 1 (2006).

[28] M. Biittiker, Hartman effect and non-locality in quantum net-
works, Phys. Rev. B 27, 6178 (1983).

[29] R. Ramos, D. Spierings, I. Racicot, and A. M. Steinberg, Mea-
surement of the time spent by a tunnelling atom within the
barrier region, Nature (London) 583, 529 (2020).

[30] M. A. Ajaib, A fundamental form of the Schrodinger equation,
Found. Phys. 45, 1586 (2015).

[31] M. A. Ajaib, Non-relativistic limit of the Dirac equation, Int. J.
Quantum Found. 2, 109 (2016).

[32] J. J. Sakurai and J. Napolitano, Modern Quantum Mechanics,
2nd ed. (Pearson, San Francisco, 2011).

[33] To clarify the difference in nomenclature used in our paper with
respect to that used in Ref. [26], we can define k' =k, f~! =
IT'l,q =k,and L = a.

[34] In this paper, we apply the usual designation p = (px, py, p;)
for the linear momentum and E for the energy in the four-
momentum p. Also, we consider the coordinate transformation
x = Ax = A(ct, ¥)T, where A has matrix elements Ag =
A% =y,A?=A(1)=—yv,andA(2)=A(2)=Ag=A3=A%=
A=A} = Al =A2= A3 =0 and belongs to the Lorentz
group, £, and leaves the quadratic form > — |¥|® invari-
ant. The matrix associated with this quadratic form is { =
diag(1, —1, —1, —1), which satisfies the relation AT¢ A = ¢.

022218-8


https://doi.org/10.1063/1.1702424
https://doi.org/10.1016/j.ssc.2004.06.008
https://doi.org/10.1016/j.physleta.2004.12.047
http://arxiv.org/abs/arXiv:0902.0061
https://doi.org/10.1119/1.1973991
https://doi.org/10.1209/0295-5075/133/20001
https://doi.org/10.1140/epjp/s13360-020-00664-6
https://doi.org/10.1103/PhysRevE.64.055602
https://doi.org/10.1002/andp.202200250
https://doi.org/10.1016/j.physleta.2005.10.076
https://doi.org/10.1103/PhysRevA.63.012109
https://doi.org/10.1364/OE.10.001491
https://doi.org/10.1103/PhysRevLett.90.023901
https://doi.org/10.1103/PhysRevA.103.012225
https://doi.org/10.1088/1367-2630/ac047b
https://doi.org/10.1038/341567a0
https://doi.org/10.1021/acs.jpclett.7b02018
https://doi.org/10.1088/0953-8984/4/43/002
https://doi.org/10.1016/0375-9601(94)00900-A
https://doi.org/10.1103/RevModPhys.66.217
https://doi.org/10.1016/0038-1098(93)90378-Z
https://doi.org/10.1103/PhysRevA.68.032101
https://doi.org/10.1103/PhysRevB.39.1202
https://doi.org/10.1103/PhysRevB.36.4203
https://doi.org/10.1103/PhysRevLett.91.260401
https://doi.org/10.1103/PhysRevA.70.052112
https://doi.org/10.1016/j.physrep.2006.09.002
https://doi.org/10.1103/PhysRevB.27.6178
https://doi.org/10.1038/s41586-020-2490-7
https://doi.org/10.1007/s10701-015-9944-z
https://ijqf.org/archives/3574

